Geometric Aspects of Sturm-Liouville Problems

[. Structures on Spaces of Boundary Conditions
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Abstract. We consider some geometric aspects of regular Sturm-Liouville
problems. First, we clarify a natural geometric structure on the space of boundary
conditions. This structure is the base for studying the dependence of Sturm-Liouville
eigenvalues on the boundary condition, and reveals many new properties of these
eigenvalues. In particular, the eigenvalues for separated boundary conditions and
those for coupled boundary conditions, or the eigenvalues for self-adjoint boundary
conditions and those for non-self-adjoint boundary conditions, are closely related un-
der this structure. Then, we give complete characterizations of several subsets of
boundary conditions such as the set of self-adjoint boundary conditions that have
a given real number as an eigenvalue, and determine their shapes. The shapes are
shown to be independent of the differential equation in question. Moreover, we in-
vestigate the differentiability of continuous eigenvalue branches under this structure,
and discuss the relationships between the algebraic and geometric multiplicities of

an eigenvalue.

§1. Introduction

A regular Sturm-Liouville problem (SLP) consists of an ordinary differential equation

of the form

(1.1) —(py') + qy = Awy on (a,b)

and a complex boundary condition (BC), i.e.,
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(py')(a) | _
(1.2) (arsy [ A ] =0

(py")(b)
where

—o00<a<b< oo, 1/p, ¢, w € L((a,b),R),

(1.3)
w # 0 a.e.on (a,b), (A|B) € M3,.,(C),

and A\ € C is the so called spectral parameter. Here L'((a,b),R) denotes the space of
Lebesgue integrable real functions on (a,b), while M3, ,(C) stands for the set of 2 by 4
matrices over C with rank 2. Each value of A for which the equation (1.1) has a non-trivial
solution satisfying the BC (1.2) is called an eigenvalue of the SLP consisting of (1.1) and
(1.2) and such a solution is called an eigenfunction for this eigenvalue.

In this series of papers, we want to address some geometric aspects in the study of
SLP’s and their applications. These investigations may serve as the beginning of interplay
between differential geometry and SLP’s. A few observations made from the geometric
point of view are quite new, and we believe that they will be proven important.

In this paper, we first clarify a natural geometric structure on the space of complex
BC’s and on the space of real BC’s, i.e., the Grassmann manifold structure. Under this
structure, the separated BC’s and the coupled ones, or the self-adjoint BC’s and the non-
self-adjoint ones, are mutually related, which makes it possible to obtain information about
SLP’s with BC’s of one type from information about SLP’s with BC’s of the other type.
For example, from the simplicity of the eigenvalues for separated real BC’s one deduces the
simplicity of the eigenvalues in an arbitrary bounded domain in C for any BC sufficiently
close to a separated real one. This geometric structure plays an important role in the
complete characterization [6] of the discontinuity of the n-th eigenvalue and a new proof
[4] of the inequalities among eigenvalues established recently in [2]. More applications of
similar flavor will be given in subsequent papers.

Then, we characterize the following subsets of BC’s: the set of complex BC’s that have
a given complex number A as an eigenvalue of geometric multiplicity 2, the set of complex
BC’s that have A\ as an eigenvalue, the set of real BC’s that have a given real number A as
an eigenvalue, the set of self-adjoint complex BC’s that have A as an eigenvalue and the
set of self-adjoint real BC’s that have A as an eigenvalue. It turns out that the first set

consists of a single coupled BC. This BC varies as A changes to form a complex curve in
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the space of complex BC’s. The part of this curve corresponding to the real \’s is called
the real characteristic curve of the SLP. Using the real characteristic curve, it is proved
that when p,w > 0 a.e.on (a,b), the eigenvalues for the separated real BC’s determine
the eigenvalues for any complex boundary condition. We also figure out the shapes of the
other sets. It is proved that the shapes do not depend on the concrete differential equation
in question. For example, the set of self-adjoint real BC’s that have a real number X as
an eigenvalue is always diffeomorphic to the 2-sphere with two points glued together. The
reason for this phenomenon is the following: these sets are always images under natural
Lie group actions of some sets that are universal to all the regular SLP’s. More geometric
information about these sets and its applications will appear in later papers.

In [ 7], Kong and Zettl proved the continuous differentiability (with respect to the BC)
of certain continuous eigenvalue branches and obtained formulas for their differentials in
several cases. The third purpose of this paper is to prove the analyticity of any continuous
simple eigenvalue branch under the manifold structure. Our proof is both elementary and
very short. Moreover, the main idea in our proof is used to show that when w > 0 a.e.on
(a,b), the algebraic and geometric multiplicities of an eigenvalue for a separated real BC
are equal. This result and a theorem in [2] together imply that when w > 0 a.e. on (a,b),
the algebraic and geometric multiplicities of an eigenvalue for an arbitrary self-adjoint BC
are always equal. We also give an example to demonstrate that in general, the algebraic

and geometric multiplicities of an eigenvalue are not equal.

§2. Notation and Prerequisite Results

By a solution to (1.1) we mean a function y on (a, b) such that y and py’ are absolutely
continuous on all compact subintervals of (a, b) and satisfy (1.1) a.e.. The second condition
in (1.3) guarantees that for any solution y to (1.1), y and py’ are absolutely continuous on
the interval (a,b), hence, one can define y(a), (py’)(a), y(b) and (py’)(b) via appropriate
limits. Thus, the BC (1.2) is always well defined. From now on, we will denote py’ by y!!
for any solution y to (1.1).

For each A € C, let ¢11(-, A) and ¢12(+, A) be the solutions to (1.1) determined by the

initial conditions

(2.1) d11(a,N) =1, ¢ (@, X)) =0, G1a(a,N) =0, ¢li(a,)) = 1.



Then any solution to (1.1) is a linear combination of ¢11(-, A) and ¢12(-, A). We will denote

o and ¢l by ¢a1 and ¢ag, respectively. Set

(2.2) B(t,\) = (ﬁ;iﬁi ig ZZEZ i;) teabl, AeC.

Then ®(¢, \) satisfies the matrix form of (1.1), i.e.,

(2.3) (¢, \) = (q(t) _OAw(t) 1/78(”) B(t,\),

and ®(a, A) = I. It is known [9] that for each ¢ € [a, b], (¢, A) is an entire matrix function
of A\. Moreover, ®(t, A) € SL(2,R) for ¢ € [a,b] and A € R. The following result says that
® (b, \) determines the eigenvalues of the SLP.

Lemma 2.1. A number A\ € C is an eigenvalue of the Sturm-Liouville problem consisting
of (1.1) and (1.2) if and only if

(2.4) A(N) =: det(A + BO(b,\)) = 0.

Therefore, either all the complex numbers are eigenvalues or the eigenvalues are isolated

and do not have an accumulation point in C.

We will call the function A the characteristic function of the SLP. The algebraic
multiplicity (or just multiplicity) of an isolated eigenvalue is the order of the eigenvalue as
a zero of A. An eigenvalue is said to be simple if it has multiplicity 1, while the eigenvalues
of multiplicity 2 are called double eigenvalues. When we count the (isolated) eigenvalues in
a domain in C of an SLP, their multiplicities will be taken into account. The linear space
spanned by the eigenfunctions for an eigenvalue is called the eigenspace for the eigenvalue.
The geometric multiplicity of an eigenvalue is defined to be the dimension of its eigenspace,
which is either 1 or 2. The relation between the two multiplicities of an eigenvalue will
be discussed in Section 5. The following result is a slight generalization of Theorem 3.1 in
[7] or Theorem 3.2 in [5] applied to the variation of the BC in an SLP only. It requires
a norm || - || on the space Mayo(C) of 2 by 2 matrices over C and can be proved using
Rouché’s Theorem [1].

