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Abstract. The eigenvalues of linear, regular, two point boundary value problems depend contin-

uously on the problem. In the important self-adjoint case studied by Naimark and Weidmann this

dependence is differentiable and the derivatives of the eigenvalues with respect to a given parame-

ter: an endpoint, a boundary condition, a coefficient, or the weight function, are found. Monotone

properties of the eigenvalues with respect to the coefficients and the weight function are established

without using the variational (min-max) characterization.

1. Introduction

It is part of the folklore of Mathematics that the eigenvalues of linear, ordinary, self-

adjoint, regular boundary value problems (BVP’s) depend continuously on the prob-

lem. The state of the art software package SLEDGE, developed by Fulton and Pruess

[8], for computing eigenvalues of separated regular, and some singular, Sturm-Liouville

problems is based on approximating the coefficients of the differential equation by

piece-wise constant functions and then computing the eigenvalues of the approximate

problem. The code SLEUTH, developed by Greenberg and Marletta [9], computes

eigenvalues of fourth order problems and is also based on piece-wise constant approx-
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imations of the coefficients. The code SLEIGN, developed by Bailey, Gordon and

Shampine [2], as well as the new code SLEIGN2, developed by Bailey, Everitt and

Zettl [1], for computing eigenvalues of regular and singular Sturm-Liouville problems

use interval truncations, at least in some cases.

When computing an eigenvalue of a BVP on the interval [0, π] with these or other

codes, it is common practice to use a truncated interval, say [0, 3.14159265359], and

expect to get a good approximation. Indeed, many authors do this without comment.

This expectation is, perhaps, not unreasonable if the eigenvalues depends continuously

on the right end-point of the interval.

In this paper we show that any isolated eigenvalue of a regular self-adjoint or non-

self-adjoint ordinary linear n-th order BVP depends continuously on the problem: on

the end-points, the boundary conditions, the coefficients of the differential equation,

and the weight function. The continuous dependence on the coefficients and on the

weight function is with respect to the L1 norm, which we believe is the “natural”

norm for the study of regular BVP. We also show that the eigenfunctions depend

continuously on the problem.

For an important special class of regular BVP - the class studied by Naimark in his

celebrated book [15], and by Weidmann [17] - we show that the eigenvalues depend

differentiably on the problem data and find their derivatives.

The monotone properties of the eigenvalues with respect to the coefficients and the

weight function are established as a consequence of the differentiability results and

their proofs - without using the variational min-max characterization. This appears

to be a new, and very general, method for proving eigenvalue comparisons.

With all coefficients and the weight function fixed with one exception, say q, we

study the dependence of a given eigenvalue λ(q) on q, and show that the set of BVP’s

for which λ(q) is simple is an open set in L1; on the other hand, the set of q such that

the BVP for which λ(q) is not simple is generically a closed and nowhere dense set in

L1.

Our continuity results extend theorems in Kong and Zettl [11] from the second

order self-adjoint case to the n-th order non-self-adjoint case; the differentiability

results here also extend theorems in [11] from n = 2 to the general even order case.

The continuity proof in [11] depends on norm resolvent convergence of self-adjoint

operators in different Hilbert spaces. Our proof here is based on a basic result in

complex variable theory. The proof of the differentiability of the eigenvalues depends

on their continuity and on continuity properties of eigenfunctions.
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2. Notation and Quasi-Differential Expressions

In this section we introduce our notation and discuss some basic facts about quasi-

differential equations needed below. For a more comprehensive discussion of quasi-

differential equations the reader is referred to [19] and to [6] for the scalar coefficient

case and to [7] for the general case with matrix coefficients.

Throughout this paper, IN = {1, 2, . . .}, IN0 = {0, 1, 2, . . .}, and ZZ = {0,±1,±2, . . .};
J = (a′, b′) denotes an arbitrary open interval of the real line, bounded or unbounded:

J = (a′ , b′) −∞ ≤ a′ < b′ ≤ ∞.(2.1)

Let n,m ∈ IN with n > 1. For a given set S, Mn,m(S) denotes the set of n × m

matrices with entries from S. If n = m, we write also Mn(S), and if m = 1, we

may also write Sn. For any A ∈ Mn,m(C ), AT and A∗ denote the transpose and the

complex conjugate transpose of A, respectively. We denote by L(J), Lloc(J), ACloc(J)

the sets of complex valued functions which are integrable on J , integrable on every

compact subinterval of J , and absolutely continuous on every compact subinterval of

J , respectively. We also denote by LR(J), LRloc(J) the sets of real valued functions with

similar meanings to L(J), Lloc(J). For a′ < a < b < b′ and w ∈ LRloc(a′, b′), w > 0 a.e.

on (a, b), L2
w(a, b) is used for the Hilbert space of (equivalence classes of) functions u

such that |u|2w ∈ L(a, b) with the norm ‖u‖ = (
∫ b
a
|u|2w)1/2.

Following Everitt and Race [5] we let

Zn(J) =

{
P = (prs)nr,s=1 ∈ Lloc(J) :

pr,r+1 6= 0 a.e. for 1 ≤ r ≤ n− 1

pr,s = 0 a.e. for 2 ≤ r + 1 < s ≤ n

}
.(2.2)

Let P ∈ Zn(J), D′ := {† : J → C , † measurable}, and y[0] := y for y ∈ D′.
Inductively, for r = 1, · · · , n, we define

D∇ = {y ∈ D∇−∞ : †[∇−∞] ∈ ACloc(J )},(2.3)

y[r] = p−1
r,r+1

(
(y[r−1])′ −

r∑
s=1

pr,sy
[s−1]

)
for y ∈ D∇,(2.4)

where pn,n+1 := 1. Finally we set

MPy := iny[n] for y ∈ D\.(2.5)

The expressionM =MP is called the quasi-differential expression associated with P .

For D\ we also use the notation D(P). The function y[r] (0 ≤ r ≤ n) is called the r-th
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quasi-derivative of y; since the quasi-derivative depends on P, we write y[r]
P instead of

y[r] when we wish to emphasize its dependence on P . For any y ∈ D(P), let

Y =


y[0]

y[1]

...

y[n−1]

 =


y

[0]
P

y
[1]
P
...

y
[n−1]
P

(2.6)

be the vector function associated with y and P .

Remark 2.1.The “expression domain” D(P) is a vector space over C and the op-

erator M : D(P) → (ACloc(J ))\ defined by (2.6) is linear. We think of y[n] and of

M† as a differential expression with expression domain D(P) and of the intermediate

quasi-derivatives y[r], r = 0, 1, · · ·n − 1, as generalizations of the classical derivatives

y(r).

Although the factor in in (2.5) plays no significant role in this paper, we include it

here in order to be consistent with the widely accepted notation in the literature.

Theorem 2.2. Let u ∈ J , C = (cj)nj=1 ∈ Mn,1(C ). Assume that P ∈ Zn(J), f ∈
Lloc(J). Then there exists a unique y ∈ D\ such that

y
[n]
P = fon J and y

[r]
P (u) = cr, r = 0, 1, · · · , n− 1.(2.7)

Furthermore, this solution y = y(·, u, C, P, f) and its quasi-derivatives y[r] =

y[r](·, u, C, P, f), r = 0, 1, 2, . . . , n − 1, are continuous functions of the problem; in

particular, they depend continuously on u, on C = (cj)n−1
j=0 , on P , and on f , uni-

formly on compact subintervals of J . More precisely, given a compact subinterval

[a, b] of J and given an ε > 0 there exists a δ > 0 such that if u, v ∈ [a, b], C,D ∈
Mn(C ), P,Q ∈ Zn(J), f, g ∈ Lloc(J) satisfy

|u− v|+ ||C −D||+
∫ b

a

|P −Q|+
∫ b

a

|f − g| < δ,

then

|y[r](t, u, C, P, f)− y[r](t, v,D,Q, g)| < ε for all t ∈ [a, b], r = 0, 1, . . . , n− 1.

