COMPUTING CONTINUOUS SPECTRUM
Anton Zettl!

Abstract

The continuous, or essential, spectrum of singular Sturm-Liouville (S-L)
problems can be approximated numerically just by computing eigenvalues of
regular S-L problems with separated boundary conditions - provided one knows
which regular problems to use. These have been identified by Bailey, Everitt,
Weidmann and Zettl in [BEWZ]. Since there are highly effective codes, such as
SLEIGN and SLEDGE, available for the computation of eigenvalues of regular
S-L problems with separated boundary conditions this scheme works surpris-

ingly well for a large class of problems.

The purpose of this note is to show that the results in [BEWZ] by Bailey, Everitt,
Weidmann and Zettl, together with the software packages SLEIGN or SLEDGE can
be used to approximate the essential spectrum of a large class of singular Sturm-
Liouville (S-L) problems. Below we demonstrate this in particular for the unperturbed
and perturbed Mathieu equation and for what we call the Plum equation. But it is
to be emphasized that these examples were chosen solely because of their interest in

the literature and because there are independent checks available.
Consider the S-L equation
—(py') + qy = Awy (1)

Let J = (a,b), —o0 <a < b< oo, be a real interval, let p, ¢, w map (a,b) into

R, the reals, and assume that

1
—, ¢, w € Lipe(J), p>0a.e, w>0a.e. (2)
p
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Let {a,; r € No}, {b,: 7 € Ny}, Ny =0,1,2,3,... be (endpoint) sequences
such that

—o<a<a <b.<b<oo, a, —a, by > b. (3)

Conditions (2) ensure that equation (1) is regular on each interval [a,,b.], 7 € Ny
but the endpoints a, b may be singular.

If S, is any self-adjoint realization of (1) on [a,,b,] then it is well known [W]
that the spectrum o(S,) of S, isdiscrete i.e. consists entirely of isolated eigenvalues

and these can be ordered to satisfy
—00< A<M < <., \, = +00 as n — 0o, (4)

where

o(Sy) ={ n: n€No}t, A= A(Sy). (5)

If S is a self-adjoint realization of (1) on (a,b) then since one or both endpoints
may be singular the spectrum o(S) of S is, in general, quite complicated. It may

consist of a discrete and a continuous part. Let
o(S) = 04(S) Uge(S), (6)

where o4 denotes the set of all isolated eigenvalues and o, the rest of the spectrum.

Either one of o5 or o., but not both, may be empty. Let
o9 = inf. 0., —00 < 0g < +00. (7)
Here 0y = +00 means that o, = ¢.

Definition. Let S, be a self-adjoint realization of (1) on [a,,b,], 7 € Np; and

let S be a self-adjoint realization of (1) on (a,b).

(i) The sequence {S,: 7 € Ny} is spectral included for S if for any A € o(S)

there exists a sequence of eigenvalues

{M\ € 0(S;): re€ N} such that Ao, A1, A2, As3,... converges to A. (8)



(ii) The sequence {S,: r € Ny} is spectral exact for S if it is spectral included
and, in addition, if A, € o(S,), r € Ny and the sequence {\, : r € Ny}

converges to A, implies that A € o(S).

Remark. Note that in this definition each operator S, “lives” in a different
space i.e. H, = L?*((a,b,);w), no kind of convergence on the operator sequence
{S, : 7 € Ny} is assumed and, of course, this definition can be made for abstract

operators S,., S not just for S-L. operators.

The endpoint a is said to be in the limit-circle case, LC' for short, if all solutions
of (1) are in L?((a,c);w) for some ¢, a < ¢ < b. Similarly for the endpoint b. It
is well known that the LC' classifications is independent of A. An endpoint is said
to be in the limit-point or LP case if it is not LC.

Next we state the result from [BEWZ| upon which our computations are based.
This theorem identifies which regular problems, or more accurately, which sequences

of regular problems, approximate a given singular one.

Theorem 1. (Bailey, Everitt, Weidmann and Zettl, [BEWZ]). Assume each
endpoint a, bis in the LP case. Let {a,: r € Ny}, {b, : r € Ny} be endpoint
sequences satisfying (3).

a) Let S, be any self-adjoint realization of (1) on [a,,b,], 7 € Ny. (Note that
S, can be determined by any self-adjoint boundary conditions, separated or
coupled, specified at a, and b, with possibly different boundary conditions
for different r’s.) Then the sequence {S,: r € Ny} is spectral included for

S but, in general, not spectral exact.

b) Suppose that S is bounded below and each S, is determined by Dirichlet

boundary conditions:

y(ar) =0= y(br)a T E NO- (9)

Then



i) The sequence {S, : r € Ny} is spectral exact for S below o¢(S). (This
means that if (8) holds with A < 0¢(S) then A € o(S).)

ii) If S has no eigenvalue below 0(S), then the sequence

{Ao(S;); 7 € Ny} converges to 0p(S), asr — +oo. (10)

iii) If S has exactly & eigenvalues below o¢(S), 0 < k < oo, then
{M(Sy); 7€ No} — 0o(S), r— +o0. (11)

(Recall that the eigenvalues are indexed starting with 0 not 1.)

iv) The sequence {S,: r € Ny} cannot be spectral exact for S above oy(S5)
for arbitrary endpoint sequences {a, : r € Ny} converging to a and

{b,: 7 € Ny} converging to b.