Theorem 2.2. Let N C C be a bounded open set such that its boundary does not contain
any eigenvalue of the Sturm-Liouville problem consisting of (1.1) and (1.2), and n > 0
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the number of eigenvalues in N of the problem. Then there exists a 6 > 0 such that the

Sturm-Liouville problem consisting of (1.1) and an arbitrary boundary condition

e

yla _

(2.5) (C| D) y () =0
yt(b)

satisfying

(2.6) |A=C||+||B—Dl|| <4§

also has exactly n eigenvalues in N .

The following formula has appeared in [2] and can be verified directly using the
ordinary differential equation about 9y ®(¢, \) derived from (2.3) and the initial condition
8,\<I>(a, )\) =0.

e et =00 (00 i)
where

O./ll(t, )\) = / ¢11(8, )\)qbu(s, )\)w(s) dS,
(2.8) a2(t, \) = / ?11(8, A)p12(s, Mw(s) ds,

ana(t, ) = / B12(5, N bra (s, u(s) ds.

The reality of p, ¢ in (1.1) and ®(b, ) for A\ € R implies the following result.

Lemma 2.3. The non-real eigenvalues for a real boundary condition appear in conjugate

pairs. Each such pair share the same multiplicity and the same geometric multiplicity.

B(C’s that can be written into the form

a1 a2 0 0 yll
2.9
(29) ( 0 0 b 522) y(



are called separated ones. Any eigenvalue for a separated BC has geometric multiplicity
1. A BC that is not separated and not one of the degenerated BC’s (actually the trivial

initial conditions)

(2.10) y(a) =0 =yl (a)
and
(2.11) y(b) =0 =y (b)

is called a coupled one. Note that there is no eigenvalue for each of the degenerated BC’s.
The BC (1.2) is said to be self-adjoint if

0 1 . 0 1 «
012 A% Naren (O o
where A* is the complex conjugate transpose of A. The following result is well-known, see
[9] or [2].

Theorem 2.4. Assume that p,w > 0 a.e.on (a,b) and the boundary condition (1.2) is
self-adjoint. Then the Sturm-Liouville problem consisting of (1.1) and (1.2) has an infinite

number of eigenvalues, and they are real and bounded from below.

By Lemma 2.1 and Theorem 2.4, when p,w > 0 a.e.on (a,b) and the BC (1.2) is

self-adjoint, the eigenvalues for (1.2) can be ordered to form a non-decreasing sequence
(213) /\07 )‘17 )\27 )‘37

approaching +oo so that the number of times an eigenvalue appears in the sequence is
equal to its multiplicity. Therefore, for each n € Ny, A, is a function on the space of SLP’s
with positive leading coefficient and positive weight.

When w > 0 a.e.on (a,b), the eigenvalues for a self-adjoint BC are always real.

Moreover, we have the following result due to Moller [8].

Theorem 2.5. Assume that w > 0 a.e.on (a,b), p changes sign on (a,b), i.e., both
{t € (a,b); p(t) > 0} and {t € (a,b); p(t) < 0} have positive Lebesque measures, and
the boundary condition (1.2) is self-adjoint. Then the eigenvalues of the Sturm-Liouville
problem consisting of (1.1) and (1.2) are neither bounded from below nor bounded from

above.



Throughout this paper, a capital English letter other than Y stands for a 2 by 2
matrix, while the entrices of the matrix are denoted by the corresponding lower case letter

with two indices.

63. Spaces of Boundary Conditions

In this section, we discuss a natural geometric structure on spaces of BC’s, give the
general continuous dependence of eigenvalues on BC under this geometric structure, and
then present some actions of Lie groups on spaces of BC’s.

As mentioned in the introduction, a complex BC is just a system of two linearly inde-
pendent homogeneous equations on y(a), y™(a), y(b) and y!(b) with complex coefficients,

ie.,

(3.1) (A|B) (§E23> =0

with (A | B) € M3, ,(C). Here we have used the notation

(3.2) V() = (y%(}t()t)) L telabl.

Two systems

(3.3) (A]B)(Y(b)):o and (C\D)(};((Z)))zo

represent the same complex BC if and only if there exists a matrix T € GL(2, C) such that
(3.4) (C|D)=(TA|TB).

Thus, the space B¢ of complex BC’s is just the quotient space

(3.5) GL(2, @)\M§x4(C).

The complex BC represented by the system (3.1) will be denoted by [A | B]. For example,
in this notation, the two degenerated BC’s (2.10) and (2.11) can be written as [/ |0] and
[0] — I], respectively. Usual bold faced capital English letters will also be used to denote
BC’s. We give the space May4(C) of 2 by 4 complex matrices the usual topology on C8,

7



then M3, ,(C) is an open subset of Mayx4(C). In this way, B inherits a topology, the
quotient topology.

Theorem 3.1. The space B¢ of complex boundary conditions is a connected and compact

complex manifold of complex dimension 4.

ProoF. BC is also the space of complex 2-planes in C* through the origin, so, it is the

well-known Grassmann manifold Go(C*) (see, for example, [3]). B

For use in the sequel, here we mention that B¢ has the following canonical atlas of

local coordinate systems:

Q
=
I

0 b b
1 H 12 ; b11,b12,021,b22 € C &,

1

0

1 a2 0 bo]
0 azp -1 b22_
. :
0

Q
Nh
Il

; 12,022,b12,b20 € C

b 0

12 H ; @12,022,b11,b21 € C ¢,
b21 —1_

-CL11 1 0 b12- }

C

(3.6)

Q
~0
Il

2 a1y, 091, b10,bae € C
a1 0 —1 by’ 11, @21, b12, 022

a 1 0 0 ]
a; 0 bi _1_?“117@21761171)216@

Q
e
I

aj;p a2 -1 0
1|3 @11,012,021,022 € )

S
wa
I
— N N
S
)
N

the so called canonical coordinate systems on BC.

RemARK 3.2. Note that B\ {[I]0],[0| — I]} is not compact. This is the reason for
including [I'|0] and [0] — I] in BE€.

Similarly, the space B¥ of real BC’s is just GL(Q,R)\MSX‘*(R)» and we have the fol-

lowing result.

Theorem 3.3. The space B* of real boundary conditions is a connected and compact

analytic manifold of dimension 4.

REMARK 3.4. Geometrically, B is also the space of 2-planes in R* through the origin,
i.e., the Grassmann manifold Go(R*). Tt has a canonical atlas {O}; 1 < j < 6} of local
coordinate systems, the so called canonical coordinate systems on B, whose definition is

obtained from (3.6) by replacing C by R.



Under the Grassmann manifold structure on B* and B¥, the coupled BC’s are naturally
related to the degenerated BC’s and the separated BC’s. Using the canonical coordinate
systems on B¢ and B, it is easy to determine how close to each other any two given BC’s
are. Moreover, by applying Theorem 2.2 to each of Of, OS, ---, Of, one deduces the

following general version of the continuous dependence of eigenvalues on BC.

Theorem 3.5. Let N' C C be a bounded open set whose boundary does not contain any
eigenvalue of the Sturm-Liouville problem consisting of (1.1) and (1.2), and n > 0 the
number of the problem’s eigenvalues in N'. Then there exists a neighborhood O of the
boundary condition (1.2) in B® such that the Sturm-Liouville problem consisting of (1.1)

and an arbitrary boundary condition in O also has exactly n eigenvalues in N.

REMARK 3.6. Theorem 3.5 implies that if A, is a simple eigenvalue for a BC A € BF,
then there is a continuous function A : O — C defined on a connected neighborhood O of
A in B€ such that

i) A(A) = Ay

ii) for any X € O, A(X) is a simple eigenvalue for X.
Any two such functions agree on the common part (still a neighborhood of A in B®) of
their domains. So, by the continuous simple eigenvalue branch through A, we will mean
any such function. In general, by a continuous eigenvalue branch we mean a continuous
function A : © — C defined on a connected open set @ C B° such that for each A € O,
A(A) is an eigenvalue for A. The concept of continuous eigenvalue branch has appeared

in [7] and [5].

REMARK 3.7. We may restrict our attention to the space B* of real BC’s. There is
a result for B® similar to Theorem 3.5. Moreover, the concepts of continuous eigenvalue

branch over B* and continuous simple eigenvalue branch over B¥ have their clear meanings.

