TITCHMARSH-WEYL COEFFICIENTS FOR ODD-ORDER
LINEAR HAMILTONIAN SYSTEMS

DON HINTON* AND ALBERT SCHNEIDER

ABSTRACT. We define the Titchmarsh-Weyl coefficient for an odd-order linear
Hamiltonian system Jy' — B(z)y = AA(z)y in an intrinsic manner and without
taking a limit of regular problems. This follows the method of our earlier work
for the even order case. We consider here the case of one regular endpoint
and one singular endpoint which is in the limit point case. We associate with
the system and boundary conditions at the regular point a Hilbert space and
a symmetric operator B. A difficulty is caused by the possible existence of
solutions to Jy' — B(z)y = A(z)f with |ly|| = 0 and ||f|| # 0. It is shown
how the space of such y affects both the definition of the Hilbert space and
operator. The odd-order case causes special difficulties since there are two
associated operators. The regular even order case is illustrated to show the
dependence of both the Hilbert space and associated self-adjoint operator on
the boundary conditions.

1. INTRODUCTION

In [11] we defined the Titchmarsh-Weyl matrix M ()) for generalized formally
selfadjoint systems in terms of separated selfadjoint boundary conditions where
an arbitrary deficiency index was allowed. A special case of these systems are
Hamiltonian systems of the form

(1.1) Jy' — B(z)y = A\A(z)y

with a skew hermitian invertible matrix J and symmetric matrices B(z) and A(z).
For the case of a half open interval I = [a,b) we made the essential assumption
that the number of positive and negative eigenvalues of the hermitian matrix —i.J
were equal, and hence the investigations were restricted to even order systems.

In this paper we show that the methods used in [11] can be extended to Hamil-
tonian systems of arbitrary order. By an affine transformation we can transform
the matrix J to be of the form

0 0 -E
(1.2) J=|0 iE 0
E. 0 0

where Ej is the [ x [ unit matrix, and ¢ > 1. For £ = 0 we have the even order case
treated in [11], and all results of [11] turn out to be special cases of the theorems we
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prove in this paper in the limit point case. The general case can be proved along
similar lines.

A general scalar symmetric differential equation L[y] = Awy can be put in the
form (1.1) as shown by Walker [25]. Here L is of the form

(13) Lyl =D (-1 pa-ry™)®
k=0

ti Z(_l)s[(qusy(s))(57l) + (qusy(871))(s)]
s=0

For n > m the equation is of even order 2n and for n < m the equation is of odd
order 2m — 1. Actually the form (1.3) requires smoothness of the coefficients. With
minimal conditions on the coefficients of local integrability as in Section 2, the terms
of (1.3) must be grouped to form quasi-derivatives. This is done in Walker [25].
More general symmetric differential expressions than (1.3) have been considered by
Everitt and Zettl [9] where the point is discussed of grouping of derivatives to form
quasi-derivatives which allow minimal conditions on the coefficients.

Also, if N is a differential expression of the same form as L, but with order less
that that of L, then it was shown by Schneider [24] that the equation L[y] = NJy]
can be put in the form (1.1). This was a special case of the theory of S-Hermitian
boundary-eigenvalue problems.

While we are mainly concerned here with singular odd order Hamiltonian sys-
tems, and the existence of the Titchmarsh-Weyl coefficient which plays a funda-
mental role in the study of the spectrum of singular systems, the results of Section
3 are applicable to regular even order systems which have widespread applications.

In order to compare the results of this paper with those in [11] our paper is
organized in the following way. In section 2 we make the basic assumptions and
introduce the notation we use. In Section 3 we digress from the main theme to
consider the regular case. Here we show how to obtain a Hilbert space formulation
of regular problems. For simplicity we consider only the even order case with
separated boundary conditions. It will be seen that the Hilbert space formulation
depends not only on (1.1), but also possibly on the boundary conditions. Since
these problems have a discrete spectrum, the spectral resolution of the associated
self adjoint operator A yields an eigenfunction expansion for all elements of the
Hilbert space. In a sense, which we now explain, this section may be regarded as
a completion of the regular theory presented in Chapter 9 of [1] and Chapter 7,
Section 11 of [18] - see in particular Theorem 9.7.4 of [1] and Theorem 11.5 of [18].
In the first place, (1.1) is considered in [18] only for A(z) of the form

aw = (7 0). K@ >0,

and in both [1] and [18], eigenfunction expansions are obtained only for absolutely
continuous functions y(z) which satisfy the associated boundary conditions and
Jy' — B(z)y = A(z)f for some f satisfying [ A|f|?dz < co. The convergence here
is uniform and the series for y'(z) may be differentiated termwise with convergence
in a square integrable sense. These conditions require the function y be in the
domain of the associated operator discussed in Section 3. There is no development
of an eigenfunction expansion of an arbitrary element of an associated Hilbert
space. While there is an associated Hilbert space in [1] ( defined as E(A) below), it
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is pointed out in Section 3, and also by Atkinson, if the space S(A) defined below
is # {0}, then one cannot have an eigenfunction expansion for all elements of E(A).
The appropriate reduced Hilbert space is determined in Section 3.

Section 4 explains the definition of the limit point concept for our equation and
summarizes some equivalent properties. The main result in section 5 is Theorem
5.3 where we prove the unique existence of the nonsquare (in the case k # 0)
Titchmarsh-Weyl matrix M ()\) for given boundary conditions at the regular end-
point a. This construction is in terms of the square integrable solution of (1.1) and
not as a limiting procedure as has sometimes been done in the even order case,
e.g., as in Krall [14] or[15]. M ()) is holomorphic in C \ R and the number of rows
and columns interchange when A changes from Im A > 0 to Im A < 0. The further
results we prove in this section reduce to the corresponding results of [11] for the
case k = 0. In section 6 we construct a resolvent by means of the Titchmarsh-Weyl
matrix M (XA) in Theorem 6.3 and Theorem 6.22. This resolvent again coincides
with the resolvent constructed in the case k = 0 in section 5 of [11] and in section 7
we define a symmetric operator B and its adjoint operator B* in a suitable Hilbert
space H by means of the resolvent defined in section 6. B turns out to be equiva-
lent to a singular boundary eigenvalue problem for the Hamiltonian system (1.1).
The upper halfplane C* of C belongs to the resolvent set of B whereas the lower
halfplane C~ belongs to the residual spectrum of B. For the adjoint operator B*
the upper halfplane is the resolvent set and the lower halfplane is contained in the
point spectrum. In the last section 8 we consider a Hamiltonian system of even
order 2(2t + k) following an idea of H. D. Niessen in [17] where for the matrix —i.J
the number of positive and negative eigenvalues coincide. Hence in this case the
corresponding M (\) matrix is a Nevanlinna matrix and we show that this matrix
is completely determined by our matrix M (\) of section 5. Although M () is non-
square for k > 1, its relation to M ()) reveals a square Nevanlinna matrix which is
a submatrix of M(A) ( the matrix m2()\) in Section 8). These nonsquare matrices
will play an important role in the study of odd order systems with two singular
endpoints and the corresponding construction of the resolvent.

The general construction and properties of the Titchmarsh-Weyl matrix M ()
for an odd order symmetric linear Hamiltonian system and associated operators
does not seem to have been given in the literature although some partial results
have been given. The odd order scalar equation has been thoroughly investigated
by Everitt [6] and Everitt and Kumar [7, 8]. For the construction of M (A) for
odd order systems as a sequential limit, results are given in Hinton and Shaw [10]
for the limit point case, but there is no development of the associated Hilbert
space theory. When the system is not in either the maximal or minimal deficiency
case, these M () matrices obtained by sequential limits may not correspond to self
adjoint problems. This was pointed out in [12] and [19].

There is a general theory for the construction of selfadjoint extensions of a sym-
metric linear relation, e.g., see Bennewitz [2], Coddington and Dijksma [4] or Di-
jksma, Langer, and DeSnoo [5]. The general theory of symmetric linear relations
as applied to Hamiltonian systems usually require the limit point hypothesis. It
seems desirable to construct the operator theory for (1.1) directly to define a closed,
densely defined operator in a Hilbert space determined by the weight matrix A(x)
and associated boundary conditions. For even order systems with arbitrary, but
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equal, deficiency indices this program was carried out in [11] for separated bound-
ary conditions. Further in [13] for the self adjoint operator A defined in [11], the
spectral resolution was obtained by using M (\) to obtain a spectral matrix p()).
The operator A was proved to be isometrically isomorphic to the operator of mul-
tiplication by X in the Hilbert space L(RR).

In a second paper we will consider the case of two singular endpoints generalizing
the corresponding results for the case k¥ = 0 and make the application to formally
selfadjoint ordinary differential equations of odd order. The two singular endpoint
case, with both endpoints limit point, gives rise to a self adjoint operator as con-
trasted with the case of one singular endpoint. Finally by considering the system
of order 2(2t + k) in Section 8 we will indicate how the case of arbitrary deficiency
index can be treated.

