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OF SINGULAR STURM-LIOUVILLE PR OBLEMS

WITH LIMIT-CIR CLE ENDPOINTS
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Abstra ct. For any self-adjoint realization S of a singular Sturm-Liouville equation on an interval
(a; b) with limit-circle endpoints, we construct a family of self-adjoint realizations Sr ; r 2 (0; 1 );
of this equation on subintervals (ar ; br ) of (a; b) such that every eigenvalue of S is the limit of a
contin uous eigenvalue branch of this family. Of particular interest are the caseswhen at least one
endpoint is oscillatory or the leading coe�cien t function changes sign. In these cases,we show
that the index determining each contin uous eigenvalue branch has an in�nite number of jump
discontin uities and give an explicit characterization of these discontin uities.

1. Intr oduction

Given a self-adjoint realization S of a singular Sturm-Liouville equation, how can its spectrum
be approximated by eigenvalues of regular Sturm-Liouville problems (SLP's)? This question has
been studied by many authors, for somerecent results see[1, 2, 8, 9, 10]. In [2], Bailey, Everitt,
and Zettl constructed an algorithm for computing the eigenvalues of singular SLP's with positive
leading coe�cien t, limit circle endpoints, and separated boundary condition (BC), seealso [10].
In [1] the above question was studied for general singular self-adjoint SLP's with either limit-
circle or limit-p oint endpoints and either separatedor coupled BC's. Convergenceproperties were
establishedin [1] using the abstract theory of strong resolvent and norm resolvent, particularly the
Hilb ert-Schmidt norm resolvent, convergenceof self-adjoint operators in Hilb ert spaces.Although
these very general and powerful abstract methods provide someof the theoretical underpinnings
for the Fortran code SLEIGN2 [3], they do not yield explicit and constructive algorithms which
can be numerically implemented.

In this paper we investigate the generallimit-circle SLP's with separatedor coupledBC's where
the leading coe�cien t may changesign. We establish a theory for continuous eigenvalue branches
of a one-parameterfamily of \induced realizations" Sr ; r 2 (0; 1 ), to the eigenvalues of S. This
allows us to utilize and extend the results on continuous eigenvalue branches obtained in [16] for
regular SLP's to singular SLP's. We show that in the simplest casewhen the spectrum of S is
bounded below, there exists r � 2 (0; 1 ) such that for each n 2 N0 := f 0; 1; 2; : : : g, the n-th
eigenvalue of Sr , � n (Sr ) for r 2 (r � ; 1 ), constitute a continuous eigenvalue branch to � n (S), and
the minimum value of such r � is found; in the casewhen at least one endpoint is oscillatory, the
index function ~n(r ) of a continuous eigenvalue branch � ~n(r ) (Sr ) to � n (S) has an in�nite number
of jump discontinuities. Thus, in the latter case,it is important to give a careful and systematic
analysis of the jump behavior of the index ~n(r ) along a continuous eigenvalue branch. We give an
explicit characterization of wherethe index ~n(r ) changesand show exactly how it changes.We also
extend these results to the much more complicated casewhere the leading coe�cien t function p
changessign. In this case,our indexing scheme for eigenvalues of the associated regular problems
is adopted from the recent paper of Binding and Volkmer [4] for separatedBC's and from [5] for
coupled BC's. The results in this paper can be used to construct algorithms for the numerical
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computation of eigenvaluesof SLP's for the above cases.However, in this paper, we do not pursue
the numerical implementation of thesealgorithms. This work will be done in a subsequent paper.

Our approach is elementary in the sensethat no abstract theory of convergenceof self-adjoint
operators in Hilb ert spacesis used. The main tool is a transformation which transforms the SLP of
a singular secondorder scalarequation to a boundary value problem (BVP) of a regular �rst order
system. Also, a critical role is played by the jump set, i.e., the set of regular self-adjoint BC's where
the indexed eigenvalues as functions of the BC's have discontinuities. For a systematic discussion
of the jump set and the discontinuous behavior of the index for the continuous eigenvalue branches
for regular SLP's with p > 0, see[17]. The singular problems with p > 0 were studied in [18], and
the regular problems with p changing sign were investigated in [5].

This paper is organized as follows: Section 2 contains a basic discussionof limit-circle SLP's.
The main results are stated in Section3. The proofs together with sometechnical lemmasare given
in Section 4.

2. Limit-cir cle SLP's

Consider the Sturm-Liouville equation

(2.1) � (py0)0+ qy = �w y on J = (a;b);

where
�1 � a < b � 1 ; 1=p;q; w 2 L loc(J; R) and w > 0 a.e. on J;

and L loc(J; R) is the set of real-valued functions which are Lebesgueintegrable on any compact
subset of J . Here, either p > 0 a.e. on J ; or p changessign on J , i.e., there exist subsets(not
necessarilysubintervals) J1; J2 of J with positive or in�nite Lebesguemeasuressuch that p > 0 on
J1 and p < 0 on J2.

For any subinterval J � of J , let L 2(J � ; w) be the set of complex-valued measurablefunctions f
on J � such that

R
J � jf j2w < 1 . The endpoint a of J is called a limit-cir cle endpoint (or simply a is

LC) if all solutions of equation (2.1) are in L 2((a; c); w) for somec 2 J , and it is called a limit-p oint
endpoint (or simply a is LP) otherwise. The endpoint a is said to be oscillatory (or simply a is
O) if every real-valued solution has an in�nite number of zeros in (a; c) for any c 2 J , and it is
nonoscillatory (or simply a is NO) otherwise. LCO meansLC and O, LCNO meansLC and NO.
Similar de�nitions are made for the endpoint b. It is well-known that the LC and LP classi�cation
is independent of � in C; and for the casewhere both a and b are LC and p > 0, the O and NO
classi�cation is also independent of � in R. Recall that the endpoint a is called regular if for some
c 2 J; 1=p;q; w 2 L(a;c), the spaceof Lebesgueintegrable functions on (a;c). Similarly for the
endpoint b. Note that in this paper a regular endpoint may be �nite or in�nite and is included in
the LC classi�cation. Thus our results below apply when both endpoints are singular LC, when
both are regular, and when one is singular LC and the other is regular.

Throughout this paper we assumethat both a and b are LC, but each of them may be O or NO.
We de�ne the maximal domain D by

D =
�

f 2 L 2(J; w) : f ; pf 0 2 AC loc(J ); [� (pf 0)0+ qf ]=w 2 L 2(J; w)
	

;

whereAC loc(J ) denotesthe set of complex-valued functions which are absolutely continuous on all
compact subintervals of J . Recall that for any f ; g 2 D, the Lagrangebracket of f ; g is given by

[f ; g] = f (p�g0) � �g(pf 0)

and has �nite limits at both the endpoints a and b.

De�nition 2.1. A pair of functions f y1; y2g is said to be a BC basis if it satis�es the following
conditions:

(i) y1; y2 are real solutions of equation (2.1) in a right-neighborhood N a of a for some� = � a,
(ii) y1; y2 are real solutions of equation (2.1) in a left-neighborhood N b of b for some� = � b,
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(iii) [y1; y2](a) = [y1; y2](b) = � 1:

The existenceof such BC basescan be establishedusing `the Naimark Patching Lemma', see
Lemma 2, p. 63 in [22]. Without lossof generality we may assumethat N a \ Nb = ; . We usesuch
a BC basisy1; y2 to generatethe self-adjoint BC's for equation (2.1)

(2.2) A
�

[y; y1]
[y; y2]

�
(a) + B

�
[y; y1]
[y; y2]

�
(b) = 0;

where A; B 2 C2� 2 satisfy

(2.3) rank(AjB ) = 2 and AE A � = B EB � for E =
�

0 � 1
1 0

�
;

hereA � ; B � are the complexconjugate transposesof A; B , respectively. The self-adjoint BC's given
by (2.2) can be classi�ed into two categories: the separatedBC's having the canonical form

(2.4)
cos� [y; y1](a) � sin � [y; y2](a) = 0; � 2 [0; � );
cos� [y; y1](b) � sin � [y; y2](b) = 0; � 2 (0; � ];

and the coupled BC's having the canonical form

(2.5)
�

[y; y1]
[y; y2]

�
(b) = ei� K

�
[y; y1]
[y; y2]

�
(a);

where
0 � � < � ; K 2 SL 2(R) := f K 2 R2� 2 : det K = 1g:

In this paper, for �xed BC basisf y1; y2g, the BC's in (2.2), (2.4), and (2.5) may be abbreviated by
[AjB ]; S�;� , and [ei� K j � I ], respectively.

