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ABSTRACT. The spectrum of a class of non-self-adjoint singular differential
operators in the La-space on the real line is determined: it equals the continu-
ous spectrum of the operators and fills the positive semi-axis, and the spectral
singularities of the spectrum and their orders are unbounded. An associated
spectral expansion in principal functions is established, and an analog of Par-
seval formula is proved.

1. INTRODUCTION

The paper is devoted to the study of the spectrum and spectral expansion in
principal functions of a differential operator L, generated by the differential ex-
pression £[y] = —y” + ¢(z)y in the space La(—00,00) assuming that the coefficient
is

(1.1) g(z) =™ gae’™
a=1

and the series

(1.2) v = Z |90 |

converges (m > 0). Here, absolute value of the potential is bounded from above by
v|x|™ and tends to infinity as || — oo. The operator L is non-self-adjoint and it
will be self-adjoint only in the trivial case ¢(z) = 0. It is found that the spectrum
of the operator L, properly continuous, fills the semi-axis [0,00) and there are
spectral singularities on the continuous spectrum that coincide with the members
of the form \,, = (%)2, n =1,2,3, ... and have multiplicities equal to mn + 1. Note
that the spectrum is studied in the paper [1] assuming that m = 1, ¢ = 1 and
o = 0 for a = 2, 3, .... The spectrum and Parseval formula are studied in the
papers [2, 3] under ¢1 = 1 and ¢, = 0 for @« = 2, 3, .... In the papers [4, 5], the
direct and inverse problems were completely solved for the periodic case (m = 0).

2. CONSTRUCTION OF SPECIAL SOLUTIONS FOR THE EQUATION {[y] = k?y

The explicit form of special solutions of the equation, ¢[y] = k2y given in the
following theorem is of great importance in investigation.
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Theorem 1. Let q(z) be of the form (1.1), and assume that the series (1.2) con-
verges. Then the equation

(2.1) —y" +q(x)y = Ky

has a solution of the form

oo mn oo

(2.2) Fla, k) = e (1 + ZZZ 25 eio).

n=1s=0 a=n

Here, Pg (k) is a proper rational function having poles at the points k = —§, o =

1,2,3,... and multiplicities no higher than ma + 1 and the series (2.2) allows
termwise differentiation with respect to x arbitrarily times k # —%, n =1,2,3,.

Proof. We look for the solution of equation (2.1) in the form (2.2). Then we arrive
at the following integral equation:

oo m(n+1)

Z Z Z Pn+1s Sei(a+k)w = Zqﬂ/ thei(k+”)tdt
n=0 s=0 a=n+1 -

oo mn oo oo

220D Pk

n=1s=0 a=n p=1

23 o [ g

Let’s transform the right hand-side of equality (2.3). Assuming
Poo(k)=1,P_ (k) =0,s=1,2,..,mia=1,2,3, ...,

by passing to a new variable £ = ¢ — x and then using Newton’s binominal formula
we get that the right hand-side of (2.3) equals

co m(n+l) oo a—1m(n+1)

Z Z Z Z Z k)qo— #Cgsxsei(kJra)z/mo_oo Sin_kkttpfsei(lwra)tdt.

n=0 s=0 a=n+1lpu=n p=s

Now by using the uniqueness of expansion in Fourier series to determine PS, ; (k)
we get the following recursion formula:

a—1m(n+1)
(2.4) P k)= > P ()danCh Qayps(k),
p=n p=s
where
i’ 1 1
2. wp(k) = - . 8=0,1,2,...,mn.

Let r and € be arbitrary positive numbers and the domain is
D(e,r)={k:|2k+a| >e>0,|k| <r}.
Then it follows from (2.5) that if k¥ € D(e,r), then we have the estimation
ﬁl
(2.6) Qus ()] < —5Cem),

where the number C(g,r) depends only on ¢ and r.
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Let

mn oo

Py=> Y|P, (k),k € D(e,r)

s=0 a=n

Then, taking the estimation (2.6) into account, we find from (2.4) that
(27) PnJrl S anaIOgﬂgm(n-i-l)Al,na

where
(£ —s)!

4
_ l—s
Azﬁn—C(&‘,T)UZCe m

s=0
The following inequality Agn < Aet1pn, £ =1,2,3,...,m(n+1) is verified imme-
diately. Therefore,

(i m(n+1)—s [ (n + 1) — S]'
mawoslsm(nH)Az,n < Am(n+1),n Z Cm(n+1) n—|— 1)m(n+l)—s+2

_
(n+1)%
where C (e, r) depends only on ¢ and 7.