2. ASSUMPTIONS AND PRELIMINARY RESULTS

We make the following assumptions throughout the remainder of the paper
(except in Section 3, I is replaced by a compact interval and IIT is not used).
Let I := [a,b) := {z € Rla < z < b} be a half open interval of the real line
(mo0 < a < b< +00) and A, B be locally integrable mappings from I into the set
of complex hermitian n x n matrices. We designate by AC),c(I) the set of mappings
from I into C", which are locally absolutely continuous and by M(I) the space of
measurable mappings defined almost everywhere in I with values in C".

With the invertible skew hermitian matrix (1.2), we define for n = 2t + k the
mappings

F: ACioc(I) — M(I), G: M(I) - M)
by
(Fy)(@) = Jy/ () - B@)y(a)
(Gy)(z) == A(z)y(z)
and consider the Hamiltonian system
(2.1) Fy = \Gy

under the following hypotheses:
I. For almost every ¢ € I we assume

Az) > 0.

I1. If
Ny :=={y € AC\oc(I)| Fy = A\Gy}

then we assume the existence of a A\g € C with the following property: If y € Ny,
with [, y*(z)A(z)y(z) dz = 0, then y = 0.

ITI. The system (2.1) is in the limit point case at b (see the Definition 4.1 below).

In section 4 we will give some equivalent descriptions of this condition.

(From these assumptions we get immediately some easy conclusions. The proofs
may be found in [17] and [23], but we sketch how to prove them.

1. If Y(z,)) is a fundamental matrix of (2.1) with initial condition Y (zg,\),
then for all (z,) € I x C the identity

Y*(z,A\)JY (z,)) = Y*(20,\)JY (20, \)
holds.
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It follows by differentiation that Y*(z,)JY (z,)) is constant as thus has its
value at ¢ = xg.
2. By means of the nonnegative matrix A(z) we define the complex vector space

LA(D) := {yEM |/ )dx<oo}

Then for u,v € L% (I) the integral
(u,v)g := /U*(:c)A(x)u(a:) dz
I

exists and defines a positive semidefinite hermitian scalar product on L% (I) and the
vector space L%(I) is complete with respect to the seminorm defined by ||u||; :=

(u,u)}/?. Note also that [lu|[; = 0 implies A/2u = 0 a.e. and hence Au = 0
a.e. Moreover for all A € C this scalar product is positive definite on the (finite
dimensional) subspaces

E\(I) := Nxn L4 (1)

since hypothesis II implies for all A and y € Ny with ||y||r = 0 that y = 0.
This can be proved with the variation of constants formula. Suppose y € N
with ||ly|lr = 0. Then

Jy' = B(z)y + M(z)y = B(z)y + Mo A(z)y + (A — Xo)A(z)y,

so that by the variation of constants formula, with Y (z, Ag) as above,
&) = Y@ 0) e+ (=20 [ (5,000 Ay (e)ds.
xo

where ¢ is a vector. Now ||y||r = 0 implies the above integral is 0 by application
of Cauchy-Schwarz. This gives y(z) = Y (z, A\o)c which in turn implies ¢ = 0 by
hypothesis IT so that y = 0.

3. For u,v € AC\oc(I) the functions v*(Fu) and (Fv)*u are locally integrable
on I and with

[u,v](z) := v* () Ju(z)
the Lagrange formula

8 8
@) [ v@E@d - [ (P @u ds = ul(E) - i

holds for a < a < 8 < b.
It follows by differentiation that

[u,v] (z) = = (Jv'(z))*u(z)+v*(z)Ju' (x) = —(Fv+Bv)*(z)u(z)+v* (z)(Fu+Bu)(z),

from which (2.2) follows.

3. THE REGULAR CASE

We assume throughout this section conditions I and IT of Section 2 hold with I
replaced by a compact interval A = [a,c] C [a,b). We consider the inhomogeneous
problem of even order 2t,

(3.1) Jy' — B(z)y = A(z)y + A(z) f(z),
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where J is as in (1.2) with k = 0, and f(z) € L% (A). For (3.1) we impose the
separated self adjoint boundary conditions, c.f. [1] or [18], with a = [au, a2] and

B = [B1, Bel;
(3-2) [a1, az]y(a) = 0= [B1, B2ly(c),

where the t x t matrices ay, az, 81, B2 satisfy the conditions

rank [a1, ag] =t =rank [B1, f2], ai05 = aa], Bif; = Bafy.

The problem is how to define an appropriate Hilbert space and selfadjoint operator
in this space so the spectrum of the equations (3.1)-(3.2) is the same as the that of
the selfadjoint operator. First we proceed to study (3.1)-(3.2) as in the development
of scalar equations as in [16] or [27]. Here a minimal domain Do(A) and a maximal
domain R(A) are defined and their relationship to other spaces is determined. On
L% (A) we have the positive semidefinite inner product

(F9)s = [ 6 @A@S(a)da.

and associated semi-norm ||f||A = (f, f)a. Further we define the spaces

R(A) = {y € AC1,c(A) : Fy = Gf for some f € L%(A)}.

No(A) = {y € R(A) : Jy' — B(z)y = 0}

N(A) = {f € Ly(A) : [Iflla = 0}

Do(A) = {y € R(A) : y(a) = y(c) = 0}
Ro(A) = {f € L%}(A) : Fy = Gf for some y € Do(A)}

(A)

(A)

S(A) = {f € I%(A) : Jy € R(A) N N(A) such that Fy = Gf}
Sa,p(A) ={f € S(A):Jy € R(A) N N(A) such that (3.2) holds and Fy = Gf}

>

Now we form the Hilbert space E(A) = L% (A)/N(A), i.e., E(A) is the Hilbert
space of all equivalent classes (f equivalent to g means ||f—g||a = 0) in L% (A). Let
7 denote the canonical homomorphism from L% (A) onto E(A). As noted in [13],
the mapping that takes 7(y) in 7(R(A)) into 7 (f) in E(A) is in general a relation
and not a function; hence it cannot be used to define an operator. The space E(A)
is in general too large to be taken for the Hilbert space setting for (3.1)-(3.2). As we
shall see, it is the space S(A) that causes the difficulty. For S(A) = {0}, the space
E(A) is the appropriate Hilbert space. In the case of the scalar equation (1.3), the
space S(A) = {0}. We also have S(A) = {0} if A(z) > 0 a.e. The assumption
S(A) = {0} is assumed for the spectral resolution in Chapter 10, page 167, of Krall
[15] and in a different context in Brown, Evans, and Plum [3].

To see the difficulty caused by the space S(A), suppose f € S(A) and Jy' —
B(z)y = A(z)f(z) for y € R(A) N N(A) and (3.2) holds. Then if ¢ is an eigen-
function for (3.1)-(3.2) with eigenvalue A,

(f7 ¢)A = (y7)‘¢)A = 07

where we have used the Lagrange formula (2.2) and the selfadjointness of the bound-
ary conditions. This implies that if || f||a # 0, then f cannot be expanded in a series
of eigenfunctions. Hence the space E(A) must be cut down ( i.e., E(A) must be re-
placed by a subspace 7(Sa,5(A)1) -see below) to obtain eigenfunction expansions.
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To accomplish this, we now prove four short theorems which parallel the develop-
ment for scalar equations. We note that when S(A) # {0}, the Hilbert space for
(3.1)-(3.2) depends on (3.2) as well as (3.1).

Theorem 3.3. We have No(A)L = Ro(A) where L is taken in the inner product
('7 ')A'
Proof. Let 21, ...z, be the basis of Ng(A) defined by Fz; = 0 and 2;(c) = e; where

e; is the unit vector with 1 in the ith component. If y € R(A), y(a) = 0, and
Fy = Gf, then by the Lagrange indentity (2.2),

(3.4) y*Jz|S = y*(e)Jzi(c / =z (z) dz.

Now suppose f € No(A)*L. Then by (3.4), we have that [ f*Az;dz =0,i=1,..n.
This gives y(c) = 0 which implies y € Do(A) for y as in (3.4). Hence f € Ro(A).

On the other hand, if f € Ro(A), there exists a y € Do(A) so that Fy = Gf.
Since then y(c) = 0, we have

0 =y"(c)Jzi(c / (= ()dz,i=1,.
Hence f € No(A)*L. O
Theorem 3.5. We have No(A) N N(A) = {0}, and Ro(A)+ = No(A) + N(A).

Proof. First we note No(A) N N(A) = {0} by assumption II. Now by Theorem
3.3 we have No(A) C Ro(A)L. Also N(A) C Ry(A)* since f € N(A), g € L4(A)
implies [, f*Agdx = 0.

Now suppose f € Ro(A)L and write f = fi + fo where f; € No(A) and fo L
No(A). This decomposition is possible since No(A) is finite dimensional. Then
f, i € .R()(A)L implies fy € .R()(A)L But f, € ]\70(A)L implies fy € Ro(A) by
Theorem 3.3. Hence f> € Ro(A)L, fo € Ro(A) gives || f2]|a = 0. Thus fo € N(A)
and we have Ro(A)L C No(A) + N(A). O

Theorem 3.6. We have Do(A)L = S(A),

Proof. First suppose f € Do(A)~*. Let y be solution of Fy = Gf. If g € Ryo(A) and
z € Do(A) satisfies Fz = Gg, then by the Lagrange identity (2.2),

:/ f*Azd;cz—y*Jzﬁ—/ y*Agdx.