Note that the representations of a self-adjoint BC depend on the BC basis. The following shows
the correspondencebetween two pairs of coe�cien t matrices for the sameBC when two di�eren t
pairs of BC basesare used,seeTheorem 3.3 in [18].

Lemma 2.1. Assumef ~y1; ~y2g is any BC basis. Then the system

A1

�
[y; ~y1]
[y; ~y2]

�
(a) + B1

�
[y; ~y1]
[y; ~y2]

�
(b) = 0

and (2.2) represent the sameself-adjoint BC if and only if

A1 = A
�

[y1; ~y2] [~y1; y1]
[y2; ~y2] [~y1; y2]

�
(a) and B1 = B

�
[y1; ~y2] [~y1; y1]
[y2; ~y2] [~y1; y2]

�
(b):

Let Y =
�

y
py0

�
, P =

�
0 1=p
q 0

�
, and W =

�
0 0
w 0

�
. Then we obtain the system form of

equation (2.1)

(2.6) Y 0 = (P � �W )Y:

Let U =
�

u1 u2
pu0

1 pu0
2

�
be a real fundamental matrix solution of equation (2.6) for � = � � 2 R

normalized to satisfy det U(t) � 1 for t 2 J . Consider the BVP consisting of the equation

(2.7) Z 0 = (� � � � )GZ on J;

where

(2.8) G = U � 1W U =
�

� u1u2w � u2
2w

u2
1w u1u2w

�
;

and the BC

(2.9) ~AZ (a) + ~B Z (b) = 0;
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where

(2.10) ~A = � A
�

[y1; u1] [y1; u2]
[y2; u1] [y2; u2]

�
(a) and ~B = � B

�
[y1; u1] [y1; u2]
[y2; u1] [y2; u2]

�
(b):

Theorem 2.1. (i) For each � 2 C, the BVP (2.7), (2.9) is a regular problem, i.e., G 2 L(J; R2� 2)
and the ~A; ~B given by (2.10) are well-de�ned.

(ii) For each � 2 C, Z (t; � ) is a non-trivial solution of the BVP (2.7), (2.9) if and only if

(2.11) Z (t; � ) = U � 1(t)Y (t; � )

for some non-trivial solution Y(t; � ) =
�

y
py0

�
(t; � ) of the BVP (2.6), (2.2). Hence these two

BVP's haveexactly the sameeigenvalues.

Proof. (i) By the Schwartz inequality it is easyto seethat G 2 L(J; R2� 2). Henceequation (2.7)
is regular on J . Note that

[y; yi ] =
�

py0
i � yi

�
�

y
py0

�
; i = 1; 2;

and �
py0

1 � y1
py0

2 � y2

�
U = �

�
[y1; u1] [y1; u2]
[y2; u1] [y2; u2]

�
:

Thus the BC (2.9) for Z is equivalent to the BC (2.2) for y.
(ii) This follows from a simple computation. �

For each � 2 C, let �( t; � ) be the fundamental matrix solution of (2.7) satisfying �( a; � ) = I ,
where I is the identit y matrix. De�ne

(2.12) �( � ) = det
�

~A + ~B �( b;� )
�

:

Singular initial value problems at LC endpoints have beenstudied in [25], seeSection 3.8. The
analytic dependenceof solutions of singular initial value problems and their quasi-derivatives, on
the spectral parameter � has been studied in [12]. The next theorem constructs a characteristic
function for singular limit-circle boundary value problems.

Theorem 2.2. (i) �( � ) is an entire function of � .
(ii) � is an eigenvalueof BVP (2.7), (2.9), and hence of SLP (2.1), (2.2), if and only if �( � ) = 0.

Proof. It follows from the assumption that each endpoint of J = (a;b) is LC that each component
of G, given by (2.8), is in L 2(J; w). Hencethe system (2.7) is regular on J for each � in C. Note
that this holds regardlessof whether the endpoints a;b of J are �nite or in�nite. (Here we use
\regular" in the senseof Zettl [25].) It follows from the theory of regular systems[25] that the
fundamental matrix �( b;� ) is well de�ned and is an entire function of � . It also follows from
the hypothesisthat each endpoint is LC that all the Lagrangebrackets [�; �] in (2.10) exist as �nite
limits at each endpoint a;b. Hencethe matrices ~A; ~B in (2.10) are well de�ned and (2.9) is a regular
boundary condition for the system(2.7). Note that yj ; uj ; j = 1; 2 and hence ~A; ~B are independent
of � . Therefore �( � ) de�ned by (2.12) is an entire function of � . It follows from the well known
standard theory of boundary value problems for regular systemsthat � is an eigenvalue of (2.7),
(2.9) if and only if �( � ) = 0.

Finally we note that the scalar SLP (2.1), (2.2) and the systemBVP (2.7), (2.9) are equivalent.
�

Remark 2.1. We comment on the de�nition of the geometric and the algebraic multiplicit y of an
eigenvalue � . The term `geometricmultiplicit y' of an eigenvalue is universally understood to mean
the dimension of the eigenspaceof � , i.e. the number of linearly independent eigenfunctionsof � .
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This applies to both linear algebra and functional analysis. In linear algebra the term `algebraic
multiplicit y' of an eigenvalue � means[13], [14] the multiplicit y of � as a zero of the characteristic
polynomial. On the other hand, in functional analysis [6], [15], the algebraic multiplicit y A(T; � )
of an eigenvalue � of a linear operator T acting in a Hilb ert spaceH is de�ned by

(2.13) A(T; � ) = dimM (T; � )

where M (T; � ) is the union over all n 2 N of the nullspaceof (T � �I )n .
As mentioned in the Introduction our approach in this paper is elementary in the sensethat

it does not depend on operator theory. Following [7], [20], [11], we construct an entire function
whosezerosare precisely the eigenvaluesof the problem and then de�ne the algebraic multiplicit y
of an eigenvalue as its multiplicit y as a zero of this entire function which we call the characteristic
function of the boundary value problem. Thus the characteristic functions constructed in these
papers, for both regular and singular Sturm-Liouville problems, play the role of the characteristic
polynomials in linear algebra. Since the characteristic functions are entire functions and thus
`in�nite polynomials' this terminology seemsreasonable.

The refereehas suggestedthat the term `analytic multiplicit y' would be more appropriate for
eigenvalues of Sturm-Liouville and other boundary value problems which can be represented by
a linear operator in a Hilb ert spaceand therefore have the above mentioned notion of algebraic
multiplicit y associated with them from the functional analysis point of view. While we agreewith
the refereewe do not pursue this point further in this paper since, as previously mentioned, our
approach here is elementary making no direct use of functional analysis. We are greatful to the
refereefor bringing this point to our attention and agreethat it warrants further consideration.

Theorem 2.1 shows that SLP (2.1), (2.2) and BVP (2.7), (2.9) have exactly the sameeigenvalues.
We de�ne the algebraic multiplicit y (seethe three paragraphs above) of an eigenvalue � of (2.1),
(2.2) to be the algebraic multiplicit y of � as an eigenvalue of (2.7), (2.9), i.e., the order of � as a
root of the entire function �( � ). Then as shown in [20], the so de�ned algebraic multiplicit y of �
is independent of the choice of � � and u; v, and the algebraic and geometric multiplicities of � as
an eigenvalue of (2.1), (2.2) are equal. We simply call them the multiplicity of � . The multiplicit y
of � is either 1 or 2. We say that � is simple in the former caseand double in the latter case.

