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Finite element implementation with Lagrange multipliers

The finite element method is the most widely used method for
solving numerically partial differential equations

A collection of methods falls under the designation f.e.m.
Model problem

{ ~Au = finQ
u = gondf2
where 92 will denote the boundary of the bounded domain Q
and A denotes the Laplace operator, A = 7, aan,Z'
Green’s identity

/ (—divVu)v dx:/ Vu-Vv dx—/ @v.
o0 o0 on OV
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Find u in H}(Q) such that
/ Vu-Vv = / fv, Yve H(Q),
Q Q

Biharmonic equation

N2y = fin Q
u = gonofd
% = hin 09,
/ Au Av dx :/ fv, Yve HQ), (1)
Q Q

Abstract variational problem Find u € V such that
a(u,v)=(l,v) forallveV

Lax Milgram lemma
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Discrete approximations Find u € V}, such that
a(u,v)=(l,v) forallveV,

Cea’s lemma

llu— up|ly < Cminyey,||u—Vl|y

for a constant C independent of h.

Gerard Awanou Spline Element Method



Why multivariate splines for PDEs ?

Motivation
Features of the method
Approximation properties

Discrete approximations Find u € V}, such that
a(u,v)=(l,v) forallveV,

Cea’s lemma

llu— up|ly < Cminyey,||u—Vl|y

for a constant C independent of h.

Requirements for conforming approximations

Let kK > 1 and suppose 2 is bounded. Then a piecewise
infinitely differentiable function v : © — R belongs to H*(Q) if
and only if v € CK=1(Q).
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Discrete approximations Find u € V}, such that
a(u,v)=(l,v) forallveV,

Cea’s lemma

llu— up|ly < Cminyey,||u—Vl|y

for a constant C independent of h.

Requirements for conforming approximations

Let kK > 1 and suppose 2 is bounded. Then a piecewise
infinitely differentiable function v : © — R belongs to H*(Q) if
and only if v € CK=1(Q).

Even in two dimensions, conforming finite element spaces can
be very complicated and there are no satisfactory answer in
three dimesnions.

Nonconforming approximations are not very popular.
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Stokes equations Find (u,p) € H'(Q)" x L2(2) such that
—-vAU+Vp = f inQ

divu = 0 in Q
u =g on 0f2
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Stokes equations Find (u,p) € H'(Q)" x L2(2) such that

—-vAU+Vp = f inQ
dvu = 0 in Q
u =g on 0f2

Linear elasticity equations Find (o, u) in H(div, Q,S) x L2(Q,R™)

such that
Ao = €(u)
dive = f

1 A
u=gonthe bouqdary and Ao = ?—#a ~ T tr.a 0, N
Equilibrium conditions are very difficult to enforce in the finite

element method
G. Awanou, Spline element method for elasticity, Coming soon
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Vi, = {ce RN, Rc =0},
Wy = {c e RN,Rc = G}

The condition a(u, v) = (/, v) for all v € V), becomes

K(c)d =L"d Vd e Vj, thatis for all d with Rd = 0

K(c,e)+A\TR=1LT.
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Advantages of the method

@ Can be applied to a wide range of PDEs in science and
engineering in both two and three dimensions.

@ Constraints and Smoothness are enforced exactly and
there is no need to implement basis functions with the
required properties. Particularly suitable for higher order
PDEs.

@ No inf-sup condition

@ One gets in a single implementation approximations of
variable order.

@ The mass and stiffness matrices are assembled easily and
this can be done in parallel.

@ Easy implementation of p-adaptive approximation and
simplicity of a posteriori error estimate
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Possible Disadvantages

@ Large size matrices for 3D problems and high order
approximations

(% 7)) 15]

Computing c(!) from A(®), one solves

KT RT clH+1) L
(% S5 =l eo

(KT + lH’T/=r)c(’+1> =KTc) + 1RTG, I=1,2,...
I H

llc — V| < Cullc — ||
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Recall Cea’s lemma ||u — up||y < C minycy, ||U— V||v
Assume V} is a spline space S;(75)
Bivariate splines For d > 3r+2 and 0 < m < d and for
0<k<m.

f — Qf|px < CA™ =K |f| 1

The constant C depends on the smallest angle in A
Trivariate splines For 0 < k < d, f € W5 (Q)

[f = Qflps < CHH1H]f, .