The following result demonstrates the importance of the concept of continuous simple

eigenvalue branch in addition to implying existence of eigenvalues.

Theorem 3.8. The values of a continuous simple eigenvalue branch over B® are either

all real or all non-real.

Proor. Let A : O — C be a continuous simple eigenvalue branch over B¥. Assume that
A(A;) is real and A(Az) is non-real for some Ay, As € O. Consider a path s — A(s) € O,
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1 <s <2, from A; to A;. By the continuity of A, A(A(s)) is non-real for s sufficiently

close to 2. Without loss of generality, we can assume that A(A(s)) is non-real for any

s € (1,2]. Then, for each s € (1,2], both A(A(s)) and A(A(s)) are eigenvalues for A(s).

Since the continuity of A also implies that

(3.7) lim A(A(s)) = A(4)),  lim A(A(s)) = A(Ay),
the multiplicity of A(A;) is at least 2. This is impossible. |
The space B¢ of self-adjoint real BC’s consists of the separated real BC’s

a1 a2 0 0
(3:8) 0 0 Dbar bo

and the coupled real BC’s of the form [K | — I] with K € SL(2,R). Thus,

(3.9) B = {[A| B] € B¥; det A = det B}.

Theorem 3.9. The space B of self-adjoint real boundary conditions is a connected and

closed analytic 3-dimensional submanifold of B¥. Therefore, BS is also compact.

Proor. The open subset
(3.10) sNOg ={[K| —1I]; K € SL(2,R)}

of BY consists of the coupled BC’s in BY and is clearly analytic. The separated BC’s in

B% are the separated real ones:

(3.11) 1 ¢ 0 0 1 ¢ 0 O 01 0 O 01 0 O
) 0 0 —1 d|’ 0 00 —-1]° 0 0 —1 d|’ 0 0 0 —1}|"
where ¢, d € R, and have the neighborhoods

1 a 0 a
{{0 a;z 1 bjj];a12,a227522€R}=B§ﬂ(9§,

1 a —a 0
{[0 a;i b;Q _1}; a127a227521€R}: sN O3,

aipr 1 0 —ag |
{{%1 0 —1 b }’%17“21,52261&}

1 0
{[an 21 _1];a117621,b21€R}= EQOE

(3.12)
B& N Of,

az; 0 by
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in BY, respectively. These neighborhoods are analytic. So, BS is an analytic 3-dimensional
submanifold of B*.

Since SL(2,R) is connected and the separated BC’s in B can be connected, in the
neighborhoods given above, to the coupled ones in BE, BE is connected.

To see BY is closed, let {[A(n) | B(n )]}:z be a sequence in BE such that
(3.13) [A(n)| B(n)] — [C|D] € B

as n — +00. Then [C'| D] is in OF for some j, 1 < j <6, and [A(n) | B(n)] is also in Of

when n is sufficiently large. Thus, we can assume that as n — o0,

(3.14) (A(n) | B(n)) — (C'| D)
in May4(R). Thus, from det A(n) = det B(n) for each n we deduce det C = det D, i.e.,
[C'| D] € BS. This completes the proof. W

REMARK 3.10. B is a compactification of SL(2,R).

A complex BC [A]| B] is self-adjoint if and only if either [A| B] is real with det A =
det B or [A| B] = [¢" K| — I] with § € (0,7) and K € SL(2,R). Equivalently, a complex
BC is self-adjoint if and only if it can be written as [z1C' | ze D] for some complex numbers

21, z9 satisfying |z1| = |z2| > 0 and real matrices C, D satisfying det C' = det D.

Theorem 3.11. The space BS of self-adjoint complex boundary conditions is a connected,
closed and analytic real submanifold of B¢ and has dimension 4. Therefore, B is also

compact.

Proor. The coupled self-adjoint complex BC’s have the neighborhood
(3.15) {[e’K| —1]; 6 € [0,7), K € SL(2,R)} = BN Of

in Bg; the separated self-adjoint complex BC’s are listed in (3.11) and have the neighbor-
hoods

-1 a12 0 z .
_0 ~ 1 bQQ_,CLmER,ZGC,bQQER

{é a;Q b_z _01 ;algeR,Zec,meR}:BsﬂO
(3.16) { N }

aii

; a1l GR,ZGC,ngGR :Bsﬂ04,

= B5N Oy

o~ O
N}
[a)

ail i
|:Z b21 1 ,auER,zeC,bgleR
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in B, respectively. These neighborhoods are real analytic. Thus, B§ is an analytic real
submanifold of B¢ and has dimension 4.

Since each non-real self-adjoint BC can be connected, in the neighborhood given in
(3.15), to a self-adjoint real BC and the space B§ of self-adjoint real BC’s is connected,
BS is connected.

To see B is closed, let {[A,, | B,]}125 be a sequence in BS that converges to [A. | B.] €

BC. Without loss of generality, we can assume

(3.17) [A.| B, =1[I|C] € OF.

Then for sufficiently large n, [A, | B,] € Of, and hence

(3.18) [An | By] = [I e "D,

for some 6,, € [0,7) and D,, € SL(2,R). The convergence of {[A,, | B,]};> implies that
(3.19) e~ D, — C

in Mayw2(C) as n — +oo. So, {D,},2 is bounded in SL(2,R). Hence, by using sub-
sequences if necessary, we can assume that {ew"}:[iol converges in C, say to e+ with
0. € [0,7], and {D, };'> converges in SL(2,R), say to D,. Therefore,

(3.20) [A. | B.] =[I|e " D,] € BS.

This completes the proof. i

Note that BS is not a complex submanifold of B°. It is interesting to find out if Bf
has a complex structure compatible with its differential structure.

We will also use the concepts of continuous eigenvalue branch over Bf and continuous
eigenvalue branch over BE. Combining the reality of the eigenvalues for a self-adjoint BC

when w > 0 a.e.on (a,b) and Theorem 3.5 yields the following result.

Theorem 3.12. Assume that w > 0 a.e. on (a,b) and the boundary condition (1.2) is
self-adjoint. Let ri and ro, r1 < 1o, be any two real numbers such that none of them
is an eigenvalue of the Sturm-Liouville problem consisting of (1.1) and (1.2), and n >
0 the number of eigenvalues in the interval (r1,72) of the problem. Then there exists

a neighborhood O of the boundary condition (1.2) in B such that the Sturm-Liouville
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problem consisting of (1.1) and an arbitrary boundary condition in O also has exactly n

eigenvalues in (ry,rs).

REMARK 3.13. Assume that w > 0 a.e.on (a,b). Let A\, be an eigenvalue for a BC

A € B§ and n its multiplicity. Pick a small € > 0 such that A has only n eigenvalues in
the interval [A. — €, Ax + €]. Then, by Theorem 3.12, there is a connected neighborhood O
of A in BS such that each BC in O has only n eigenvalues in (A, — €, A« + €). Thus, there
are continuous functions Ay, ---, A, : O — C defined on O such that

i) A(A) = - = A (4) = Ao

i) A(X) < < Ap(X) for any X € O;

iii) for each X € O, A1(X), ---, A, (X) are eigenvalues for X.
We will see that n < 2 and when n = 2, these are actually different functions on O and

locally they are the only continuous eigenvalue branches over Bf through ., see Remark
5.7.

REMARK 3.14. There hold results for B“; similar to Theorem 3.12 and Remark 3.13.