3. Eigenv alue appr oximations

The following results on the eigenvaluesof SLP (2.1), (2.2) are well known, see[21] and Sections
4 and 5 in [25].

Prop osition 3.1. Assume that p > 0 a.e. on J and a and b are LCNO. Then SLP (2.1), (2.2)
has discrete spectrum consisting of an in�nite number of eigenvaluesf � n : n 2 N0g, which are all
real, unbounded from above and bounded from below. They can be indexed to satisfy

� 0 � � 1 � � 2 � � � �

with only doubleeigenvaluesappearing twice. Strict inequalities hold everywhere wheneverthe BC
is separated or non-real coupled.

Prop osition 3.2. Assumea and b are LC. If
(i) p > 0 a.e. on J and at least one of a and b is O, or
(ii) p changessign on J ,

then SLP (2.1), (2.2) has discrete spectrum consisting of an in�nite number of eigenvaluesf � n :
n 2 Zg, which are all real, unbounded from above and below. They can be indexed to satisfy

� � � � � � 2 � � � 1 � � 0 � � 1 � � 2 � � � �

with only doubleeigenvaluesappearing twice. Strict inequalities hold everywhere wheneverthe BC
is separated or non-real coupled.
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Remark 3.1. For the casesof Proposition 3.2, the choice of � 0 can be arbitrary . In this paper,
we adopt the convention that � 0 is the �rst nonnegative eigenvalue of the SLP (2.1), (2.2). This
convention determinesthe index n of � n uniquely.

Let Na be the right-neighborhood of a and N b the left-neighborhood of b given in De�nition 2.1.
Let ar ; br : (0; 1 ) ! J be continuous functions of r such that a < ar < br < b, ar 2 Na, br 2 Nb,
ar is strictly decreasingin r , br is strictly increasingin r , and

lim
r !1

ar = a and lim
r !1

br = b:

We observe that in this assumption, there is no restriction on the rates of changesof ar ; br , and on
the relation between the rates of convergencear ! a and br ! b. Following [1], seeSection 2, we
de�ne the induced problem of SLP (2.1), (2.2) on J r = (ar ; br ); r 2 (0; 1 ), to be the regular SLP
consisting of the equation

(3.1) � (py0)0+ qy = �w y on Jr

and the BC

(3.2) A
�

[y; y1]
[y; y2]

�
(ar ) + B

�
[y; y1]
[y; y2]

�
(br ) = 0:

Observe that the conditions for y1 and y2 in De�nition 2.1 imply that [y1; y2](t) = � 1 for all
t 2 Na [ Nb, henceBC (3.2) is self-adjoint for all r 2 (0; 1 ). It is easyto verify that BC (3.2) can
be written in the form

(3.3) A r Y(ar ) + B r Y(br ) = 0;

where

Y =
�

y
py0

�
; A r = A

�
py0

1 � y1
py0

2 � y2

�
(ar ); and B r = B

�
py0

1 � y1
py0

2 � y2

�
(br );

and A r ; B r satisfy the self-adjointness condition (2.3) with A = A r ; B = B r . Note that A r and
B r depend on r continuously, and BC (3.3) is separated(resp. coupled) if and only if BC (2.2) is
separated(resp. coupled). In fact, if BC (2.2) is separated, i.e., [AjB ] = S�;� , then the induced
BC (3.3) becomes

(3.4)
c� (ar ) y(ar ) � d� (ar ) (py0)(ar ) = 0;
c� (br ) y(br ) � d� (br ) (py0)(br ) = 0;

where for � 2 f �; � g and t 2 f ar ; br g

(3.5)
c� (t) = cos� (py0

1)( t) � sin � (py0
2)( t);

d� (t) = cos� y1(t) � sin � y2(t):

If BC (2.2) is coupled, i.e., [AjB ] = [ei� K j � I ], then the induced BC (3.3) becomes

(3.6) Y (br ) = ei� ~K (ar ; br )Y (ar );

where

(3.7) ~K (ar ; br ) =
�

� y2 y1
� py0

2 py0
1

�
(br )K

�
py0

1 � y1
py0

2 � y2

�
(ar ) 2 SL(2; R):

Remark 3.2. (i) Assume p > 0 a.e. on J r . Then the regular SLP (3.1), (3.2) has an in�nite
number of eigenvalues f � n (r ) : n 2 N0g, which are all real, unbounded from above and bounded
from below. They can be indexed to satisfy

� 0(r ) � � 1(r ) � � 2(r ) � � � �

with only double eigenvalues appearing twice. Furthermore, we have the following, see[17] for
details.
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(a) If (3.2) is separated,then each � n (r ) is simple, the index is determined by the Pr•ufer angle of
any corresponding eigenfunction, and each eigenfunction has exactly n zerosin J r . See[24] for
the de�nition of the Pr•ufer angle and its relationship to the eigenfunctions.

(b) If (3.2) is real coupled, then each � n (r ) may be simple or double, and the number of zerosof
any real eigenfunction on [ar ; br ) is 0 or 1 if n = 0, and n � 1 or n or n + 1 if n � 1.

(c) If (3.2) is non-real coupled, then each � n (r ) is simple. Let un be a corresponding eigenfunction.
Then the number of zerosof < un and = un on [ar ; br ) is 0 or 1 if n = 0, and n � 1 or n or n + 1
if n � 1. Moreover, un has no zero on [ar ; br ].

(ii) Assumep changessign on J r . Then SLP (3.1), (3.2) has an in�nite number of eigenvalues
f � n (r ) : n 2 Zg which are all real, unbounded from above and below, see[21] and [25]. Basedon
the recent work [4], the eigenvalues for separatedBC's can be indexed using a generalizedPr•ufer
angle. Consequently, the eigenvalues for coupled BC's can be indexed according to the eigenvalue
inequalities established in [5]. Although the numbers of zerosof eigenfunctions for this caseare
di�eren t from (i), they can be determined basedon the sign changesof p on J , see[5] for details.

In the sequel,wewill usethe indexing schemefor eigenvaluesgiven in Remark 3.2, and investigate
the approximation of the eigenvalues of SLP (2.1), (2.2) by those of the family of regular SLP's
(3.1), (3.2).

The next lemma extends, for the casen = 2, the \Con tinuation Principle", seeTheorems 3.2
and 3.3 in [16].

Lemma 3.1. Let O be a bounded open set in R such that its boundary points do not contain
eigenvaluesof SLP (2.1), (2.2), and let k � 0 be the number of eigenvalues(counting multiplicity)
of (2.1), (2.2) in O. Then there exists r � 2 (0; 1 ) such that SLP (3.1), (3.2) has exactly k
eigenvaluesin O for all r > r � .

Proof. The transformation (2.11) transforms the singular SLP (2.1), (2.2) to the regular BVP
(2.7), (2.9), while the induced SLP (3.1), (3.2) is transformed to the regular BVP consisting of the
equation

Z 0 = (� � � � )GZ on Jr

and the BC
A r Z (a) + B r Z (b) = 0;

where

~A r = A
��

py0
1 � y1

py2 � y2

�
U

�
(ar ) and ~B r = B

��
py0

1 � y1
py2 � y2

�
U

�
(br ):

Then by the samearguments as in the proof of Theorem 3.2 [16], we obtain the conclusion. �

Remark 3.3. For each eigenvalue � of SLP (2.1), (2.2) with multiplicit y k = 1 or 2, let O be a
bounded neighborhood of � such that the closure of O does not contain any other eigenvalue of
(2.1), (2.2). By applying Lemma 3.1 and Theorem 3.2 in [16] we seethat there exist an r � 2 (0; 1 )
and k eigenvalues� j (r ); 1 � j � k; of SLP (3.1), (3.2) in O for r 2 (r � ; 1 ), not necessarilydistinct
when k = 2, which are continuous in r and satisfy

lim
r !1

� j (r ) = �; 1 � j � k:

Such eigenvalue functions � j (r ); 1 � j � k; are called contin uous eigenvalue branc hes to
� .