Proof. This proof is due to W.N.Everitt in a private communication. Parts (a)
and (b) (i), (ii), (iii) follow from Theorems 6.1 and 6.2 in [BEWZ]. To prove (b) (iv)
note that for any fixed n € Ny, the n-th eigenvalue A,(S,) is a continuous function
of the endpoints a,, b,. Now consider a problem such as the Mathieu equation where
the spectrum of S consists of spectral bands separated by gaps. As an eigenvalue
“moves” from the second spectral band into the first it must move through the first
gap by continuity. Choose n; and r; such that \,(S,,) isin the first gap of o(S)
and not an eigenvalue of S. Now move the endpoints a,, b, further out towards
a, b and “watch” the eigenvalues moving through the first gap until one of them
is exactly equal to A, (S;,). Then record the values of the endpoints a,,, b,, for
which this happens. Repeating this process we can construct a sequence of endpoints
ar;, by; for which there exists a corresponding sequence of eigenvalues converging to
An; (Sr,) which is a point inside the first gap and which is not in o(S).

In [BEWZ] analogues of Theorem 1 for the other endpoint classifications LP/LC,
LC/LP and LC/LC are also established. The LC/LC case is illustrated in [BEZ].
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The LP/LC and LC/LP cases are similar although technically more complicated to
the LP/LP case and hence we illustrate only the LP/LP case. The results in [ BEWZ]
require that “inherited” boundary conditions on the truncated intervals (a,,b.) be
used. Near an LP endpoint a Dirichlet condition can be used but near an LC
endpoint an “inherited” boundary condition is obtained from a “boundary condition
function” which determines the singular boundary conditions of S. For details see

[BEWZ).

THE MATHIEU EQUATION

—y" + (sin z)y = Ay on (—o0,00) & [0, 27]

0) =y(2

y(0) = y(2) —00< <A <A< 5 H00
y'(0) = y'(2m)

0) = —y(27

y(0) y(2m) —00 < g < p < pro < ... = 00
y'(0) = —y'(2m)

SLEIGN2: These eigenvalues were computed by P.B. Bailey using SLEIGN2, a code
under development by Bailey, Everitt and Zettl, partially funded by NSF grant: DMS
- 9106470.

Ao = —0.378492; A\ = 0.918058; Ay = 1.29315; A3 =4.03192; Ay =4.053

o = —0.34767;  py = 0.594797; po = 2.28515; sz = 2.3425

! g1 02 92 93 g3 04 94
o(—00,00) :




br: ar = —by
207
Ao ... s A1 A0 Ass A3 Ao
-.378 -.349 -.183 -.596 -.914 1.20 1.30
20.5m
Ao Atg Ao ... A40 Aa1
-.378 -.349 .595 918 1.30
217w
Ao A1g A2g Ao1 Ao An A2
-.378 -.349 -.183 .595 918 1.20 1.30
ii).57.r. _ 08 A2g Asg As9
-.378 -.348 .595 918 1.30
307
Ao .. s A2g Ao Asg Aso Aeo Ago
-.378 -.348 -.183 .595 916 1.20 1.30 2.21




1

—y"+q(x)y =Xy on [-b,b], q(x)=sin(z)+

z24+1
b=29.571
Ao Aas Ass st Asg A10o
4H_04_.J_H ° r |
|
-[378 3131--348 597 917 1.30 3.00
b= 307 N
—.034
Ao Ao A0 Ast o Aeo A10o
|
|
-.378 -.348 .598 914 1.30 2.90

Remark:

1. The numerical evidence suggests that there are no eigenvalues below the essen-

tial spectrum which starts at approximately oy ~ —.378.

2. There are two eigenvalues, roughly located at -.3131 and at -.034 both in the first
gap and both appearing (with the same values to three decimal places) for both
BEW?Z approximations on the intervals [—29.57,29.57] and on [—30m7, 307].
These seem to be further illustrations of the “trapping and cascading” phe-

nomenon.

3. On the interval [—30m, 307] the first 100 eigenvalues of the Dirichlet problem
are all less than 2.90 . Thus the asymptotic behavior has not yet begun to

assert its influence.



