REGULAR APPROXIMATIONS
OF SINGULAR STURM-LIOUVILLE PROBLEMS
WITH LIMIT-CIRCLE ENDPOINTS
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ABSTRACT. For any self-adjoint realization S of a singular Sturm-Liouville equation on an interval
(a,b) with limit-circle endpoints, we construct a family of self-adjoint realizations Sr,r € (0, 00),
of this equation on subintervals (ar,b,) of (a,b) such that every eigenvalue of S is the limit of a
continuous eigenvalue branch of this family. Of particular interest are the cases when at least one
endpoint is oscillatory or the leading coefficient function changes sign. In these cases, we show
that the index determining each continuous eigenvalue branch has an infinite number of jump
discontinuities and give an explicit characterization of these discontinuities.

1. INTRODUCTION

Given a self-adjoint realization S of a singular Sturm-Liouville equation, how can its spectrum
be approximated by eigenvalues of regular Sturm-Liouville problems (SLP’s)? This question has
been studied by many authors, for some recent results see [1, 2, 8, 9, 10]. In [2], Bailey, Everitt,
and Zettl constructed an algorithm for computing the eigenvalues of singular SLP’s with positive
leading coefficient, limit circle endpoints, and separated boundary condition (BC), see also [10].
In [1] the above question was studied for general singular self-adjoint SLP’s with either limit-
circle or limit-point endpoints and either separated or coupled BC’s. Convergence properties were
established in [1] using the abstract theory of strong resolvent and norm resolvent, particularly the
Hilbert-Schmidt norm resolvent, convergence of self-adjoint operators in Hilbert spaces. Although
these very general and powerful abstract methods provide some of the theoretical underpinnings
for the Fortran code SLEIGN2 [3], they do not yield explicit and constructive algorithms which
can be numerically implemented.

In this paper we investigate the general limit-circle SLP’s with separated or coupled BC’s where
the leading coefficient may change sign. We establish a theory for continuous eigenvalue branches
of a one-parameter family of “induced realizations” S,,r € (0,00), to the eigenvalues of S. This
allows us to utilize and extend the results on continuous eigenvalue branches obtained in [16] for
regular SLP’s to singular SLP’s. We show that in the simplest case when the spectrum of S is
bounded below, there exists r* € (0,00) such that for each n € Ny := {0,1,2,...}, the n-th
eigenvalue of S, A\, (S;) for r € (r*,00), constitute a continuous eigenvalue branch to A, (S), and
the minimum value of such r* is found; in the case when at least one endpoint is oscillatory, the
index function 7i(r) of a continuous eigenvalue branch As(,(Sy) to A,(S) has an infinite number
of jump discontinuities. Thus, in the latter case, it is important to give a careful and systematic
analysis of the jump behavior of the index 7n(r) along a continuous eigenvalue branch. We give an
explicit characterization of where the index 7.(r) changes and show exactly how it changes. We also
extend these results to the much more complicated case where the leading coefficient function p
changes sign. In this case, our indexing scheme for eigenvalues of the associated regular problems
is adopted from the recent paper of Binding and Volkmer [4] for separated BC’s and from [5] for
coupled BC’s. The results in this paper can be used to construct algorithms for the numerical
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computation of eigenvalues of SLP’s for the above cases. However, in this paper, we do not pursue
the numerical implementation of these algorithms. This work will be done in a subsequent paper.

Our approach is elementary in the sense that no abstract theory of convergence of self-adjoint
operators in Hilbert spaces is used. The main tool is a transformation which transforms the SLP of
a singular second order scalar equation to a boundary value problem (BVP) of a regular first order
system. Also, a critical role is played by the jump set, i.e., the set of regular self-adjoint BC’s where
the indexed eigenvalues as functions of the BC’s have discontinuities. For a systematic discussion
of the jump set and the discontinuous behavior of the index for the continuous eigenvalue branches
for regular SLP’s with p > 0, see [17]. The singular problems with p > 0 were studied in [18], and
the regular problems with p changing sign were investigated in [5].

This paper is organized as follows: Section 2 contains a basic discussion of limit-circle SLP’s.
The main results are stated in Section 3. The proofs together with some technical lemmas are given
in Section 4.

2. LIMIT-CIRCLE SLP’s

Consider the Sturm-Liouville equation
(2.1) —(py) +ay = wy on J=(a,b),

where
—o<a<b<oo, 1/p,q,w € Lipe(J,R) and w > 0 a.e. on J,

and Lj.(J,R) is the set of real-valued functions which are Lebesgue integrable on any compact
subset of J. Here, either p > 0 a.e. on J; or p changes sign on J, i.e., there exist subsets (not
necessarily subintervals) Jy, Jo of J with positive or infinite Lebesgue measures such that p > 0 on
Ji and p < 0 on Js.

For any subinterval J* of J, let L?(J*,w) be the set of complex-valued measurable functions f
on J* such that f g lf 2w < 0o. The endpoint a of J is called a limit-circle endpoint (or simply a is
LCQ) if all solutions of equation (2.1) are in L?((a, c), w) for some ¢ € J, and it is called a limit-point
endpoint (or simply a is LP) otherwise. The endpoint a is said to be oscillatory (or simply a is
O) if every real-valued solution has an infinite number of zeros in (a,c) for any ¢ € J, and it is
nonoscillatory (or simply a is NO) otherwise. LCO means LC and O, LCNO means LC and NO.
Similar definitions are made for the endpoint b. It is well-known that the LC and LP classification
is independent of A in C; and for the case where both a and b are LC and p > 0, the O and NO
classification is also independent of A in R. Recall that the endpoint a is called regular if for some
ce J, 1/p,q,w € L(a,c), the space of Lebesgue integrable functions on (a,c). Similarly for the
endpoint b. Note that in this paper a regular endpoint may be finite or infinite and is included in
the LC classification. Thus our results below apply when both endpoints are singular LC, when
both are regular, and when one is singular LC and the other is regular.

Throughout this paper we assume that both a and b are LC, but each of them may be O or NO.

We define the maximal domain D by

D={feL*(Jw): f, pf' € ACwc(J), [~(0f") +afl/w € L*(J,w)},
where AC),.(J) denotes the set of complex-valued functions which are absolutely continuous on all
compact subintervals of J. Recall that for any f,g € D, the Lagrange bracket of f, g is given by

[f.9] = f(pg") — g(pf’)
and has finite limits at both the endpoints a and b.

Definition 2.1. A pair of functions {y1,y2} is said to be a BC basis if it satisfies the following
conditions:
(i) y1,y2 are real solutions of equation (2.1) in a right-neighborhood N, of a for some A = )\,
(i) y1,yo are real solutions of equation (2.1) in a left-neighborhood N} of b for some A = A,
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(iii) [y1,ye](a) = [y1,%2](b) = —1.

The existence of such BC bases can be established using ‘the Naimark Patching Lemma’, see
Lemma 2, p. 63 in [22]. Without loss of generality we may assume that N, NN}, = 0. We use such
a BC basis y1,y2 to generate the self-adjoint BC’s for equation (2.1)

[y, 1] [y, 1] _
(22) A < [y, yo] > (@) +5 < [y, yo > ®) =0,
where A, B € C?*? satisfy

(2.3) rank(A|B) =2 and AEA* = BEB* for E = ((1) —01 >;

here A*, B* are the complex conjugate transposes of A, B, respectively. The self-adjoint BC’s given
by (2.2) can be classified into two categories: the separated BC’s having the canonical form

o) cosar [y, 1] (a) — sina [y, 4p] (a) = 0, € [0.7),
cos 3 [y, y1](b) = sin B [y, y2](b) =0, B € (0,7],
and the coupled BC’s having the canonical form
Y, i60 Y, 9
(2:5) ( {y,yj > () =e K( {y,yj > (@)
where
0<f<m KEeSLyR):={KcR>?:detK =1}.