Next we recall some work in Bailey, Everitt, Weidmann and Zettl [1] where equation (2.1) is
consideredunder the assumptions that p > 0 a.e. on J and each of a and b is either LC or LP.
Using the abstract spectral theory on Hilb ert spacesresults were obtained on the approximations
of the spectrum of any self-adjoint operator associated with equation (2.1) by that of a sequence
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of induced operators. Applying those results to the casewherep > 0 a.e. on J and a and b are LC
we have the following (stated in our notation).

Prop osition 3.3. ([1], 15-16) Let p > 0 a.e. on J and supposea and b are LC, and r 2 N.
(i) Assumea and b are NO. Then for each n 2 N0, � n (r ) ! � n as r ! 1 .
(ii) Assumeeither a or b is O. Then for each n 2 N0 we have

� n (r ) ! �1 as r ! 1 :

Nevertheless,for each n 2 Z there exists an index sequence ~n(r ) : N ! N0, which depends on r ,
such that

� ~n(r ) (r ) ! � n as r ! 1 :

However, Proposition 3.3doesnot yield an explicit construction of continuouseigenvaluebranches,
and for case(ii), it doesnot tell us for which valuesof r the index ~n(r ) changesand how it changes
at each such value. Here, with an elementary approach, we will show that for case(i) � n (r ) for
r 2 (r � ; 1 ) forms a continuous eigenvalue branch to � n , where r � 2 (0; 1 ) can be found explicitly
in terms of the BC basisf y1; y2g; and for case(ii) we will identify the set of r in (0; 1 ) where the
index function ~n(r ) for a continuous eigenvalue branch to � n has a jump discontinuit y and show
how it changes.The results will be further extendedto the casewhere p changessign on J .

The following are the main results of this paper.

Theorem 3.1. Assumethat p > 0 a.e. on J and a and b are LCNO. Then there exists r � 2 (0; 1 )
such that for each eigenvalue� n of SLP (2.1), (2.2), n 2 N0, the n-th eigenvalueof SLP (3.1),
(3.2), � n (r ) for r 2 (r � ; 1 ); constitute a continuous eigenvaluebranch to � n .

Furthermore, for the separated problem (3.1), (3.4), there are at most a �nite number of values
of r in (0; 1 ) satisfying

(3.8) cos� y1(ar ) � sin � y2(ar ) = 0 or cos� y1(br ) � sin � y2(br ) = 0;

and r � can be chosento be the largest value of r in (0; 1 ) such that (3.8) holds or r � = 0 if no
such r exists; and for the coupled problem (3.1), (3.6), there are at most a �nite number of values
of r in (0; 1 ) satisfying

(3.9) (� y2(br ); y1(br )) K
�

� y1(ar )
� y2(ar )

�
= 0;

and r � can be chosento be the largest value of r in (0; 1 ) such that (3.9) holds or r � = 0 if no
such r exists.

For the caseswhereeither at least oneof a and b is O or p changessign, the continuouseigenvalue
branches do not have �xed indices. To present the results, we need the following de�nitions. For
more details of the jump set in De�nition 3.1, see[19].

De�nition 3.1. Let B be the set of all self-adjoint BC's given by (3.2). De�ne a subsetJ of B by

J =
��

a1 a2 0 0
0 0 b1 b2

�
2 R2� 4 : a2b2 = 0

�

S nh
ei� K j � I

i
: K 2 SL(2; R); k12 = 0

o
:(3.10)

This set J is called the jump set in the self-adjoint BC spaceB.

De�nition 3.2. Let ~n : (r � ; 1 ) ! Z be a function with r � 2 [0; 1 ) and k 2 Z. ~n(r ) is said to
have a k-jump at r = l 2 (r � ; 1 ) if ~n(r ) is discontinuous at r = l and

lim
r ! l+

~n(r ) � lim
r ! l �

~n(r ) = k:
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Theorem 3.2. Assumethat p > 0 a.e. on J , a and b are LC, and at least one of them is O. Then
for each eigenvalue� n of SLP (2.1), (2.2), n 2 Z, there exist an r n 2 (0; 1 ) and an index function
~n : (r n ; 1 ) ! N0 such that ~n(r ) ! 1 as r ! 1 and the eigenvaluesof SLP (3.1), (3.2), � ~n(r )(r )
for r 2 (r n ; 1 ), constitute a continuous eigenvaluebranch to � n .

Furthermore, ~n(r ) is piecewiseconstant and alwayscontinuous from the left on (r n ; 1 ). Each of
its in�nite number of jumps is a 1-jump or a 2-jump. The jump discontinuities occur if and only
if BC (3.2) crossesthe jump set J in the self-adjoint BC space B. More precisely, we have the
following:

(I) Consider the separated BC case, i.e., (2.2) and (3.2) are replaced by (2.4) and (3.4), respec-
tively.

Assumea is O and b is NO. Then ~n(r ) has 1-jumps only. It has a 1-jump at r = l > r n if and
only if

(3.11) cos� y1(al ) � sin � y2(al ) = 0:

Assumea is NO and b is O. Then ~n(r ) has 1-jumps only. It has a 1-jump at r = l > r n if and
only if

(3.12) cos� y1(bl ) � sin � y2(bl ) = 0:

Assumea and b are both O. Then ~n(r ) has a 1-jump at r = l > r n if and only if exactly one of
(3.11) and (3.12) holds; it has a 2-jump at r = l > r n if and only if both (3.11) and (3.12) hold.

(II) Consider the coupled BC case, i.e., (2.2) and (3.2) are replaced by (2.5) and (3.6), respec-
tively. Then ~n(r ) has 1-jumps only. It has a 1-jump at r = l > r n if and only if

(3.13) (� y2(bl ); y1(bl )) K
�

� y1(al )
� y2(al )

�
= 0:

The next theorem gives results parallel to Theorems 3.1 and 3.2 for the casewhere p changes
sign on J .

De�nition 3.3. For any t 2 J , we say that the function p does not changesign at t if there exists
a neighborhood N t of t in J such that either p > 0 a.e. on N t or p < 0 a.e. on N t . Otherwise, we
say that p changessign at t.

Theorem 3.3. Assumethat p changessign on J and a and b are LC. De�ne

T = f t 2 (a;b) : p changessign at tg:

Assume ar is not an accumulation point of T wheneverar 2 Na such that (3.11) or (3.13) holds
with l = r , and br is not an accumulation point of T wheneverbr 2 Nb such that (3.12) or (3.13)
holds with l = r .

Then there exists an r � 2 [0; 1 ) and for each eigenvalue� n of SLP (2.1), (2.2), n 2 Z, there
exists an index function ~n : (r � ; 1 ) ! Z such that the eigenvaluesof SLP (3.1), (3.2), � ~n(r ) (r ) for
r 2 (r � ; 1 ), constitute a continuous eigenvaluebranch to � n .