Since z(a) = z(c¢) = 0, we conclude that fac y*Agds = 0for all g € Rg(A). Therefore
y € Ro(A)*. By 3.5 we can write y = y; + y2 where y; € No(A) and y» € N(A).
Since Fy; = 0, this gives Fy2 = Gf, and using ||y2||a = 0, we get f € S(A).

Now let f € S(A) and let y € R(A) be such that ||y||a = 0 and Fy = Gf. Let
z € Do(A) and g be such that Fz = Gg. Then |ly|]|a = 0 implies fac y*Agdr = 0,
and hence

0= / y*Agdr = —y = Jz|; —/ frAzdx.
Thus f € Do(A)*. a

Theorem 3.7. IfV is a subspace of L% (A), then w(V+

) = m(V))+ where the second
L is in the Hilbert space E(A) while the first L is in L% (A).
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Proof. First suppose f = w(g) € m(V+). Then for h = (k) € 7(V), and denoting
the inner product in E by (-, ),

0=(g,k)a = (n(9),7(k)) = f = 7(9) € =(V)".
Hence 7(V+) Cc n(V)+.
Conversely, suppose h = m(k) € w(V)*. Then for all f = 7(g) € n(V),
0=(h,f)=(k,9)a = k€V=hen(V").
Hence 7(V)1 C «(V+) which completes the proof. O

We see from Theorems 3.6 and 3.7 that 7(Dg(A))* = 7(S(A)) and hence
7(S(A)Y) = 7(Do(A). Hence if S(A) = {0}, we have n(Do(A) = E(A), and
E(A) is the appropriate Hilbert space. This is always the case for scalar equations
as noted above. In general the appropriate Hilbert space is 7(S, 5(A)1). We will
not work out the details for the regular case since the argument is the same as for
the singular case which we prove in Section 7 below. The appropriate space is the
orthogonal complement of the kernel of a resolvent operator. We will sketch the
method.

We define

D(A) = {y € R(A) : (3.2) holds }.
Since the boundary conditions (3.2) are self adjoint, then for Im X\ # 0, it is known,
e.g., [1] or [18], that the problem Fy = AGy + Gv, with (3.2), is uniquely solvable
yielding a solution y(-, A,v). This then defines a resolvent operator, for I'm A # 0,

Ry : L4(A) — D(A), Ryv=y(-,\v).
This leads to a mapping I'y on E(A) defined by I'x(w(v)) = m(Ra(v)). If we define
D4(A) = n(D(A)), then the mapping T') has the properties
TA(E(A)) = Da(A), T3 =T5, kerIy=n(Sqss3(A)).
This last kernel relation (which is independent of \) implies
Da(A) =7(D(A)) = 7(Sa,6(A))"
One can now define an operator for Im A # 0
A :Da(A) — Da(A) by Ay =y + (Tx) 'y,

and prove the definition of A is independent of \. Further one can prove (by the
methods of Section 7) A=A* and for y € D(A), y nontrivial,

Fy = AGy, (3.2) holds = A(n(y)) = An(y),
and conversely if A(w(y)) = An(y), ||ly]la # 0, then for some g € N(A), we have
F(y+g) = MG(y+ g). Thus A is a self adjoint operator acting in the Hilbert space

D 4(A) with the same eigenvalues as (3.1)-(3.2).
We illustrate the spaces above with an example. Take A = [0, 1], and

(B> 0 (0 b (-1 0 (1 -1
= (G0 o=l ) (0 5) (A

First, to determine S(A), we suppose y satisfies (3.1) with A = 0 for some
f € L%(A). This is equivalent to the equations

—y3 = —ys + f1, Yi=—y1+ys —ya

(3.8)
—ys=—Ya+ f2, Yy =—Y2— Y3+ ya-
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If also ||y|[a = 0, then y; = y» = 0 and we conclude from (3.8) that y3 = y4 and
fi = fo. It follows that

(3.9) S(A) ={f € LY(A) : fi = fo}-
We consider boundary conditions for two cases.

Case (i):

(310) Qg = ,32 = EQ, a1 = ,31 =0.

(From y; = ya = 0, y3 = ys, and f1 = f2, we calculate, using y3(0) = y3(1) = 0,
that y3(z) = e® [ e~ fi(s)ds. Hence

(3.11) Sus(A) = {f € S(A) : /0 e~ f1(s)ds = 0}
Case (ii):
(312) a1 = ﬂl = EQ, a9 = BQ = 0

In this case, since ||y||a = 0 implies y; = yo = 0, the boundary conditions with
(3.12) hold so that we have
Sa,p(A) = S(A).
To determine Dy(A), we must solve (3.8) with the boundary conditions y;(0) =
yi(1) =0 for ¢ = 1,...,4. Calculations yield that

ya(a) = —* / “etfus)ds,  yale) = —f / " e fals) ds,

where

1 1
3.13 I ds = S ds =0
(3.13) /Oefl(s)s /Oefz(S)S

Also yo(z) = —y1(x) and y1(z) = e~ * fom e®[ys(s) — ya(s)] ds where

1) [ el —wolds = [ 3T =€) = fis)ds = o

Hence Dg(A) consists of all y given by the above equations where f € L%(A)
satisfies (3.13) and (3.14).

For z = e ?[1,1,0,0]%, it is clear (3.2) holds for case (i) above. Calculations
show F'z = 0 which implies A(w(2)) = 0. Thus 7(z) € D4(A). Also for y € Do(A),

(z,9)a = ‘/0 e_s[yl(s) + yz(s)] ds=0

since y; = —yo for y € Dy(A). This yields by Theorems 3.6 and 3.7 that z €
S(A) = Do(A)* and 7(2) € 7(Do(A))* = 7(S(A)) = w(Do(A))+. Thus 7(Do(A))
is a proper subset of D4(A). Hence m(Dg(A)) is not large enough for a Hilbert
space formulation of (3.1)-(3.2) for the boundary conditions of case (i).

In the case of regular self adjoint problems, the theory of eigenfunctions can also
be worked out from the theory of S-Hermitian boundary-eigenvalue problems as
developed by Schifke and Schneider in [20, 21, 22]. In these papers it is shown
how in the right definite case these eigenvalue problems reduce to the eigenvalue
problem for the associated self adjoint Wielandt operator A. It has the same
eigenfunctions and the reciprocal eigenvalues, and from the Parseval equation for
A there follows the eigenfunction expansions for all elements in the closure of the
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range of A, which is the appropriate pre-Hilbert space. To describe the problem by
an unbounded differential operator, the role is played by the inverse A~!, existing
on the orthogonal complement of the kernel of A.

4. THE LIMIT POINT CONDITION

If Y(z,\) is a fundamental matrix of (2.1), then for f € C* and A € C\ R we
get by the Lagrange formula (2.2) for a < a < 8 < b the relation

B
/ (¥ (@, N f)* Ae) (V (@, N f) de = F*AB N — Al N f

with
Az, A) = (20 Im \) 1Y *(2,0)JY (2, ).

A(z, ) is invertible, hermitian and monotone nondecreasing with respect to x.
Since the hermitian matrix i ~'.J has t + k positive and ¢ negative eigenvalues, then
for the number it () of positive and i~ () of negative eigenvalues of A(x, \) which
are independent of z we get

o | B+ EE), AeCH
(Z+()\)J ()\))_{(t,t+k), reC .

Therefore — compare with section 2 of [11] — we have

t AeCt
dimE (I) Z2i (A) =4
mE(D) 23 {t+k, reC .
We introduce the “deficiency indices” 7(A) by
7(A) == dim Ex(I) — i~ (\), AeC\R

Tp(A) is locally constant in C \ R — compare with remark 2.11 of [11] — and then
we make the following

Definition 4.1. The system (2.1) is said to be in the limit point case at b if and
only if 7,(¢) = (—4) = 0.

We define the vector space
R(I) := F~H(G(LA (D)) N L4 (D).
By Lagrange’s formula (2.2) the existence of the limit
,)(8) = i, 01(5)
for all u,v € R(I) follows. Defining the subspace
RY(I) := {v € R(I)|[u,v](b) = 0 for all u € R(I)}
we know that the relation
(4.2) dim (R(I) /R*(I)) = 7 (i) + (1)

is valid (see formula (2.9) in [11]). Hence we have
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Corollary 4.3. (2.1) is in the limit point case at b if and only if R(I) = Rb(I)
and this is equivalent to the condition that [u,v](b) = 0 for all u,v € R(I). In this
case the Lagrange formula reduces to

b b
(4.4) / v*(x)(Fu)(z) dz —/ (Fv)* (z)u(z) dx = —[u,v](a)

for u,v € R(I).

Remark . In the case k = 0 the system (2.1) is of even order 2¢ and the definition
4.1 of the limit point case at b coincides with the classical definition known in this
case.

