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The Navier-Stokesequations
(

� � � u +
P 3

j =1 uj
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+ r p = f in 
 ;
div u = 0 in 
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V0 = f v 2 H 1
0(
) 3; div v = 0g

L2
0(
) = f u 2 L2(
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1
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) = f � (u); u 2 H 1(
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Existenceand Uniqueness
Let 
 beaboundedconnectedopensubsetof IR3 with
aLipschitzcontinuousboundary. For f 2 H � 1(
) 3

andg 2 H
1
2 (@
) 3 satisfying

R
@
 g � n = 0; the

problem:�nd (u; p) 2 H 1(
) 3 � L2
0(
) suchthat

8
><

>:

� � � u +
P 3

j =1 uj
@

@xj
u + r p = f in 


div u = 0 in 

u = g on@
 ;

hasasolutionwhich is uniqueprovidedthat� is
suf�ciently large.
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Featuresof the splinemethod
� Weshallassumethat
 is apolygonaldomainof

IR3 with a tetrahedralpartitionT andusethe
splinespace

Sr
d(T ) = f s 2 Cr (
) ; sjt 2 IPd; 8t 2 T g;

whereIPd is thespaceof polynomialsof total
degreed.
WeusetheB-form of splinesandassociateto
eachcomponentui of u, i = 1; : : : ; 3 avectorof
coef�cients ci .

� Smoothnessrequirementsonc. In general,
smoothnesscanbeimposedin a �e xible way
acrossthedomain.
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Featuresof the splinemethod
� Polynomialsof highdegreescanbeeasilyused

locally to getbetterapproximationproperties.

� Weakformulation:Findu 2 H 1(
) 3 suchthat

�
Z



r u � r v +

3X

j =1

Z



uj

@u
@xj

� v =
Z



f � v 8v 2 V0

div u = 0 in 


u = g on@


�

� K c + B(c)c + LT � = M F

Lc = G
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Featuresof the splinemethod
� Theprevioussystemof nonlinearequationsis

linearizedandtheresultinglinearsystemssolved
by avariantof theaugmentedLagrangian
algorithm.

� Themassandstiffnessmatricescanbeassembled
easilyandtheseprocessescanbedonein parallel.

� Thepressureis computedby solvingaPoisson
equationwith Neumannboundaryconditions.
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Tri variate Splines
Let d � 1 andr � 0 betwo �x edintegers.Givenaboundeddomain


of R 3 with piecewiseplanarboundary, let T bea tetrahedralpartition

of 
 .

Sr
d(
) = f p 2 Cr (
) ; pjt 2 Pd; 8t 2 T g:

p(x; y; z) =
X

0� i + j + k� d

� ij kxi yj zk ;

Barycentriccoordinates

Givenanon-degeneratetetrahedronT = hv1; v2; v3; v4i , any point

v = (x; y; z) canbewrittenuniquelyin theform

v = b1v1 + b2v2 + b3v3 + v4b4 with b1 + b2 + b3 + b4 = 1.
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B-form of splines

Bernsteinpolynomialsof degreed

B d
ij kl (v) =

d!
i !j !k!l !

bi
1bj

2bk
3bl

4; i + j + k + l = d:

They arepolynomialsof degreed sinceeachbi is a linearpolynomial.

ThesetBd = f B d
ij kl (x; y; z); i + j + k + l = dg is abasisfor thespace

of polynomialsPd.

Werecallthatthedimensionof Pd is
� d+3

3

�
.

As aconsequenceany splines in Sr
d canbewrittenuniquely

sjT =
X

i+ j + k+ l= d

cT
ij kl B

d
ij kl ;

sincesjT is apolynomialof degreed.

nth = numberof tetrahedra,m = dimPd andN = m � nth .
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Bivariatesplines

Therestrictionof a trivariatepolynomialof degreed ona faceof a

tetrahedronis abivariatepolynomialandcanbewritten in B -form
X

i+ j + k= d

ecij k eB d
ij k (v);

where
eB d

ij k =
d!

i !j !k!
bi

1bj
2bk

3:

For example,giventhetrivariatesplineona tetrahedronT

p =
P

i+ j + k+ l= d cij kl B d
ij kl ; q =

P
i + j + k= d cij k0B d

ij k0 canbe

consideredasabivariatepolynomial.
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Interpolation

Thereis auniquepolynomialp of degreed thatinterpolatesany given

functionf ona tetrahedronT = hv1; v2; v3; v4i at thedomainpoints

� ij kl = iv 1+ j v2+ kv3+ lv4
d .

Thisgivesriseto aninterpolationoperator� d. � d(f ) will denoteboth

thesplineinterpolantandits B -net.

Wecanalsode�ne aboundaryinterpolationoperator� b
d sincea

bivariatepolynomialp of degreed is uniquelydeterminedona triangle

hv1; v2; v3i by its valuesat thedomainpoints� ij k = iv 1+ j v2+ kv3
d . Note

thatherethedomainpointshave threeindices.