Here || · || denotes any matrix norm and∫ b

a

|P −Q| =
∑
s≤r

∫ b

a

|prs − qrs|+
n−1∑
r=1

∫ b

a

∣∣∣∣ 1
pr,r+1

− 1
qr,r+1

∣∣∣∣ .(2.8)

Proof. See [12]. 2
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3. Regular Boundary Value Problems

In this section we establish the characterization of the eigenvalues as zeros of an entire

function and prove the continuity of the eigenvalues and eigenfunctions for two point

boundary value problems, self-adjoint or not.

Let P ∈ Zn(J), w ∈ LRloc(J), and for each u ∈ J, let Φ(·, u, P, w, λ) be the matrix

solution of the initial value problem (IVP)

Y ′ = (P + (−i)nλW )Y on J,(3.1)

with Y (u) = I, where I is the identity matrix and W = (wij) is the n×n matrix such

that wn1 = w, and wij = 0 otherwise.

We study BVP defined on compact subintervals of J . Let a′ < a < b < b′, A,B ∈
Mn(C ), and consider the two point, in general non-self-adjoint, BVP:

MP † = 〉\†[\] = λ w † on [a, b], λ ∈ C ,(3.2)

AY (a) +BY (b) = 0(3.3)

where Y is the vector function associated with y and P according to (2.6). Note that

this is a regular BVP since the components of P and w are in L(a, b); consequently,

the solution y and its quasi-derivatives can be continuously extended to the end-points

a and b, see [12].

The characteristic function ∆ of problem (3.2), (3.3) is defined as follows:

∆(λ) = det[A+B Φ(b, a, P, w, λ)], λ ∈ C .(3.4)

Theorem 3.3. Let P ∈ Zn(J), w ∈ LRloc(J), A,B ∈ Mn(C ), and let ∆(λ) be

defined by (3.4) for λ ∈ C . Then

1. ∆ is an entire function of λ and consequently, either ∆(λ) is identically zero or

each of its zeros, if there are any, is an isolated point in C . Thus there are only

the following four possibilities:

(i) ∆ is identically zero on C ,

(ii) ∆ has no zero in C ,

(iii) ∆ has a finite number of zeros in C ,

(iv) ∆ has an infinite but countable number of zeros in C .
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2. A complex number λ is an eigenvalue of the boundary value problem (3.2), (3.3)

if and only if ∆(λ) = 0.

Proof. The fact that ∆ is an entire function of λ follows from its definition and

from the fact that solutions of IVP depend analytically on λ - see [12]. For the proof

of part (2) we notice, see [14], that the scalar equation (3.2) is equivalent to the first

order system (3.1). Noting that

Y (t) = Φ(t, a, P, w, λ)Y (a)

and using the boundary conditions (3.3) we get

[A+BΦ(b, a, P, w, λ)]Y (a) = 0.

This linear algebraic equation has a non-trivial solution for Y (a), and hence for Y (t)

and for y(t), if and only if ∆(λ) = 0. 2

We want to show that a small change of the problem results in only a small change in

the eigenvalues and eigenfunctions. How does one measure the closeness of two BVP

to each other? To answer this question we introduce the “ boundary value problem

space” Ω.

Define

Ω =

{
ω = (a, b, A,B, P,w) :

a′ < a < b < b′, A,B ∈Mn(C ), P ∈ Zn(J),

w ∈ LRloc(J), w > 0 a.e. on J

}
.(3.5)

Note that for any a′ < a < b < b′, we have P ∈ Mn(L(a, b)), w ∈ L(a, b) so that the

BVP (3.2), (3.3) is a well defined regular problem on the interval [a, b]. Each ω ∈ Ω

determines a unique BVP: a and b the interval, A and B the boundary condition,

and the restriction of P and of w to the interval [a, b] the equation. Observe that the

values of P and w outside [a, b] do not affect the spectrum of the problem determined

by ω ∈ Ω. To account for this and to facilitate comparing problems which may be

defined on different intervals we introduce

Ω̃ = {ω̃ = (a, b, A,B, P̃ , w̃)}(3.6)

where

P̃ =

{
P on [a, b]

0 otherwise
(3.7)

and w̃ is defined similarly. We introduce the space

X = (a′, b′)× (a′, b′)×Mn(C )×Mn(C )×Mn(L(a′, b′))× L(a′, b′)(3.8)
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with its product topology. The topology on Mn(C ) is determined by any fixed matrix

norm, on L(a′, b′) by the usual norm, on Mn(L(a′, b′) we use the topology determined

by ∫ b′

a′
|P̃ | =

∫ b

a

|P | =
∑
r≥s

∫ b

a

|prs|+
n−1∑
r=1

∫ b

a

1
|pr,r+1|

.(3.9)

The space X is the “natural” setting for the study of regular BVP. Note that, since

prs for r ≥ s, 1/pr,r+1, r = 1, 2, . . . , k and w are only assumed to be in Lloc(a′, b′),

Ω is not a subset of X but Ω̃ is since P̃ , w̃ are in Mn(L(a′, b′)), L(a′, b′), respectively.

Now we identify Ω with Ω̃ as a subset of X. Then Ω inherits the norm from X, and

the convergence in Ω is determined by this norm. Note that every point in Ω is an

accumulation point of Ω with respect to this norm from X and hence it makes sense

to discuss convergence of BVP’s with respect to this norm.

The isolated eigenvalues of regular - not necessarily self-adjoint - BVP’s depend

continuously on the problem. More precisely we have

Theorem 3.4. Let Ω be defined as above. Let ω0 = (a, b, A,B, P,w) ∈ Ω. Assume

that a complex number µ = λ(ω0) is an isolated eigenvalue of the BVP (3.2), (3.3)

determined by ω0, i.e. µ is an isolated eigenvalue of the BVP

MP † = 〉\†[\]P = λ w † on [a, b], AY(a) + BY(b) = ′.(3.10)

Then, given any ε > 0, there exists a δ > 0 such that for any ω = (c, d, C,D,Q, v) ∈ Ω

satisfying the inequality

||ω −ω0|| = |a− c|+ |b− d|+ ||A−C||+ ||B −D||+
∫ b′

a′

(
|P̃ − Q̃|+ |w̃ − ṽ|

)
< δ,(3.11)

the BVP

MQ‡ = 〉\‡[\]Q = λ v ‡ on [c, d], CZ(c) +DZ(d) = ′,(3.12)

has an isolated eigenvalue λ(ω) satisfying the inequality

|λ(ω)− λ(ω0)| < ε.(3.13)

Here Y, Z are the vectors associated with y, P and with z,Q, respectively, according to

(2.6).

Proof. The proof is based on the characterization of the eigenvalues as zeros of the

function ∆ given by (3.4). Let ∆ = ∆(ω, λ) for ω = (a, b, A,B, P,w) ∈ Ω, λ ∈ C .