The constant C depends on the shape parameter ox = hi/pk
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9 Refinement of tetrahedra and saddle point problems
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Refinement of tetrahedra and saddle point problems Ui Efienmesn ef a ieiElicslen

Numerical methods for saddle point problems

Non degenerate tetrahedron o7 = Z—; < 00

Quasi-uniform tetrahedral partition o1 = Z—; <o <oo, VT €Ty
Care must be taken for uniform refinement

Tetrahedra Sigma Types
1

1 4.1815

8 6.8102 2
64 10.1948 4
512 16.6254 10

4096 26.8399 24

Example of uniform refinement

Tetrahedra | Sigma | Types
1 41815 1
8 4.1815 1
64 4.1815 1
512 4.1815 1
4096 4.1815 1

Gerard Awanou Spline Element Method



Refinement of tetrahedra and saddle point problems T T

Numerical methods for saddle point problems
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Refinement of tetrahedra and saddle point problems T T

Numerical methods for saddle point problems

A LT c\ [F
(2%)(5)-[a]
Assume the system above has a unique solution c.
A LT c(l+1) F
< L el) I:)\(l+1):|_|:G—€)\(I):|’ (2)
where \(9) is a suitable initial guess e.g. A(9) =0,
Assume that A; = 3(A + AT) the symmetric part of A is positive
definite with respect to L, i.e., xT Asx > 0 and x” Agx = 0 with
Lx = 0 implies x = 0. Then, the sequence (c!*1)) defined by
the iterative method converges to the solution c for any ¢ > 0.
Furthermore,
le = D] < Cefle — e
for some constant C independent of e and /.



Refinement of tetrahedra and saddle point problems T T

Numerical methods for saddle point problems

AcHD) 4 L TAUH) = F and (1)
LctFD) —exlF) = G- XD (2).
Multiplying (2) on the left by LT and substituing L7 AU+ into (1)
and rewriting (2), we get
1
€

(A+ -LTL)cHD) = 1 TA\D L F 4 17 (3)
€

NG PG NG I
€ €

A+ 1LTL is invertible
17
(A+-LT)x=0=x=0.
€
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Refinement of tetrahedra and saddle point problems T T

Numerical methods for saddle point problems

0=x"(A+— ! LTL) xT(As + 1LTL)X = xT Asx + 1(LX)T(LX)
€ €

It follows that x” Asx = 0 and (Lx)"(Lx) = 0. so x = 0.
c(*1) converges to ¢
Put u(*+1 = cl+1) _ ¢ and pt+1) = AU+1) _

A+ 1T D + [Tp() = 0
plHh = p) 4 10+,

1
602 ~ [+ 2 = 2 (A0, 4+ 4 Lt |2

{|p"1} is seen to be decreasing, bounded below by 0 so cvges
Use positive definiteness of Ag + %LTL to conclude
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Refinement of tetrahedra and saddle point problems T T

Numerical methods for saddle point problems

We prove that ||c — cU*t1)|| < Ce|lc — ||
(A+ 170 uH) + LTp = 0
{ D) = plh 4 ),

AU(I—H) + LTp(/—H) -0

We write u(+1 = g(+D 1 g0+ with §0+1) € Ker(L) and
™ e Im(LT). Note that L : Im(L") — Im(L) has a bounded
inverse, so there exists kg > 0 such that

_ 1
@V < e,
from which it follows that

_ 2¢
[T ) < ?Ollp(’)ll
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Refinement of tetrahedra and saddle point problems T T

Numerical methods for saddle point problems

To get a bound on [|&(+1)||, we notice that A is invertible on Ker(L) since A+ 1LTLis
invertible. This gives for some o > 0,

. 1 vo, AU+ —vJ AuY _
< Losup QAT gy TR AT g ).
Q0 vyeKer(L) [Ivoll veker(t) Vol

Putting together, we obtain
lu*D|| < Ce||p"]|, for some constant C > 0
To finish, we need a bound on ||p()|| in terms of ||u()||. It can be shown that one can

choose \g such that p() € Im(L) and since LT : Im(L) — Im(L") has a bounded
inverse,
1
eV < F\\LTP(’)||~
0

This completes the proof since LT p() = —Au().
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Linear problems

Trivariate splines

Letd>1andr >0

S4(Q) ={p e C'(Q), p; € Py, Yt T}.
B4 d b’ K i+j+k+1=d

The set B9 = {B,-jk,(x,y, z),i+j+ k + 1= d} is a basis for Py.