For use in the sequel, we mention that the set 7 of all separated real BC’s can be

written as

a sina 0 0
(3.21) T:{[COS ) cos 3 Sinﬂ};aeR/(wz),ﬁGR/(wZ)}

and geometrically is a smooth torus (in BS, Bg, B* and B®). The diagonal circle in 7 will

always be denoted by C, i.e.,

cosa Sinq 0 0
= . R
(3.22) ¢ {[ 0 0 —Ccos & —sina] @€ /(WZ)}

To end this section, let us discuss some group actions on spaces of BC’s. Given

G H
(3.23) (K L) € GL(4,R),
where G, H, K, L € May2(R), the well-defined map
(3.24) [A|B] — [AG + BK | AH + BIL]

is a diffeomorphism of B* (onto itself). Thus, the group GL(4,R) acts on B® from the
right. In particular, the subgroup

(3.25) {(g 2) . G.Le SL(2,R)}
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of GL(4,R) actually acts on B as onto diffeomorphisms and also on 7 as onto diffeomor-

phisms. Moreover, for any G € GL(2,R), the action of

(3.26) diag(G, T) = (%; ?)

on B* leaves Of and 7 invariant; and for any ¥ € SL(2,R), the action of diag(V, I') on B%
leaves the open and dense subset BENO§ of BE invariant. When there is no confusion, the
image of a real BC [A | B] under the action of diag(G, I') will be abbreviated as [A | B]sG,
while the image of a subset S of B® will be written as S,G.

Similarly, the group GL(4,C) acts on B® from the right, the subgroup

(3.27) {diag(zG,H); 2 €C, |z| =1, G,H € SL(2,R) }

of GL(4, C) acts on B, and the notations [A | BlezG, SezG have their obvious meanings.
Note that from above, 7,G = 7 for any G € SL(2,R). Moreover, there holds the

following basic fact.
Proposition 3.15. If G and H are in SL(2,R), then CeG = Co H if and only if G = £H.

Proor. The fact is equivalent to the claim that if G is in SL(2,R), then CoG = C if and
only if G = +1I. The latter can be proved as follows: let G € SL(2,R), then C,G = C if
and only if

(3.28) (912 — g21) + (912 + g21) cos(2a) + (go2 — g11) sin(2a) = 0 on [0,7),

which together with G € SL(2,R) amount to G = +1. I

§4. Characteristic Curve and A-Surfaces

In this section, we will characterize the set of complex BC’s that have a complex
number A as an eigenvalue of geometric multiplicity 2, the set of complex BC’s that have
A as an eigenvalue, the set of real BC’s that have a real number \ as an eigenvalue, the set
of self-adjoint complex BC’s that have )\ as an eigenvalue and the set of self-adjoint real
BC’s that have \ as an eigenvalue. Some direct applications using these sets are presented.

We also give a first geometric description of each of these sets when it is not a point.
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Theorem 4.1. Let X be a complex number. Then among all the complex boundary condi-

tions, [®(b, )| — I] is the unique one that has A as an eigenvalue of geometric multiplicity

2.

Proor. A complex BC [A|B] has A as an eigenvalue of geometric multiplicity 2 if and

only if
(4.1) A= —B®(b,\),

which implies that [A| B] is not a separated complex BC and that det B # 0: if det B =0,
i.e., if the two rows of B are linearly dependent, then we can assume that the second row
of B is 0, and hence the second row of A is also 0, which is impossible. So, the only BC

that has A as an eigenvalue of geometric multiplicity 2 is the one [®(b,\)| — I]. N

Definition 4.2. We will call the complex curve
(4.2) A— [®(b,N)| — 1], AeC

in O C B the complex characteristic curve or characteristic surface for the equation (1.1)

and denote it by D€, while the analytic real curve
(4.3) A— [®(b,N) | — 1], AeR

in BENOg C B* will be called the real characteristic curve for the equation and given the

notation DR.

Theorem 4.1 implies that any complex BC not on D only has eigenvalues of geometric
multiplicity 1. Note that B¢ has complex dimension 4, while D® C B is just an analytic
subset of complex dimension 1. So, it is very rare for a complex BC to have an eigenvalue
of geometric multiplicity 2. Moreover, since Bg has dimension 4 (even B¢ has dimension
3) and D* C BY C BS is only a 1-dimensional analytic subset, it is also very rare for a
self-adjoint complex BC (even a self-adjoint real BC) to have an eigenvalue of geometric
multiplicity 2.

Next, we want to determine all the complex BC’s that have a fixed A\ € C as an

eigenvalue. Let EF be the set of these BC’s, i.e.,

(4.4) &y ={[A|B] € B; det(A+ B®(b,\)) =0}.
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Then, &} has its obvious meaning and when A € R,

EX =E%®(b,\) = {[AD(b,\)| B]; [A|B] € &¥}

(4.5)

= {[A| B®(b,\)7"]; [A] B] € %},
where
(4.6) " ={[A|B] € BY; det(A+ B) =0}.

Direct calculations yield

R J|&cosT+1 EsinT -1 0 | R
¢ _{{ ncost  msint+1 0 -1 ISUAS /(WZ)

U 1 0 &cosT—1 Esint | £,UGR,T€R/(72)
0 1 ncost msinT—1]" 1—E&cosT—nsinT =0
cosT sinT 0 0
. R
U{{ 0 0 —COST —sinf}’TE /(WZ)}
[ [&cosT+1 EsinT -1 0| fﬂ?ERaTER/(WZ)
N 7 COS T nsint+1 0 —1|" 1+ &cosT+nsinT =0

1 0 &cosT—1 EsinT _ R
U{{O 1 7 COS T 77sim7‘—1}’£’776]R’TG /(WZ)}

U cosT sinT 0 0 'TGR/
0 0 —cosT —sinT |’ (7Z) [ -

Similarly, for A € C,
@3 EL = ED(b,\) = {[AD(b,\) | B]; [A| B] € £}
' = {[A| Bo(b,\)"']; [A|B] € £°},

where
E°={[A|B] € B%; det(A+ B) =0}

Z+1 z _1 O
:{Fézl niil 0 _1135’776C,(2’1,22)6CP1}

g 1 0 -1 €20 | &EneC, (21,2) € CP!
01 mzr npz2—1]" 1-€1-nn=0

Z1 22 0 0 |. 1
(49) U{|:0 0 —2 _2,2:| ’ (21732) e Cp }

& +1 €29 -1 0] ¢&neC, (21,22)€CP!
N nz1 nz+1 0 =1’ 1+&21+n22=0

1 0 &z -1 €29 _ )
U{[O Lz ?722—1}’5’77667@1’22)6(@?)}

21 9 0 0 . 1
UHO 0 —z —zz}’(zl’zz)ECP}’
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CP! = (CQ)*/N with (C?)* = C2\ {(0,0)} and the equivalence relation ~ being defined as
follows: (z1,22) ~ (z3, 24) if (21, 22) = k(z3, 24) for some k € C. Therefore, we have proven

the following result.

Theorem 4.3. i) The characteristic surface determines all the eigenvalues for each com-
plex boundary condition in the explicit manner given in (4.8) and (4.9); the real charac-
teristic surface determines all the real eigenvalues for each real boundary condition in the
explicit manner given in (4.5)—(4.7).

ii) Each E5 is the image of EC under a diffeomorphism of B® given by a Lie group

action, which sends E® to the corresponding EX when X is real.

REMARK 4.4. From the point of view of differential topology, the subsets £5, A € C,
of B® are the same as £, and the subsets £, A € R, of B* are the same as EF. This means
that the shapes of the sets £§ and £5 do not depend on the actual differential equation in

question.

REMARK 4.5. The subsets EF, A € R, of B¥ and €5, A € C, of B® are solely determined
by ®(b,\), and no more information about the equation is needed. Moreover, the way
in which ®(b,\) determines £ or £ is independent of the equation in question. In
other words, the eigenvalues of the complex BC’s are determined by the equation via an
intermediate and geometric object—the characteristic surface D€, and the real eigenvalues
of the real BC’s are determined by the equation also via an intermediate and geometric

object—the real characteristic curve D®. This observation implies the following result.

Corollary 4.6. i) Let A, and Ay be two complex numbers. If there is a complex boundary
condition having A\, and Ay as eigenvalues of geometric multiplicity 2, then any complex
boundary condition having one of A\, and Ay as an eigenvalue must have both of them as
ergenvalues. Moreover, the converse holds: if every complex boundary condition having
one of A« and Ay as an eigenvalue actually has both of them as eigenvalues, then there is a
complex boundary condition having both A, and A4 as eigenvalues of geometric multiplicity
2.

ii) The results in i) still hold if only real boundary conditions and real eigenvalues are

considered.