Then for any ω ∈ Ω, ∆(ω, λ) is an entire function of λ; furthermore, it is continuous
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in ω - see Theorems 2.7, 2.8 of [12], and ∆(ω0, µ) = 0. Thus ∆(ω0, λ) is not constant

in λ since µ is an isolated eigenvalue. Hence there exists ρ > 0 such that ∆(ω0, λ) 6= 0

for λ ∈ Sρ := {λ ∈ C : |λ − µ| = ρ}. By the well known theorem on continuity of

the roots of an equation as a function of parameters, see [3], 9.17.4, the statement of

Theorem 3.2 follows. 2

Remark 3.5.Below, when we speak of an eigenvalue of ω = (a, b, A,B, P,w) we

mean an eigenvalue of the BVP (3.2), (3.3) determined by ω.

Note that, given the existence of an isolated eigenvalue λ(ω0) for a BVP determined

by ω0, the proof of Theorem 3.2 establishes the existence of isolated eigenvalues for all

BVP associated with ω if ω is sufficiently close to ω0, and shows that these eigenvalues

λ(ω) are close to the given one λ(ω0). If the problem associated with ω0 is self-adjoint,

then it has countably many eigenvalues λr. Hence, it follows from Theorem 3.2 that,

given any positive integer m, if ω is sufficiently close to ω0, then the BVP determined

by ω - whether it is self-adjoint or not - must have at least m eigenvalues, and they

are close to the corresponding eigenvalues of ω0. Multiple eigenvalues are counted

according to their algebraic multiplicity.

Theorem 3.2 shows that for any fixed isolated eigenvalue µ associated with ω0 there

exists a continuous eigenvalue branch λ(ω) satisfying λ(ω0) = µ. However, even for a

self-adjoint BVP, this does not mean that for a fixed n, the n-th eigenvalue λn(ω) is

always continuous in ω, see [11, remark 3.1].

Below we consider only the continuous eigenvalue branches as ω varies

in Ω.

Theorem 3.6. Let the hypotheses and notation of Theorem 3.2 hold. Assume that

λ = λ(ω0) is an isolated eigenvalue of ω0. If λ has geometric multiplicity l at ω = ω0,

for l = 1, 2, . . . , n, then there exists a neighborhood N of ω0 in Ω such that λ(ω) is

an isolated eigenvalue of ω of geometric multiplicity at most l for each ω ∈ N .

Proof. For ω ∈ N let

D(ω) = A+B Φ(b, a, P, w, λ(ω)).

Note that D depends continuously on ω. The solutions of BVP (3.2), (3.3) are the

first components of the vector functions Φ(·, a, P, w, λ(ω))d with d ∈ C n, D(ω)d = 0,

and these functions are not identically zero if d 6= 0. Hence the geometric multiplicity

of λ(ω) equals the dimension of the kernel N(D(ω)) of D(ω). In our case, this means
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that rankD(ω0) = n − l. Since D depends continuously on ω, D(ω) must have rank

at least n− l in a neighborhood of ω0. This complete the proof. 2

By a normalized eigenfunction u of the BVP (3.2), (3.3), we mean an eigenfunction

u that satisfies ∫ b

a

|u|2w = 1.(3.14)

Theorem 3.7. Let the hypotheses and notation of Theorem 3.2 hold. Assume that

λ = λ(ω) is an isolated eigenvalue of ω of geometric multiplicity l for each ω in

some neighborhood N of ω0 ∈ Ω. Then there exist l linearly independent normalized

eigenfunctions uk(·,ω) such that

u
[j]
k (·,ω)→ u

[j]
k (·,ω0), as ω → ω0 ∈ Ω, k = 1, 2, · · · , l, j = 0, 1, · · · , n− 1,(3.15)

all uniformly on any compact subinterval of J .

In particular, if λ(ω0) is an isolated simple eigenvalue, then λ(ω) is an isolated

simple eigenvalue for each ω in some neighborhood N of ω0, and there exist normalized

eigenfunctions u1 = u1(·,ω) such that (3.15) holds with k = 1.

Proof. Let E2 = N(D(ω0)), E1 a complementary space ofE2 in C n, F1 = R(D(ω0)), F2

a complementary space of F1 in C n. Then

D(ω) =
(
D11(ω) D12(ω)

D21(ω) D22(ω)

)
: E1 ⊕ E2 → F1 ⊕ F2

with D11(ω0) invertible. Since D11 depends continuously on ω, also D11(ω) is invert-

ible in a neighborhood N′ ⊂ N of ω0, and the Schur factorization

D(ω) = C1(ω)
(
D11(ω) 0

0 S(ω)

)
C2(ω)

holds, where

C1(ω) =
(

idF1 0

D21(ω)D11(ω)−1 idF2

)
, C2(ω) =

(
idE1 D11(ω)−1D12(ω)

0 idE2

)
,

S(ω) = D22(ω)−D21(ω)D11(ω)−1D12(ω).

By assumption, D(ω) has rank n− l. Therefore, also C1(ω)−1D(ω)C2(ω)−1 has rank

n− l, which implies that S(ω) = 0. Then

D(ω)C2(ω)−1 = C1(ω)
(
D11(ω) 0

0 0

)
,
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and hence

D(ω)C2(ω)−1

(
0

idE2

)
= 0.

Thus

C2(ω)−1

(
0

idE2

)
=
(−D11(ω)−1D12(ω)

idE2

)
maps F2 one-to-one into the null space of D(ω). From the consideration at the begin-

ning of the proof of Theorem 3.3, the statement of Theorem 3.4 follows if we observe

that normalization is continuous. 2

Remark 3.8.As a special case of Theorem 3.3, we can fix all the components of ω

except one, say a, and let this one vary in its appropriate space. Thus if an isolated

eigenvalue of the BVP for ω = (a, b, A,B, P,w) has geometric multiplicity l for a

particular value of a, then it has geometric multiplicity at most l for all left endpoints

near a, similarly for the right end-point b, the boundary matrices A, B, the components

(prs, r ≥ s; 1/pr,r+1), of P and the weight function w.

Moreover, as in Theorem 3.4, we can show that if the geometric multiplicity of any

isolated eigenvalue of the BVP (3.2), (3.3) is constant in some neighborhood of any one

of the components of ω in its appropriate space, then (3.15) holds for an appropriate

sequence of normalized eigenfunctions.

4. Differentiability of Eigenvalues with respect to the Data

In the last section we showed that the isolated eigenvalues depend continuously on all

the data; here we show that this dependence is in fact differentiable, at least for the

important class of self-adjoint BVP studied by Naimark [15] and Weidmann [17].

The next theorem is a basic result in the spectral theory of differential operators;

it is stated here for the convenience of the reader and because we know of no single

reference containing this result in the generality given here.

Theorem 4.9. Let ω = ω(a, b, A,B, P,w) ∈ Ω. In addition, assume that the

coefficient matrix P satisfies the symmetry condition

P = P+ = −E−1P ∗E; E = ((−1)iδi,n+1−j)(4.1)

and the boundary condition matrices A,B satisfy the self-adjointness condition

AE−1A∗ = BE−1B∗, rank(A : B) = n(4.2)
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where (A : B) denotes the n×2n matrix obtained by placing B to the right of A. Then

(i) The BVP (3.2), (3.3) has a discrete spectrum σ which consists of an infinite but

countable number of all real eigenvalues, each has a multiplicity between 1 and

n. The multiplicity may be different for different eigenvalues.