5. THE TITCHMARSH-WEYL COEFFICIENT

In this section we show how a Titchmarsh-Weyl coefficient M (\) can be defined
for the system (2.1) generalizing the known results for the case k = 0.
Let Ay, Ay be t x t matrices satisfying the conditions

(5.1) A1 Al = Ar AT A1 AT + A AL = E
and then define the (2t + k) x (2t + k) matrix A by
o [Ar 0 -4
A= 0 Ek 0
A3 0 A

This matrix fulfills the relation
(5.2) A J.- A=

We denote by W(z,A) the fundamental matrix of (2.1) with the initial condition
W (a,\) = A. Then we prove the following

Theorem 5.3. For Im )\ # 0 define the matrices

54) O\ = W(z,\) (Ei;)(*)) B, \) = W(a,\) ( E:@)) .

Then for A € C\ R there exists a i*(\) x i~ (\) matriz M (\) with
(5.5) O(,N) + (WM € (LAM)" .
M(X) is uniquely determined by (5.5).

Proof. By assumption IIT the dimension of Ey(I) is equal to i~ (A). Hence there
exist an 4~ (\) x i~ (A\) matrix By (\) and an T ()\) x i~ (\) matrix Ba()\) such that

(5.6) rank (B;(\)7, Ba(\)T) =i™(\)
(5.7) O, NBi(\) + 8(, N Bx(\) € (L3 (D))" W
(5.8) [O(,N)B1(A) + @(-,A\)Ba(A),u] (b) = 0 for all u € R(I).

We will show that By ()) is invertible. To prove this let f € C* M with By(\)f = 0.
Then
i (A
un() = 2(, )B(V)f € (L3D)" V.

For elements f,g € M(I) we introduce the bilinear form

foglr o= / g* (2)f(z) da



12 HINTON AND SCHNEIDER

whenever the integral exists. By Lagrange’s formula (4.4) we get

2i Im A [Guy, up]; = A[Guy,up]; — A [Gua,up],
(5.9) = [Fux,ux]; — [ux, Fuy];

= —[ux, ux] (a).

By definition of ®(x,\) we have

*(a, \)J®(a, ) = (0, Eis () W* (a, \)JW (a, A) ( 0 )

Ei+(»)
0
Sa) (Eﬁw)

B
B 0 , AeCt
0 O .

0, AeC
Thus we get
(ux,ur); = —ﬁ < [ux, ua] (@)
= IlmA By £)* ®*(a, )T B(a, \) (Ba () f)

— e (B2 (V) ) (EO’“ g) (Bs(\)f), AeCt

0, AeC
from which we see, that
(ur,ur) = [luall? = 0.
Therefore by assumption II,
ux(z) = (2, \)(B2(A) f) =0,

so that B2(A)f = 0 = B1(A)f. But then f = 0 proving that B;(}) is invertible.
Now

O(, N)B1(N) + (-, N)B2(A) = [O(;, A) + @(;;, ) B2(\) B1(\) '] B1(})
and defining the 4T (\) x i~ (\) matrix
M(\) := Bo(M)By(\) !

the assertion (5.5) follows.

Now we prove that M (M) is uniquely determined by (5.5). For this reason let
M(\) be a it(A) x i~ () matrix fulfilling (5.5) for A € C\ R. Let f € C~ ™ be
arbitrary and consider

'U/\(') = (Q(a ’\) + (I)(': )‘)M(’\))f - (6(7 /\) + (I)(-, )‘)M()‘))f
=&(, \)(M(\) — M(N)f.
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vx € Ex(I) and therefore [vy,v2](b) = 0. Then by the Lagrange formula (4.4) we
get

2iIm X (v, vp); = A[Gua,val; — Afoa, Gual,
= [FU)\7U>\]1 - [’UMF’UA]I
= —[ua,va] (@)
= — (M) = M) £) " 8" (a, ) TB(a, ) (M) ~ M) 1) -
Defining h()) := (M()\) — M())) f the relation

1
(’UAJ’UA)I = _Zl:[m)\ ) [’UA7U)\] ((l)
E;, 0
_ k) ( N 0) h(\), AecCt
0, reC

follows. Thus
(vx,02); = [loall7 =0
and with respect to assumption IT again we conclude that

(@) = (2, \) (M(X) = M(N) f =0,

yielding (M(X) — M(X\))f = 0 and since f is arbitrary M(\) = M()) follows and
the proof of Theorem 5.3 is complete. |

Next we state a generalization of Theorem 4.16 in [11].

Theorem 5.10. If \,u € C\ R, then
(5.11) (A=) (0(,A) + (-, )M (X), O(, ) + (-, @) M (1))

./ E;-
= _(Ez'—(ﬁ)aM (N)) -J (M(E\?) .
Proof. We set

(5.12) 2a 1= O( @) + B(, @) M(a) = W (- a) (?4(81)))
and using the Lagrange formula (4.4) we get
(A= p)(2x, 2a)1 = M[Gzax, zp); — pl2a, Gzalp
= [Fzx, zg); — [2x, Fzg);
—[2x, 24] (a)
= — (B gy, M* ()W (a0 ) T (a, \) (?4_(%))
and (5.11) follows with respect to (5.2). O

Remark . If k = 0, then we have i~ (1) = ¢~ ()\) = ¢ and the right-hand side of
(5.11) is equal to

—(Ey, M*( ( 0 t) ( ) M\ — M*().
(

Hence (4.17) of [11] is a special case of (5.1
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From Theorem 5.10 we get as corollaries generalizations of the corresponding
corollaries 4.18 and 4.20 in [11].

Corollary 5.13. If A € C\ R, then

< +

Here C is the (t + k) x (t + k) matriz:

(0 E
C_(—z’Ek, 0)'

Proof. In (5.11) we choose p := A and consider first the case A € C*. Then

i“(A\)=tand i~ (\) =t+ k and (5.11) yields

0= (Brpx, M*(N)) (;gt _OC) (szt)\)>

= (B M) (T4 )

= —CMO) + M*()

and the first part of (5.14) follows. If A € C™, set u := A. Then g € C* and from
the first part of (5.14) we get

OM (i) = CM(R) = M*(3) = M*(3).
Since C* = C~! we receive by taking the adjoint
M) = M*(\)C* = M*(\)C™!

and thus the equation

follows. =

Remark . In the case k = 0 we have C' = E; and (5.14) reduces to the known

relation M*(X) = M ().
If we choose i := X in Theorem 5.10 then have
Corollary 5.15. For A € C\ R the relations

(5.16) 2 Tm A(O(-,A) + ®(-, A)M(X), O(-, A) + ®(-, \)M(}))

~

(—M(j\)aEz_(A)) (i\?/i[_((,\)\))> , MeCt
C(=M(). Br ) (ﬁ;‘(g), rec-

are valid.

We omit the proof since it follows by straightforward calculations using Corollary
5.13.
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Remark . In case k = 0 we have C' = E; and i~ (\) = 4T (\) = t. Then (5.16) yields
for A\ e C\R:

20 TmA(O(, A) + ®(-, )M (X), 0(, ) + B(, )M(N),

. E
(5.17) = (3. ) iy
=—-M\)+ M)
= M) — M*(\) = 2iIm M(\).
Hence (4.21) of [11] is a special case of (5.16).
As a special case of Theorem 5.10 we have
Corollary 5.18. The matriz M (\) satisfies the relations
(5.19) M) — M) = {(/\ —w)C* (2, zp)1, A p € (Cif
A=w(zn,za)r,  ApeC
where z, is defined by (5.12).

Proof. For \,u € C" we have i () =t + k and i~ (A\) = ¢t. Thus from (5.11) and
(5.14) we get

A =) (2xs 2)1 = = (Epyr, M* (1)) (L(?]t _OC) (ME(i\))
= —(Bevr, M* (7)) (‘Cfgf“))

= —(Besr, CM(n) (_CJJX(A))

— OM(N) = CM(p) = C(M(N) - M(w).
Hence
(A= w)C*(2x, 25)r = M(X) — M ().
If \,p€ C,theni () =¢ and i~ (A) =t + k. Now we get respecting (5.14)

=z =) (&) ()

= M) - M*(p)C*
=M@ — (M(p)C)C*
= M(\) — M(g)
and the proof of (5.19) is complete. O

6. THE INHOMOGENEOUS EQUATION

By means of the M () matrix we will construct a resolvent representing the
uniquely determined solution of a singular inhomogeneous boundary value problem
defined by the Hamiltonian system (2.1) and suitable boundary conditions. Let

Dt .= {y € ACioc(I) N L,24(I)| (41,0, 42)y(a) = 0} :
Then we get
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Lemma 6.1. The system (2.1) has only the trivial solution in DT for A € C*.

Proof. Let w € Ex(I) N DT. Since the columns of
) (B
wen (55
form a basis of Ey(I) the function w is of the form
E._
= . i” ()
w=W(,A\) (M()\)) c

with some ¢ € C:~ ) and then w € Dt if and only if

Ar 0 =45\ g
A3 0 A
= Ei-n) o=

and for A € Ct this is equivalent to ¢ = 0 and the assertion follows.