In this paper, for fixed BC basis {y1,y2}, the BC’s in (2.2), (2.4), and (2.5) may be abbreviated by
[A|B], Sa., and [’ K| — I], respectively.

Note that the representations of a self-adjoint BC depend on the BC basis. The following shows

the correspondence between two pairs of coefficient matrices for the same BC when two different
pairs of BC bases are used, see Theorem 3.3 in [18].

Lemma 2.1. Assume {§1,92} is any BC basis. Then the system
A [ya?gl] > + B < [yvgzl] > b =0
(B J@sm () ®
and (2.2) represent the same self-adjoint BC if and only if

_ 1. 92] [, 1] B W1.92)  [1.91]
A= a( B B Y6 wmd m-s (R e ),

Let Y = y/ , P = 0 1/p ,and W = 00 . Then we obtain the system form of
Y qg 0 w 0

equation (2.1)

(2.6) Y' = (P - A\W)Y.
Let U = < pzjtlll pzfé > be a real fundamental matrix solution of equation (2.6) for A = A\* € R
normalized to satisfy det U(t) =1 for ¢ € J. Consider the BVP consisting of the equation
(2.7) Z'=(\"=NGZ onJ,
where
(2.8) G=U"'"WU = ( Tuuew —usw > ,
uTWw U UW

and the BC
(2.9) AZ(a)+ BZ(b) =0,
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where

pao Aol o Y ) g o (bl bl )

[y2, u1]  [y2,uz) [y2, u1] [y, u2]

Theorem 2.1. (i) For each A € C, the BVP (2.7), (2.9) is a regular problem, i.c., G € L(J,R?x2)
and the A, B given by (2.10) are well-defined.
(ii) For each \ € C, Z(t,\) is a non-trivial solution of the BVP (2.7), (2.9) if and only if

(2.11) ZtN) =U )Y (¢, )
for some non-trivial solution Y (t,\) = < pzé/ ) (t,\) of the BVP (2.6), (2.2). Hence these two

BVP’s have exactly the same eigenvalues.

Proof. (i) By the Schwartz inequality it is easy to see that G € L(J,R?*2). Hence equation (2.7)
is regular on J. Note that

by

< PYy W1 ) U—_ ( [y, u1] (Y1, ug] >
/ - .
PYy —Y2 [y2,u1]  [y2, 2]
Thus the BC (2.9) for Z is equivalent to the BC (2.2) for y.
(i) This follows from a simple computation. O

and

For each A € C, let ®(¢,\) be the fundamental matrix solution of (2.7) satisfying ®(a,\) = I,
where [ is the identity matrix. Define

(2.12) A() = det (A+ Bo(b, ).

Singular initial value problems at LC endpoints have been studied in [25], see Section 3.8. The
analytic dependence of solutions of singular initial value problems and their quasi-derivatives, on
the spectral parameter A has been studied in [12]. The next theorem constructs a characteristic
function for singular limit-circle boundary value problems.

Theorem 2.2. (i) A()) is an entire function of .
(ii) X is an eigenvalue of BVP (2.7), (2.9), and hence of SLP (2.1), (2.2), if and only if A(X) =

Proof. Tt follows from the assumption that each endpoint of J = (a,b) is LC that each component
of G, given by (2.8), is in L?(J,w). Hence the system (2.7) is regular on J for each A in C. Note
that this holds regardless of whether the endpoints a,b of J are finite or infinite. (Here we use
“regular” in the sense of Zettl [25].) It follows from the theory of regular systems [25] that the
fundamental matrix ®(b, \) is well defined and is an entire function of . It also follows from
the hypothesis that each endpoint is LC that all the Lagrange brackets [-, -] in (2.10) exist as finite
limits at each endpoint a,b. Hence the matrices A, B in (2.10) are well defined and (2.9) is a regular
boundary condition for the system (2.7). Note that y;,u;, j = 1,2 and hence A, B are independent
of A. Therefore A(\) defined by (2.12) is an entire function of A. It follows from the well known
standard theory of boundary value problems for regular systems that A is an eigenvalue of (2.7),
(2.9) if and only if A(X) =0.
Finally we note that the scalar SLP (2.1), (2.2) and the system BVP (2.7), (2.9) are equivalent.
O

Remark 2.1. We comment on the definition of the geometric and the algebraic multiplicity of an
eigenvalue A\. The term ‘geometric multiplicity’ of an eigenvalue is universally understood to mean
the dimension of the eigenspace of A, i.e. the number of linearly independent eigenfunctions of .
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This applies to both linear algebra and functional analysis. In linear algebra the term ‘algebraic
multiplicity’ of an eigenvalue A means [13], [14] the multiplicity of A\ as a zero of the characteristic
polynomial. On the other hand, in functional analysis [6], [15], the algebraic multiplicity A(T,\)
of an eigenvalue A of a linear operator T' acting in a Hilbert space H is defined by

(2.13) A(T, \) = dimM (T, \)

where M (T, \) is the union over all n € N of the nullspace of (T' — AI)™.

As mentioned in the Introduction our approach in this paper is elementary in the sense that
it does not depend on operator theory. Following [7], [20], [11], we construct an entire function
whose zeros are precisely the eigenvalues of the problem and then define the algebraic multiplicity
of an eigenvalue as its multiplicity as a zero of this entire function which we call the characteristic
function of the boundary value problem. Thus the characteristic functions constructed in these
papers, for both regular and singular Sturm-Liouville problems, play the role of the characteristic
polynomials in linear algebra. Since the characteristic functions are entire functions and thus
‘infinite polynomials’ this terminology seems reasonable.

The referee has suggested that the term ‘analytic multiplicity’ would be more appropriate for
eigenvalues of Sturm-Liouville and other boundary value problems which can be represented by
a linear operator in a Hilbert space and therefore have the above mentioned notion of algebraic
multiplicity associated with them from the functional analysis point of view. While we agree with
the referee we do not pursue this point further in this paper since, as previously mentioned, our
approach here is elementary making no direct use of functional analysis. We are greatful to the
referee for bringing this point to our attention and agree that it warrants further consideration.

Theorem 2.1 shows that SLP (2.1), (2.2) and BVP (2.7), (2.9) have exactly the same eigenvalues.
We define the algebraic multiplicity (see the three paragraphs above) of an eigenvalue A of (2.1),
(2.2) to be the algebraic multiplicity of A as an eigenvalue of (2.7), (2.9), i.e., the order of A as a
root of the entire function A(X). Then as shown in [20], the so defined algebraic multiplicity of A
is independent of the choice of A* and wu, v, and the algebraic and geometric multiplicities of A\ as
an eigenvalue of (2.1), (2.2) are equal. We simply call them the multiplicity of X\. The multiplicity
of A is either 1 or 2. We say that A is simple in the former case and double in the latter case.

3. EIGENVALUE APPROXIMATIONS

The following results on the eigenvalues of SLP (2.1), (2.2) are well known, see [21] and Sections
4 and 5 in [25].

Proposition 3.1. Assume that p > 0 a.e. on J and a and b are LCNO. Then SLP (2.1), (2.2)
has discrete spectrum consisting of an infinite number of eigenvalues {\,, : n € No}, which are all
real, unbounded from above and bounded from below. They can be indexed to satisfy

AMS<A <A<

with only double eigenvalues appearing twice. Strict inequalities hold everywhere whenever the BC
1s separated or non-real coupled.