(ii) The spectrum σ is not bounded. It may be bounded above or below but not

both. The corresponding set of eigenfunctions {ur} can be orthonormalized in

the Hilbert space L2
w(a, b).

(iii) The orthonormalized sequence of eigenfunctions is a bases of L2
w(a, b). Thus

each f ∈ L2
w(a, b) has a Fourier series expansion:

f =
∑

(f, ur)ur ;(4.3)

where the convergence is in the norm of L2
w(a, b) and the sum extends over all

orthonormalized eigenfunctions ur.

(iv) If the order n is odd, n > 1, then the spectrum is unbounded both above and

below. Thus we have

σ = {λj : j ∈ ZZ}(4.4)

with corresponding eigenfunctions uj . The eigenvalues can be ordered to satisfy

. . . ≤ λ−2 ≤ λ−1 ≤ λ0 ≤ λ1 ≤ λ2 ≤ . . .(4.5)

and we adopt the convention that λ0 denotes the smallest non-negative eigen-

value.

(v) If n = 2k is even and the leading coefficient pk,k+1 is positive a.e., then the

spectrum is bounded below but not above. The eigenvalues can be ordered such

that

σ = {λj : j ∈ IN0}(4.6)

and

−∞ < λ0 ≤ λ1 ≤ λ2 ≤ . . .(4.7)

(vi) If the order n = 2k is even and the leading coefficient pk,k+1 changes its sign

in the interval [a, b], i.e., both the sets {t ∈ [a, b], pk,k+1(t) > 0} and {t ∈
[a, b], pk,k+1(t) < 0} have positive Lebesgue measures, then the spectrum is

unbounded above and below. In this case, the ordering of the eigenvalues is as

in the odd order case described above.
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Proof. Parts (i), (ii) and (iii) follow from the standard theory of regular, self-adjoint

differential operators in Hilbert space, see [15], [17]; for (iv), (v) and (vi) see [13]. 2

Remark 4.10.We comment here on conditions (4.1) and (4.2). Given P ∈ Zn(J)

the symmetry condition (4.1) guarantees that the differential expressionMP generated

by P is a symmetric (formally self-adjoint) differential expression. Condition (4.2)

on the boundary matrices A,B guarantees that the boundary condition determined by

A,B is self-adjoint. These two conditions, together with w ∈ LRloc(J), w > 0 a.e. on

J = (a′, b′), imply that the BVP (3.2), (3.3) is self-adjoint and can be identified with

a self-adjoint operator in the Hilbert space L2
w(a, b) for a, b ∈ J, a < b, see [6], [15],

[17], [18], [19].

In the following we assume w > 0 a.e. on J , and consider matrices P which are of

even order n = 2k and have the following form:

P =



0 1 0 0 · · · 0 0 0

0 0 1 0 · · · 0 0 0
...

0 · · · 0 0 1/pk 0 · · · 0

0 · · · 0 pk−1 0 1 · · · 0
...

0 p1 · · · 0 0 0 · · · 1

p0 · · · 0 0 0 0 · · · 0


(4.8)

To simplify the notation we write P = 〈p0, p1, . . . , pk〉. Note that 1/pk is in the k-th

row and k + 1 column, pk−1 is in row k + 1 and column k, ..., p0 is in the n-th row

and first column; the order of P is n = 2k, and P ∈ Zn(J) if

1/pk, pj ∈ Lloc(J), j = 1, . . . , k − 1, pk 6= 0 a.e.(4.9)

Also, P satisfies the symmetry condition (4.1) if and only if all the pj are real valued

on J . We denote by NFk the class of real valued matrices P of the form (4.8) satisfying

the conditions (4.9). These are the matrices P which generate the symmetric quasi-

differential expressions MP studied by Naimark [15] and by Weidmann [17], see also

[4]. We define

Ω1 = {ω = (a, b, A,B, P,w) ∈ Ω : A,B satisfy (4.2), P = 〈p0, p1, . . . , pk〉 ∈ NFk}.

Let P = 〈p0, p1, . . . , pk〉, and let M =MP be the differential expression associated
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with P according to section 2. The quasi-derivatives of y are given by

y[j] = y(j), j = 0, 1, . . . , k − 1,

y[k] = pky
(k),

y[j] = (y[j−1])′ − pn−jy[n−j], j = k + 1, . . . , n.

(4.10)

The cases n = 2, n = 4, n = 6 are of special interest:

M† = −(√∞†′)′ +√′†,(4.11)

M† = [(√∈†′′)′ −√∞†′]′ −√′†,(4.12)

M† = −
(

[(√3†′′′)′ +√∈†′′]′ +√∞†′
)′

+√′†.(4.13)

In general, for n = 2k

M† = (−∞)‖
{{
· · ·
{

[(√‖†(‖))′ −√‖−∞†(‖−∞)]′ −√‖−∈†(‖−∈)

}′
− · · · − √∞†′

}′
−√′†

}
.

(4.14)

The equation corresponding to (3.2) is

(−1)k
{{
· · ·
{

[(pky(k))′ − pk−1y
(k−1)]′ − pk−2y

(k−2)
}′
− · · · − p1y

′
}′
− p0y

}
= λwy.

(4.15)

In the following the definition of the Frechet derivative in Banach spaces will be

used.

Definition. A map T from a Banach space X into a Banach space Y is Frechet

differentiable at a point x ∈ X if there exists a bounded linear operator dTx which

maps X into Y such that for h ∈ X

|T (x+ h)− T (x)− dTx(h)| = o(h), as h→ 0.(4.16)

In the following we first state theorems on the Frechet differentiability of the eigen-

value λ of the BVP consisting of (4.15) and (3.3), and leave the proofs to the latter

part of this section.

Theorem 4.11. Let n = 2k and ω = ω(a, b, A,B, P,w) ∈ Ω1 with P =

〈p0, p1, . . . , pk〉. Let λ = λ(ω) be an eigenvalue of the BVP consisting of (4.15) and

(3.3) associated with ω, and let u = u(ω) be a normalized eigenfunction for this λ.
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1. Fix all components of ω except pj for some j ∈ {0, 1, . . . , k − 1}, and consider

λ = λ(pj) as a function of pj ∈ LR(a, b). Thus λ(pj) is a (nonlinear) functional

on the Banach space LR(a, b). Assume that λ(pj) has constant multiplicity in

a neighborhood N of pj in LR(a, b). Then λ is Frechet differentiable at pj in

LR(a, b) and its Frechet derivative is given by

dλpj (h) = (−1)k+j−1

∫ b

a

|u(j)|2 h, h ∈ LR(a, b), j = 0, 1, . . . , k − 1.(4.17)

2. Fix all components of ω except pk and consider λ = λ(1/pk) as a function of

1/pk in LR(a, b). Thus λ(1/pk) is a (nonlinear) functional on LR(a, b). Assume

that λ(1/pk) has constant multiplicity in a neighborhood N of 1/pk in LR(a, b).

Then λ is Frechet differentiable at 1/pk in LR(a, b) and its Frechet derivative is

given by

dλ1/pk(h) = −
∫ b

a

|pku(k)|2 h, h ∈ LR(a, b).(4.18)

3. Fix all components of ω except w and consider λ = λ(w) as a function of

w ∈ LR(a, b), w > 0 a.e.. Thus λ(w) is a (nonlinear) functional on the posi-

tive cone V in LR(a, b) of such w. Assume that λ(w) has constant multiplicity

in a neighborhood N of w in V . Then λ is Frechet differentiable at w in V and

its Frechet derivative is given by

dλw(h) = −λ(w)
∫ b

a

|u|2 h, h ∈ LR(a, b).(4.19)

Theorem 4.12. Let the assumptions and the notation of Theorem 4.2 hold.