We find from (2.8) that series (2.2) converges uniformly in any bounded range
of variation of x and k € D(e,r). Indeed,

(2.8) < Ci(er)

mn oo

Z Z Pﬁs(k)zsei(aJ“k)

s=0 a=n

S Pn(1+ |x|mn)671mk.z

and therefore the terms of the series

1+ an(l + |x|)mn‘| eflmk.z

n=1

(2.9)

majorize corresponding members of series (2.2) and converges uniformly at any
bounded range of variation of . The termwise differentiability of series (2.2) is
easily verified. The existence of poles of the function f(x,k) at the points k =

—5, a =1,2,3,... immediately follows from recursion formula (2.4). So the theorem

is proved. NI

Lemma 1. At the point k = —%,n = 1,2,3,... the function f(x,k) has a pole of
order mn + 1.

Proof. Tt follows from recursion formula (2.4) that

P::ll,m(nfl)(k) =qr 1Po o(k) H Qs,0(k)

On the other hand Qs (k) = —

Then Qs 0(—5) = S(nlJrS).
Considering Py (k) = 1, we get

D S
s(s+2k) "

n—1
n—1 Mt _ @
Pn 1,m(n— 1)( 2) [(n_ll)]2
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Consequently,
. mn+1 pn st (Z)mn+2(mn)' n—1 n
ijlnnL)O(Zk + TL) Pn,O(k) - Tpnfl,m(nfl)(_§) # 0,
but

: mn+2 pn o
2]thrn*)o@k +n) Pro(k) =0

Hence, it follows that the term in series (2.2) with number n has a pole of order
mn+1 at the point —5, n =1,2,3,... and it is easy to observe that the next terms
don’t change this order. i

3. SPECTRUM OF OPERATOR L

To study the spectrum of the operator L, at first calculate the kernel of the
resolvent of the operator (L — AE)~! by means of general methods. To construct
the kernel of the resolvent of the operator L we prove the following lemma.

Lemma 2. For any k with Imk > 0 the function f(z,k) € L2(0,00) and f(z, —k) €
LQ(—OO7O).

Proof. The affirmation of the first part of the lemma is reduced to the convergence

of the next iterated series:

’
00,00 mMn,mn

CEUREED DD DR D N ) A
0

n,n'=1 s,s'=0 a=n,a’=n’

For k with I'mk > 0 and from the inequality P41 < Ayy(ng1),n P it follows that
series (3.1) converges. Applying the similar arguments we can show that f(z, —k) €
L2(_OO7 O) I

Lemma 3. The functions f(x,k) and f(x,—k) form a fundamental system of so-
lutions of equation (2.1) for k # 0.

Proof. Tt follows from the form (2.2) and estimations (2.8) and (2.9) that f(z, £k)
allows holomorphic continuation to the upper half-plane with respect to = and

lim £ (z, £k)eFhe = (£ik), j=1,2,3,..., for k # —g,n =1,2,3,....

Imzr—s o0

Therefore, the wronskian of the solutions f(x, k) and f(z, —k) is equal to 2ik and
non-zero at k # 0. 1

Using lemma 3, it is immediately verified that for Imk > 0 the operator (L —
k?E)~1 exists and is a bounded operator and its kernel is of the form:

oy A flz, k) f(t,—k) , t<ax
(32) Rzt k) = 2ik { ft, k) f(x,—k) , t>ux

Now let’s cite a theorem on the spectrum of the operator L.

Theorem 2. The spectrum of the operator L, continuous, fills the semi-axis [0, 00),
and on the continuous spectrum there are spectral singularities at the points A\, =

(%)? (n=1,2,3,...) of multiplicity mn + 1.
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Proof. 1t is easily established that none non-trivial linear combination of solutions
(2.2) of equation (2.1) belongs to La(—00,00). Hence, it follows that the operator
L has no eigenvalues.

Let s # —5 ,n=1,2,3,.... Then

limO[R(gc7 t;s +ie) — R(x,t;8 —ie)] = zf(gm s)f(t,—s)

E—> S

and therefore s belongs to a continuous spectrum of the operator L. It is obvious
from (3.2) that on a continuous spectrum the kernel of a resolvent has poles of order
mn+1 at the points \,, = (%)2 (n=1,2,3,...) and these points are not eigenvalues
of the operator L. Consequently, they are spectral singularities (see [6], p. 306). I

4. SPECTRAL EXPANSION IN PRINCIPAL FUNCTIONS OF THE OPERATOR L

By I'f(I';) we denote a contour formed by the segments

1 n n+1
[075_6]a[§+67T_

and semi-circles of radius § with centers at the points §,n = 1,2,3, ... arranged at
the upper (lower) half-plane. Note that, the contour I'f is obtained from I'; by
turning around the angle 7. In these notation it is obvious that if z = |z|exp(i¢),

0 < ¢ <, then

§(n=1,2,3,..)