Proposition 3.2. Assume a and b are LC. If

(i) p>0 a.e. onJ and at least one of a and b is O, or

(ii) p changes sign on J,
then SLP (2.1), (2.2) has discrete spectrum consisting of an infinite number of eigenvalues {\,, :
n € Z}, which are all real, unbounded from above and below. They can be indexed to satisfy

<A <A <A <A <A<

with only double eigenvalues appearing twice. Strict inequalities hold everywhere whenever the BC
1s separated or non-real coupled.
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Remark 3.1. For the cases of Proposition 3.2, the choice of \¢ can be arbitrary. In this paper,
we adopt the convention that Ao is the first nonnegative eigenvalue of the SLP (2.1), (2.2). This
convention determines the index n of \,, uniquely.

Let N, be the right-neighborhood of a and N the left-neighborhood of b given in Definition 2.1.
Let a,, b, : (0,00) — J be continuous functions of r such that a < a, < b. < b, a, € N, b, € N,
a, is strictly decreasing in r, b, is strictly increasing in r, and

lim a, =a and lim b, = b.
T—00 T—00

We observe that in this assumption, there is no restriction on the rates of changes of a,, b,, and on
the relation between the rates of convergence a, — a and b, — b. Following [1], see Section 2, we
define the induced problem of SLP (2.1), (2.2) on J, = (a,,b,), r € (0,00), to be the regular SLP
consisting of the equation

(3.1) —(py") +ay=Awy on J;

and the BC

3.2 A [y7y1] ) . —|—B< [yayl] ) br = 0.

( ) < [y7y2] (a) [yay2] ( )

Observe that the conditions for y; and y, in Definition 2.1 imply that [y1,y2](t) = —1 for all

t € Ny UNy, hence BC (3.2) is self-adjoint for all r € (0,00). It is easy to verify that BC (3.2) can
be written in the form

(3.3) AY (a,) + ByY (b)) = 0,

where
/ _ / _
y:< y,),Ar:A<py} yl>(ar), andBr:B<py,1 yl)(br),
by PYs —Y2 PYys —Y2

and A,, B, satisfy the self-adjointness condition (2.3) with A = A,, B = B,. Note that A, and
B, depend on r continuously, and BC (3.3) is separated (resp. coupled) if and only if BC (2.2) is
separated (resp. coupled). In fact, if BC (2.2) is separated, i.e., [A|B] = S, 3, then the induced
BC (3.3) becomes

calar) ylay) —dolar) (py')(ar
(3.4) cs(br) y(br) — da(br) (py )(b,,)

where for 7 € {«, 5} and t € {a,,b,}

)=7

cr(t) = cos T (py1)(t) —sinT (pys)(t),
(3.5) d-(t) = cosT yl(%) —sinT yo(t). ’

If BC (2.2) is coupled, i.e., [A|B] = [¢? K| — I], then the induced BC (3.3) becomes

(3.6) Y (b,) = K (a,, b)Y (a,),
where
- (w2 wm Pyl —u1
3.7 K(a,,b,) = b ) K .)€ SL(2,R).
(37) (ar,br) (—pyé py’1>( ) <pyé —y2>(a) (2,R)

Remark 3.2. (i) Assume p > 0 a.e. on J,. Then the regular SLP (3.1), (3.2) has an infinite
number of eigenvalues {\,(r) : n € Np}, which are all real, unbounded from above and bounded
from below. They can be indexed to satisfy

Ao(r) S Aa(r) < Aofr) <

with only double eigenvalues appearing twice. Furthermore, we have the following, see [17] for
details.



LIMIT CIRCLE STURM-LIOUVILLE PROBLEMS 7

(a) If (3.2) is separated, then each A, (r) is simple, the index is determined by the Priifer angle of
any corresponding eigenfunction, and each eigenfunction has exactly n zeros in J,. See [24] for
the definition of the Priifer angle and its relationship to the eigenfunctions.

(b) If (3.2) is real coupled, then each A\, (r) may be simple or double, and the number of zeros of
any real eigenfunction on [a,,b,)is0or 1ifn=0,andn—1lornorn+1ifn > 1.

(c) If (3.2) is non-real coupled, then each A, (r) is simple. Let u,, be a corresponding eigenfunction.
Then the number of zeros of Ru,, and Su, on [a,,b,)isOor 1ifn=0,andn—1lornorn+1
if n > 1. Moreover, u,, has no zero on [a,, b,].

(ii) Assume p changes sign on J,. Then SLP (3.1), (3.2) has an infinite number of eigenvalues
{A\n(r) : n € Z} which are all real, unbounded from above and below, see [21] and [25]. Based on
the recent work [4], the eigenvalues for separated BC’s can be indexed using a generalized Priifer
angle. Consequently, the eigenvalues for coupled BC’s can be indexed according to the eigenvalue
inequalities established in [5]. Although the numbers of zeros of eigenfunctions for this case are
different from (i), they can be determined based on the sign changes of p on J, see [5] for details.

In the sequel, we will use the indexing scheme for eigenvalues given in Remark 3.2, and investigate
the approximation of the eigenvalues of SLP (2.1), (2.2) by those of the family of regular SLP’s
(3.1), (3.2).

The next lemma extends, for the case n = 2, the “Continuation Principle”, see Theorems 3.2
and 3.3 in [16].

Lemma 3.1. Let O be a bounded open set in R such that its boundary points do not contain
eigenvalues of SLP (2.1), (2.2), and let k > 0 be the number of eigenvalues (counting multiplicity)
of (2.1), (2.2) in O. Then there exists r* € (0,00) such that SLP (3.1), (3.2) has exactly k
etgenvalues in O for all v > r*.

Proof. The transformation (2.11) transforms the singular SLP (2.1), (2.2) to the regular BVP
(2.7), (2.9), while the induced SLP (3.1), (3.2) is transformed to the regular BVP consisting of the
equation

Z'=XN"=NGZ onJ,

and the BC
A.Z(a)+ B.Z(b) =0,
where
A=A [( P i > U] (a;) and B, =B [( P i > U] (by).
PYy2 —Y2 Py2 —Y2
Then by the same arguments as in the proof of Theorem 3.2 [16], we obtain the conclusion. O

Remark 3.3. For each eigenvalue A\ of SLP (2.1), (2.2) with multiplicity & = 1 or 2, let O be a
bounded neighborhood of A such that the closure of O does not contain any other eigenvalue of
(2.1), (2.2). By applying Lemma 3.1 and Theorem 3.2 in [16] we see that there exist an r* € (0, 00)
and k eigenvalues A;(r),1 < j <k, of SLP (3.1), (3.2) in O for r € (r*, 00), not necessarily distinct
when k = 2, which are continuous in r and satisfy

lim Aj(r) =X 1<j<k.

Such eigenvalue functions A;(r),1 < j <k, are called continuous eigenvalue branches to
A

Next we recall some work in Bailey, Everitt, Weidmann and Zettl [1] where equation (2.1) is
considered under the assumptions that p > 0 a.e. on J and each of a and b is either LC or LP.
Using the abstract spectral theory on Hilbert spaces results were obtained on the approximations
of the spectrum of any self-adjoint operator associated with equation (2.1) by that of a sequence
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of induced operators. Applying those results to the case where p > 0 a.e. on J and a and b are L.C
we have the following (stated in our notation).

Proposition 3.3. ([1], 15-16) Let p > 0 a.e. on J and suppose a and b are LC, and r € N.
(i) Assume a and b are NO. Then for each n € Ng, \,(r) — A, as r — oo.
(ii) Assume either a or b is O. Then for each n € Ny we have

An(r) = —00 asr — oo.