1. Fix all components of ω except b and consider λ = λ(b) as a function of b for

b ∈ (a, b′). Thus λ(b) is a function on the interval (a, b′). Assume that λ(b) has

constant multiplicity in an interval N ⊂ (a, b′). Then λ is differentiable a.e. in

N and

λ′(b) =
n−1∑
j=0

(−1)k+j−1u[j](b)
(
u[n−j−1]

)′
(b), a.e. for b ∈ N .(4.20)

In particular, if n = 2 (k = 1), (4.20) reduces to

λ′(b) = − 1
p1(b)

|(p1u
′)(b)|2 + |u(b)|2[p0(b)− λ(b)w(b)], a.e. in N ;(4.21)

if n = 4 (k = 2), (4.20) reduces to

λ′(b) = − 1
p2(b)

|(p2u
′′)(b)|2 − |u(b)|2[p0(b) + λ(b)w(b)]

−p1(b)|u′(b)|2 + 2Re (u′(b)(p2ū
′′)′(b)) a.e. in N .(4.22)
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2. Fix all components of ω except a and consider λ = λ(a) as a function of a for

a ∈ (a′, b). Thus λ(a) is a function on (a′, b). Assume that λ(a) has constant

multiplicity in an interval N ⊂ (a′, b). Then λ is differentiable a.e. in N and

λ′(a) = −
n−1∑
j=0

(−1)k+j−1u[j](a)
(
u[n−j−1]

)′
(a) a.e. for a ∈ N .(4.23)

In particular, if n = 2 (k = 1), (4.23) reduces to

λ′(a) =
1

p1(a)
|(p1u

′)(a)|2 − |u(a)|2[p0(a)− λ(a)w(a)], a.e. in N ;(4.24)

if n = 4 (k = 2), (4.23) reduces to

λ′(a) =
1

p2(a)
|(p2u

′′)(a)|2 + |u(a)|2[p0(a) + λ(a)w(a)]

+p1(a)|u′(a)|2 − 2Re (u′(a)(pu′′)′(a)) a.e. in N .(4.25)

Furthermore, all the equalities (4.20)-(4.22) hold at a point b ∈ N if p1, . . ., pk are

continuous at b and pk(b) 6= 0. Similarly, the equalities (4.23) - (4.25) hold at a point

a ∈ N if p1, . . ., pk are continuous at a and pk(a) 6= 0.

Theorem 4.13. Let the assumptions and the notation of Theorem 4.2 hold, and let

A and B be nonsingular matrices in Mn(C ).

1. Fix all components of ω except A and consider λ = λ(A) as a function of A.

Assume that λ(A) has constant multiplicity in a neighborhood N of A.

Then λ is differentiable at A and

dλA(H) = (−1)k−1U∗(a)EA−1HU(a), H ∈Mn(C ).(4.26)

2. Fix all components of ω except B and consider λ = λ(B) as a function of B.

Assume that λ(B) has constant multiplicity in a neighborhood N of B.

Then λ is differentiable at B and

dλB(H) = (−1)kU∗(b)EB−1HU(b), H ∈Mn(C ).(4.27)

Remark 4.14. By Theorem 3.3, if λ is simple at ω0, then λ is simple in a neigh-

borhood N of ω0 in Ω1. This implies that the constant multiplicity assumption in

Theorems 4.2-4.4 is automatically satisfied if λ is simple at ω0.

The following lemmas are needed to prove the above theorems.
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Lemma 4.15. Let n = 2k. Assume that P = 〈p0, p1, . . . , pk〉, Q = 〈q0, q1, . . . , qk〉 ∈
NFk. Then for any y ∈ D(P) and z ∈ D(Q) we have

∫ b

a

(yMQ�‡ −�‡MP†) = (−1)k[y, z]ba +
∫ b

a

k−1∑
j=0

(−1)k+j−1(qj − pj)y(j)z̄(j)(4.28)

+
∫ b

a

(qk − pk)y(k)z̄(k)

where

[y, z] = Z∗EY =
n−1∑
j=0

(−1)jy[j]z̄[n−j−1](4.29)

for Y,Z defined by (2.6) according to y and P , z and Q, respectively, and

[y, z]ba = [y, z](b)− [y, z](a).(4.30)

In particular, if P = Q, then M√ =MQ =M, and

∫ b

a

(yM�‡−�‡M†) = (−∞)‖[†, ‡]ba, †, ‡ ∈ D(P).(4.31)

Note that equality (4.31) is Green’s identity. Thus (4.28)- (4.30) can be viewed as

an extension of Green’s identity.

Proof. The proof follows from repeated integration by parts. 2

Lemma 4.16. Assume that P = 〈p0, p1, . . . , pk〉 ∈ NFk. Let u, v ∈ D(P) and both

satisfy the self-adjoint BC (3.3), (4.2). Then [u, v]ba = 0.

Proof. This is the well known self-adjointness characterization, see [15], Theorem

1, p.73. 2

Lemma 4.17. Assume P = 〈p0, p1, . . . , pk〉 ∈ NFk. Then for any αj , βj ∈ C , j =

0, . . . , n− 1, there exists u ∈ D(P), such that

u[j](a) = αj , u[j](b) = βj , j = 0, . . . , n− 1.

Proof. This is the “Naimark Lemma” [15], p.63, Lemma 2. 2

Corollary 4.18. Assume that P = 〈p0, p1, . . . , pk〉 and Q = 〈q0, q1, . . . , qk〉 ∈ NFk.
Let u ∈ D(P) and v ∈ D(Q), and both satisfy BC (3.3), (4.2). Then [u, v]ba = 0.
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Proof. Let U, V be defined by (2.6) according to u and P , v and Q, respectively.

Then

[u, v]ba = [V ∗EU ]ba = (V ∗EU)(b)− (V ∗EU)(a).

By Lemma 4.3 there exists u1 ∈ D(P) such that

u
[j]
1 (a) = v[j](a), u

[j]
1 (b) = v[j](b), j = 0, . . . , n− 1.

Hence with U1 = (u[0]
1 , . . . , u

[n−1]
1 )T it follows

U1(a) = V (a), U1(b) = V (b),

and so u1 satisfies (3.3), (4.2). By Lemma 4.2, [u, u1]ba = 0. This implies that [u, v]ba =

0. 2

Corollary 4.19. Assume that P = 〈p0, p1, . . . , pk〉 ∈ NFk. Let u, v ∈ D(P) such

that (3.3), (4.2) hold for u on [a, b] ⊂ J and for v on [a, d] ⊂ J , respectively. Then

[u, v]ba = −[V ∗(d)− V ∗(b)]EU(b).(4.32)

Proof.

[u, v]ba = (V ∗EU)(b)− (V ∗EU)(a)

= V ∗(d)EU(b)− (V ∗EU)(a)− (V ∗(d)− V ∗(b))EU(b).(4.33)

By Lemma 4.3 there exists u1 ∈ D(P) such that

u
[j]
1 (a) = v[j](a), u

[j]
1 (b) = v[j](d), j = 0, . . . , n− 1.