For example, for the Fourier equation —y” = Ay on [0, 1], any complex BC having one

of (27)2, (4m)?, (6m)2, - - as an eigenvalue must have all of them as eigenvalues, and any
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complex BC having one of 72, (37)?, (57)2, - -+ as an eigenvalue must have all of them as
eigenvalues. This is because the BC [I| — I] has (2m)?, (47)2, (67)2, - as eigenvalues
of geometric multiplicity 2 and the BC [ | — I] has 2, (37)2, (57)?, --- as eigenvalues
of geometric multiplicity 2. Of course, the complex BC’s having (27)?2, (4m)2, (6m)2, ---
as eigenvalues are precisely the ones in £°, while the BC’s having 72, (37)2, (57)2, --- as

eigenvalues are exactly the ones in %4 (—1).

REMARK 4.7. Theorem 4.3 raises the following question: how can one determine the
differential equation (1.1), i.e., its coefficient functions p, ¢ and its weight function w, using
the geometric properties of the real characteristic curve? We will come back to this topic

in a later paper.

REMARK 4.8. Since each £ is an algebraic variety in B = G4 2(C), the converse in
Corollary 4.6 holds under a weaker assumption. Moreover, if G; and G2 are in SL(2,R),
then the intersection of £,G1 and £€,G5 is generically of real dimension 5; ...; if Gy,
..., and Gg are in SL(2,R), then the intersection of £%,G1, ..., and E%4Gy is generically
empty. Thus, given an equation it is very “rare” for a fixed set of eight real numbers to
be eigenvalues of a complex BC at the same time. Similarly, given an equation it is also
very “rare” for a fixed set of five real numbers to be eigenvalues of a real BC at the same

time. The following result clearly has a flavor along these lines.

Theorem 4.9. Assume that p,w > 0 a.e. on (a,b). Then the eigenvalues of the separated
real boundary conditions determine the real characteristic curve and, hence, the eigenvalues

for every complex boundary condition.

Proor. Assume that we know the eigenvalues of each BC in 7, i.e., know the circle E¥NT
in 7 for every A € R. By (4.5) and (4.7), for each A € R, ®(b, \) is among the elements ¥
of SL(2,R) such that

(4.10) EENT =C,0.

Thus, Proposition 3.15 says that for any A € R, the circle E§ N7 in 7 determines ®(b, \)

up to a sign. Since the real characteristic curve D® is analytic, the family

(4.11) {&X N T}/\ER

of circles in 7 determines the whole curve D* globally up to a sign. On the other hand,

by Theorem 3.1 in [2], the entries of ®(b, \) are always positive when A is sufficiently
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negative. Therefore, the family (4.11) actually determines the whole D* uniquely. Since
®(b, \) is an entire matrix function of A\, D¥ determines the characteristic surface D¢, and

hence the eigenvalues of every complex boundary condition. il

REMARK 4.10. By Theorem 4.9, there is a duality between the family (4.11) of circles

in 7 and the real characteristic curve in Bﬂé N (’)“g.

Now, let us look at some geometric aspects of the sets EF C B¢, A € C, and £ C B¥,
A € R. For this purpose, we only need to look at £ and £¥, by (4.5) and (4.8). On the way
to achieve this purpose, we will use the concept of bottles: for a manifold M, an M-bottle
is a singular quotient space N that one obtains from M x [0, 1] via modeling M x {0} by an
equivalence relation on M to form a subset of N containing the singular points of N and

modeling M x {1} by another equivalence relation on M to form a (smooth) submanifold
of N.

Proposition 4.11. i) The set E® is a singular submanifold of B of dimension 3. Its only
singular point is the boundary condition [I | — I| and its tangent fan there is generated by

the torus
coso +cosT sino—sint 0 0 R
(4.12) {(sina—i—sinT cosT —coso 0 O)’ oTE /(ZWZ)}
in Tip _I]Og. Moreover, E® is a torus-bottle with a point top and a torus bottom, while

the map gluing its side to its bottom is the restriction to the torus
(4.13) {(z1, 20,23, 74) ERY; 23 + 23 =22 + 22 =1/2} C S®

of the natural projection from S® to RP3 when this torus is regarded as the side torus.

ii) The set E is a singular complex submanifold of BS of complex dimension 3. Its
only singular point is the boundary condition [I | —I| and its tangent fan there is generated
by the manifold

S3X82: 21 z2 0 O . 21,227776@7 |77|§1
nzr nzz 0 0)7 (1+nP)(lzaf* + [22?) =1

U{(QZS Czg O 0), 23,24, €C, [(] <1 }
a3z 000)7 (L+[C17)(Jzsf? + |2af?) =1
in Tr—q OF. Moreover, E€ is an (S® x S%)-bottle with a point top and an S? x S? bottom,

while the map gluing its side S® x S? to its bottom S? x S? is the Hopf fibration from S3 to

(4.14)

S? times the identity map from S? to S2.
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Proor. Here we only prove i), while ii) can be proved similarly.
Define a function f: Of — R by

(415) f([A| - I]) == (CLH — 1)(&22 — 1) — 12021 .

Then &% N OF is the zero set of f and the gradient V f of f has length

(4.16) IVFI (AL = 11) = \/(aze — 1)? + a3, + a3y + (an — 1)2,

which is never zero away from [I'| — I]. This proves the smoothness of £ at its points
in Of \ {[I| —I]}. Similarly, £* is smooth at its points in OF \ {[I| — I]}. Since
ERN\ (OFUOF) =C C OF UOE, to see the smoothness of EF at these points we only need
to notice that

£ M OF — 1 a2 0 bi2|.  ai2,a22,b12,b22 €R
2 0 az2 —1 baa|’ ajzg+ase+bia+bap=0]"

SR AOF = § | o 1 b1 O |  air,a21,011,001 €R ‘
5 a1 0 by —1|" a1 +ag +bi1 +b21=0

(4.17)

Hence, £¥\ {[I | —1]} is a 3-dimensional submanifold of B*. There are curves in £* through

[I'| — I] yielding the four linearly independent tangent vectors

1 0 0 0 01 0 0 0 0 0 O 0 0 0 O R
(4.18) (0 00 0)’(0 00 0)’(1 00 0)’(0 10 O)ET[”—”O6
of ¥ at [I| — I]. Thus, & is singular at [I| — I].

For each £ > 0, the set

(4.19) {IA] =1 € €% (a1 = 1) + ady + 0, + (a2 — 1)* = 4¢%}

of points in £ N OF having distance 2¢ to [I| — I] can be written as
6

(4.20) {[K(&om)| =1 oot € R/ 07}
where

[ &(coso +cosT) + 1 £(sino — sin )
(4.21) K(&0,7) = ( £(sino + sinT) (cosT —coso) + 1) 7

and hence is always a smooth torus. Thus, the tangent fan of ¥ at [I| — I] is generated
by the torus in (4.12).
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Using the functions g, h : OFf — R defined by
(4.22) g([I|B]) = (b11 + 1)(baa + 1) — bioboy, h([I|B)]) = bi1bas — b12ba

for B € Mayx2(R), we can show that (¥ \ Of) N OF is a 2-dimensional submanifold of B*
and, hence, of £*. Since ¥ \ (O U OF) = C C OF U OF again, to see the smoothness of

ER\ OF at these points we only need to notice that

1 a 0 0 a12,0922,b90 € R
ER O]R N OR _ 12 . 12, 422, V22
(£ 05 NO; {{0 azz —1 bao |’ aiz+ag+bp=0]"

R\ MR g_Jlan 1 0 0| ai,a2,b €R
(£ \06)ﬂ(95—{[a21 0 b2 —1]’ aip +az1 +ba1 =0 J°

(4.23)

Thus, &%\ Of is a 2-dimensional submanifold of £¥ and, hence, is the limit set of the subset
in (4.20) of E* N OF as £ — +o00. Therefore, EX \ OF is a quotient space of a torus and
ER is a torus-bottle with £* \ OF as its bottom.