Wehave for asplines with B -netc accordingto ournotations

Rc = � b
d(s)
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Derivatives

Wewantto give formulasfor thedirectionalderivativesof p in a

directionde�ned by avectoru joining thepointsv1 andv2. Let

a = (a1; a2; a3; a4) with componentsthedifferenceof thebarycentric

coordinatesof v1 andv2. Du p canbewritten in B -form asa

polynomialof degreed � 1.

Du p = d
X

i+ j + k+ l= d� 1

c(1)
ij kl (a) B d� 1

ij kl ; where

c(1)
ij kl (a) = a1ci+1 ;j ;k;l + a2ci;j +1 ;k;l + a3ci;j ;k+1 ;l + a4ci+1 ;j ;k;l+1 :

It' snotdif�cult to seethattherearematricesD 1; D2 andD3 suchthat

if c encodestheB -netof s, D i c, i = 1; : : : ; 3 encoderespectively the

B -netof @s
@xi

.
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Integration

There's amatrixG suchthatif p andq haveB -netsc andd,

Z



pq = cT Gd

Smoothnessconditions

Let t = hv1; v2; v3; v4i andt0 = hv1; v2; v3; v5i betwo tetrahedrawith

commonfacehv1; v2; v3i . Thens is of classCr on t [ t0 if andonly if

ct0

ij km =
X

� + � + � + � = m

ct
i+ �;j + � ;
 + �;� B l

�;� ;�;� (v5); m = 0; : : : ; r ; i + j + k = d � m:

Thissuggeststhatthere'sa (l ; N ) matrixH suchthats is in Cr (
) if

andonly if

H c = 0:
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Discretization

Theweakform of theNavier-Stokesequationsis: Findu 2 H 1(
) 3

suchthat

�
Z



r u � r v +

3X

j =1

Z



uj

@u
@xj

� v =
Z



f � v 8v 2 V0

div u = 0 in 


u = g on@


where

V0 = f v 2 H 1
0(
) 3; div v = 0g:

Wenow considersplineapproximationsof thevelocity vector�eld u.

Let d � 1 andr � 0 betwo givenintegers.
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Let alsoS � S0
d(T ) beasplinesubspaceovera tetrahedralpartitionT

of 
 consistingof splinefunctionswhichareCr inside
 andC0 near

theboundary@
 .

� Recallthatthereis amatrixH suchthatif s 2 S with

B-coef�cient vectorc, then

H c = 0:

� Also recallthatthereis amatrixR whichmapsc to the

B -coef�cients of s on theboundaryof 
 andRc = G represents

theboundarycondition,i.e.,s = g on theboundary

approximately.
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� Finally therearematricesD1; D2 andD3 suchthatif c encodes

theB -netof s, D i c, i = 1; : : : ; 3 encoderespectively theB -net

of @s
@xi

.

� u = (u1; u2; u3) velocity vector

su = (s1; s2; s3) splineapproximatingvector

si 2 S satisfyingH ci = 0; R(ci ) = G(gi ) for i = 1; 2; 3.

div u = 0 is discretizedasD1c1 + D2c2 + D3c3 = 0

� Let

H =

0

B
B
B
@

H 0 0

0 H 0

0 0 H

1

C
C
C
A

; R =

0

B
B
B
@

R 0 0

0 R 0

0 0 R

1

C
C
C
A

;
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�

G = (G(g1); G(g2); G(g3))T D =
h

D1 D2 D3

i
:

H c = 0, Rc = G andDc = 0

L =
h

H
T

R
T

D
T

i T
and G =

h
0 G T 0

i T
;

� In otherwords,if we let

Sg = f c 2 (IRN )3; Lc = Gg;

weareseekingfor asolutionin Sg. Weapproximateelementsof

V0 by vectorsd = (d1; d2; d3) in

S0 = f d 2 (IRN )3; Ld = 0g:
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a(u; v ) =
Z



r u � r v

b(w; u; v ) =
3X

j =1

Z



wj

@u
@xj

� v :

Z



fv

M t =
�

R
t B d

� B d
�

�

j� j= d;j� j= d
, localmassmatrix

M is theglobalmassmatrix

K t =
� Z

t
r B d

� r B d
�

�

j� j= d;j� j= d
, local stiffnessmatrix

K globalstiffnessmatrix
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Continuous Discrete
u = (u1; u2; u3) c = (c1; c2; c3)
v = (v1; v2; v3) d = (d1; d2; d3)
u 2 S � Sr

d(
) H c = 0
div u = 0 Dc = 0

u = g on@
 Rc = G
u 2 Sg Lc = GR


 f i vj dT
j M FiR


 fv dTM F
a(u; v) =

R

 r u � r v cTK d

b(w; u; v) =
P 3

j =1

R

 wj

@u
@xj

� v dTB(e)c

Presentationat the10thAnnualConferencefor African AmericanResearchersin theMathematicalSciences, June24,2004– p.19/47