Hence with U1 = (u[0]
1 , . . . , u

[n−1]
1 )T it follows

U1(a) = V (a), U1(b) = V (d),

and so u1 satisfies (3.3), (4.2) on [a, b]. By Lemma 4.2, [u, u1]ba = 0. This implies that

V ∗(d)EU(b)− (V ∗EU)(a) = 0,

and (4.32) then follows from (4.33). 2

Lemma 4.20. Assume g ∈ Lloc(J). Then

lim
h→0

1
h

∫ t+h

t

g = g(t) a.e. in J.(4.34)
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In particular, (4.34) holds when g is continuous at t.

Proof. See Lemma 4.3 in [10], also see the Lebesgue Lemma. 2

Proof of Theorem 4.2:

1. Let u = u(·, pj) and v = u(·, pj + h) be chosen such that uj(·, pj + h)→ uj(·, pj)
uniformly on [a, b] as h→ 0 in LR(a, b). From (4.15) and Lemma 4.1

[λ(pj + h)− λ(pj)]
∫ b

a

uv̄w = (−1)k[u, v]ba + (−1)k+j−1

∫ b

a

u(j)v̄(j)h.

By Corollary 4.1 and Theorems 3.2, 3.4

[λ(pj + h)− λ(pj)](1 + o(1)) = (−1)k+j−1

∫ b

a

|u(j)|2h+ o(h),

and consequently

λ(pj + h)− λ(pj) = [(−1)k+j−1
∫ b
a
|u(j)|2h+ o(h)](1 + o(1))−1

= (−1)k+j−1
∫ b
a
|u(j)|2h+ o(h)

as h→ 0 in LR(a, b). This completes the proof of (4.17).

2. Let u = u(·, 1/pk) and v = u(·, 1/qk) where 1/qk = 1/pk + h, be chosen such

that u(·, 1/qk) → u(·, 1/pk) as h → 0 in LR(a, b). Then 1/pk ∈ LR(a, b) implies that

1/qk ∈ LR(a, b) and

pk − qk = pkqkh.

By (4.15) and Lemma 4.1

[λ(1/qk)− λ(1/pk)]
∫ b

a

uv̄w = (−1)k[u, v]ba +
∫ b

a

(qk − pk)u(k)v̄(k)h.

By Corollary 4.1

[λ(1/qk)− λ(1/pk)]
∫ b

a

uv̄w = −
∫ b

a

(pku(k))(qkv̄(k))h.

The rest of the proof is similar to part 1 and hence is omitted.

3. The proof of (4.19) follows immediately from (4.15) and Lemmas 4.1 and 4.2.

Proof of Theorem 4.3:

1. Let u = u(·, b) and v = u(·, b + h) be chosen such that u(·, b + h) → u(·, b)
uniformly on [a, b] as h→ 0 in LR(a, b). From (4.15) and Corollary 4.2, Lemma 4.1

[λ(b+ h)− λ(b)]
∫ b

a

uv̄w = (−1)k[u, v]ba

= (−1)k−1[U∗(b+ h, b+ h)− U∗(b, b+ h)]E U(b, b)

= (−1)k−1[
∫ b+h

b

(U ′)∗(s, b+ h) ds]E U(b, b).(4.35)
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We claim that∫ b+h

b

(U ′)∗(s, b+ h) ds =
∫ b+h

b

(U ′)∗(s, b) ds+ o(h) a.e.(4.36)

In fact, from (3.1) - the vector form of (4.15) - we have that for h > 0∣∣∣∣∣ 1h
∫ b+h

b

[(U ′)∗(s, b+ h)− (U ′)∗(s, b)] ds

∣∣∣∣∣
=

∣∣∣∣∣ 1h
∫ b+h

b

[U∗(s, b+ h)− U∗(s, b)]P ∗(s) ds

+
in

h

∫ b+h

b

[λ(b+ h)U∗(s, b+ h)− λ(b)U∗(s, b)]W ∗(s) ds

∣∣∣∣∣
≤

(
1
h

∫ b+h

b

|P ∗(s)| ds

)
sup

s∈(b,b+h)

|U∗(s, b+ h)− U∗(s, b)|

+

(
1
h

∫ b+h

b

|W ∗(s)| ds

)
sup

s∈(b,b+h)

|λ(b+ h)U∗(s, b+ h)− λ(b)U∗(s, b)|

→ 0 a.e. as h→ 0

by Lemma 4.4 and the continuity of λ and U. The same is true for h < 0. This shows

(4.36). Combining (4.35) and (4.36) we see that

λ(b+ h)− λ(b) = (−1)k−1[
∫ b+h

b

(U ′)∗(s, b) ds+ o(h)]E U(b, b)

= (−1)k−1h(U ′)∗(b, b)E U(b, b) + o(h) a.e. in (a, b′).(4.37)

Dividing both sides of (4.37) by h, taking limit as h→ 0, and using (4.29) we obtain

that

λ′(b) = (−1)k−1(U ′)∗(b, b)E U(b, b) = (−1)k−1[u, u′](b), a.e..

Then (4.20) follows from (4.29). (4.21) and (4.22) are the interpretations of (4.20) for

the cases n = 2 and n = 4 with the expression (4.10) for quasi-derivatives.

2. The proof is similar and hence is omitted.

Proof of Theorem 4.4: We only give a proof for Part 1. Let u = u(·, A) and v =

u(·, A+H) be chosen such that u(·, A+H)→ u(·, A) uniformly on [a, b] as H → 0 in

Mn(C ). By Lemma 4.1, (4.15) and (3.3)

[λ(A+H)− λ(A)]
∫ b
a
uv̄w = (−1)k[u, v]ba = (−1)k[V ∗EU ]ba

= (−1)k[(V ∗EU)(b)− (V ∗EU)(a)]

= (−1)k[V ∗(a)(A+H)∗B∗−1EB−1AU(a)− V ∗(a)EU(a)].(4.38)
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By (4.2) we see that

B∗−1EB−1 = A∗−1EA−1

and then

A∗B∗−1EB−1A = E.(4.39)

Combining (4.38) and (4.39), and noting that
∫ b
a
uv̄w → 1 as H → 0 in Mn(C ), we

obtain

λ(A+H)− λ(A) = (−1)kU∗(a)H∗A∗−1EU(a) + o(H).

Since the eigenvalues of selfadjoint problems are real, this is equivalent to say that

λ(A+H)− λ(A) = (−1)k−1U∗(a)EA−1HU(a) + o(H)

which completes the proof of (4.26).

5. Multiplicity of Eigenvalues

In this section we study the multiplicity of the eigenvalues as a function of the coeffi-

cients and the weight function of the problem.

Theorem 5.21. Let n = 2k and ω = (a, b, A,B, P,w) ∈ Ω1 with P =

〈p0, p1, . . . , pk〉. Let q be p0 or p1. Fix all components of ω except q, and consider

λ = λ(q) as a function of q ∈ LR(a, b). Define subsets Qm of LR(a, b) by

Qm = {q ∈ LR(a, b) : λ(q) has multiplicity m}, m = 1, 2, . . . , n.(5.1)

Then

(i)
⋃m
l=1Ql is an open set in the space LR(a, b) for m = 1, 2, . . ., n.

(ii)
⋃n
l=2Ql is a closed and nowhere dense set in the space LR(a, b).

Proof. (i) By Theorem 3.3 we see that
⋃m
l=1Ql is open in LR(a, b) for m = 1, 2,

. . ., n.