Furthermore, ~n(r ) is piecewise constant and may have k-jumps with k = 0; � 1; � 2 only. The
jump discontinuities occur only if BC (3.2) crossesthe jump set J of the self-adjoint BC space B.
More precisely, we have the following:

(I) Consider the separated BC case, i.e., (2.2) and (3.2) are replaced by (2.4) and (3.4), respec-
tively. Then

(i) ~n(r ) has a 1-jump at r = l > r � if and only if
(a) (3.11), but not (3.12), holds, and p > 0 a.e. in a neighborhood of al , or
(b) (3.12), but not (3.11), holds, and p > 0 a.e. in a neighborhood of bl , or
(c) both (3.11) and (3.12) hold, bl 2 T, and p > 0 a.e. in a neighborhood of al , or
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(d) both (3.11) and (3.12) hold, al 2 T, and p > 0 a.e. in a neighborhood N bl of bl ;

(ii) ~n(r ) has a 2-jump at r = l > r � if and only if both (3.11) and (3.12) hold and p > 0 a.e. in
neighborhoods of al and bl ;

(iii) ~n(r ) has a (� 1)-jump at r = l > r � if and only if

(a) (3.11), but not (3.12), holds, and p < 0 a.e. in a neighborhood of al , or
(b) (3.12), but not (3.11), holds, and p < 0 a.e. in a neighborhood of bl , or
(c) both (3.11) and (3.12) hold, bl 2 T, and p < 0 a.e. in a neighborhood of al , or
(d) both (3.11) and (3.12) hold, al 2 T, and p < 0 a.e. in a neighborhood of bl ;

(iv) ~n(r ) has a (� 2)-jump at r = l > r � if and only if both (3.11) and (3.12) hold and p < 0 a.e.
in neighborhoods of al and bl ;

(v) ~n(r ) has a 0-jump at r = l > r � with al ; bl 62T if and only if both (3.11) and (3.12) hold and p
has opposite signs a.e. in a neighborhood al and in a neighborhood of bl .

(II) Consider the coupled BC's, i.e., (2.2) and (3.2) are replaced by (2.5) and (3.6), respectively.
Then ~n(r ) may havek-jumps with k = 0; � 1 only.

(i) ~n(r ) has a 1-jump at r = l > r � if and only if (3.13) holds and p > 0 a.e. in neighborhoods of
al and bl ;

(ii) ~n(r ) has a (� 1)-jump at r = l > r � if and only if (3.13) holds and p < 0 a.e. in neighborhoods
of al and bl ;
(iii) ~n(r ) has a 0-jump at r = l > r � if and only if (3.13) holds and p has opposite signs a.e. in a
neighborhood of al and in a neighborhood of bl .

For all the above casesin (I) and (II) and n 2 Z, ~n(r ) is continuous from the left at l whenever
a k-jump occurs with k > 0, it is continuous from the right at l whenevera k-jump occurs with
k < 0.

Final ly, ~n(r ) may be continuous or havea 0-jump at r = l > r � provided

(a) (3.11), but not (3.12), holds with al 2 T, or
(b) (3.12), but not (3.11), holds with bl 2 T, or
(c) both (3.11) and (3.12) hold with al ; bl 2 T, or
(d) (3.13) holds with al ; bl 2 T.

The index function ~n(r ) may be continuous or have either 0-jump, 1-jump, or (� 1)-jump at r =
l > r � provided either al or bl , but not both, are in T and (3.13) holds.

Remark 3.4. It is not di�cult to demonstrate that each type of jump in Theorems 3.2 and 3.3
actually occurs with a speci�c SLP (2.1), (2.2) under the given assumptions, but we omit the
details.

Remark 3.5. Note that ~n(r ) has a 0-jump at r = l meansthat ~n(r ) is discontinuous at r = l ;
in fact, it may be discontinuous from either side, or discontinuous from both sidesat r = l . This
is determined by the relations among ~n(l), lim r ! l+ ~n(r ), and lim r ! l � ~n(r ). For the casethat p
changessign on J , a systematic classi�cation of the discontinuit y of ~n(r ) at r = l where a 0-jump
occurs can be establishedwith the ideasoutlined in the proof of Theorem 3.3. We omit the details
becausethe 0-jumps are lesssigni�cant in applications, especially in the numerical approximations
of the eigenvaluesof SLP (2.1), (2.2).

Remark 3.6. For the casewhere p > 0 a.e. near a and b, the conclusionsin Theorem 3.3 reduce
to those in Theorem 3.2.
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4. Pr oofs of the main resul ts

1. The casewhen p > 0

We assumep > 0 a.e. on J , and consider the regular SLP consisting of the equation

(4.1) � (py0)0+ qy = �w y on J 0 = (a0; b0)

and the self-adjoint BC

(4.2) A
�

y
py0

�
(a0) + B

�
y

py0

�
(b0) = 0;

where a < a0 < b0 < b, and A; B satisfy (2.2). The following lemmas characterize the continuit y
and discontinuit y of the n-th eigenvalue � n of the SLP (4.1), (4.2) when the endpoints a0; b0 and
the BC [AjB ] change,see[23] and Theorem 2.1, Lemma 3.32, and Theorem 3.39 in [17] for proofs.
The topologiesinvolved are the usual topologiesinherited from R and C2� 4, respectively.

Lemma 4.1. Assume p > 0 a.e. on J . For a �xed BC [AjB ] 2 B and an n 2 N0, the n-th
eigenvalue� n of SLP (4.1), (4.2) dependscontinuously on a0 and on b0 respectively.

Lemma 4.2. Assumep > 0 a.e. on J .
(i) For �xed a0; b0 2 (a;b) and n 2 N0, the n-th eigenvalue� n of SLP (4.1), (4.2) as a function

of the BC [AjB ] in B is continuous at each point of B n J .
(ii) For the separated BC [AjB ] = S�;� and n 2 N0, � n (S�;� ) is continuous for (�; � ) 2 [0; � ) �

(0; � ], strictly decreasing in � and strictly increasing in � . Moreover, for each � 2 [0; � )

(4.3) lim
� ! 0+

� 0(S�;� ) = �1 ; lim
� ! 0+

� n (S�;� ) = � n� 1(S�;� ) for n 2 N;

for each � 2 [0; � )

(4.4) lim
� ! � �

� 0(S�;� ) = �1 ; lim
� ! � �

� n (S�;� ) = � n� 1(S0;� ) for n 2 N;

and

(4.5) lim
� ! � �
� ! 0+

� 0(S�;� ) = lim
� ! � �
� ! 0+

� 1(S�;� ) = �1 ; lim
� ! � �
� ! 0+

� n (S�;� ) = � n� 2(S0;� ) for n � 2:

(iii) For the coupled BC [AjB ] = [ei� K j � I ], � 0 is discontinuous at each point of J , � n ; n 2 N,
is continuous on J whenever� n = � n+1 and discontinuous on J otherwise. Moreover, let

(4.6) F � = f [ei� K j � I ] : K 2 SL(2; R); k11k12 � 0g

and

(4.7) F+ = f [ei� K j � I ] : K 2 SL(2; R); k11k12 > 0g:

Then the restriction of � n to F � is continuous for each n 2 N0, and for any A 2 J

(4.8) lim
F + 3 B ! A

� 0(B ) = �1 ; lim
F + 3 B ! A

� n (B ) = � n� 1(A ) for n 2 N:

Remark 4.1. For the casewhen p > 0 a.e. on J , it has beenfurther proved that for n 2 N0, the
n-th eigenvalue � n = � n (a0; b0; [AjB ]) of SLP (4.1), (4.2) asa function of the endpoints a0; b0 2 (a;b)
and the BC [AjB ] 2 B is continuouswhenever [AjB ] 2 BnJ ; and the continuousand discontinuous
behavior of � n (a0; b0; [AjB ]) at a point where [AjB ] 2 J is exactly the same as characterized in
Lemma 4.2, no matter how a0; b0 changenear this point. Therefore, the jump discontinuit y is solely
determined by the BC. SeeTheorem 3.76 in [17] for details.

To prove Theorem 3.1, we need the following lemmasand corollary. For the proofs of Lemmas
4.3 and 4.4, see[23]. Here, N a and Nb are the sameas in De�nition 2.1, but � 0

a and � 0
b may be

di�eren t from � a and � b de�ned there.
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Lemma 4.3. Assume that p > 0 a.e. on J and a and b are LCNO. Then there exist real-valued
functions u and v in the maximal domain satisfying the following conditions:

a) v > 0 on J = (a;b);
b) for some �xed real � = � 0

a, u is a principal solution and v is a non-principal solution of
equation (2.1) on Na;

c) for some �xed real � = � 0
b, u is a principal solution and v is a non-principal solution of

equation (2.1) on Nb;
d) [u; v](a) = [u; v](b) = � 1.