_ T pd
sT= Y., ChaBia
i+j+kl=d
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Linear problems

Interpolation
On the tetrahedron T =

vy +]V2

On the edge (v1, o) at & =
> C//Bd( V), 517

i+j=d
p= > GcikBj
i+j+k=d
_ . Rd
p= Z Cijki Bijia q
i+j+k+I=d
Rc =c¢p

(vi, V2, V3, v4) at iy =

iV1 +jV2+kV3+/V4
d

d!
/Ijl

d
> cioBfo

i+j=d

d
> CikoBiko

bl b,

i+j+k=d
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Linear problems

Derivatives
Dic, i = 1,2 encode respectively the B-net of g—;.
Integration

/ pg=c’ld
Q
Smoothness conditions
This shows that there’s a (/, N) matrix H such that s is in C"(Q)
if and only if
Hc = 0.
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Linear problems

Poisson equation

Tetrahedra d=1 d=2 d=3 d=4
6 6.4017e+00 | 1.3922e+00 | 2.3880e-01 | 3.2070e-02
6*8=48 2.7623e+00 | 2.9100e-01 | 2.5136e-02 | 1.7554e-03
48*8=384 | 9.5226e-01 | 4.9066e-02 | 1.5654e-03 | 5.0882e-05
Tetrahedra d=5 d=6
6 4.0221e-03 | 3.9298e-04
6*8=48 7.9726e-05 | 4.6256e-06

u=exp(x+y+2z)
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Linear problems

Biharmonic equation

Tetrahedra 6 48
d=2 1.5571e-01 5.9921e-02
3 6.4337e-02 9.1870e-03
4 1.0803e-02 5.9974e-03
5 1.2830e-02 | Out of memory

d
d
d

u = exp(—x? — y? — 22)
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Linear problems

Stokes equations

Uy = —exp(x +2y +3z),up =2 exp(x + 2y +32),u3 = —exp(x + 2y + 3z),p =

x(1=x)z(1 — 2)

Table 1 Approximation Errors from Trivariate Spline Spaces on Z4

degrees | uq up ug p

3 3.3633x 10 5.9431x10 4.0397 x 10 1.3466 x 103

4 1.7010x 10 4.4374x10 3.5368x 10 3.8562 x 102

5 2.3804 7.3711 5.9629 9.8470 x 10"

6 3.9620x 10" 1.2238 1.0311 2.7404 x 10"

7 6.7456x 102 1.9789 x 10" 1.6260x 10" 6.8411

Rate 156x107 d 9829 | 322%107 d~ 95293 | 232%107 d 9-5%63 | 850 x10° g /1953

Table 2 Approximation Errors from Trivariate Spline Spaces on Z,

degrees uq [ us P

3 1.5083% 10 1.8709% 10 1.5222x10 4.4382 x10°

4 9.4142x10~" 2.2094 1.8373 3.5278x 10"

5 9.1619x 102 2.2322x 10" 2.0176x 10" 5.8199

6 8.5128x1073 2.3520x 1072 1.9276 1072 7.1884 x 10~
Rate 9.31x10% g~ 115631 | 1245107 g— 111892 | 109107 g~ 111901 | 1.05x107 g—9-1064
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Fourth order singular problem
Darcy-Stokes equation

Robustness of the method for singular perturbation problems

e Robustness of the method for singular perturbation
problems
@ Fourth order singular problem
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Fourth order singular problem

Robustness of the method for singular perturbation problems SR SEES CHEICR

Biharmonic Poisson

EN%U— Au="FfinQ

u=20, g——OmOQ

V=W=H:3Q /AuAv+/Vu Vv_/fv.

Vp = {u e S}, u=0and du/dn =0 on 9Q}
={ceRN Hc=0,Rc=0,Nc=0}
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Fourth order singular problem

) ) Darcy-Stok E
Robustness of the method for singular perturbation problems EHETTELES G ECn

B+K HT RT NT

c MF
H 0o o o ||x]| | o
R o0 o0 o llx]|"]o
N 0 0 0 ]2 0
|]|u|||2:ezz/D2u:D2vdx+ Z/Du:Dvdx
TeT,” T TeT,” T
[Ilup — unll]
g
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Fourth order singular problem
Darcy-Stokes equation

Robustness of the method for singular perturbation problems

Ford >3r+2and0<m<dandforO< k<m.