If cos T # 0, then 2£ cos ™ + 1 # 0 for sufficiently large £ and

1 0 __&(cosT—cosg)+1 £(sin o —sin 1)
. . 2¢ cosT+1 2¢ cosT+1
[K(f? g, T) ’ I] - 0 1 &(sino+sin T) _ &(cosa4-cosT)+1
(424) 2€ cos T7+1 2€ cos T+1
1 () <Coso—cosT sino—sin T
. 2cosT 2cosT asé“ > 400!
O 1 sin o+sin T _ COSO+COST )
2cosT 2cosT

if cosT =0 and coso # 0, then sinT = +1 and

| &coso+1 {(sinoFl) -1 0
[K(f’a’ﬂ’_[]_{ﬁ(sinail) —€cosoc+1 O —1]

[COSO‘-I—% sinc F1 —% 0 ]
- 0 1 sinc+1 —coso—+
(4.25) ¢ ¢
coso sinoc F1 0 0
0 0 sinc4+1 —coso
__|coso sinoF1 0 0 )
N [ 0 0 —coso —(sinaqil)] as & — +o0;

if cosT = coso = 0, then either

T = ey

[K(f"”)'_]]:{ﬁg 1 0 -1 1+ 0 Fg

10 -1 0] [10 0 0
10 0 0| |00 -1 0

(4.26)
} as £ — 400
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or

Hence, two distinct rays

(4.28) {[KE&on,m)| —1; >0} and  {[K(§02,m)| —1I]; £>0}
go to the same limit as £ — +oo if and only if

(4.29) —(cosoq,sin oy, cosy,sin ) = ———=(cos 02, sin 0a, €S T2, Sin 73).

V2 V2

Therefore, the bottom £\ OF is diffeomorphic to a torus in RP3, and when it is identified
with this torus, the map gluing £ N OF to the bottom £F \ Of is the restriction of the

natural projection from S* to RP3. i

Finally, let us look at the set S¥ of all self-adjoint complex BC’s that have a given A
as an eigenvalue and the set Sy of all self-adjoint real BC’s that have A as an eigenvalue.

They will be called the A\-solid (in BE) and A-surface (in BE), respectively. Note that
(4.30) S5 = &5 N By, SY = EX N BE,

and that if we set

S = {[A|B] € BS; det(A+ B) =0},

(4.31)
S® = {[A| B] € B; det(A+ B) =0},
then
(4.32) S5 = 8540, ) = {[A| Bo(b,\) Vs [A] B] € 7,

Sy = S%®(b,\) = {[A| B®(b,\)"']; [A|B] € S*}.

Moreover, direct calculations yield

) ) pcR
C e%a(0,a12,a01) e%ayy -1 0 © /(WZ)
S = ei9a21 eiea(g a0 a21) 0 -1 ) aiz,az1 € R uc,
(433) ’ ’ a12a21 S — sin2 0
S — 1+ /—ai2a01 a2 -1 0| a,aq€R uc
a1 1Fv—appa1r 0 —1|7 aja2 <0 ’
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where

d(97 aio, agl) =cosf + \/— sin2 0 — a120921,
(4.34)

a(0,a12,a21) = cos F \/— sin® 0 — ajsa01.

In the following proposition, by a collapsed torus we mean a singular surface obtained from
a torus by shrinking exactly one position of the revolving circle of the torus to a point, the
only singular point of the surface. A collapsed torus is also a sphere with two points glued
together. Moreover, we also mention that for each point [K | — I] of BS N O, the tangent
space Tix|_nBs C Tk | -0 of BS at [K | — I] can be written as

1 o G+~ 0 O
R __ .
(435) T[K|—I}BS = {\/5 (ﬁ—'y o 0 0) K; a’ﬁ”yGR},

and for each [e K| — I] € B N Of,

16 .
_ c_Je¥ fat+id B+ 0 0 '
T[e’9K|—I}BS_{\/§<6_,Y —a+is 0 0 K; @,5,7,6€R

C T[ei9K|—I]Og'

(4.36)

Theorem 4.12. i) For each X\ € R, the A-solid S, is the image of S under the left action
of ®(b, \) on BS, and the action sends S® to the A-surface S¥.

ii) For each X € R, the A-surface Sy in BS is a collapsed torus with the collapsed point
being [®(b, \) | — I]| and the tangent cone there being the cone

(4.37) {£< cos o sinmc+1 0 O

. R
sinc—1 —coso 0 0) P, A); EER, 0 € /(272)}
in Tawa)| -85 C Tawn | -nOs-
iii) For each A € R, the \-solid S5 is a 3-sphere with two points (on the 2-sphere
corresponding to Sy) glued together to become the point [®(b,\) | — I] and its tangent cone

there is the cone

£eR

(4.38) ¢ COSTCOS.U +2sinT COS T sin o —I—' 1. 0 0 <I>(b, )\); e R/(TFZ)
cosTsino — 1 —cosTcoso +isint 0 O R
o€ /(27rZ)

in T |-nB5 € Tiewn)| -n0s-
Proor. We only need to prove ii) and iii) for S* and S, respectively.

23



By (4.20), there holds

(4.39) s =11 -y u{K(& o) 1} €€ R € £0, 7R/ gyl U,

where

_ (1+&coso Esino+¢€
(4.40) K(&,0) = ({sina—{ 1—&coso
So, S8* is smooth away from [I'| — I] and C, it is singular at [I | — I], and its tangent cone
at [I| — I] is given by (4.37) with ®(b, ) removed. To see the smoothness of S* at the

points in C, we only need to notice that

SRHOH;:{F w0 "2 1;513175132€R}7
(4 41) 0 i) -1 —T1 — X2
S*NOF = Ttz 1 — 0 ; T, ER .
—I 0 r1 — T2 —1

Note that the circle C can be written as

(4.42)

1 —sino coswo 0 0
0 0 sine—1 —cosa

} ;o€ ()2, 57?/2)} U{N},
where N denotes the Neumann-Neumann BC, or as

(4.43)

cosa 1-+sina 0 0
0 0 —cosa —1—sinaw

1 L ae (—w/2,37r/2)} U {D},

where D stands for the Dirichlet-Dirichlet BC. The BC [K (£, o) | —I] is close to a separated
BC if and only if |¢] is sufficiently large. When o € (7/2,57/2),

1—sinoc coso— % 0 1
K — Il = 3 3
K(&0) ] ] [ 0 1 sino — 1 —cosa—l]
(4.44) ¢ ¢
1 —sino coso 0 0
—
0 0 sinc—1 —coso
as €| — +oo; and when o € (—m/2,37/2),
1 . 1
s +coso sino+1 —= 0
[K(f,a)]—[]: ¢ 1 1 ¢ .
— < 0 s —coso —sino—1
(4.45) ¢ ¢
cosoc 1+sino 0 0
0 0 —coso —1-—sino
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as || — +o00. Thus, the circle

(4.46) (K& o)| —1; o € R/ (227},

where £ # 0, in S® \ C uniformly approaches the circle C as £ — +oo or —oo, and hence
S% is a collapsed torus.