Remark 6.2. jFrom the preceeding proof we conclude that

dim (Ex(I)n D) =i~(A) — ¢t.

Hence in the case k > 0 equation (2.1) has a nontrivial solution in D for A € C .

Now we consider the inhomogeneous boundary value problem
(F -Gy =Gv
for v € L% (I) and we show
Theorem 6.3. For A\ € Ct the inhomogeneous equation

(6.4) (F =M@y =Gv

has a uniquely determined solution u(-,\,v) € DT for every v € L34(I).

solution is given by the formula

(6.5) u(z,\,v) = W(z,\) (?4_(%)) / ’ (W(t,X) (E:(x)> " A(t)o(t) dt

This

A
+ W (z,\) ( E:(A)) oo / ’ (W(t, %) (]Jff 9;))* A()o(t) dt
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Proof. The uniqueness of the solution is obvious since the homogeneous equation
has only the trivial solution. Since u(-,A,v) € ACjoc(I) and for almost every = € I
u'(z, A, v) = W' (z, )W (z, ) u(z, \,v)
Et 3\ *
W) (3 ) OEIW @A) A
0 ENAY 3\ *
= W) ) (o M) W (2,1 Aot

=W (z, VW (2, \) " u(z, \,v)

+ W () { (8 ME(tA)) - (CO o ]\/?*(5\)) } W (2, 3)* A(z)o ()
=W'(z, VW (2, \) u(z, \,v)

+ W (z, ) (_g*’ M) — (()J*M*()\)) Wz, N)* A(z)v(z)

=W (z, VW (2, \) " u(z, \,v) = W(z, \)JW (z,\)*A(z)v(z)
by (5.14) and thus
Ju'(z,\,v) — (B(z) — M(z)) u(z, A\, v)
= [JW'(z,)) = (B(z) = AMA(2)) W (2, )] W (2, ) u(z, A, v)
— JW(z,\)JW (z,\)* A(z)v(z) = A(z)v(z).

Since from W (z, A\)*JW (z,\) = J we get

(JW (2, N)*) (JW (2, ) = —Bay
hence

—(JW (2, N) (JW (2, 3)*) = Eays-
By definition
(6.6) w(a,\,v) = 4 (c(*]) f= <£2 z%k> f
with some f € Ct**. Therefore

(A1,0, Ao)u(a, \,v) = (A1 A3 + A2 AT,0) f = 0.

Thus the mapping u(-, A,v) is a solution of the inhomogeneous equation fulfilling
the boundary conditions in a.

Now we prove that u(-,A,v) € L% (I). First we consider the case v € L% (I) with
compact support in I. Then from (6.5) we have — compare (6.6) —

—A; 0
ula, A\, v) = 0 iEx|f
Az 0

with some f € Ct** and
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with h € C' locally at b. Therefore by (5.5) u(-,A,v) € L%(I) and hence the
assertion is shown in this case. Since

u(a, \yv) = W(a, ) (69) f

we get
[u(-, A, v), u(, A, 0)] (@) = £4(0, CYW (a, \)* TW (a, A) (co) d
= f*(0,0)J C’O*) f
(6.7) =170,0) Eot _OC) (C?> d

(
= 0.0 () 1
0

. [0
=/ (0 z'Ek)f'

By the Lagrange formula (4.4) we have
= [u(; A,0) s ul, A, 0)] (@) = [Fu, A v),ul-, A, 0)]p — [uls; A, 0), Fu(:, A, 0)];

= [AGu(-, A\, v) + Gu,u(-, A, v)]; — [u(-, A, U) AGu(-, A ) + Gv]

= (A=A (ul A 0),u(,A0)); + (v,u(,A0)), = (ul- ),v),

= 2 Im MJu(-, \, v)||? — 2 Im(u(-,)\,v), )

and now from (6.7) the equation

68) O Nul A0l - Tm(ul, A\ 0),0), = 2 f° (8 Eo,)f

I

follows. But then

a0l < £y T, A, 0), )

1

< oG A0l - lollz

from which the inequality

(6.9) a2 )l < s ol

follows.

Now let v € L% (I) be arbitrary. Then we choose ¢, € I with ¢, — b for n — oo
and define v, := X[q,c,|v Where X[q,.,] is the characteristic function of the interval
[a,c,]- Then v, € L?(I) with support (v,) compact in I. Obviously ||v, —v|[; = 0
for n — +00 and thus we get

(6.10) lonllr = llvllz
(6.11) u(z, \,v,) = u(z, A, v) for z € I.
Consider the functions f, and f defined by
fn(x) = u*(z, \,v,) A(z)u(z, A\, vy,)
f(@) :=u*(z, A\, v)A(z)u(z, A, v).
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Then we have using (6.9)

e f, is integrable and f,(z) >0
o fu(z) = f(z) forn > c0in I

o [ hule)do = Jut Al < s ol

and therefore f is integrable by Fatou’s lemma, which gives that u(-, A\,v) € L (I)
and further

It A0l = [ @) do < imin ( [ 1u(2) o)

n—oo

1
< - 2
< el
O

Remark . Observe that for k =0, it (A\) =i~ (\) =t for A € C\R and C = E; and
therefore formula (6.5) coincides with (5.4) in [11].

As a result from the forgoing considerations we get

Theorem 6.12. Define for A € C* the mapping
Rf: L3(I) —» Dt c L4(I)

by
Riv:=u(-,\v).
Then R}\" is a linear mapping with the properties:
(6.13) (F-XG)Rf =G
1
(6.14) B vllr < m”U”I
(6.15) Rf =R +(A—pRIRf; ApeCt

Proof. (6.13) and (6.14) are valid by the properties of u(-, A\, v). Let v € L% (I) and
consider the mapping w defined by

w:=R{v—Rfv—(A—p)RIR}.
Then w € DT and
(F = AG)w = Gv — (F = AG)R}fv — (A — p)GRfv

=Gv— (F - uG)R}v

=Guv—-Gv=0,
but then w = 0 by Lemma 6.1. a
Corollary 6.16. R;\" is continuous in CT.
Proof. Fix po € C™ and let v € L%(I) be arbitrary. Then for X near po we get

|RYv — Riyoll, = 1A = ol - | RY - R,

< A = o] ———— [l
S AT RO N Am o)

Hence

1
”R;\i_ - RL—iL_OH < (Im)\

gy Hol
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proving the corollary. O
;From formula (6.5) we see that (R} v)(z) can be represented as
(RYv)(@) = (v, AT (,2,)),;
with the Green’s matrix
Wt ) (E " ) (B, M*ON))W*(,0); <2
6.17)  At(t,z,N) = E“(*)
TR ) 0(0, ) )W (2, N); t> 1.
( )<M()\)> (0, Bix (5 ) W™ (z, A) T
Then from (6.17) we get

Lemma 6.18. For z € I and v € L4 (I), (R v)(z) is continuous as a function of
Ain Ch.

Proof. Let Ay € CT. Then for X locally at Ay we get
(BL)(@) = (R}, 0)(@) + (A — M) B, (B v)(@)
= (R} v)(@) + (A — Xo) (Rfv, AT (-, 2, 00)) ;-
The right side is continuous in A and thus the proof is complete. |

Corollary 6.19. For A\g € C* and z € I the matriz Rf (A% (,a, o) (z) is contin-
uous in A on Ct.

Combining these results we get
Theorem 6.20. The Titchmarsh-Weyl matriz M (X) is holomorphic in C\ R.

Proof. First we consider the upper halfplane C+. With the definition of z, in (5.12)
we get from (6.17)

A (ta,\) = Wt X) <§’4(%>> (0,C) A"
— 2 ()(0,C)A*.
Then for A, i € C* we have by Theorem 5.10
Ry (zu)(a) = (24, AT (10, 0))
=4 (CO) (2 23)1
SIPRICE

and therefore

c e
=C*(0,C) (CO) CM()‘))\ — iﬂ“)
M) = M(s)
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Due to Lemma 6.18 the left-hand side is convergent for A — 4 and so is the right-
hand side and this proves that M ()) is holomorphic in C*. For A € C~ we have
from Corollary 5.13

M(\) = M*(X\)C*.

Since M () is holomorphic in C*, M*()) is holomorphic in C™ and this completes
the proof of Theorem 6.20. a

(From Remark 6.2 it follows that for A € C~ the equation (2.1) has a nontrivial
solution in Ex(I) N DT if k > 0. To achieve that (2.1) shall only have the trivial
solution on a suitable subspace of E)(I) we will take i~ (A\) = t + k boundary
conditions. For this reason we define the subspace

o= {yeacunnrzml (5, T 1)vw=of

which turns out to be adjoint to D in a sense which will become evident at the
end of this section. Then we have

Lemma 6.21. The system (2.1) has only the trivial solution in D~ for A € C .