Corollary 4.1. Let u; v be de�ned as in Lemma 4.3. Let ~p = pv2, and for any real function y 2 D
de�ne z = y=v. Then on Na [ Nb,

[v; y] = ~pz0 and [y; u] = z �
u
v

~pz0:

Therefore, [y; u](c) = z(c) and [v; y](c) = (~pz0)(c) for c 2 f a;bg.

Proof. Sinceu and v are solutions of (2.1) with � = � a on Na and with � = � b on Nb, respectively,
we have that [u; v] = � 1 on N a [ Nb. Henceon Na [ Nb,

~pz0 = pv2 y0v � yv0

v2 = [v; y];

and

[y; u] = y(pu0) � u(py0)

=
y
v

[v(pu0) � u(pv0)] �
u
v

[v(py0) � y(pv0)]

=
y
v

[v; u] �
u
v

[v; y] = z �
u
v

~pz0:

The last part of the corollary follows from the fact that u and v are principal and nonprincipal
solutions of (2.1) in N a for � = � a and in Nb for � = � b, respectively. �

Lemma 4.4. Assumethat p > 0 a.e. on J and a and b are LCNO. Let u; v be de�ned as in Lemma
4.3 and let f y1; y2g := f u; vg be the BC basis in (2.2). Then the transformation z(�; � ) = y(�; � )=v
transforms SLP (2.1), (2.2) to the SLP consisting of the equation

(4.9) � ( ~pz0)0+ ~qz = � ~wz on J

and the BC

(4.10) A
�

z
~pz0

�
(a) + B

�
z

~pz0

�
(b) = 0;

where

(4.11) ~p = pv2; ~q = (� (pv0)0+ qv)v; and ~w = v2w:

Moreover,
~p > 0; ~w > 0 a.e. on J; 1=~p; ~q; ~w 2 L(J; R);

and consequently, SLP (4.9), (4.10) is regular.

Proof of Theorem 3.1: By Lemma 2.1, BC (2.2) is equivalent to the BC

(4.12) A1

�
[y; u]
[y; v]

�
(a) + B1

�
[y; u]
[y; v]

�
(b) = 0;

where

A1 = A
�

[v; y1] [y1; u]
[v; y2] [y2; u]

�
(a) and B1 = B

�
[v; y1] [y1; u]
[v; y2] [y2; u]

�
(b):
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Similarly, the induced BC (3.2) is equivalent to the BC

(4.13) A1(r )
�

[y; u]
[y; v]

�
(ar ) + B1(r )

�
[y; u]
[y; v]

�
(br ) = 0;

where

(4.14) A1(r ) = A
�

[v; y1] [y1; u]
[v; y2] [y2; u]

�
(ar ) and B1(r ) = B

�
[v; y1] [y1; u]
[v; y2] [y2; u]

�
(br ):

Let ~p = pv2, z(�; � ) = y(�; � )=v, and zi = yi =v; i = 1; 2, on (a;b). By Corollary 4.1 we have that on
Na [ Nb

(4.15) [v; y] = ~pz0; [y; u] = z �
u
v

~pz0;

and

(4.16) [v; yi ] = ~pz0
i ; [yi ; u] = zi �

u
v

~pz0
i ; i = 1; 2:

Therefore, from Lemma 4.4, the transformation z(�; � ) = y(�; � )=v transforms SLP (2.1), (2.2) into
the SLP consisting of equation (4.9) and the BC

(4.17) A2

�
z

~pz0

�
(a) + B2

�
z

~pz0

�
(b) = 0;

where

A2 = A
�

~pz1
0 � z1

~pz2
0 � z2

�
(a) and B2 = B

�
~pz1

0 � z1
~pz2

0 � z2

�
(b);

and it transforms the induced problem (3.1), (3.2) into the SLP consisting of the equation

(4.18) � ( ~pz0)0+ ~qz = � ~wz on Jr

and the BC

(4.19) A2(r )
�

z
~pz0

�
(ar ) + B2(r )

�
z

~pz0

�
(br ) = 0;

where ~p; ~q; ~w are de�ned as in Lemma 4.4, and

A2(r ) = A
�

~pz1
0 � z1

~pz2
0 � z2

�
(ar ) and B2(r ) = B

�
~pz1

0 � z1
~pz2

0 � z2

�
(br ):

In fact, from (4.13), (4.14), and (4.16)

A2(r ) = A1(r )
�

1 � u
v

0 � 1

�
(ar )

= A
�

[v; y1] [y1; u]
[v; y2] [y2; u]

�
(ar )

�
1 � u

v
0 � 1

�
(ar )

= A
�

[v; y1] � u
v [v; y1] � [y1; u]

[v; y2] � u
v [v; y2] � [y2; u]

�
(ar )

= A
�

~pz1
0 � z1

~pz2
0 � z2

�
(ar ):

Similarly for B2(r ).
Clearly, SLP (4.9), (4.17) and its induced problem (4.18), (4.19) are both regular problems, and

they have exactly the sameeigenvalues as SLP (2.1), (2.2) and its induced problem (3.1), (3.2),
respectively.

Since yi ; i = 1; 2; are linearly independent solutions of (2.1) in N a for � = � a, by de�nition,
zi ; i = 1; 2, are linearly independent solutions of (4.9) in N a for � = � a.
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(i) Consider the casewhere(2.2) is the separatedBC (2.4), i.e., [AjB ] = S�;� . In this case,de�ne

~z1(t) = cos� z1(t) � sin � z2(t) for t 2 Na:

Then ~z1(t) is a nontrivial solution of (4.9) in N a for � = � a. Note that equation (2.1) is NO implies
that equation (4.9) is NO. Hence ~z1(ar ) has at most a �nite number of zerosin (0; 1 ), and there
exists an r � 2 (0; 1 ) such that ~z1(ar ) 6= 0 for all r 2 (r � ; 1 ). Similarly, if we de�ne

~z2(t) = cos� z1(t) � sin � z2(t) for t 2 Nb;

then ~z2(br ) has at most a �nite number of zeros in (0; 1 ), and for su�cien tly large r � 2 (0; 1 ),
~z2(br ) 6= 0 for all r 2 (r � ; 1 ). This implies that the BC given in (4.19) is never in J for all
r 2 (r � ; 1 ). By Lemmas4.1, 4.2 and Remark 4.1, for each n 2 N0, � n (r ) for r 2 (r � ; 1 ) constitute
a continuous eigenvalue branch. >From the fact that yi has the samesign as zi for i = 1; 2, it is
easy to seethat there are at most a �nite number of values of r in (0; 1 ) such that (3.8) holds,
and r � can be chosento be the largest such value, or 0 if such an r doesnot exist.

Now we show that for n 2 N0, � n (r ) ! � n as r ! 1 . For � 2 f �; � g and t 2 [a;b] de�ne

~c� (t) = cos� (~pz0
1)( t) � sin � ( ~pz0

2)( t); ~d� (t) = cos� z1(t) � sin � z2(t):

The BC (4.17) becomes

(4.20) ~c� (a)z(a) � ~d� (a)( ~pz0)(a) = 0; ~c� (b)z(b) � ~d� (b)( ~pz0)(b) = 0;

and BC (4.19) becomes

(4.21) ~c� (ar )z(ar ) � ~d� (ar )( ~pz0)(ar ) = 0; ~c� (br )z(br ) � ~d� (br )( ~pz0)(br ) = 0:

If BC (4.20) is not in the jump set J , then the conclusionfollows from Lemmas4.1, 4.2 and Remark
4.1. Otherwise, we have that ~d� (a) ~d� (b) = 0. Without loss of generality assume ~d� (a) = 0. Then
~d� (ar ) 6= 0 for r 2 (r � ; 1 ). Hencefor r 2 (r � ; 1 )

~d� (ar )~c� (ar ) = ~d� (ar )( ~p ~d0
� )(ar ) > 0

since ~p > 0 a.e. on J . This, together with Lemmas 4.1, 4.2 and Remark 4.1, implies that the BC
(4.21) for r 2 (r � ; 1 ) is on the continuous side of BC (4.20).