Using the two functions f and g defined on Bg N O§ by
(4.47) F([e®K| = 1) = (ki1 + ka)e ™ — 2%

if 0 € R/(ﬂ'Z) and K € SL(2,R), one can prove that S® is smooth away from [I | — I] and
C, since that part of S® is a level set of f and the gradient of f never vanishes there. To

see the smoothness of S® at the points in C, we only need to notice that

SCNOS — I a2 O Z | a2 €R,ze€C,byp eR
2 0 z =1 bo a2+ 2+2+byx=0 |’

(4.48) B
Scmoc_{[an 1 =z O]‘ CL11€R,Z€C,I)21€R}
5 — 9 .

z 0 b21 -1 a11—|—z—|—2+b2120

For each £ > 0, the set of points in S© N OF having distance 2¢ to [I'| — I] can be written

as
(4.49) {[°K.(6,0.0)| —1]; 0 €R/(277), 6 € [0,7), siné < ¢}
U{[ewK—(é*,o—, 0)| —1]; o € R/ 197y, 0 € [0,7), sinf < g},
where
K+(€,0,9)=<6089+m6080 VE —sinf sino +¢ )
(4.50) VE —sin2f0sine — ¢ cosf— /& —sin2f coso

K_(§,0,0) = (cosa—\/£2—sin29 coso —\/& —sin’ 6 Sina—f)
T —\/€2 —sin®f sino +&  cosf+ /€2 —sin? 6 coso )

Thus, S€ is singular at [I | — I] and its tangent cone there is the one given in (4.38) with

®(b, \) removed. As in the last paragraph, for every 6 € [0, 7),

i0 B 1 —sino coso 0 0
(4.51) [P K (8, 0,0) | — 1] — [ 0 0 sinc—1 —coso |’
' [eigK (€,0,0) — 1] — 1 —sinoc coso 0 0
R 0 0 sinc—1 —coso
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uniformly as £ — 400 if 0 € (7/2,57/2), and

0 B cosc 1+sino 0 0
(4 52) [8 K+(§7U’€>| I] - [ 0 0 —coso —1 —Sina} ’
: 0 B cosoc 1+sino 0 0
[e K—(§7079)| I]_> { 0 0 —coso —1—Sin0}

uniformly as £ — +o0 if 0 € (—7/2,37/2). Hence, for each 6 € (0,7),

CU{["Kste.0n0)] ~1]: €2 b, 0 € B/ (307

(4.53) |
U{[eZGK_(ﬁ,a,Q) | — I}; £ >sinf, o € R/(?FZ)}

is a 2-sphere. Moreover, for any £ > 0 and o € R/(gﬂz),

lim [ei0K+(£?07‘9)| _I] = [K,(E,O',OH _]]7

(4.54) oo
lim [eK_(¢,0,0)] — 1] = [K4(&0,0)| - 1.

0—m—

Therefore, SC is a 3-sphere with two two points glued together and its only singular point

is on S¥.

REMARK 4.13. The surface S* is an algebraic variety in the Grassmann manifold
Go(R%), while S€ is a real algebraic variety in the complex Grassmann manifold Gy (C?).
Moreover, the subsets given in (4.49) of 8¢ are spheres when 0 < £ < 1 and tori when
£>1.

85. Analyticity of Continuous Eigenvalue Branches

In this section we investigate the smoothness of continuous eigenvalue branches under
some assumptions on their multiplicities. As an application of the results obtained here
and one of the main ideas used in their proofs we show that when w > 0 a.e.on (a,b), the

algebraic and geometric multiplicities of an eigenvalue for a separated real BC are equal.

Theorem 5.1. Let A = [A| B] be a complex boundary condition with a simple eigenvalue
A € C. Then,

2
(5.1) Z fikOr@jx (b, M) # 0,

J,k=1
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the continuous simple eigenvalue branch A through A\, is analytic, and its differential at A

s given by

37 ke (Cikhgn + dikljn)
Zikzl fikOrdj1 (b As)

for any (H | L) € TaB®, where the coefficient matrices C, D and F are defined by

(5.2) dA|,(H | L)) = -

(5.3) C = A*+ B*®(b,\,)*, D=B"+ A3, \,)", F=B'A

with X being the accompanying matriz of a matriz X.

Proor. The continuous simple eigenvalue branch A through A, is the solution to the

equation

(5.4) Ax(A) =det(X + Z2(b,N)) =0

on A for X = [X | Z] sufficiently close to A. Since A, is simple, we have
(5.5) Ay (M) # 0.

Direct calculations using (5.4) and (5.3) yield

2
(5.6) Ay(A) = Fir0adin(b, M),
jk=1
and hence (5.1) holds. Then, (5.4) and (5.5) together with the analyticity of ® in A, the
analyticity of B¢ and the Implicit Function Theorem imply that the solution A to (5.4) is
analytic. Moreover, for any (H | L) € TaB%, from (5.4) and (5.3) one deduces

(5.7) (3 Findnsn(b A ) dA](((H | L) =

2
(cjkhjr + djrljx),
k=1 k=1

which together with (5.1) prove (5.2). i

We can restrict our attention to the space Bg of self-adjoint complex BC’s. There
eigenvalues are all real and similar results in the real category hold. However, Kong and
Zettl in [ 7] have proven the continuous differentiability of continuous eigenvalue branches

over B through an eigenvalue of geometric multiplicity 1 for a coupled BC in B§ and
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of continuous eigenvalue branches over the space 7 of separated real BC’s, where all
eigenvalues are of geometric multiplicity 1. The following theorem unifies and generalizes

their results.

Theorem 5.2. Assume that w > 0 a.e.on (a,b) and let A be a self-adjoint complex
boundary condition with an eigenvalue A, of geometric multiplicity 1. Then any continuous

eigenvalue branch over Bg through A, is differentiable at A.
ProoOF. The method used in [7] still applies to this general set-up. il

Now, we are ready to discuss the relations between the algebraic and geometric mul-

tiplicities of an eigenvalue. First, we have the following general result.

Proposition 5.3. The multiplicity of an eigenvalue is greater than or equal to its geometric

multiplicity.

Proor. It suffices to prove that the multiplicity of any eigenvalue A, of geometric mul-
tiplicity 2 is at least 2. By Theorem 4.1 we only need to show that as an eigenvalue for

[®(b, \x) | — I], A\« has multiplicity > 2. Now, the characteristic function is given by

(5.8) AN =2 — da2(A)P11(A) + P21 (A )P12(A) + P12(As ) P21 (A) — P11(As)Pa2(N).

Here we have omitted b from the argument of each ¢;;. Using (2.7) one then directly

verifies that A’(\,) = 0. Thus, A\, has multiplicity > 2. i

Next, we establish the following result, whose proof uses Theorem 5.2 and the main

idea in the proof of Theorem 5.1.

Theorem 5.4. Assume that w > 0 a.e.on (a,b). Then the algebraic and geometric
multiplicities of an eigenvalue for a separated real boundary condition are equal, i.e., the

eigenvalue is (real and) simple.
Proor. If \, is an eigenvalue for a separated real BC A, say

(5.9) A:{l a2 0 0}7

0 0 —1 b

then ais, bos € R,

(5.10)

<y
Il

(0 00 _Ol)eTABgcTA@g,
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and A, has geometric multiplicity 1. Consider a smooth curve s — A(s) € BS such that
A(0) = A and A’(0) = 9. Let A be a continuous eigenvalue branch over B§ through ..
Then A(A(s)) is differentiable at s = 0 by Theorem 5.2, and from A 4(5)(A(A(s))) = 0 one

deduces
(5.11) Ay (M) dA|, (D) = 2.
Thus, A’y () # 0, i.e., A, is simple. il

Combining Theorem 5.4 above and Theorem 4.2 in [2] yields the following result.
Note that even though the whole paper [2] uses the assumptions p,w > 0 a.e.on (a,b),
Theorem 4.2 there clearly holds without the condition p > 0 a.e.on (a,b).

Theorem 5.5. Assume that w > 0 a.e.on (a,b). Then the algebraic and geometric

multiplicities of an eigenvalue for an arbitrary self-adjoint boundary condition are equal.

REMARK 5.6. There is a proof of Theorem 5.5 which does not rely on any result from
[2]. In other words, Theorem 5.5 can be regarded as a consequence of the differentiability
of the continuous eigenvalue branches over Bf when they have geometric multiplicity 1
and some geometric descriptions of D* and S in Section 4. Hence, Theorem 5.5 can
be generalized to the case of eigenvalue problems for higher order ordinary differential
equations, which will be addressed in a forthcoming publication. Moreover, we would like
to mention that Theorem 5.5 can be proved without using the differentiability of eigenvalue
branches over B§ (actually, this part can be replaced by some arguments involving only

the definitions of multiplicities and some descriptions about DF, £ and S} in Section 4).