Proof. For w € E\(I) we have the representation

e ()

with some ¢ € C©~ M and then w € Ex(I) N D~ if and only if

0 By 0) (0 Brx O "(1)1 ]g _642 Ei- ),
A 0 A T\4 0 A k M())

A 0 Af
(0 Ep 0\ _
= (Et 0 0) ¢=0,
and this condition is true if and only if ¢ = 0 thus proving the assertion. |

Next we study the inhomogeneous equation. For this equation we get in corre-
spondence to Theorem 6.3

Theorem 6.22. For A € C the inhomogeneous equation
(6.23) (F =A@y =Gv

has a uniquely determined solution w(-,\,v) € D~ for every v € L%(I). This
solution is given by the formula

(6.24) w(w, \,v) = W (z,\) (’f\’l‘(%)) / ’ (W(t,X) (E:(x>> C*)*A(t)v(t) dt

Wz, \) ( EZ-S(A)) / ’ (W(t, %) (?f(%)) ) " Atyo(t) dr.

Proof. Again the uniqueness of the solution is obvious since the homogeneous equa-
tion has only the trivial solution now due to Lemma 6.21. Also w(-, A\,v) € ACioc(I)
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is evident and for almost every x € I we have
w'(z, A, v) = W (z, )W (z, ) w(z, A\, v)
+ W (z,\) ( )> B x)) W (2, M) * A(z)v(x)

— W(z,\) ( ) ~ s M* ()W (2, V) A(2)o ()

=W'(z, W:c)\) w(z, \,v)

+W(z,N) {( z(m) ) - (ES(A) MP()\)>}W(:L',5\)*A($)1)(:U)
= W' (&, VW (2, ) w(z, A, 0)

C #
+ W(z,\) ( z+(k) VO — M*(A)) W (z, \)* A(z)v(z)

=W W(z,\)~* (az A\v) — W(z, \)JW (z, \)* A(z)v(x)

with respect to Corollary 5.13 and hence w(-, A, v) is a solution of (6.23) as shown
in the proof of Theorem 6.3.
(From (6.24) we see that

— A3
(6.25) w(a, \,v) = W(a, \) (E-S(,\) c= ( 0 ) c

with some ¢ € C:* (M), But then

0 E 0 O
(A1 0 AQ)w(a,)\,v)—(O)c—O.

Hence the mapping w(-, A, v) is a solution of the inhomogeneous equation fulfilling
the boundary condition in a.

Next we prove that w(-, \,v) € L% (I). Again we consider first the case v € L%([)
with compact support in I. Then for z near b we get

w(z, \,v) = W(z, \) (’i,w) h

with some vector h € C~ M), Therefore w(-, A\,v) € L4 (I) and hence the assertion
is shown in this case.
(From (6.25) we see that

— A%
[w(-, A, v),w(-, A\, v)] (a) = ¢*(—A2,0, Al)J< 0 )c

_AT
=c (_AQ,O,Al) 0 &
_A§

= C* (AQAT — AlA;)C =0
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and therefore by the Lagrange formula (4.4) the relation
0= [Fw(-,\,v),w(-, A\, v)]; — [w(-, A\, v), Fw(-, A, v)];
= [AGw(:, A, v) + G, w(-, A, v)]; — [w(-, A, v), A\Gw(-, \,v) + Gv];
=2iIm X - ||w(-, A\, v)||% + Zi(v, w(-, A, v))I
is valid from which the inequality

1

2 . <
(6:26) A )l <

lvllz

follows.

Now for v € L%(I) arbitrary the proof follows by approximating v by functions
Un = Xa,c,)¥ analogously as in the proof of Theorem 6.3 and the inequality (6.26)
remains true for arbitrary v € L% (I). a

As a result from Theorem 6.22 we get
Theorem 6.27. For A € C let R, be the mapping
Ry : LX(I) » D~ C L%(])

defined by
R, v :=w(-,\v).
Then R, is a linear mapping satisfying
(6.28) (F-XG)R, =G
(6.29) IRy vllr < [Tm X[~ - [Joll;
(6.30) Ry =R, + A-pR\R,, ApeC

Proof. The properties of R, described by (6.28) and (6.29) are clear by Theorem
6.22. Then let v € L%(I) and consider the function

z:=Ryv—Rv—(A-p)R, R v.
Then z € D™ and
(F = AG)z =Gv—(F - AG)R,v— (A— p)GR,v
= Guv— (F - pG)R, v
=Gv—Guv=0.

But then z = 0 by Lemma 6.21 and hence (6.30) is proved.
(From formula (6.24) we see that also (R, v)(x) has a representation as

(Ryv)(z) := (v, A= (2, ),
with the Green’s matrix
- 0

W(t,A) .- C*(Ei- (0, M*N))W (z,0)*; t<w
(6.31) A (t,z,)) := E“W
W(t, ) | (0, Byt () W (2, \)*; t>
(t, ) MO (0, Bis (x)) W (2, A) T
so that the corresponding lemmata and corollaries as for R;\r can be proved. |

The resolvents Rj{ and Ry are adjoint to each other in the sense described by
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Theorem 6.32. For u,v € L% (I) the relations

(6.33) (RYu,v), = (u,Rv) ; AecCt
(6.34) (R;u,v)l = (u,R;\'v)I; AeC
hold.

Proof. ;From formula (6.5) and (6.24) we have for A € C*

(rfw@ =W (g ) 1=4(g ) !

Eik Ey g

and

_ [0 < (0
(R5v)(a) = W(a,A) (Et> h=A (Et> h
with f € C*** and h € Ct. Then

_ . i f O
[Ru, R, v] (a) = h*(0, B)A*JA (EM) f

:h*(O,Et)J< 0 )f

Eitr
0.5 ()1 -

and hence by the Lagrange formula (4.4) we get
0 = [FR{u, Ryv], — [R{u, FR3v],
= )\(Rju,R{U)I + (u, R{v), — A(Rf{u,R;\v)I - (Rfu,v)
= (u,R/{v)I — (R:\"u,v)l

1

and this is the relation (6.33). (6.34) follows from (6.33) replacing A by \.

Remark 6.35. In Hilbert spaces the equation (6.33) is just the relation
(R})" = Ry; AeCr
and (6.34)

(Ry)*=R{; XecC.

Remark 6.36. ;From the definition of the matrices A*(t,z,)) and A~ (¢, z,\)
have immediately

A (t,z,A) = AT (2, t,A)* AeCh
A (t,z,)) = AT (z,t,\)* AeC

and these relations are equivalent to (6.33) or (6.34) respectively.

|

we
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7. THE ASSOCIATED DIFFERENTIAL OPERATORS

In this section we introduce two differential operators A and B by means of the
resolvents R;\r and R, which turn out to have the same eigenvalues as the singular
boundary value problems

(7.1) Fy = \Gy; ye Dt
and
(7.2) Fy = A\Gy; ye D™

In section 4 we had defined the subspace R(I) = F~' (G(L%(I))) N L%(I) and for
the ranges and the kernels of the resolvents we get

Lemma 7.3. The range of Rj\' is given by

(7.4) R} (L4(I)) = DT nR(I)
and for all \,u € C+

(7.5) ker(R}) = ker(R}).
Analogously we have for A € C

(7.6) R; (L4(D) = D~ N R()
and for oll A\, p € C

(7.7) ker(R) ) = ker(R),).

Proof. The inclusion R} (L% (I)) € D* N R(I) is obvious by the definition of R}
and R(I). Let conversely w € D¥ N R(I). Then we have for some v € L% (I) the
equation Fw = Gv and thus
(F = 2Gw =G —w) =Gz
with some 2z € L2 (I). But from the uniqueness of the solution of the inhomogeneous
equation according to Theorem 6.3 we get w = R;fz and thus the relation (7.4)
holds. The proof of (7.6) follows in the same way using now the uniqueness of the
solution of the inhomogeneous equation by Theorem 6.22. Now let A\, u € Ct and
v € ker(R}). By (6.15) we have
0=R{v=Rlv+(A-pRIRfv

and we get Rfv = 0. Hence

ker(RY) C ker(R}).
Since A,y are arbitrary we also have

ker(R}) C ker(RY)
and thus (7.5) is shown. (7.7) follows from (6.30) in the same way. O

With the next step we will define a suitable Hilbert space appropriate to the
singular boundary value problems. We start by considering the subspace N :=
{u € L4(I)||lullr = 0} and define the quotient space E := L%(I)/ N and denote
by m the canonical homomorphism from L% (I) onto E. Next we define on E the
positive definite hermitian scalar product

(ﬂ(u), 7r(v)) = (u,v)r
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and we obtain the Hilbert space (E,(,)).
Now we define for A € C* on E the mapping

(7.8) I'f (r(u)) == n(Riu)

and the definition is independent of the choice of the representative u due to (6.14).
Analogously we define for A € C~ the mapping

(7.9) Iy (m(u)) == m(Ryw)

which is well defined with respect to (6.29). The properties of these mappings are
summarized in

Lemma 7.10. The linear mappings I‘j{ and I'y are bounded with

< s IS0
For the adjoint operators we have
(7.11) (TH* =T%; AeCt
(7.12) ry) = I‘j{; AeC
Further the Hilbert relations
(7.13) LY =T+ (A —pTiTk; A\ €CrH
(7.14) Iy=T,+A-wIlT,; ApeC

are valid.
Proof. For A € C* and u,v € L% (I) we get from (6.33)

(Tin(u),n(v)) = (Rfu,v), = (u,R/—:v)I = (W(U),Fiw(v)).
This proves (7.11) and for A € C~ we get from (6.34)

(Tym(u),m(v)) = (Ryu,v), = (u,R;\'v)I = (W(U),F;W(’U))

which is identical with (7.12). (7.13) and (7.14) are immediate consequences of the
Hilbert relations (6.15) and (6.30) for R and R} respectively. O

Now we introduce the linear manifolds D4 and Dp in the Hilbert space E by
Dy :==n(D* N RI)); Dp:=n(D~ NR(I)).