(ii) Consider the casewhere (2.2) is the coupled BC (2.5), i.e., [AjB ] = [ei� K j � I ]. In this case,
BC (4.19) becomes[ei� ~K (ar ; br )j � I ], where

~K (t; s) =
� ~k11 ~k12

~k21 ~k22

�
(t; s)

and

~k11(t; s) = (� z2; z1)(s)K
�

~pz0
1

~pz0
2

�
(t); ~k12(t; s) = (� z2; z1)(s)K

�
� z1
� z2

�
(t);

~k21(t; s) = (� ~pz0
2; ~pz0

1)(s)K
�

~pz0
1

~pz0
2

�
(t); ~k22(t; s) = (� ~pz0

2; ~pz0
1)(s)K

�
� z1
� z2

�
(t):

We claim that there are at most a �nite number of valuesof r in (0; 1 ) such that ~k12(ar ; br ) = 0.
If not, there exists an increasing sequencer n ! 1 such that ~k12(ar n ; br n ) = 0, ar n ! a0 2 Na,
and br n ! b0 2 Nb. By continuit y, ~k12(a0; b0) = 0. Hence ~k11(a0; b0)~k22(a0; b0) > 0 since ~K (a0; b0) 2
SL 2(R). By continuit y, there exist a neighborhood N a0 of a0 in Na and a neighborhood Nb0 of b0 in
Nb such that

(4.22) ~k11(t; s)~k22(t; s) > 0 for all t 2 Na0 and s 2 Nb0:

On the other hand, for a �xed s 2 N b, ~k12(�; s) is a solution of (4.9) with � = � a on Na, and for

a �xed t 2 Na, ~k12(t; �) is a solution of (4.9) with � = � b on Nb. Therefore, ~p(t)
@
@t

~k12(t; s) and
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~p(s)
@
@s

~k12(t; s) exist and are continuous for all t 2 N a and s 2 Nb. Similarly, ~k11(t; s) and ~k22(t; s)

are continuous for all t 2 N a and s 2 Nb. Furthermore, for t 2 N a and s 2 Nb

(4.23) ~p(t)
@
@t

~k12(t; s) = � ~k11(t; s) and ~p(s)
@
@s

~k12(t; s) = ~k22(t; s):

Thus, (4.22) implies that
�

~p(t)
@
@t

~k12(t; s)
� �

~p(s)
@
@s

~k12(t; s)
�

< 0 for all t 2 Na0 and s 2 Nb0:

Choosen su�cien tly large such that ar n 2 Na0 and br n 2 Nb0. Then

0 = ~k12(a0; b0) � ~k12(ar n ; br n )

= [~k12(a0; b0) � ~k12(ar n ; b0)] + [~k12(ar n ; b0) � ~k12(ar n ; br n )]

=
Z a0

ar n

1
~p(t)

�
~p(t)

@
@t

~k12(t; b0)
�

dt +
Z b0

br n

1
~p(s)

�
~p(s)

@
@s

~k12(ar n ; s)
�

ds 6= 0

since(a0 � ar n )(b0 � br n ) < 0. Thus we reach a contradiction.
This claim implies that there exists an r � 2 (0; 1 ) such that the BC given in (4.19) is never in

J for all r 2 (r � ; 1 ). By Lemmas4.1, 4.2 and Remark 4.1, for each n 2 N0, � n (r ) for r 2 (r � ; 1 )
constitute a continuous eigenvalue branch. >From the fact that y i has the same sign as zi for
i = 1; 2, it is easyto seethat there are at most a �nite number of valuesof r in (0; 1 ) such that
(3.9) holds, and r � can be chosento be the largest such value, or 0 if such an r doesnot exist.

Now we show that for n 2 N0, � n (r ) ! � n as r ! 1 . If the BC [ei� ~K (a;b)j � I ] is not in the
jump set J , then the conclusion follows from Lemmas 4.1, 4.2 and Remark 4.1. Otherwise, we
have ~k12(a;b) = 0. By the above argument, (4.23) and (4.22) hold. Without lossof generality we
may assume~k11(t; s) > 0 and ~k22(t; s) > 0 for t 2 N 0

a and s 2 N 0
b. From (4.23) we seethat

@
@t

~k12(t; s) < 0 and
@
@s

~k12(t; s) > 0

a.e. for t 2 N 0
a and s 2 N 0

b. Consequently, ~k12(t; s) < 0 for t 2 N 0
a and s 2 N 0

b. This, together with
Lemmas 4.1, 4.2 and Remark 4.1, implies that the BC [ei� ~K (ar ; br )j � I ] for r 2 (r � ; 1 ) is on the
continuous side of the BC [ei� ~K (a;b)j � I ] and hencecompletesthe proof.

Proof of Theorem 3.2: The existenceof continuous eigenvalue branches follows from Lemma 3.1.
Note that the continuous eigenvalue branchespassingthrough an eigenvalue � of SLP (3.1), (3.2)
with r 2 (0; 1 ) may not be unique. From the latter part of this proof we can seethat the set
of r such that BC (3.2) is in J is a discrete set. Henceby Lemmas 4.1, 4.2 and Remark 4.1, for
any l 2 (0; 1 ) and any eigenvalue � of SLP (3.1), (3.2) with r = l , we can de�ne a continuous
eigenvalue branch � ~n(r ) (r ) passingthrough this � such that the index ~n(r ) : (r � ; 1 ) ! N0 for some
r � 2 [0; 1 ) satis�es that � is the ~n(l)-th eigenvalue of (3.1), (3.2) with r = l , ~n(r ) is continuous at
an r if BC (3.2) with this r is outside of J and has a jump discontinuit y consistent with the index
change in Lemma 4.2 if (3.2) is in J . We call such continuous eigenvalue branches the natural
continuous eigenvalue branches. Clearly, any eigenvalue of (3.1), (3.2) is contained in one of the
natural continuous eigenvalue branches, and any two natural continuous eigenvalue branches do
not crosseach other. It is also easy to seethat for each n 2 Z, there exists a natural continuous
eigenvalue branch � ~n(r ) (r ) to � n . For otherwise, there exist n � 2 Z and r � 2 (0; 1 ) such that some
eigenvalueson the continuouseigenvalue branch to � n � for r 2 (r � ; 1 ) do not belongto any natural
continuous eigenvalue branch, which is impossible. We note that ar 2 Na and br 2 Nb for r > r n .

(I) For the separatedBC case,(3.2) becomes(3.4) where c� (t) and d� (t), � = �; � ; are given by
(3.5). We observe that d� (t) is a nontrivial solution of (2.1) in N a for � = � a and (pd0

� )( t) = c� (t),
and the samefor d� (t) and c� (t).
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Assume a is O and b is NO. Then we can choose r n su�cien tly large such that d� (t) 6= 0 on
(br n ; b). Hencefor r = l > r n , BC (3.4) is in J if and only if

d� (al ) = � cos� y1(al ) + sin � y2(al ) = 0:

In this case,(pd0
� )(al ) 6= 0, and hencefor t a.e. in a neighborhood of al

d� (t)c� (t) = d� (t)(pd0
� )( t)

> 0 for t > al
< 0 for t < al

sincep > 0 a.e. on J . This, together with (4.4) in Lemma 4.2 and Remark 4.1, implies that ~n(r )
has a 1-jump at r = l and is continuous from the left at r = l . Since d� (t) is oscillatory at a,
d� (ar ) = 0 for a sequencer = lk ; k 2 N. Therefore, ~n(r ) ! 1 .