Nevertheless, for each n € Z there exists an index sequence n(r) : N — No, which depends on r,
such that

Ay (1) = An as T — o0,

However, Proposition 3.3 does not yield an explicit construction of continuous eigenvalue branches,
and for case (ii), it does not tell us for which values of r the index n(r) changes and how it changes
at each such value. Here, with an elementary approach, we will show that for case (i) A, (r) for
r € (r*,00) forms a continuous eigenvalue branch to A,, where 7* € (0, 00) can be found explicitly
in terms of the BC basis {y1,y2}; and for case (ii) we will identify the set of r in (0, 00) where the
index function n(r) for a continuous eigenvalue branch to A, has a jump discontinuity and show
how it changes. The results will be further extended to the case where p changes sign on J.

The following are the main results of this paper.

Theorem 3.1. Assume thatp > 0 a.e. on J and a and b are LCNO. Then there exists r* € (0,00)
such that for each eigenvalue A\, of SLP (2.1), (2.2), n € Ny, the n-th eigenvalue of SLP (3.1),

(3.2), Ap(r) for r € (r*,00), constitute a continuous eigenvalue branch to A,.

Furthermore, for the separated problem (3.1), (3.4), there are at most a finite number of values
of r in (0,00) satisfying
(3.8) cosa yi(a,) —sina ya(a,) =0 or cos y1(by) —sin 5 ya(by) =0,

and r* can be chosen to be the largest value of v in (0,00) such that (3.8) holds or r* = 0 if no
such r exists; and for the coupled problem (3.1), (3.6), there are at most a finite number of values
of r in (0,00) satisfying

5.9) ot (700 ) —o,

and r* can be chosen to be the largest value of v in (0,00) such that (3.9) holds or r* = 0 if no
such r exists.

For the cases where either at least one of a and b is O or p changes sign, the continuous eigenvalue
branches do not have fixed indices. To present the results, we need the following definitions. For
more details of the jump set in Definition 3.1, see [19].

Definition 3.1. Let B be the set of all self-adjoint BC’s given by (3.2). Define a subset [J of B by

_ ap az 0 0 2x4 | _
J = {[0 0 by b2:|€R .ang—O}

(3.10) U {[ewlﬂ - I} L K € SL(2,R), k1o = 0} ,
This set J is called the jump set in the self-adjoint BC space B.

Definition 3.2. Let 7 : (r*,00) — Z be a function with r* € [0,00) and k € Z. n(r) is said to
have a k-jump at r =1 € (r*,00) if n(r) is discontinuous at r = [ and

lim 7(r) — lim A(r) = k.
A ) = o ) = &
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Theorem 3.2. Assume thatp >0 a.e. on J, a and b are LC, and at least one of them is O. Then
for each eigenvalue \,, of SLP (2.1), (2.2), n € Z, there exist an r,, € (0,00) and an index function
1 (rp,00) — No such that i(r) — 0o as r — oo and the eigenvalues of SLP (3.1), (3.2), Aa(r)(7)
for r € (rp,00), constitute a continuous eigenvalue branch to \,.

Furthermore, n(r) is piecewise constant and always continuous from the left on (ry,o0). Fach of
its infinite number of jumps is a 1-jump or a 2-jump. The jump discontinuities occur if and only
if BC' (3.2) crosses the jump set J in the self-adjoint BC space B. More precisely, we have the
following:

(I) Consider the separated BC case, i.e., (2.2) and (3.2) are replaced by (2.4) and (3.4), respec-
tively.

Assume a is O and b is NO. Then n(r) has 1-jumps only. It has a 1-jump at r =1 > ry, if and
only if
(3.11) cosayi(a;) —sinays(a;) = 0.

Assume a is NO and b is O. Then n(r) has 1-jumps only. It has a 1-jump at r =1 > ry, if and
only if
(3.12) cos By1(br) — sin Byz(by) = 0.

Assume a and b are both O. Then n(r) has a 1-jump at r =1 > ry, if and only if exactly one of
(3.11) and (3.12) holds; it has a 2-jump at r =1 > 1, if and only if both (3.11) and (3.12) hold.

(II) Consider the coupled BC case, i.e., (2.2) and (3.2) are replaced by (2.5) and (3.6), respec-
tively. Then n(r) has 1-jumps only. It has a 1-jump at r =1 > ry, if and only if

(3.13) <—y2<bl>,y1<bl>>f<( ) ) 0

—ya(ay)

The next theorem gives results parallel to Theorems 3.1 and 3.2 for the case where p changes
sign on J.

Definition 3.3. For any t € J, we say that the function p does not change sign at t if there exists
a neighborhood N; of t in J such that either p > 0 a.e. on N; or p < 0 a.e. on N;. Otherwise, we
say that p changes sign at t.

Theorem 3.3. Assume that p changes sign on J and a and b are LC. Define
T = {t € (a,b) : p changes sign at t}.

Assume a, is not an accumulation point of T whenever a, € N, such that (3.11) or (3.13) holds
with | = r, and b, is not an accumulation point of T whenever b, € Ny such that (3.12) or (3.13)
holds with | = r.

Then there exists an r* € [0,00) and for each eigenvalue A, of SLP (2.1), (2.2), n € Z, there
exists an index function i : (r*,00) — Z such that the eigenvalues of SLP (3.1), (38.2), Ay (r) for
r € (r*,00), constitute a continuous eigenvalue branch to Ay,.

Furthermore, n(r) is piecewise constant and may have k-jumps with k = 0,4+1,+2 only. The
Jump discontinuities occur only if BC (3.2) crosses the jump set J of the self-adjoint BC' space B.
More precisely, we have the following:

(I) Consider the separated BC case, i.e., (2.2) and (3.2) are replaced by (2.4) and (3.4), respec-
tively. Then

(i) n(r) has a 1-jump at r =1 > r* if and only if
(a) (3.11), but not (3.12), holds, and p > 0 a.e. in a neighborhood of a;, or
(b) (3.12), but not (3.11), holds, and p > 0 a.e. in a neighborhood of b;, or
(¢) both (3.11) and (3.12) hold, by € T, and p > 0 a.e. in a neighborhood of a;, or
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(d) both (5.11) and (3.12) hold, a; € T, and p > 0 a.e. in a neighborhood Ny, of b;;

(ii) n(r) has a 2-jump at r =1 > r* if and only if both (3.11) and (3.12) hold and p > 0 a.e. in
neighborhoods of a; and by;

(111) n(r) has a (—1)-jump at r =1>r* if and only if

(a) (3.11), but not (3.12), holds, and p < 0 a.e. in a neighborhood of a;, or

(b) (3.12), but not (3.11), holds, and p < 0 a.e. in a neighborhood of b;, or

(¢) both (3.11) and (3.12) hold, by € T, and p < 0 a.e. in a neighborhood of a;, or
(d) both (3.11) and (3.12) hold, a; € T, and p < 0 a.e. in a neighborhood of b;;

(iv) n(r) has a (=2)-jump at r =1 > r* if and only if both (3.11) and (3.12) hold and p < 0 a.e.
in neighborhoods of a; and b;;

(v) n(r) has a O-jump at r =1 > r* with a;,by ¢ T if and only if both (3.11) and (3.12) hold and p
has opposite signs a.e. in a neighborhood a; and in a neighborhood of by.

(II) Consider the coupled BC'’s, i.e., (2.2) and (3.2) are replaced by (2.5) and (3.6), respectively.
Then n(r) may have k-jumps with k = 0,£1 only.