If = Qflpk < CIAI™ ' f|p mys

For u € HI+1(Q), for d > 5,

; 2 o 2p2(d—1)|,,2 2d| /2
inf,cgyllu—v|Z < ROV + Kb

= PP + )]l
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Fourth order singular problem

. . D -Stok ati
Robustness of the method for singular perturbation problems S-S e

Using cubic polynomials

[ ¢h [2°7° [27° [2°° [2°° |
20 2.126510~ 7 [ 1.0271 101 1.9464 10-2 | 3.3889 103
2-2 1.8980 10T | 9.472410~2 | 4.562510-2 | 85138103
24 9.6005 102 | 4.5406 102 | 2.2429 102 | 1.0786 102
26 4.037410=2 | 1.414210-2 | 6.338910~3 | 3.0774 103
28 3.2036 102 | 7.5016 103 | 22452103 | 8.6681 104
2-10 3.14231072 | 6.854010~° | 1.6684 103 | 4.4247 10~ *¢
Poisson (S) | 2.3071 102 | 52191103 | 1.267810°3 | 3.141210 ¢
Poisson 1.968510-3 | 2.620310~% | 3.3516 10~ > | 4.2260 10~ ©
Biharmonic | 2.1450 10—1 | 1.0367 101 1.965410~2 | 4.3614 103

u(x, y) = (sin(rx) sin(ry))?
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Fourth order singular problem

. . D -Stok ati
Robustness of the method for singular perturbation problems EHETTELES G ECn

Using polynomials of degree 4

[ e/h [ 273 [ 27 [275 [2°°
20 24378102 | 5.867410-3 | 1.0959 10—3 [ 2.7988 10— %x
22 21598 102 | 51899102 | 1.2694 103 | 2.3759 10 %«
2—4 1.0534 102 | 2.470210~3 | 6.0576 10~% | 9.4533 10~ °
26 4.0397 103 | 7.643710~% | 1.713410~% | 4.136510~°
2-8 2.9540 10—3 | 3.997710~% | 6.192310-5 | 1.185210~°
2-10 2.8664 10—3 | 3.617010~% | 4.617710-5 | 6.218410~°
Poisson (S) | 1.9956 103 | 2571210~ % | 3.245910°° | 4.516110°°
Poisson 24134104 | 15286105 | 9.5869 10~/ | 6.2866 10— 10
Biharmonic | 2.4605 102 | 59116 10° | 1.2668 103 | 3.0533 10— %*

Gerard Awanou Spline Element Method




Fourth order singular problem
Darcy-Stokes equation

Robustness of the method for singular perturbation problems

e Robustness of the method for singular perturbation
problems

@ Darcy-Stokes equation
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Fourth order singular problem
Darcy-Stokes equation

Robustness of the method for singular perturbation problems

u—u—-vp=finQ
divu=ginQ
u=0on o1

W = {u e H}(Q)?,divu=g} V= {u e H{(Q)? divu = 0}
Findue W, GZ/VU-VUJr/U-V:/f-V,VVE V.
Q Q Q

Wy = {ce RN, Hc=0,Rc =0,Dc = G}
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Fourth order singular problem

Robustness of the method for singular perturbation problems Ralcyslelesleqtatioy

K+M HT RT DT ¢
H 0 0 0 Ao
R 0 0 0 | T
D 0 0 0 A

QOO%

IVII1Z = [Iv][? + €[] Vv[2
V={vel?Q)?divv=0,v-n=00ndQ}.
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Fourth order singular problem

Robustness of the method for singular perturbation problems Ralcyslelesleqtatioy

Divergence-free vector fields

V9 = {fe (HY(Q))?, f=curl$, p € H(Q)}

and
Vo= {s € (S§(Q))? s=curlS, Sec S}, ,(Q)}

inf |[f —s||2 < h9|f|g and inf ||[Vf— Vs|]z < h"|f|g,
SEVy seVy

inf ocva |[Ju—8|l|c < (eh® "+ h)|uly, d > 4.

s=0o0n 9Q
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Robustness of the method for singular perturbation problems