The conclusion for the casethat b is O and a is NO follows from (4.3) in Lemma 4.2, and the
conclusion for the casethat a and b are both O follows from (4.5) in Lemma 4.2. We omit the
details.

(I I) For the coupled BC case,(3.2) becomes(3.6) where

~K (ar ; br ) =
� ~k11 ~k12

~k21 ~k22

�
(ar ; br )

is given by (3.7). Here for any r 2 (0; 1 ), ~K (ar ; br ) 2 SL 2(R), and

~k11(ar ; br ) = (� y2; y1)(br )K
�

py0
1

py0
2

�
(ar );

~k12(ar ; br ) = (� y2; y1)(br )K
�

� y1
� y2

�
(ar );

~k21(ar ; br ) = (� py0
2; py0

1)(br )K
�

py0
1

py0
2

�
(ar );

~k22(ar ; br ) = (� py0
2; py0

1)(br )K
�

� y1
� y2

�
(ar ):

For �xed br , ~k12(t; br ) is a nontrivial solution of (2.1) in N a for � = � a, and p~k0
12(t; br ) =

� ~k11(t; br ). Similarly, for �xed ar , ~k12(ar ; t) is a nontrivial solution of (2.1) in N b for � = � b, and
p~k0

12(ar ; t) = ~k22(ar ; t):
Note that BC (3.6) is in J for somer = l if and only if ~k12(al ; bl ) = 0, i.e., (3.13) holds. In

this case,~k11(al ; bl )~k22(al ; bl ) > 0 since ~K (al ; bl ) 2 SL 2(R). Without loss of generality we assume
~k11(al ; bl ) > 0 and ~k22(al ; bl ) > 0. Hence

(4.24) (p~k0
12)( t; bl )jt= al < 0 and (p~k0

12)(al ; t)jt= bl > 0 for (al ; bl ) � (a;b):

This implies that ~k12(ar ; br ) < 0 as r ! l � and ~k12(ar ; br ) > 0 as r ! l+. Thus, BC (3.7) is in
F � as r ! l � and in F+ as r ! l+, where F � and F+ are de�ned as in Lemma 4.2. By Lemma
4.2, (iii) and Remark 4.1, ~n(r ) has a 1-jump at r = l and is continuous from the left at r = l .
Sinceeither ~k12(t; br ) is oscillatory at a or ~k12(ar ; t) is oscillatory at b, ~k12(ar ; br ) = 0 for a sequence
r = lk ; k 2 N. Therefore, ~n(r ) ! 1 .

2. The casewhen p changessign

The following are analoguesof Lemmas 4.1, 4.2 and Remark 4.1 for the casewhere p changes
sign, seeTheorem 3.10 in [5].

Lemma 4.5. Assumep changessign on J and a < a0 < b0 < b. For �xed BC [AjB ] 2 B and n 2 Z,
the n-th eigenvalue� n of SLP (4.1), (4.2) depends continuously on a0 and on b0, respectively.
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Lemma 4.6. Assumep changessign on J .
(i) For �xed a0; b0 2 (a;b) and n 2 Z, the n-th eigenvalue� n of SLP (4.1), (4.2) as a function of

the BC [AjB ] in B is continuous at each point of B n J .
(ii) For the separated BC S�;� and n 2 Z, � n (S�;� ) is continuous for (�; � ) 2 [0; � ) � (0; � ],

strictly decreasing in � and strictly increasing in � . Moreover, for each � 2 [0; � )

lim
� ! 0+

� n (S�;� ) = � n� 1(S�;� );

for each � 2 (0; � ]
lim

� ! � �
� n (S�;� ) = � n� 1(S0;� );

and
lim

� ! � �
� ! 0+

� n (S�;� ) = � n� 2(S0;� ):

(iii) For the coupled BC [ei� K j � I ], let F � and F+ be given by (4.6) and (4.7), respectively.
Then for each n 2 Z, � n is continuous on J whenever� n = � n+1 and discontinuous at any other
points of J . Moreover, the restriction of � n to F � is continuous, and for any A 2 J

lim
F + 3 B ! A

� n (B ) = � n� 1(A ):

Remark 4.2. For the casewhen p changessign on J , it has been further proved in [5] that for
n 2 N0, the n-th eigenvalue � n = � n (a0; b0; [AjB ]) of SLP (4.1), (4.2) as a function of the endpoints
a0; b0 2 (a;b) and the BC [AjB ] 2 B is continuous whenever [AjB ] 2 B n J ; and the continuous
and discontinuous behavior of � n (a0; b0; [AjB ]) at a point where [AjB ] 2 J is exactly the same
as characterized in Lemma 4.6, no matter how a0; b0 change near this point. Therefore, the jump
discontinuit y is solely determined by the BC.

Proof of Theorem 3.3: The existenceof continuous eigenvalue branches follows from Lemma 3.1.
Let r � 2 [0; 1 ) be such that p changessign on [ar � ; br � ]. Then each such branch �( r ) exists on
(r � ; 1 ) since otherwise, there is an r � 2 (r � ; 1 ) such that the spectrum of SLP (3.1), (3.2) with
r = r � is either bounded below or bounded above, contradicting Proposition 3.2. Similar to the
proof of Theorem 3.2, by Lemmas 4.5, 4.6 and Remark 4.2, for each n 2 Z, we can choose a
continuous branch � ~n(r ) (r ) to � n such that the index ~n : (r � ; 1 ) ! N0 is continuous at r = l if the
BC (3.2) with r = l is outside J and has a jump discontinuit y consistent with the index changein
Lemma 4.6 if (3.2) is in J . Note that ar 2 Na and br 2 Nb for r > r � .

The rest of the proof is similar to, though much more complicated than, that of Theorem3.2. For
simplicit y, we only present the proof for case(I I) under the assumption that al ; bl 62T whenever
(3.13) holds. In this case, ~k11(al ; bl )~k22(al ; bl ) > 0 since ~K (al ; bl ) 2 SL 2(R). Without loss of
generality we assume~k11(al ; bl ) > 0 and ~k22(al ; bl ) > 0. Hence(4.24) holds. From the assumptions,
there are three possibilities for the signsof p on a neighborhood N al of al and on a neighborhood
Nbl of bl :

(i) p > 0 a.e. on Nal and on Nbl ,
(ii) p < 0 a.e. on Nal and on Nbl ,
(iii) p has di�eren t signsa.e. on N al and on Nbl .

For case(i), we can show that BC (3.6) is in F � as r ! l � and in F+ as r ! l+. By Lemma 4.6,
(iii) and Remark 4.2, ~n(r ) has a 1-jump at r = l and is continuous from the left at r = l .

For case(ii), (4.24) implies that ~k12(ar ; br ) > 0 as r ! l � and ~k12(ar ; br ) < 0 as r ! l+. Thus,
BC (3.6) is in F+ as r ! l � and in F � as r ! l+. By Lemma 4.6, (iii) and Remark 4.2, ~n(r ) has
a (� 1)-jump at r = l and is continuous from the right at r = l .

For case(iii), (4.24) implies that either ~k12(ar ; br ) < 0 or ~k12(ar ; br ) > 0 asr ! l from both sides
of l and r 6= l. For the former, ~n(r ) is in F � as r ! l . By Lemma 4.6, (iii) and Remark 4.2, ~n(r )
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has a 0-jump at r = l and is continuous at r = l . For the latter, ~n(r ) is in F + as r ! l and r 6= l.
By Lemma 4.6, (iii) and Remark 4.2,

lim
r ! l

~n(r ) = n(l) � 1:

This meansthat ~n(r ) has a 0-jump and is continuous from neither side of r = l .

Ac kno wledgmen t. We thank our colleaguesEric Behr and William Blair for helpful discussions
which led to improvements in the format and content of this paper.
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