(i) 7(r) has a 1-jump at r =1 > r* if and only if (3.13) holds and p > 0 a.e. in neighborhoods of
a; and by;

(ii) n(r) has a (=1)-jump at r =1 > r* if and only if (3.18) holds and p < 0 a.e. in neighborhoods
of a; and by;

(iii) n(r) has a O-jump at r =1 > r* if and only if (3.13) holds and p has opposite signs a.e. in a
neighborhood of a; and in a neighborhood of b;.

For all the above cases in (I) and (II) and n € Z, 7(r) is continuous from the left at I whenever
a k-jump occurs with k > 0, it is continuous from the right at | whenever a k-jump occurs with
k <0.

Finally, n(r) may be continuous or have a 0-jump at r =1 > r* provided

(a) (3.11), but not (3.12), holds with a; € T, or
(b) (3.12), but not (3.11), holds with by € T, or
(c) both (3.11) and (3.12) hold with a;,b; € T, or
(d) (3.13) holds with a;,b; € T.

The index function n(r) may be continuous or have either 0-jump, 1-jump, or (—1)-jump at r =
[ > r* provided either a; or by, but not both, are in T and (3.13) holds.

Remark 3.4. It is not difficult to demonstrate that each type of jump in Theorems 3.2 and 3.3
actually occurs with a specific SLP (2.1), (2.2) under the given assumptions, but we omit the
details.

Remark 3.5. Note that 7(r) has a O-jump at r» = [ means that n(r) is discontinuous at r = [;
in fact, it may be discontinuous from either side, or discontinuous from both sides at » = [. This
is determined by the relations among n(l), lim,_;+ n(r), and lim,_,;- 2(r). For the case that p
changes sign on J, a systematic classification of the discontinuity of n(r) at r = where a 0-jump
occurs can be established with the ideas outlined in the proof of Theorem 3.3. We omit the details
because the O-jumps are less significant in applications, especially in the numerical approximations
of the eigenvalues of SLP (2.1), (2.2).

Remark 3.6. For the case where p > 0 a.e. near a and b, the conclusions in Theorem 3.3 reduce
to those in Theorem 3.2.
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4. PROOFS OF THE MAIN RESULTS

1. The case when p > 0

We assume p > 0 a.e. on J, and consider the regular SLP consisting of the equation
(4.1) —(py) +qy=Awy onJ = (dV)
and the self-adjoint BC

(4.2) A ( pyy, ) (d')+ B < pyy, > ') =0,

where a < @' < b < b, and A, B satisfy (2.2). The following lemmas characterize the continuity
and discontinuity of the n-th eigenvalue )\, of the SLP (4.1), (4.2) when the endpoints a’,1’ and
the BC [A|B] change, see [23] and Theorem 2.1, Lemma 3.32, and Theorem 3.39 in [17] for proofs.
The topologies involved are the usual topologies inherited from R and C?*4, respectively.

Lemma 4.1. Assume p > 0 a.e. on J. For a fized BC [A|B] € B and an n € Ny, the n-th
eigenvalue A, of SLP (4.1), (4.2) depends continuously on a’ and on b’ respectively.

Lemma 4.2. Assumep >0 a.e. on J.

(i) For fized a',b' € (a,b) and n € Ny, the n-th eigenvalue N, of SLP (4.1), (4.2) as a function
of the BC [A|B] in B is continuous at each point of B\ J.

(it) For the separated BC [A|B] =S, 3 and n € No, \y(Sq,g) is continuous for (o, 3) € [0,7) X
(0, 7], strictly decreasing in o and strictly increasing in (. Moreover, for each o € [0, )

(4.3) ﬁlij]([)l+ A0(Sa,p) = —o0, 613]& M(Sa,3) = A-1(Sax) forn eN;

for each 8 € [0,7)

(4.4) al_igrl_ Ao(Sa,8) = —o0, al_igrl_ An(Sa,8) = A-1(So,8) forn eN;

and

(45)  lm Mo(Sap) = lm M(Sus) = 00, lim Au(Sas) = Aua(Sos) forn 2.
B—0+ B0+ B0+

(i4i) For the coupled BC [A|B] = [e K| — I, \o is discontinuous at each point of J, An,n € N,
s continuous on J whenever A\, = A\p11 and discontinuous on J otherwise. Moreover, let

(4.6) F_ = {[€i€K| - I] K e SL(Z,R),]{:Hklg < 0}

and

(4.7) Fi={[YK|-1I]: K € SL(2,R), k11k12 > 0}.

Then the restriction of A, to F_ is continuous for each n € Ny, and for any A € J
4.8 li M(B) = — li M(B) = M\ —1(A N.
(4.8) P m 0o(B) = —o0, LN (B) 1(A) forne

Remark 4.1. For the case when p > 0 a.e. on J, it has been further proved that for n € N, the
n-th eigenvalue \,, = \,(a’, 0, [A|B]) of SLP (4.1), (4.2) as a function of the endpoints a’, b’ € (a,b)
and the BC [A|B] € B is continuous whenever [A|B] € B\ J; and the continuous and discontinuous
behavior of \,(a,b',[A|B]) at a point where [A|B] € J is exactly the same as characterized in
Lemma 4.2, no matter how a’, b’ change near this point. Therefore, the jump discontinuity is solely
determined by the BC. See Theorem 3.76 in [17] for details.

To prove Theorem 3.1, we need the following lemmas and corollary. For the proofs of Lemmas
4.3 and 4.4, see [23]. Here, N, and N} are the same as in Definition 2.1, but A, and A; may be
different from A, and )\, defined there.
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Lemma 4.3. Assume that p > 0 a.e. on J and a and b are LCNQO. Then there exist real-valued
functions u and v in the mazimal domain satisfying the following conditions:

a)v>0onJ=(ab);

b) for some fizred real X\ = N, u is a principal solution and v is a non-principal solution of
equation (2.1) on Ny;

c) for some fized real X = X}, w is a principal solution and v is a non-principal solution of
equation (2.1) on Ny;

@) [u,v)(a) = [u,v](b) = ~1.

Corollary 4.1. Let u,v be defined as in Lemma 4.3. Let p = pv?, and for any real function y € D
define z = y/v. Then on Ny UNy,

[v,y] =pz"  and [y,u] =z — %ﬁz/.
Therefore, [y,u)(c) = z(c) and [v,y](c) = (pz")(c) for ¢ € {a,b}.

Proof. Since u and v are solutions of (2.1) with A = A\, on A, and with A = A\, on N, respectively,
we have that [u,v] = —1 on N, UN,. Hence on N, UN,

’ /
- v — Yyv
/ U2y Yy

pz' =p = =yl
and
ly,u] = y(pu') —u(py’)
= Zo(pu) = u(p))] = ~[olpy) — y(pv))
= o] - =fo.y] =2 — —p2.

The last part of the corollary follows from the fact that u and v are principal and nonprincipal
solutions of (2.1) in N, for A = A, and in N, for A = )\, respectively. O

Lemma 4.4. Assume thatp > 0 a.e. on J and a and b are LCNO. Let u,v be defined as in Lemma
4.3 and let {y1,y2} := {u,v} be the BC basis in (2.2). Then the transformation z(-,\) = y(-,\) /v
transforms SLP (2.1), (2.2) to the SLP consisting of the equation

(4.9) —(p2) + Gz =Xvz  onJ

and the BC

(4.10) A<ﬁi,>(a)+B<ﬁi,>(b):0,
where

(4.11) p=pv?,G=(—(p") + qu)v, and © = v*w.
Moreover,

p>0, w>0ae ond, 1/p, 4 w € L(J,R),
and consequently, SLP (4.9), (4.10) is reqular.