(ii) We now show that for any m ∈ {2, . . . , n}, Qm does not contain any non-empty

open sets in LR(a, b). If the claim is not true, there exist m ∈ {2, . . . , n}, q0 ∈ Qm,
and a neighborhood N of q0 in LR(a, b) such that N ⊂ Qm. First, we discuss the

case where q = p0. Since λ(q) has multiplicity m for all q ∈ N , there exist m linearly

independent normalized eigenfunctions ul(·, q), l = 1, . . . ,m, corresponding to λ(q).
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The eigenfunctions can be chosen in such a way that at least two of them, say u1(·, q)
and u2(·, q), do not satisfy that

|u1(t, q)| = |u2(t, q)| for all t ∈ (a, b).(5.2)

In fact, if (5.2) holds, then u1 = reiα and u2 = reiβ with r ≥ 0 and α, β ∈ ACRloc(a, b).
Since u1 and u2 are linearly independent, α − β is not identically constant. Let v =

u1−u2. Then v 6= 0, and v is an eigenfunction of λ(q). Also, |v| = r|ei(α−β)−1|, which

is not a constant multiple of r. Hence, for the normalized eigenfunction u corresponding

to v, we have that |u(t, q)| 6≡ |u1(t, q)| for t ∈ (a, b). By Theorem 4.2, (4.17) with j = 0

holds for u = ul(·, q), l = 1, . . . ,m. This contradicts the uniqueness of the Frechet

derivative of a Frechet differentiable function. Therefore, the claim is true when q = p0.

Next, we treat the case where q = p1. If there is a constant eigenfunction corresponding

to λ(q), then by (4.17) with j = 1,

dλq(h) = 0 for all h ∈ LR(a, b),

and hence every eigenfunction corresponding to λ(q) is a constant. This is impossible

since m ≥ 2. Thus, there are no constant eigenfunctions corresponding to λ(q) and

hence there exist m normalized eigenfunctions ul(·, q), l = 1, . . . ,m, corresponding to

λ(q) such that u′l(·, q), l = 1, . . . ,m, are linearly independent. Then, as in the previous

case, we can assume that there does not hold

|u′1(t, q)| = |u′2(t, q)| for all t ∈ (a, b),

and obtain a contradiction from (4.17) with j = 1. Therefore, the claim is also true

when q = p1.

For each m ∈ {1, . . . , n − 1},
⋃n
l=m+1Ql is closed since

⋃n
l=1Ql = LR(a, b) and⋃m

l=1Ql is open. Now we show by induction that for each m ∈ {1, . . . , n − 1},⋃n
l=m+1Ql does not contain any non-empty open sets in LR(a, b). From the last

paragraph, Qn does not. Fix m ∈ {2, . . . , n− 1} and assume that
⋃n
l=m+1Ql does not

contain any non-empty open sets in LR(a, b). Let N ⊂
⋃\
l=mQl be an open set of

LR(a, b). Then

N
⋂
Qm = N

⋂LR(a, b)\
\⋃

l=m+∞

Ql


is open and hence empty since Qm does not contain any non-empty open sets of

LR(a, b). So, N must be in
⋃n
l=m+1Ql and hence empty. Thus,

⋃n
l=mQl does not
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contain any non-empty open sets. Therefore, in particular,
⋃n
l=2Ql is closed and

nowhere dense. 2

Let j ≥ 2. Then it is easy to see that when we change pj , the space

{
polynomials u in the eigenspace corresponding to λ : degree of u ≤ j − 1

}
stays the same. Let nj be the larger of this dimension and the integer 1. Note that

nj ≤ j and that the multiplicity of λ is at least nj for each pj .

Theorem 5.22. Let n = 2k with k ≥ 2, ω = (a, b, A,B, P,w) ∈ Ω1 with P =

〈p0, p1, . . . , pk〉, and j ∈ {2, · · · , k}. Fix all components of ω except pj, and consider

λ = λ(pj) as a function of pj ∈ LR(a, b). Define subsets Qm of LR(a, b) by

Qm = {pj ∈ LR(a, b) : λ(pj) has multiplicity m}, m = nj , . . . , n.(5.3)

Then

(i)
⋃m
l=nj

Ql is an open set in the space LR(a, b) for m = nj , . . . , n.

(ii)
⋃n
l=nj+1Ql is a closed and nowhere dense set in the space LR(a, b).

The proof of Theorem 5.2 is similar to that of Theorem 5.1, so we omit it. However,

we give an example to indicate that it is necessary to separate Theorems 5.1 and 5.2.

Example. Let

A =


1 b− a 0 0

0 1 0 0

0 0 1 b− a
0 0 0 1

 ,

and consider the BVP consisting of (4.15) with k = 2 and the BC

Y (b) = AY (a).

It is easy to see that A and −I satisfy (4.2), the self-adjointness condition. For each

fixed w ∈ LR(a, b) and any λ0 ∈ IR, when

p0 = −λ0w and p′1 = 0,

the BVP always has an eigenvalue λ0 with multiplicity at least 2: y(t) = 1 and y(t) = t

are always two linearly independent eigenfunctions. So, n2 = 2 in this case.
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Theorem 5.23. Let n = 2k and ω = (a, b, A,B, P,w) ∈ Ω1 with P =

〈p0, p1, . . . , pk〉. Fix all components of ω except w, and consider λ = λ(w) as a func-

tion of w ∈ LR(a, b). Assume that the zero set of λ(w) is nonwhere dense in LR(a, b).

Define subsets Qm of LR(a, b) by

Qm = {w ∈ LR(a, b) : λ(w) has multiplicity m}, m = 1, 2, . . . , n.(5.4)

Then

(i)
⋃m
l=1Ql is an open set in the space LR(a, b) for m = 1, 2, . . ., n.

(ii)
⋃n
l=2Ql is a closed and nowhere dense set in the space LR(a, b).

Remark 5.24. It is interesting to note that a result analogous to Theorems 5.1

- 5.3 for the endpoints a, b does not hold. It is easy to construct examples, e.g., for

the Fourier equation −y′′ = λy such that λ(b) has multiplicity 2 for all b, and (4.20),

(4.23) hold for any normalized eigenfunctions u.

6. Eigenvalue Comparisons

The prevailing method for obtaining inequalities among eigenvalues of related problems

is the variational method based on the min-max characterization of the eigenvalues.

Here we obtain such inequalities based on methods similar to those used to establish

the differentiability results in section 4. Thus our approach is more direct and more

elementary than those based on the variational characterization and yet yields much

more general results.

Consider the equations

(−1)k
{{
· · ·
{

[(pky(k))′ − pk−1y
(k−1)]′ − pk−2y

(k−2)
}′
− · · · − p1y

′
}′
− p0y

}
= λwy,

(6.1)

(−1)k
{{
· · ·
{

[(qky(k))′ − qk−1y
(k−1)]′ − qk−2y

(k−2)
}′
− · · · − q1y

′
}′
− q0y

}
= µvy.

(6.2)

We have the following

Theorem 6.25. Let n = 2k. Let P = 〈p0, p1, . . . , pk〉 and Q = 〈q0, q1, . . . , qk〉 be

in NFk(J), let ω1 = ω(a, b, A,B, P,w) and ω2 = ω(a, b, A,B,Q, v) be in Ω1. Denote

by λ(ω) a fixed continuous eigenvalue branch which is defined at ω1 and ω2. Let
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λ = λ(ω1) and µ = λ(ω2) be the corresponding eigenvalues of the BVP (6.1), (3.3)

associated with ω1 and the BVP (6.2), (3.3) associated with ω2, respectively. Further

assume that the following inequalities hold a.e. on (a, b) :

(i) 0 < 1/qk ≤ 1/pk, or 1/qk ≤ 1/pk < 0;

(ii) (−1)k+j−1pj ≤ (−1)k+j−1qj , j = 0, 1, . . . , k − 1;

(iii) w ≥ v in case that λ ≥ 0 and µ ≥ 0, w ≤ v in case that λ ≤ 0 and µ ≤ 0.