REMARK 5.7. Assume that w > 0 a.e.on (a,b). If A, is a double eigenvalue for a BC
A € Bg, then A = [®(b, \.)| — I] € D* by Theorems 5.5 and 4.1. Each BC in Bg \ D* (or
just in BE \ DF) sufficiently close to A has exactly two eigenvalues near A, and they are
simple. So, . is on two continuous eigenvalue branches over Bg (or just over B%) and they
are locally unique. These continuous eigenvalue branches are in general not differentiable
at A, see Section 7 of [5].

REMARK 5.8. Assume that w > 0 a.e.on (a,b). Let A, be an eigenvalue of geometric
multiplicity 1 for A € B§ and u a normalized eigenfunction for A, i.e., an eigenfunction

for A\, satisfying
b
(5.12) / w(t)a(E)w(t) dt = 1.
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Then, A, is simple by Theorem 5.5. Hence, there is a continuous eigenvalue branch A
(over BF, not just over Bf) through . and, by Theorem 5.1, A is analytic. Moreover, the
method used in the proof of the formulas (4.4)—(4.7) in [7] actually yields the following
more general forms of the formulas: when A is coupled, i.e., A = [¢ K| — I] for some

0 € R/ (;7) and K € SL(2,R), we have

(5.13) TaB® = TA05 = {(e KH|0); H € Myy»(C)}

and for each (e KH |0) € TaB® (not necessarily tangent to BS at A) there holds
(5.14) dA|, (€K H|0)) = (a(a) —m(a)) H ( u(a) > :

when A is given by (5.9), there holds

(.15 (D) = (i) o) (212 ()

for any (H | L) in

(5.16) ToB" =T,05 = 0 Mz 0 by i hi2, hao, lio,lo2 € C b5
0 h22 0 l22

when
. 1 a19 0 0

- acfya n ool

there holds

(5.18) dA|,((H | L))

ot oo (322 12) (")

for any (H | L) in

(5.19) TAB® = T405 = {(8 Z;i 21 8) ; hig, hoo, Lyt loy € C};
when

(5.20) 4= {a(l)1 (1) —01 b(2)2] !

there holds

(5.21) A 12) = (-t o) (0 2 ) (40
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for any (H | L) in

h 0 0 !
(5.22) TaBS = TA0] = {(h; 0 0 lii) ;i hii,hot, lio,leg € C} ;
when

| a 1 0 0
(5.23) A= { 0 0 by _1} ;

there holds

(5:21) AL, (12)) = = Cuta) ) (0 1) ()

l21
for any (H | L) in

hiin 0 U1 O
(5.25) TaBg =TaO5 = {(hi 0 li 0) i hir, hots il € C}-
Therefore, at a self-adjoint complex BC A, the derivative of the continuous eigenvalue
branch through a simple eigenvalue for A is always a quadratic form in u(a), ul'l(a), u(b)

and ull(b) if the canonical coordinate systems on BC are used. These formulas will be
needed in [6].

The formulas (5.14), (5.15), (5.18), (5.21) and (5.24) are equivalent to special cases of
(5.2). The equivalence can be established using (2.7), (2.8) and (5.12). It seems that the
method used in the proof of the formulas (4.4)—(4.7) in [7] only works when the complex
BC is self-adjoint, see also [5].

To end our discussion, we give an example to show that the algebraic and geometric

multiplicities of an eigenvalue are different in general.

ExampPLE 5.9. Consider the Fourier equation —y” = Ay on the interval [0,1]. Let

A« = (nm)? with an integer n > 0. Then direct calculations using (2.8) and (2.7) yield that

1 1
a11( M) = =, a12(As) =0, a2 (M) = )
2 2

_ ¢
2\,

(5.26)

Ay () [(1—As)sino + (14 A)sinT],

where A = [K(&,0,7)| —®(b,\) 7] € EF. \ D* with K({,0,7) defined by (4.21) for some
¢E>0ando, 7€ R/(QTPZ)' Thus, when

A — 1
A+ 1

(5.27) sint = sin o,
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the eigenvalue A, for A has geometric multiplicity 1 and algebraic multiplicity at least 2.

Finally, we want to present some corollaries to Theorems 3.5, 3.8 and 5.4 and give an
example to illustrate each of them. These corollaries relate the eigenvalues of separated

BC’s and those of coupled BC’s, as mentioned in the introduction.

Corollary 5.10. Assume that w > 0 a.e.on (a,b). Let A be a separated real boundary
condition, n > 0 an integer, and N' C C a bounded domain containing n eigenvalues 1,
re, -+, Tn for A such that its boundary does not contain any eigenvalue for A. Then there
exists a meighborhood O of A in B¢ such that each complex boundary condition in O has
exactly n eigenvalues in N and they are simple. Moreover, these eigenvalues are given by

the simple eigenvalue branches through ri, ro, ---, 1y, respectively.

Proor. These conclusions are direct consequences of Theorem 3.5, Remark 3.6 and The-
orem 5.4. B

To illustrate the above corollary, we have the following example, in which (and in the

rest of this paper) APYN, APN APV ... denote the eigenvalues for the Dirichlet-Neumann

BC
529 A
and AP, AND AND ... stand for the eigenvalues for the Neumann-Dirichlet BC
5 o1

ExamPLE 5.11. Assume that p,w > 0 a.e.on (a,b). Let n > 0 be an integer and set
wo=[5 2 0]

for s € R, where ¢y, cg € C are non-zero constants. Then

_>01000_1000
0 00 —-1| |0 0 0 -1

DN
Ao,

(5.31)  A(s) =

C1 0 —e~ 8 0
0 cge™? 0 -1

as s — —+oo. Thus, for any real constants puq, p2, ps and pg satisfying py <
PN < iy < APN s < 0 and g > 0, A(s) has exactly n+ 1 eigenvalues z(s), z1(s), - -,

zn(8) in the rectangle
(5.32) {z€C; p1 <Rez < po, ps <Imz < uy}
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when s is sufficiently large, they are simple and continuous in s, and

(5.33) lin 2 (s) = APV
for k =0,1,--- ,n. Similarly, for any real constants vy, v, v3 and vy satisfying v, < AP,

AP < vy < MVB 15 < 0 and vy > 0, A(s) has exactly n + 1 eigenvalues zo(s), 21(s), - -,

zn(8) in the rectangle
(5.34) {z€C; 1 <Rez <, v3<Imz<uvy}
when s is sufficiently negative, they are simple and continuous in s, and

(5.35) lim zp(s) = A0 P

S§——00

for k=0,1,--- ,n.

Corollary 5.12. Assume that w > 0 a.e.on (a,b). Let A be a separated real boundary
condition, n > 0 an integer, and N' C C a bounded domain containing n eigenvalues 1,
ro, « -+, ry for A such that its boundary does not contain any eigenvalue for A. Then there
exists a neighborhood O of A in B® such that each boundary condition C € O has exactly
n eigenvalues in N and they are real and simple. Moreover, these eigenvalues are given

by the continuous simple eigenvalue branches over BX through r1, ra, -+, r,, respectively.

Proor. This refinement of the restriction to B® of an application of Corollary 5.10 is a

direct consequence of Corollary 5.10 and Theorem 3.8. i
The following example is a refinement of a special case of Example 5.11.

ExaMPLE 5.13. Assume that p,w > 0 a.e.on (a,b). Let n > 0 be an integer and set

res 0 -1 0

(5.36) Ao ="0 S, L

for s € R, where r € R is a non-zero constant. Then, the conclusions of Example 5.11 hold
and, in addition, the eigenvalues zo(s), z1(s), -+, zn(s) are real for any sufficiently large

or sufficiently negative s. Note that A(s) is not self-adjoint if r # 1.

One can also write down a result for the self-adjoint BC’s that is similar to Corollary
5.10, which can be found in [6] and will be used there to give a proof [4] of the inequalities

in [2] without referring to the periodic case.
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