Proof of Theorem 3.1: By Lemma 2.1, BC (2.2) is equivalent to the BC

(4.12) m(%ﬁ>@+&<%ﬁ>@zq

where
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Similarly, the induced BC (3.2) is equivalent to the BC

(4.13) Al(r)< E//ﬂ >(ar) +Bl(r)< Féf;]] >(br) =0,
where
@ ao=a() i) e m mo-s (R B e

Let p = pv?, 2(-,\) = y(-,\) /v, and z; = y;/v, i = 1,2, on (a,b). By Corollary 4.1 we have that on
N,UN,

~ u
(4.15) vy] =92, [y, u] = 2 = —p";
and
~ w . .
(4.16) (v, yi] = Pzl yisu] = 2z — Eng’ i=1,2.

Therefore, from Lemma 4.4, the transformation z(-,\) = y(-, A) /v transforms SLP (2.1), (2.2) into
the SLP consisting of equation (4.9) and the BC

(4.17) A, < ﬁi’ > (a) + By ( 152’ > (b) =0,

where
_ pz1’ —z _ pzi’ —z )
Ay =A < bz —z ) (a) and By=B1B < b’ —z > (b);

and it transforms the induced problem (3.1), (3.2) into the SLP consisting of the equation
(4.18) —(p2") + ¢z
and the BC
z z
(4.19) As(r) < 5 > (ar) + Ba(r) < 5 ) (by) =0,

where p, ¢, w are defined as in Lemma 4.4, and

Ay(r) = A < pa =4 ) (a) and By(r)=B < pa =2 > (b).

= A \wz on J,

~ /
bz2 —Zz2

In fact, from (4.13), (4.14), and (4.16)

aal) = a0 (g 7))

= a( ot e Yoo (6 3 )
= a( ot S ) )

Similarly for Ba(r).

Clearly, SLP (4.9), (4.17) and its induced problem (4.18), (4.19) are both regular problems, and
they have exactly the same eigenvalues as SLP (2.1), (2.2) and its induced problem (3.1), (3.2),
respectively.

Since y;, @ = 1,2, are linearly independent solutions of (2.1) in N, for A = A, by definition,
2i, i = 1,2, are linearly independent solutions of (4.9) in N, for A = A,.
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(i) Consider the case where (2.2) is the separated BC (2.4), i.e., [A|B] = S, g. In this case, define
Z1(t) = cosa z1(t) —sina z5(t)  for t € N.
Then Z;(t) is a nontrivial solution of (4.9) in N, for A = \,. Note that equation (2.1) is NO implies

that equation (4.9) is NO. Hence Z(a,) has at most a finite number of zeros in (0, 00), and there
exists an 7* € (0,00) such that 2z (a,) # 0 for all r € (r*,00). Similarly, if we define
Zo(t) = cos B z1(t) —sin B 20(t)  for t € Np,

then Z5(b,) has at most a finite number of zeros in (0,00), and for sufficiently large r* € (0, 00),
Zo(by) # 0 for all » € (r*,o00). This implies that the BC given in (4.19) is never in J for all
r € (r*,00). By Lemmas 4.1, 4.2 and Remark 4.1, for each n € Ny, A\, (r) for r € (r*,00) constitute
a continuous eigenvalue branch. ;From the fact that y; has the same sign as z; for ¢ = 1,2, it is
easy to see that there are at most a finite number of values of r in (0,00) such that (3.8) holds,

and r* can be chosen to be the largest such value, or 0 if such an r does not exist.
Now we show that for n € Ny, A, (r) — A\, as 7 — oo. For 7 € {«, 3} and t € [a, b] define

er(t) = cosT (p2))(t) —sinT (Pzb)(t), dr(t) = cosT z1(t) — sinT zy(t).
The BC (4.17) becomes

(4.20) Za(a)z(a) — da(a)(pz')(a) =0, &(b)z(b) — dg(b)(pz')(b) = 05
and BC (4.19) becomes
(4.21) Calar)z(ar) — da(ar)(ﬁzl)(ar) =0, &3(b)z(br) — dﬁ(br’)(ﬁzl)(br) =0.

If BC (4.20) is not in the jump set J, then the conclusion follows from Lemmas 4.1, 4.2 and Remark
4.1. Otherwise, we have that d(a)dg(b) = 0. Without loss of generality assume dy(a) = 0. Then

do(ar) # 0 for r € (r*,00). Hence for r € (r*, 00)

dNa(ar)éa(ar) = Ja(ar)(ﬁ‘i;)(ar) >0

since p > 0 a.e. on J. This, together with Lemmas 4.1, 4.2 and Remark 4.1, implies that the BC
(4.21) for r € (r*,00) is on the continuous side of BC (4.20).

(ii) Consider the case where (2.2) is the coupled BC (2.5), i.e., [A|B] = [ K| — I]. In this case,
BC (4.19) becomes [¢" K (a,,b,)| — I], where

= ki1 ]2’12>

K(t,s)=| - ~ t,s

o= (712 ) )
and

kn(t,s) = (—22,21)(s) K < P > (1), kialt,s) = (—22,21)(s)K < - ) (t),

P2y —22
far(t.9) = (b ) ( 22 ) 0, Fatts) = g0 (22 ) 0

We claim that there are at most a finite number of values of 7 in (0, 00) such that kia(a,,b,) = 0.
If not, there exists an increasing sequence r, — oo such that l%lg(am,brn) =0, an, — a € N,
and b, — b’ € Ny. By continuity, ki2(a’,b') = 0. Hence ki1 (a’, b )kaa(a’,b') > 0 since K(a',V) €
SLy(R). By continuity, there exist a neighborhood Ny of @’ in NV, and a neighborhood Ny of b’ in
N} such that

(4.22) k11(t, s)koa(t,s) >0 forall t € Ny and s € Ny
On the other hand, for a fixed s € Ny, /;12(', s) is a solution of (4.9) with A = A, on N, and for

a fixed t € Ny, kia(t,-) is a solution of (4.9) with A = X, on Aj. Therefore, ﬁ(t)%lzzlg(t,s) and
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ﬁ(s)glz;lg(t, s) exist and are continuous for all t € N, and s € N,,. Similarly, k11 (¢, s) and koa(t, s)
s
are continuous for all t € N, and s € N}. Furthermore, for t € N, and s € N,
N - 0 - -
(4.23) p(t)ak‘lz(tas) = —ku1(t,s) and P(S)ak’u(@ 5) = kaa(t, s).
Thus, (4.22) implies that

[ﬁ(t)%lzzlg(t, s)] [ﬁ(s)%/;;lg(t, s)} <0 forallte Ny and s € Ny.

Choose n sufficiently large such that a,, € Ny and b,,, € Ny. Then
0 = kia(d,V) = kia(ap,,br,)
= [ki2(a', V) = kaa(ap, . V)] + [kiz(ar, . V) = kia(ar,  br,)]

allwsal%tb’dt b,1~8l?: ds # 0
= [ s g e [ o [0 bt s £
since (a’ — ay, ) (' — by,,) < 0. Thus we reach a contradiction.

This claim implies that there exists an r* € (0,00) such that the BC given in (4.19) is never in
J for all r € (r*,00). By Lemmas 4.1, 4.2 and Remark 4.1, for each n € Ng, A\, (r) for r € (r*,00)
constitute a continuous eigenvalue branch. jFrom the fact that y; has the same sign as z; for
i =1,2, it is easy to see that there are at most a finite number of values of r in (0,00) such that
(3.9) holds, and 7* can be chosen to be the largest such value, or 0 if such an r does not exist.