Using cubic polynomials

Fourth order singular problem
Darcy-Stokes equation

[ e¢/h [27 27° 2 * 27°
270 1.0061 10~ | 2.3718 1072 | 5.821210°° | 1.4467 10°
272 189696102 | 2.10141072 | 51490 10~% | 1.2791 1073
2=% | 467931072 | 1.02401072 | 2.450510~° | 6.0662 10~*
276 123921102 | 3.892210°° | 7.5706 10~* | 1.810510~*
27% [ 209341072 | 2.831510°° | 3.953710~% | 1.338010~*
0.00 | 2.0708 1072 | 2.740310° | 3.5598 10~ * | 5.8378 10 °*
Darcy | 4.3368 10~° | 8.6596 10~* | 1.7278 10°* | 1.9652 10 2+

u = curl(sin(mx)? sin(my)?),

and p = sin(7x)
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Robustness of the method for singular perturbation problems

Pressure Ps/P,

Fourth order singular problem

Darcy-Stokes equation

[ ¢/h [27° 23 24
270 7.9689 3.1380 8.9906 10~
272 15036910 " | 1.947110° 7 | 5.6019 1072
2=% [ 331211072 | 1.148610°2 | 3.402510°°
276 [ 2919110°° | 6.870110~% | 1.9454 10~ *
2=8 11518510 % | 9.0396 10~ ° | 1.1731107°
0.00 | 1.469010°% | 6.9076 10> | 2.7063 10~ °
Darcy | 1.469010~° | 6.9076 10~° | 2.7063 10~°
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Robustness of the method for singular perturbation problems

Fourth order singular problem
Darcy-Stokes equation

Using polynomials of degree 4

[ e/h 277 2° 2~* 27°
270 [1.748610°2 | 1.046510°° | 6.018010° [ 4.0017 10 %«
272 [ 155411072 | 9.259710~% | 5.323210°° | 1.7016 10 °+
2=% 17899610°° | 4432510 % | 2532710~ ° | 1.5584 10 *+
2-% 1 3664310°° | 1.452910~* | 2.025710°° | 1.2314 10 *+
27% [ 3.027110°° | 8.525210~° | 8.3301 10~ °* | 1.0183 102+
0.00 | 2.975110°2 | 7.8673 107 % | 1.7288 10~°+ | 1.7788 10>+
Darcy | 6.413910~% | 2.1203 10>« | 1.2037 10 *+ | 1.5822 102+
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Robustness of the method for singular perturbation problems

Pressure P4/Ps

Fourth order singular problem
Darcy-Stokes equation

[ e¢/h [27 27°
270 7.5061 9.0088 10"
272 | 4719810~ " | 5.6434 1072
2=% 1299841072 | 3.581110°
2= 1 2598010°° | 2.2229 10~*
2-8 111138103 | 1.763510°°
0.00 | 1.034310°° | 9.382010°°
Darcy | 1.034310°° | 9.3820 10~¢
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Navier-Stokes equations

Nonlinear problems

© Nonlinear problems
@ Navier-Stokes equations
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Navier-Stokes equations

Nonlinear problems

—uAu+Zj31u/8” +Vp=f inQ,
divu=20 in €.

Vo = {v e H}(Q)3,divv =0}

LS(Q):{ueE(Q),/ u=0} and
Hz(09) = {r(u),u € H'(Q)},

Gerard Awanou Spline Element Method



Navier-Stokes equations

Nonlinear problems

Weak formulation : Find u € H'(Q2)3 such that

3
ou

v Vu-Vv+§ /u--v:/f-v Yv e VW

/Q = Ja Tox Q

divu=0 in Q
u=g on 0F2

vKe + B(c)e + LT\ = MF

Lce=G
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Navier-Stokes equations

Nonlinear problems

Lid driven Cavity Flow

FiG.: 3D fluid profile in the x — y plane



Navier-Stokes equations

Nonlinear problems
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FiG.: 3D fluid profile in the y — z plane
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Navier-Stokes equations

Nonlinear problems

e -

\
b

e e e -
P
S . - . B PR A ol g e S S

ST T T T -
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Vol e e e T T T s

. e A
B e e
e — —— e ~
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0.5

F1G.: 3D fluid profile in the x — z plane
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Navier-Stokes equations

Nonlinear problems
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