For these manifolds we have

(7.15) Dp C Dy
(7.16) Dy=THE) reCt
(7.17) Dp =T} (E) AreC .

Clearly (7.15) is obvious since D~ C D*. Further by (7.4) we have for A € C*,
Da = (D* N R(D) = n(R} (TA(D)) = T} (x(Z34(D)) = T{(®
and for A € C™,
Dy =n(D~ N R(I)) = n(Ry (L4(D))) =T5 (v(L4(1))) =5 (B).
Therefore for the kernels of the mappings I‘;\r and I'y we get

ker(T}) = (T})*(B)) " = (5 (B)) " = Df; AeCt,
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and
_ kg L L _

ker(Ty) = ((T3)"(®) = (F;\F(E)) =Dy; AeC .
For the kernels of these mappings we prove
Theorem 7.18. Let S(I) := G~ (F(R(I)NN)) N L4(I), and let

S*t(I):={f € S(I): Fv = Gf for somev € DY NN},

S™(I):={feS{): Fv=Gf for someve D" NN}.
Then for A € C*,
(7.19) ker(I't) = w(SH(1)), ker(I'y) = m(S™ (I)).
Proof. If z € ker(T'Y{) and z = m(u) with u € L%(I) then 0 = I'fz = 7(Rfu)
and hence Rfu € R(I) N N and Rfu € D* by (7.4). This implies G(R}u) = 0
and therefore the equation F(Rfu) = G(AR{u + u) = Gu is valid. Thus u €
G~Y(F(R(I)NN)) N L%(I) = S(I) and since Rfu € D*, we have u € S*(I) and
z = m(u) € w(S*(I)). This proves that ker(I'{) C (ST (I)).

Let conversely x = w(u) € w(S*(I)). By the definition of ST (I) there exists an
element v € DT N N with Fv = Gu. Since ||v||; = 0 we have Gv = 0 and therefore

Fv=(F - \G)v = Gu.
On the other hand the equation
(F = AG)Rfu=Gu

is valid and hence by the uniqueness of the solution of the inhomogeneous equation
due to Theorem 6.3 we get v = R} u and then

0=n(v) = n(Riu) =T (n(u)) =T}z

Now we also have the inclusion 7(S*(I)) C ker(I'}"), proving the first equality. The
second equality in (7.19) follows with the same arguments and will be omitted. O

Now we split the Hilbert space E into the orthogonal sum
E = ker(T}) & (ker(T}))"
=ker(T}) @ (Dp)**
= ker(T'}) & Dp; AecCt
and
E = ker(Ty) @ (ker(T'y)) ™"
=ker(T'y) ® (Da)**
=ker(Ty) ® Da; reC.
Then restricting the mappings F;f and I'y we get
Lemma 7.20. The mappings
Fj:DB%DA; AeCh
and .
F;:DA—)DB; AeC
are bijective and continuous.
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Now we define the operators A and B
B:Dp—>Dy by By:=Xy+([y)'y; AeC .

and

A:Dy— Dp by Ay:=B*y.
We must show the definition of B is independent of the parameter and derive an
expression for A. We will consider first the operator B. Let u := Ay + (I} ) "'y and
w:=py + (T;) "'y with X,y € C” then

(w—=2y)=T)'y;  w—py=(T,) "y

and then

IY(u=2y) =y =T, (w— py).
Now the Hilbert relation (7.14) yields

Iy(u—2Ay) =T, (w—py

)
=T (w—py) +(p—NIT, (w—py)
=Ty (w—py) +u—-Nyy
=T (w— Ay).

and from the injectivity of 'y we get u — Ay = w — Ay hence v = w. Thus the
definition of B is independent of the parameter .

For the operator A, we use adjoint theory from [26], sections 4.4 and 5.1. Let A €
C* and define the Hilbert spaces Hy = Dp, Hy = D 4. Further define C =I'[|Dp.

Then C: Dp — D4, and since (T'})* = (T'y), we have that C* = T'J|D4 so that

C* : D4 — Dp. Thus C, C* are bijective and applying Theorem 4.17 from [26],
we get that (C*)~! = (C~1)*. Further C, C* are closed since they are bounded;
also by [26], pages 89-90, C~! is closed and C** = C and (C~!)** = C~!. The
definition of B is then

B= )+ (C* =X+ (ChH*,
where I is the identity operator from Dp into D 4. . Thus by Theorem 4.20 of [26],

Calculations show that I* satisfies I*y =y if y € Dp, and I*y =0 if y € D N D a.
Note also A : D4 — Dp. We also have from adjoint theory that

A* = B** = (XI)** + (C—l)* — S\I + (C—l)* — B.
Theorem 7.21. Ifz € Dpg, then Ax — Bz € DN Dy4.

Proof. First observe that Dg C D4. Then let x € Dg. By definition of D4 we
have

2 =2 m(u) = n(R_ju)
with some 7(u) € D4. But then by definition of B,
(7.22) Bz = —iz + 7(u).
On the other hand (F + iG)R_,u = Gu and hence
(F—iG)R";u=G(u—2iR"u)
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and now by the uniqueness property of Theorem 6.3 (recall that D~ C D),
(7.23) R_,u= R} (u—2iR_,u)
follows. From (7.23) we get
z=m(R_u) =T} (7(u) — 2im(R-;u))
=T} (n(u) — 2iz).
Now decompose m(u) = y1 + Y2, y1 € Dp, y» € Dg. Since ker I'} = D, we have
TFys = 0. Since z € D4 we finally get, since T'j" is injective on Dp,
Az —ix =y — 2ix
and hence with respect to (7.22)
Az =y, —iz =Bx — 4o
thus completing the proof. a
When Dg = D4, we define the Hilbert space H by
H=Dj=Dg.
Hence A and B are closed densely defined operators acting in the Hilbert space H,
and B C A. Let idg be the identity map on H. We see from Theorem 7.18 that
Dp = D4 < ker T'{ = ker Ty & n(ST(I)) = (S~ (I)).

In particular we will have Dp = D4 if k = 0 or S(I) = {0}.
We now give an example where Dp # D 4.In (1.1) take k =t =1 and I = [0, c0),
and set

1 00 0 a O
A=10 0 0)J], B=|a 1 al,
0 01 0 a O
where a(t) = 7. We take the boundary matrices in (5.1) to be A; = 1 and A, = 0.
Then the equation Jy' = By + Af is equivalent to the system

—ys=oy2+ f1, Wy =ayi+y2+ays, Yy =oays+ f.

First we compute S~(I). Here the boundary conditions are y;(0) = y2(0) = 0.
Since ||y||r = 0 implies y1 = y3 = 0, we get as solution to the above system that
fi = f3 = —ays, and ya(t) = y2(0)e . But y»2(0) = 0 implies f(t) = 0; hence
S—(I) = {0}. For S*(I), the boundary conditions are just y1(0) = 0. Thus with
y1 =y3 =0, fi(t) = f3(t) = ca(t)e *, and y2(t) = —ce *, we have an f € S+(I).
For ¢ # 0, it is clear that ||f||r # 0, so that 7(S*(I) # {0}. Thus Theorem 7.18
yields that Dg # D 4.

Corollary 7.24. Assume D = D 4. Then operator B is symmetric.
Proof. Since A=B* we have by Theorem 7.21 that B C A = B*. a

Theorem 7.25. Assume Dg = D 4. If p(A) denotes the resolvent set of A and
op(A) the point spectrum of A, then we have in case k > 0

(7.26) Ct C p(A)
(7.27) C™ Cop(A).
Hence we get the spectrum o(A) = C\ C*t.
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Proof. If A € C* then by definition of A we have (A —\idu)~! =T} and therefore
A € p(A). Thus (7.26) holds. To prove (7.27) observe that for A € C™, dim E)(I) =
i(A)=t+k>t Lete,..., e be abasis for Ex(I). Then every y € Ex(I) has

a unique representation
t+k

Y= e,
v=1

and y is a nontrivial element in D+ N R(I) if and only if the equation

t+k
(728) Zav (A1707A2)ev(a) =0
v=1
has a solution (aq,...,a k) # (0,...,0). Since the rank of the matrix of the

coefficients of the system (7.28) is at most ¢, (7.28) has a nontrivial solution. Now
let y € Ex(I)\ {0}. Then (F —iG)y = G(A—1i)y and hence by Theorem 6.3 we get
y =R (A-i)y)=A-9)Rjy
and then
m(y) = (A= i)m(Rfy) = (A = )T 7 (y).
Applying the operator A — iidyg we obtain the equation
(A —iide)m(y) = (A —i)w(y) or Am(y) = Ar(y) with w(y) #0

since 7 is injective on E)(I). Thus A is an eigenvalue of A. Observe that B is
symmetric and thus A € C is not an eigenvalue of B. Further A = B* and
dim(D 4/ Dp) < k. Therefore the values A € C are eigenvalues of finite multiplic-
ity and this completes the proof of (7.27). O

For the operator B the following theorem is true.