Now we show that for n € Ng, Ay(r) — Ap as 7 — oo. If the BC [¢" K (a,b)| — I] is not in the
jump set J, then the conclusion follows from Lemmas 4.1, 4.2 and Remark 4.1. Otherwise, we
have k12(a,b) = 0. By the above argument, (4.23) and (4.22) hold. Without loss of generality we
may assume k11 (t,s) > 0 and kg (t,s) > 0 for t € N/ and s € NV]. From (4.23) we see that

n ™

%/;312(15, 8) <0 and %/;312(15, 8) >0
a.e. for t € N and s € N]. Consequently, k12(t,s) < 0 for t € N and s € Nj. This, together with
Lemmas 4.1, 4.2 and Remark 4.1, implies that the BC [ K (a,,b,)| — I] for r € (r*,00) is on the
continuous side of the BC [e? K (a,b)| — I] and hence completes the proof. B

Proof of Theorem 3.2: The existence of continuous eigenvalue branches follows from Lemma 3.1.
Note that the continuous eigenvalue branches passing through an eigenvalue A of SLP (3.1), (3.2)
with r € (0,00) may not be unique. From the latter part of this proof we can see that the set
of r such that BC (3.2) is in J is a discrete set. Hence by Lemmas 4.1, 4.2 and Remark 4.1, for
any | € (0,00) and any eigenvalue A of SLP (3.1), (3.2) with » = [, we can define a continuous
eigenvalue branch A, (r) passing through this A such that the index 7(r) : (r*, 00) — Ny for some
r* € [0,00) satisfies that A is the n(1)-th eigenvalue of (3.1), (3.2) with » = [, n(r) is continuous at
an r if BC (3.2) with this r is outside of J and has a jump discontinuity consistent with the index
change in Lemma 4.2 if (3.2) is in J. We call such continuous eigenvalue branches the natural
continuous eigenvalue branches. Clearly, any eigenvalue of (3.1), (3.2) is contained in one of the
natural continuous eigenvalue branches, and any two natural continuous eigenvalue branches do
not cross each other. It is also easy to see that for each n € Z, there exists a natural continuous
eigenvalue branch A;(,y(r) to A,. For otherwise, there exist n. € Z and r. € (0, 00) such that some
eigenvalues on the continuous eigenvalue branch to A, for r € (r,, 00) do not belong to any natural
continuous eigenvalue branch, which is impossible. We note that a, € N, and b, € N, for r > r,,.

(I) For the separated BC case, (3.2) becomes (3.4) where ¢, (t) and d,(t), 7 = «, 3, are given by
(3.5). We observe that d.(t) is a nontrivial solution of (2.1) in N, for A = A\, and (pd,,)(t) = ca(t),
and the same for dg(t) and cg(t).
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Assume a is O and b is NO. Then we can choose r, sufficiently large such that dg(t) # 0 on
(b, ,b). Hence for r =1 > r,, BC (3.4) is in J if and only if

do(a;) = —cosa yi(a;) + sina ya(a;) = 0.
In this case, (pd,)(a;) # 0, and hence for ¢ a.e. in a neighborhood of a;

>0 for t > q;

da(t)Ca(t) = da(t)(pd/a)(t) <0 fort< q

since p > 0 a.e. on J. This, together with (4.4) in Lemma 4.2 and Remark 4.1, implies that n(r)
has a 1-jump at r = [ and is continuous from the left at » = [. Since d,(t) is oscillatory at a,
do(ar) = 0 for a sequence r = [, k € N. Therefore, n(r) — oo.

The conclusion for the case that bis O and a is NO follows from (4.3) in Lemma 4.2, and the
conclusion for the case that a and b are both O follows from (4.5) in Lemma 4.2. We omit the
details.

(IT) For the coupled BC case, (3.2) becomes (3.6) where

o _ ];511 ];712
K(arabr) - ( 12:21 ];22 > (arabr)

is given by (3.7). Here for any r € (0,00), K(ar,b,) € SL2(R), and

ki (ap, by) = (=y2,51) (b)) K < zzi > (ar),

ki2(ar, by) = (_y2ay1)(br)K< e > (ar),

—Y2

~ !
ko1 (ar, br) = (—pys, py1)(br) K ( ﬁz} ) (ar),
2

fea(orotr) = ) 00K (20 (an)

For fixed b,, Elg(t,br) is a nontrivial solution of (2.1) in N, for A = )\,, and pl;:’lz(t,br) =
—/~<;11(t,br). Similarly, for fixed a,, lélg(ar,t) is a nontrivial solution of (2.1) in N} for A = )y, and
pkig(ar, t) = koo (ay, t). )

Note that BC (3.6) is in J for some r = [ if and only if ki2(a;,b;) = 0, i.e., (3.13) holds. In
this case, k11 (az, b)kaz(az,by) > 0 since K (a;, b)) € SLy(R). Without loss of generality we assume
k11(ag, by) > 0 and kgg(ag, by) > 0. Hence

(4.24) (pE4o) (t, b)) |i=ay < 0 and (pkio)(ar,t)]e=p, >0 for (a;,b;) C (a,b).

This implies that lélg(ar,br) <0asr — [— and lélg(ar,br) > 0 as r — [4. Thus, BC (3.7) is in
F_ asr — l— and in F; as r — [+, where F_ and F, are defined as in Lemma 4.2. By Lemma
4.2, (iii) and Remark 4.1, n(r) has a 1-jump at » = [ and is continuous from the left at r = [.
Since either l%lg(t, b,) is oscillatory at a or l%lg(ar, t) is oscillatory at b, /%12(6%, b,) = 0 for a sequence
r = l, k € N. Therefore, n(r) — oo. 1

2. The case when p changes sign

The following are analogues of Lemmas 4.1, 4.2 and Remark 4.1 for the case where p changes
sign, see Theorem 3.10 in [5].

Lemma 4.5. Assume p changes sign on J and a < o’ <V < b. For fited BC[A|B] € B andn € Z,
the n-th eigenvalue \,, of SLP (4.1), (4.2) depends continuously on a’ and on /', respectively.
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Lemma 4.6. Assume p changes sign on J.

(i) For fized ',V € (a,b) and n € Z, the n-th eigenvalue \,, of SLP (4.1), (4.2) as a function of
the BC [A|B] in B is continuous at each point of B\ J .

(it) For the separated BC' S, 3 and n € Z, A\p(Sqa,p) is continuous for (o, 3) € [0,m) x (0,7],
strictly decreasing in « and strictly increasing in (3. Moreover, for each o € [0, )

li )\n Sa = )\n— Somr ’
S An(Sas) 1(Sa,r)

for each (B € (0, 7]
lim A, (Sa,8) = M-1(S0,3),

and
lim A, (Sa,8) = A—2(So,x)-

(iii) For the coupled BC [e® K| — I], let F_ and Fy be given by (4.6) and (4.7), respectively.
Then for each n € Z, Ay, is continuous on J whenever A\, = A\py1 and discontinuous at any other
points of J. Moreover, the restriction of A, to F_ is continuous, and for any A € J

F+1911§1_)A An(B) = A —1(A).
Remark 4.2. For the case when p changes sign on J, it has been further proved in [5] that for
n € Ny, the n-th eigenvalue A, = \,(a/, ', [A|B]) of SLP (4.1), (4.2) as a function of the endpoints
a',b/ € (a,b) and the BC [A|B] € B is continuous whenever [A|B] € B\ J; and the continuous
and discontinuous behavior of \,(a’,b',[A|B]) at a point where [A|B] € J is exactly the same
as characterized in Lemma 4.6, no matter how a’,b’ change near this point. Therefore, the jump
discontinuity is solely determined by the BC.