—y"+q(@)y =Xy, [-b,0], q(z) =sin =+

1+ 22
b=20
Ao ... A As A6 Ao Agg
4H 4 | | |
| | |
-.362 -.313 -.034 648 944 61.7
b=50
Ao A1 As Mg e A29 As3 Ao
-.376 -.347 -.034 .605 904 1.35 9.91
b =100
Ao Aot Azp Az A61 A6z  Ae3 Agg
|
N A R B B S
-.378 -.348 -.034 597 914 1.14 1.30 2.54



1

—y" 4+ q(r)y =y on [-b,b], y(—b) =0=y(b), ¢(z) =sin(z + )

1+ 22
b=92.6770 ~ 2.957
Aog
Ao A1 A2 Aog A29 As7 Asg As9  Agg
|
Tttt
-.380 -.378 -.348 -.240 595 916 1.02 1.30 2.92
b=94.2478 ~ 307
Aog
Ao Al Aoz Agg A30 As7 A60
ﬂ—H—r—.H—._._r—
-.380 -.378 -.348 -.240 .595 910 1.30
Remark.

1. There is strong numerical evidence for the existence of an eigenvalue near

—.380 < g9 ~ —.378.
2. None of the gaps are “clear”.

3. For many truncated intervals of the BEWZ approximations the eigenvalue near
-.240 persists in the first gap. Is this an indication of the existence of an eigen-
value in the first gap of the singular problem or merely another illustration of

“trapping and cascading”?



Ao A4 A6 A1o Agg
| | | | |
| | | | |
-.379 -.341 .623 919 61.7
b =150
Ao A1 i3 At6 A2g A2 Ao

I
-380 -377 -.349 \ .600 .893 \ 1.3l 9.89

b =100

Ao )\1__ A2g A32 A61 / 63 A9g

e ——t ]

-.380 -.378 -.349 596 911 1.29 25

Remark.

—.380 < g9 ~ —.378.

2. None of the gaps are “clear”.

. There is strong numerical evidence for the existence of an eigenvalue near

For many truncated intervals of the BEWZ approximations the eigenvalue near

-.240 persists in the first gap. Is this an indication of the existence of an eigen-

value in the first gap of the singular problem or merely another illustration of

“trapping and cascading”?
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Plum Problem

—y" +100 cos?(z) y = Ay, on [0, 3.141592653589793238462643] :

Let the periodic, semi-periodic and Dirichlet eigenvalues be denoted by AP, A5 AP
respectively. These were computed with SLEIGN2. The following inequalities are
well known [W].

—00 < AY < AT AP <A <A < AP <P <A <AL

AP = 09.743220453458; AP = 28.685139377765
AS = 09.743221015341; A5 = 28.685100309350
AP = 46.477835272853; AL = 62.986489952749
AS = 46.479058473390; S = 62.964079444332
AP = 9.74322; AP = 286851

BEWZ appr. on [-50,50] : y(-50) = 0 = y(50).
Ao Azt Aso A6z Aea Ags A9s

— ——

0.74323  9.74315 28.6859 28.6851 46.4781 46.4781 62.96
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y(—60) = 0 = y(60)

Ao A3z Asg A5 A Az Aa Aisg Ais2 Aigg A190

— o —

9.74 974 286 286 464 464 629 629 778 781 90.0...

)\OD = 09.7431; /\3DS = 28.6850
AP =09.7432; AL = 28.6854
AP, = 62.9641; M2 = 46.4778
AD, = 62.9865; AP, = 46.4791
AR, = 77.8056; AP, = 90.0525
AR, = 78.0623;
All gaps are clear for both intervals [—b,b], b= 50, b= 60.
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Comments and questions:

1. For the Mathieu equation: Is the sequence {S,: r € Ny} spectral exact for
S when a, = —b, and b, = (r+1/2)7 and not spectral exact when a, = —b,

and b, =rn?

Note that for all the cases we checked the first few gaps are clear when a, = —b,
and b, is a half-integer multiple of 7 but not when b, is an integer multiple

of .

2. Note the numerical detection of an eigenvalue Ay ~ —.380 below the essential

spectrum oy ~ —.378 for the potential ¢(z) = sin(z + ﬁ) (Theorem 1

guarantees spectral exactness below oy.)

3. For the potential g(z) = 100 cos?z note the extremely thin first few bands and
the extraordinary corresponding distribution of the eigenvalues of the BEWZ
approximations. All this for the truncated intervals [-50,50] and [-60,60] ap-
proximating (—oo,00). It is also interesting that the first few gaps are clear in

both cases.

The first few bands appear to have a width < 107°. (Each band is known to
have a positive width [W].)

These eigenvalue distributions, remarkable as they are, seem even more re-
markable in view of the fact that for each problem S, the eigenvalues are

asymptotically like n? i.e.
An(Sy) ~ Cr n?, as n — oo. (12)

Of course C, — 0 as r — oo but still it is interesting to note that the contin-
uous spectrum of S is detected by the low eigenvalues before the asymptotic

distribution (12) takes effect.
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