1 R(z,t; k)

R(z,t;2) = — — L dk?
((E’ ,Z) 211 |k—z|<8 k2—22
1 t; k 1 t; k
- _/ %kdk——, %kdk
i Jrt k*—z m Jrs k? —z
Ly g R(z,t: k)
_ i R(x7t;k)2_R(2m’t;_k)kdk
T Jrt k? —z
(41) + ;WR&SIC:%R(I.HS; k)

Using representation (3.2) it is easy to verify that

R(mat; k) - R(:L‘J,; _k) = flk[f(lV k)f(t7 _k) + f(t> k)f(‘rv _k)]

Then, it follows from (4.1) that

Rtz = - [ HEll
1 & 1 d mnw — T
(4.2) + Z;m {(%) (mn))! ft, —k)f( 7k)}k—§

Applying the Leibnitz law for differentiation of product to the second term at the
right hand-side of equality (4.2), and then considering formula (2.2) for solving
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f(x,—k), we have:

_ nymn+1 mn
L S e e ()
! =P !
e ()
mn 1 d )
= ot p](mn _p); [(E) f(1'7]€)]
> {(%)mnfp _ anrl Z n ts i(n— k)t)
mh oo
4 (k— 2)mn+1 7zkt 1+ ZZ ths ts iad
h=1 s=0 a=h
h#n
+ Y PR
s=0 a=n+1

Considering that the second term of the last equality has no spectral singularities
of the form k = 5, n =1,2,3, ... equality (4.2) takes the form:

1 f(CE, k)f(tv_k)

1 o0
+ 2i (5)? —zQZ (mn —p)!
n=1
(43) x|y - m““Z RN | ()P ()
dk R ey
=3

Note that the ”derivative” [(<L)P f(z, k)] hen should be understood as the func-

tion f(P)(z, 2), arises at the right hand-side of (4 3) as a result of formal application
of Leibnitz law for differentiation of product. Everywhere in sequel, where this ” de-
rivative” arises in similar situation it is understood in the meaning indicated here.

Using recursion formula (2.4) for P)} (—k), having applied to the second term
of equality (4.3), we find:

mn s i(n— \mn n
( _ +1 <Z t k)t) _ (k— ) +1Pn 11m(n 1)( k)

N |

< QR 4 (k= Tyt
mn mn—1
(44) x (Z Z Pf? 112 m k)cgSQn,é—s(_k)tsei(n_k)t> .
s=1 {=s

At the second term at equality (4.4) each spectral property k = §, n=1,2,3,... is
a root of multiplicity < mmn. Therefore
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d 3 n Emn mn—1 P 1 ( )C,g_s
__\ymn—p _ ymn+1 s=1 l=s n—1,0—m 0 —
(45) i, [ (e gy (2 e P G 0

Considering (4.5) in equality (4.3), we get
1 f(1'7]€)f(t,—]€)

R((E,t,Z) = —— F+ de
l 3 FomneP) T ) B

2

here

Tt =) = [mm) ™ (k= )" P Py (R Q)

Using formula (2.4) for P~ 11m(n 1)( k), we find
qnfl n—1 mn
r — — 41 _ —1 i(n—k)t N\ —mn _ _( +1)
Falt:=k) = =50 =i (S:Hl(s 2k)" e (24) (;(n 2k)Tn =),

Consequently , for p = 0,1,2,...,mn, f,(t, —%) # 0 uniformly with respect to t
from any bounded range of variation.

Formula (4.6) is a spectral expansion of a kernel of resolvent of the operator L.
In formula (4.6) pass to the limit as § — 0. As a result, we find

Re.t2) = —up “w "
L5 -
(4.7) 2—2 my _22 (6 =) K by
n=1 2

Here arg € (0,7) and the integral is understood in the sense of principal value at
poles 5, n = +1,+2,+3, ... along the integration path of integrand function.

Now let’s cite a formula for expansion in principal functions of the operator L
that is immediately derived from (4.7).

Theorem 3. For each finite function O(zx) from definition domain D(L) it is
expanded in principal functions of a continuous spectrum and spectral singularities
of the operator L in the following from

(48) O =——vp/ 6(- mk)dk%;{(d%)m"@n(t,—k)f(mk)}k_g

where @ f O(t) f(t, k)dt, @ f O(t)f, (t, k)dt.
Here the mtegml and series in (4 8) converge absolutely and uniformly with re-
spect to x from any bounded range of variation.

Write equality (4.8) for ©1(z) = O(z), and then multiply equality (4.8) by O2(z)
and integrate with respect to z from —oo to co. As a result we get the following
theorem.
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Theorem 4. (Analogy of Parseval formula)For each pair of finite functions from
the class C?(—o00,00) N D(L) we have:

d

/Z O1(2)Os(x)dz = —%U.p. /O; (:)1(—k)@2(k)dk+% ;{(d—k)m"@n(—k)@(k)}k_

where

B (k) = /7 " 0(a) f(x, K)d.

It should be noted that up to now in the considered cases both spectral singular-
ities themselves, and their corresponding orders are finite (see [7]) and in the paper
[4] although spectral singularities are unbounded but they are of first order.
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