Proof of Theorem 3.3: The existence of continuous eigenvalue branches follows from Lemma 3.1.
Let r* € [0,00) be such that p changes sign on [a,+,by«]. Then each such branch A(r) exists on
(r*,00) since otherwise, there is an r, € (r*,00) such that the spectrum of SLP (3.1), (3.2) with
r = r, is either bounded below or bounded above, contradicting Proposition 3.2. Similar to the
proof of Theorem 3.2, by Lemmas 4.5, 4.6 and Remark 4.2, for each n € Z, we can choose a
continuous branch Aj(,(r) to A, such that the index 7 : (r*,00) — Ny is continuous at r = [ if the
BC (3.2) with r = [ is outside J and has a jump discontinuity consistent with the index change in
Lemma 4.6 if (3.2) is in J. Note that a, € N, and b, € N, for r > r*.

The rest of the proof is similar to, though much more complicated than, that of Theorem 3.2. For
simplicity, we only present the proof for case (II) under the assumption that a;,b; ¢ T whenever
(3.13) holds. In this case, 12111((11, bl)lzrgg(al, b)) > 0 since K(al, b)) € SLy(R). Without loss of
generality we assume k11 (az,b;) > 0 and kog(ag, b;) > 0. Hence (4.24) holds. From the assumptions,
there are three possibilities for the signs of p on a neighborhood N, of a; and on a neighborhood
Nbl of bl:

(i) p>0ae. on N, and on N,
(ii) p <0 a.e. on Ny, and on Ny,

(iii) p has different signs a.e. on N, and on Nj,.

For case (i), we can show that BC (3.6) is in F_ as r — [— and in F} as r — [4+. By Lemma 4.6,
(iii) and Remark 4.2, n(r) has a 1-jump at » = [ and is continuous from the left at r = [.

For case (i), (4.24) implies that ki2(ar,b,) > 0 as 7 — I— and kia(a,,b,) < 0 as r — [+. Thus,
BC (3.6) is in F4 as r — [— and in F_ as r — [+. By Lemma 4.6, (iii) and Remark 4.2, n(r) has
a (—1)-jump at r = [ and is continuous from the right at r = [.

For case (iii), (4.24) implies that either ki2(a,,b,) < 0 or kia(ay,b,.) > 0 as r — [ from both sides
of [ and r # [. For the former, n(r) is in F_ as r — [. By Lemma 4.6, (iii) and Remark 4.2, n(r)
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has a O0-jump at = [ and is continuous at r = [. For the latter, n(r) is in F4 as r — [ and r # [.
By Lemma 4.6, (iii) and Remark 4.2,

limn(r) = n(l) — 1.

r—l

This means that n(r) has a 0-jump and is continuous from neither side of r = 1. I

Acknowledgment. We thank our colleagues Eric Behr and William Blair for helpful discussions
which led to improvements in the format and content of this paper.

This work is supported in part by the National Science Foundation through the grant DMS-
9973108.

REFERENCES

[1] P. B. Bailey, W. N. Everitt, J. Weidmann and A. Zettl, Regular approximations of singular Sturm-Liouville
problems, Results in Mathematics, 23(1993), 3-22.

[2] P. B. Bailey, W. N. Everitt and A. Zettl, Computing eigenvalues of singular Sturm-Liouville problems, Results in
Mathematics, 20(1991), 391-423.

[3] P. B. Bailey, W. N. Everitt and A. Zettl, The SLEIGN2 Sturm-Liouville code, ACM TOMS, ACM Trans. Math.
Software, 21(2001), 143-192.

[4] P. Binding and H. Volkmer, Oscillation theory for Sturm-Liouville problems with indefinite coefficients, Proc.
Roy. Soc. Edinburgh Sect. A, 131(2001), 989-1002.

[5] X. Cao, Q. Kong, H. Wu, and A. Zettl, Sturm-Liouville problems whose leading coefficient function changes sign,
Canadian J. Math, 55(2003), 724-749.

[6] D.E. Edmunds and W.D. Evans, Spectral theory and differential operators, Oxford University Press, 1987.

[7] M. S. P. Eastham, Q. Kong, H. Wu and A. Zettl, Inequalities among eigenvalues of Sturm-Liouville problems, J.
Inequalities and Appl., 3(1999), 25-43.

[8] W. N. Everitt, M. Marletta and A. Zettl, Inequalities and Eigenvalues of Sturm-Liouville Problems Near a Singular
Boundary, J. Inequalities and Appl., 6(2001), 405-413.

[9] W. N. Everitt, M. Moller and A. Zettl, Discontinuous dependence of the n-th Sturm-Liouville eigenvalue, Inter-
national Series of Numerical Mathematics, 123(1997), Birkhduser Verlag Basel. 145-150.

[10] W. N. Everitt, M. Moller and A. Zettl, Sturm-Liouville problems and discontinuous eigenvalues, Proc. Roy. Soc.
Edinburgh Sect A, 129(1999), 707-716.

[11] W. N. Everitt, G. Nasri-Roudsari, Sturm-Liouville problems with coupled boundary conditions and Lagrange
interpolation series : II. Rendiconti di Matematica, Roma (7) 20 (2000), 199-238.

[12] W. N. Everitt, C. Shubin, G. Stolz and A. Zettl, Sturm-Liouville problems with an infinite number of interior
singularities. Spectral Theory and Computational Methods of Sturm-Liouville problems, ed. D. Hinton and P. W.
Schaefer, Lecture notes in Pure and Applied Math., 191(1997), Dekker. 211-249.

13] P.R. Halmos, Finite dimensional vector spaces, Van Nostrand, New Jersey, 1958.

4] R.A. Horn and C.R. Johnson, Matriz Analysis, Cambridge University Press, 1985.

5] T. Kato, Perturbation theory for linear operators. Springer Verlag, Heidelberg, 1980.

6] Q. Kong, H. Wu and A. Zettl, Dependence of eigenvalues on the problem, Math. Nachr., 188(1997), 173-201.

7] Q. Kong, H. Wu and A. Zettl, Dependence of the n-th Sturm-Liouville eigenvalue on the problem, J. Differential
Equations, 156(1999), 328-354.

[18] Q. Kong, H. Wu and A. Zettl, Inequalities among of singular Sturm-Liouville problems, Dynamic Systems and
Applications, 8(1999), 517-531.

[19] Q. Kong, H. Wu and A. Zettl, Geometric aspects of Sturm-Liouville problems, I. Structure on spaces of boundary
conditions, Proc. Roy. Soc. Edinburgh Sect A, 130(2000), 561-589.

[20] Q. Kong, H. Wu and A. Zettl, Multiplicity of Sturm-Liouville eigenvalues, preprint.

[21] M. Moller, On the unboundedness below of the Sturm-Liouville operator, Proc. Roy. Soc. Edinburgh Sect. A,
129(1999), 1011-1015.

[22] M. A. Naimark, Linear Differential Operators, Ungar, New York, 1968.

[23] H.-D. Niessen and A. Zettl, Singular Sturm-Liouville Problems: The Friedrichs extension and comparison of
eigenvalues, Proc. London Math. Soc., 64(1992), 545-578.

[24] J. Weidmann, Spectral Theory of Ordinary Differential Operators, Lecture Notes in Mathematics 1258, Springer
Verlag, Berlin, 1987.

[25] A. Zettl, Sturm-Liouville problems, Spectral Theory and Computational Methods of Sturm-Liouville problems,
ed. D. Hinton and P. W. Schaefer, Lecture notes in Pure and Applied Math., 191(1997), Dekker. 1-104.

[

1
1
1
1



LIMIT CIRCLE STURM-LIOUVILLE PROBLEMS

L. Kong, Q. Kong, H. Wu and Anton Zettl,
Mathematics Department, Northern Illinois University, DeKalb, Illinois, USA
Eingegangen am 29 September 2003.

19