Theorem 7.29. Assume Dp = D 4. If 0res (B) denotes the residual spectrum of B
we get
(7.30) C™ C p(B)
(7.31) Ct C ores(B).
Hence 0(B) =C\ C.
Proof. For A € C~ we have by definition B = Xidg +(I'y)~"'. Therefore (B —
Aidg) = (Ty)~! and thus (7.30) is obvious. Now let A € C*. Then A € C~ and
for the range R(B — \idy) we obtain the relation

R(B — \idy)™ = ker(B* — Xidy) = ker(A — \idy) # {0}
and hence (7.31) is true. O

We conclude this section by proving that the operator B and the singular bound-
ary eigenvalue problem

(7.32) Fy = \Gy; ye D™ NR(I)\ {0}

have the same eigenvalues with the same geometric multiplicity. Therefore we call
B the differential operator generated by (7.32). In the case k = 0 B is selfadjoint
and coincides with the operator A defined in Section 6 of [11].

Let W = D~ N R(I) and first suppose that there is a nontrivial y € W with
Fy = AGy. Then ||y||r > 0 by the definiteness assumption IT and hence 7(y) ¢ N.
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From Fy = MGy we have (F +iG)y = (A+14)Gy and therefore y = R_,((A+i)y) =
(A+i)R”,y. Then we get w(y) = (A+9)7(R”,;y) = A+i)T'",7(y). Thusn(y) € Dp
and (B +iidg)7(y) = (A +4)7(y) which implies Br(y) = An(y).

Suppose on the other hand, that for 7n(y) € #(W), |lyllr # 0, Br(y) = An(y)-
Then (B + iidg)n(y) = (A +4)7(y) and therefore

(y) = A+ )IZ,(n(y)) = 7r((/\ + i)R:iy).
Hence w(y — (A +4)R_,y)=0 so that y — (A +4)R_,y = g € N. Thus
(F+iGQy— (A+14)(F +iG)R_,y = (F +iG)g
which simplifies to
(F=AG)(y—g)=(—-NGg
using (F + iG)R_,y = Gy. Since g € N, we have Gg = 0 a.e;; thus F(y — g) =
AG(y — g) a.e., and A is an eigenvalue of (7.32). Finally since 7 is injective on

E\\(I), the geometric multiplicity of the eigenvalues coincide and this completes the
proof of our assertion.

8. THE RELATION TO A NEVANLINNA MATRIX

In [17] H. D. Niessen has shown by a very simple consideration how problems
with unequal deficiency indices can be reduced to problems with equal deficiency
indices. We will use here the same idea in order to prove that our Titchmarsh-Weyl
matrix M()\) can be extended in a unique way to a Nevanlinna matrix M(\). To
achieve this we consider on I = [a,b) the system

(8.1) Ji' — B(z)j = MA(z)j

where

7=(7 %) 30= (50 _pw): A0 =" i)

Then (8.1) is a Hamiltonian system of even order 2(2t + k) and the matrix %f has
2t + k positive and 2t + k negative eigenvalues and for (8.1) the assumptions I,
IT and III of section 2 are fulfilled. To verify the assumption IIT we only have to
observe that for the corresponding eigenspaces E\(I) = Ex(I) x E_x(I), we have
the relation

dim E;(I) = dim E;(I) + dim E_;(I) = dim E_;(I) = 2t + k
which confirms that ITT is fulfilled. Concerning further relations between the system

(2.1) and (8.1) we refer to section 7 in [17].
For the system (8.1) we choose the matrix

A0 0 ]-43 0 0
1 - 1
j | A3 0 0| A7 0 0
=170 0 A4 o 0 A
1 - 1
0 0 A 0 0 —Ay

For this matrix we get the relation

AR 0 —Et ik
8.2 A) JA=
(8.2) ( ) (E2t+k 0 )
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and this relation is fundamental for the equation (4.4), page 334 of [11], from which
Theorem 4.7 and 4.16 as well as Corollaries (4.18) and (4.19) follow. Therefore let

W (z, ) be the fundamental matrix of (8.1) with the initial condition W (a, \) = A.
We introduce the matrices

O(z, ) := W(z,\) (E%*’“) s B(z,)) =W, \) ( E2?+k>

and then we obtain

Theorem 8.3. There ezists a uniquely determined (2t + k) x (2t + k) matriz M ()
defined on C\ R such that

O(,A) +&(, ) - M(\) e (RID)* .

M()) is a Nevanlinna matriz.

Now we show, that this matrix M (A is uniquely determined by the M (\) matrix
of Theorem 5.3. Let A € Ct and split the matrices M(\) and M ())
[Mii(A)  Mia(X)  Mys(N)
M(A) = M21 (A) M22 (A) M23 (A)
| M31(X\)  Msz(X)  Msz(N)

and

[my(N)
M\ =
0 =]
where Mi1()\) and M33(\) are t x ¢ matrices and Maa(A) a (k X k) matrix. The
number of rows and columns of the order matrices is then evident. The matrix
m1(A) is a (k x t)-matrix and ma(A) a (¢ x t)-matrix. From the definition of M ())
the t columns of the matrix

o a0 45
8.4 0 E 0 [ ]
A0 oar | MOV

are the initial values for a basis of Ey(I) and the 2t + k columns of
(8.5) (Bat+x,0) - (O(a, A) + &(a, )M (M)

are the initial values for solutions in E)(I). Hence the columns of (8.5) can be
expressed as linear combinations of the columns of (8.4). Therefore with uniquely
determined matrices K; (¢ = 1,2,3) we have relations

A0 A A
86) |0 E, 0 [M(A)]KI: 0|+
Ay 0 A A3

S

— A% 0 0] [Mu(N
0 L 0] lMgl()\)]

Ar 00
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A0 -43] 4 0
7 |0 B 0 [M(';)] K= | 5B +
2 1
—A5 0 0] [Mi()
0 LB 0| [Mn(N)
Ax 0 0] | Ms2(N)
A7 0 -5 p 0
88 |0 Ey 0 [M(A)] K= |0 +
A0 A 0

—A; 0 0] [Miz(N)
0 B 0| [Mua(V)|.
A0 0
The relation (8.6) is equivalent to the system of equations
(AT - ng(A))Kl = Al — ASMi11(N)

b
V2
(45 + Ajma(N)) K1 = A3 + AT M1 (V).

ml()\)Kl = M21()\)

Multiplying the first equation with A, the third with A, and then adding we get
with respect to (5.1):

K]_ = Et
and the second equation yields
M21 ()\) = —z\/iml()\)

Multiplying the first equation with —A,, the third by A; and then adding we get
again with respect to (5.1)

Mn()\) = mg()\)
With the same method we solve the relations (8.7) and (8.8) and we obtain:
K2 = 0; Mlg()\) = 0; MQQ()\) = iEk
and
K3 =10 Ma3()) = 0; Myz(A) =0.
Next consider the matrix
(0, B k) (O(a, \) + &, \)M(N)).

The columns of this matrix form the initial values for 2t + k solutions in E_j(I).
By definition of M (A) the columns of

A-(ar()
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form the initial values for a basis in E_,(I) and hence with uniquely determined
matrices K4, K5, Kg we have the equations

A0 A5 g 0
(8.9) 0 E, 0 [”’“]K4=0+

Ay 0 Ap M(=2) 0
0 0 A3 My (N)
0 —5E, 0 | |My())
0 0 —Ar| | Msi(N)
Af, 0 —A3 0
’ Ey g 1
Ar 0 oA | MY 0
0 0 A3 [Mi2(N)
0 —5E 0 | |Mxn())
0 0 — A% | | Msz(N)
A0 A5 o . Az
(811) [0 E, 0 [M(ti,\) Ke= 1|0+
Ay 0 Ar Al
0 0 A3 ] [Mis(N)
0 —5E 0 | |Mxs())
0 —Ar] [ Ms3(N)

Splitting the matrix M(—\) in the form M (—=X) = (m3(—A), ma(—=N)) with a t x ¢
matrix mz(—A) and a (¢t x k) matrix m4(—A) we solve the equations in the same
manner as before and get

Kim|ools M) =ma-nm)
K= | \/;Ek] L Man(\) = —v2m(—))
Kg = Lgt] 3 M33(A) = —ms3(—A).
Thus we have finally
ma(A) 0 0
M\ = l —iv2my () iEy 0
ma(—A)mi(A) —\/im4(—/\) —m3(—A)

Using Corollary 5.13, we may further express ms and my4 in terms of m; and mq
yielding for A\ € C*,

mz(—=A) = ma2(=A)*, mqa(=A) =imi(—=\)".
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