Then λ ≤ µ. Furthermore, if strict inequality holds on a subset of the interval (a, b)

with positive Lebesgue measure in (ii) for some j = 0, 1, . . . , k− 1 or in (i) or in (iii),

then λ < µ.

Proof. We give the proof for the case pj = qj , j = 1, . . . , k, w = v, and (−1)k−1p0 ≤
(−1)k−1q0 only, since the proofs of the other cases are similar. To simplify the notation,

we omit the subscripts and let p = p0, q = q0. It suffices to give a proof for the case

that (−1)k−1p < (−1)k−1q on (a, b), since the general case (−1)k−1p ≤ (−1)k−1q then

follows from a limit argument.

Assume (−1)k−1p(t) < (−1)k−1q(t), t ∈ (a, b), define

ps(t) = (1− s)p(t) + sq(t), t ∈ (a, b), s ∈ [0, 1],

and denote by λ(s) = λ(ps), the eigenvalue of the BVP (4.15), (3.3) with p0 replaced

by ps. Then λ(0) = λ(p) and λ(1) = λ(q). By assumption, λ(s) is continuous on [0, 1].

We will show that the Dini-derivative D+λ(s) > 0 for all s ∈ (0, 1). Then by a

well-known theorem, see [16], Proposition 2, p.99, it follows that λ(s) is increasing

and hence λ(0) < λ(1), i.e., λ < µ.

For any s ∈ (0, 1), let S(s) be the ls-dimensional unit sphere in C n with ls ≤ n on

which every point is an initial point of a vector-eigenfunction U(·, s) at a associated

with λ(s). Let s0 ∈ (0, 1). Then it is easy to see that there exists a sequence {sk} ⊂
(0, 1) and sk → s0, such that S(sk), k = 1, 2, . . . , all have the same dimension, say l,

and

S(sk)→ S̃

where S̃ is an l-dimensional unit sphere in C n and S̃ ⊂ S(s0). This implies that there

exists at least one (actually l linearly independent) normalized eigenfunction(s) u(·, s)
of λ(s) such that the associated vector functions satisfy U(·, sk) → U(·, s0). With a

similar argument to the proof of Theorem 4.2, part (1) (and noting that we do not
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need to use the hypothesis of constant multiplicity used in the proof of Theorem 4.2)

we have

λ(sk)− λ(s0) = (−1)k−1(sk − s0)
∫ b

a

|u(σ, s0)|2(q(σ)− p(σ)) dσ + o(sk − s0)

and hence

lim
k→∞

λ(sk)− λ(s0)
sk − s0

= (−1)k−1

∫ b

a

|u(σ, s0)|2(q(σ)− p(σ)) dσ > 0.(6.3)

Therefore, D+λ(s0) > 0. This completes the proof. 2

Remark 6.26. It is interesting that, in the case when the multiplicity of λ(s0) is

greater than 1, the limit (6.3) is independent of the choice of the normalized eigen-

function u. Note however that, although the limit (6.3) exists for h = q(σ)− p(σ), it

may not exist for general h ∈ LR(a, b) since λ may not be differentiable at s0; recall

that we have not assumed, as in Theorem 4.2, that the multiplicity is constant in a

neighborhood. This is why we need the Dini derivative in the proof of Theorem 6.1.

7. Comment with an Example

We give an example to show that the hypothesis that λ(ω) has constant multiplicity

cannot be omitted in Theorems 4.2-4.4.

Consider the equation

−y′′ = λy on [0, 1](7.1)

together with the BC

Y (1) = A Y (0),(7.2)

where A ∈ M2(IR) satisfies detA = 1. It is easy to see that A and −I satisfy (4.2),

the self-adjointness condition.

Fact 1. The BVP consisting of (7.1) and (7.2) has a positive eigenvalue of multi-

plicity 2 if and only if

A = αr(s) : =

 cos s 1
2rπ+s sin s

−(2rπ + s) sin s cos s


for some positive integer r and number s ∈ (−2π, 0], with (2rπ + s)2 being the eigen-

value.
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Proof. When λ > 0, the general solution of (7.1) is

y(t) = C cos(
√
λ t) +D sin(

√
λ t),

and then (7.2) can be rewritten as{
(cos
√
λ− a)C + (sin

√
λ− b

√
λ )D = 0,

−(
√
λ sin

√
λ+ c)C +

√
λ (cos

√
λ− d)D = 0,

where

A =

(
a b

c d

)
.

So, the BVP has a positive eigenvalue λ of multiplicity 2 if and only if

a = cos
√
λ, b =

1√
λ

sin
√
λ, c = −

√
λ sin

√
λ, d = cos

√
λ,

which imply our claims. 2

Fix a positive integer r. By Theorem 3.2, there is a neighborhood N of the identity

matrix I in the 3-dimensional space (actually a classical Lie group)

{A ∈M2(IR) : detA = 1}

such that for each A ∈ N , the BVP has only either one eigenvalue of multiplicity 2

or two simple eigenvalues in
(
(2rπ − π)2, (2rπ + π)2

)
. Let αr(−π, π) = {αr(s) : s ∈

(−π, π)}. Since N \ α∇(−π, π) is connected and there the BVP has only two simple

eigenvalues in
(
(2rπ − π)2, (2rπ + π)2

)
, we have exactly two continuous eigenvalue

functions λr,u and λr,l on N defined by

λr,u(A) =

{
the bigger eigenvalue in

(
(2rπ − π)2, (2rπ + π)2

)
if A ∈ N \ α∇(−π, π),

(2rπ + s)2 if A = αr(s) ∈ N ,

λr,l(A) =

{
the smaller eigenvalue in

(
(2rπ − π)2, (2rπ + π)2

)
if A ∈ N \ α∇(−π, π),

(2rπ + s)2 if A = αr(s) ∈ N .

For real s, set

γ(s) =

(
es 0

0 e−s

)
.

Fact 2. For |s| sufficiently small we have√
λr,u(γ(s)) = 2rπ + arc sin tanh |s|,

√
λr,l(γ(s)) = 2rπ − arc sin tanh |s|.(7.3)
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Proof. When A = γ(s), the positive eigenvalues λ are characterized by the equation

(cos
√
λ− es) ·

√
λ (cos

√
λ− e−s) + sin

√
λ ·
√
λ sin

√
λ = 0,

and hence also by

2− (es + e−s) cos
√
λ = 0.

The eigenvalues in
(
(2rπ − π)2, (2rπ + π)2

)
are(

2rπ ± arc cos
2

es + e−s

)2

,

which implies (7.3). 2

Fact 3. λr,u and λr,l are not Frechet differentiable at A = I.

Proof. By (7.3), direct calculations yield the one-sided derivatives(
λr,u ◦ γ

)′(0+) = 4rπ,
(
λr,u ◦ γ

)′(0−) = −4rπ,

(
λr,l ◦ γ

)′(0+) = −4rπ,
(
λr,l ◦ γ

)′(0−) = 4rπ,

which imply our claim. 2
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