Discretization of the Stokes
equations

Corollaryof theLax-Milgram lemma

Let V bea realHilbert spacewith normdenotedby jj :jj V ,

(u; v) � ! a(u; v) a realbilinearform onV � V , l anelementof the

dualof V andlet usdenotethedualitypairingbetweenV andits dual

V 0by <; > . If a is continuous,symmetricandis elliptic onV i.e. there

is � > 0 suchthata(v; v) � � jjvjj 2
V for all v 2 V , then,theproblem:

Findu 2 V suchthat

a(u; v) = < l; v >;

hasoneanonly onesolutionwhichminimizesthefollowing functional

overV

J (v) =
1
2

a(v; v)� < l ; v > :
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Underthesamehypothesesasin thetheoremon theNavier-Stokes

equations,theStokesequations:
8
>>><

>>>:

� � � u + r p = f in 


div u = 0 in 


u = g on @


haveauniquesolutionu in H 1(
) 3 andapressurep in L 2(
) unique

up to anadditiveconstant.Theseequationsarederivedunderthe

assumptionthatthevelocity is suf�ciently smallto ignorethenonlinear

termu � r u(x; t).

The weak form of the equationsis: Find u in H 1(
) 3 suchthat div

u = 0 and�
R


 r u � r v =
R


 f � v ; 8v 2 V0;
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V0 = f v 2 H 1
0(
) 3 suchthatdiv v = 0g:

In this case,thevelocity vectoru is is theuniqueminimizerin

V = f v 2 H 1(
) 3 suchthatdiv v = 0g

of thefunctional

J (u) =
�
2

Z



r u � r u �

Z



f � u:

If we let c encodetheB -netof theapproximant,thediscreteproblem

is: Minimize

J (c) =
�
2

cT K c + FT M c

over (IRN )3 undertheconstraintLc = G.
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By thetheoryof Lagrangemultipliers,thereis a
vectorof Lagrangemultipliers� suchthat

�
� K c + LT � = M F;

Lc = G:
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Computation of the pressure
term

Assumingthatu is smoothandtakingthedivergenceof theequation

� � � u + r p = f in 


weget

� � p = � div f

sincediv u = 0. Here,thepressureis theminimizerover

L 2
0(
) = f p 2 L 2(
) ;

Z



p = 0g

of

Q(v) =
1
2

Z



jr vj2 �

Z



(� div f )v �

Z

@

(f � n + � (� u) � n)v:

Discretizationfor thepressurein Navier-Stokesequationsis similar.
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Discretization of the Navier-
Stokesequations

Findc in R 3N satisfyingLc = G with G encodingthesideconditions

and

� cT K d + (B (c)c)T d = dT M F

for all d in R 3N with constraintsLd = 0.

Here,K andM arethestiffnessandmassmatricesrespectively;

(B c)d encodesthenonlinearterm. If oneconsidersthefollowing

linearfunctionalin d,

J (d) = (� cT K + (B (c)c)T + FT M )d;

wehaveJ (d) = 0 for all d satisfyingLd = 0.
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This impliestheexistenceof aLagrangemultiplier � suchthat

J (d) + � T Ld = 0.

� cT K + (B (c)c)T + � T L = FT M

In summary, thediscretesolutionc mustsatisfy

� cT K + (B (c)c)T + � T L = FT M

Lc = G

Thiscanbewritten

� K c + B (c)c + L T � = M F

Lc = G:

Thishasauniquesolutionc providedtheviscosity� is suf�ciently large.
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Linearization
A simpleiterationalgorithmStartingwith aninitial guessc(0) which

canbecomputedby solvingtheStokesequations,weconsiderthe

sequenceof problems

� K c(n+1) + B (c(n) )c(n+1) + L T � (n+1) = M F

Lcn+1 = G;

Thefollowing convergenceresultis similar to oneof theconvergence

resultsof [Karakashian'82].

Theprevioussystemhasauniquesolutionc(n+1) andtheunique

solutionc is suchthat

jjc(n+1) � cjjH 1(
) 3 � 
 1jjc(n) � cjjH 1(
) 3

for aconstant
 1 < 1. As aconsequencec(n+1) convergesto c.
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Newton's iterationsWeareinterestedin thesequencec(n+1) de�ned by

� K c(n+1) + B (c(n) )c(n+1) + eB (c(n) )c(n+1) + L T � (n+1) =

M F + B (c(n) )c(n)

Lc(n+1) = G:

eB is de�ned suchthat eB (c)d = B (d)c. Wehave thefollowing

convergenceresult

Thereexistsr > 0 suchthatif jjc � c(0) jjH 1(
) 3 < r , thereis aunique

c(n+1) solutionof thesystemandjjc � c(n) jjH 1(
) 3 < r for all n with

jjc � c(n+1) jjH 1(
) 3 � 1
r jjc � c(n) jjH 1(
) 3 . Moreover, if there's � < 1

suchthatjjc � c(0) jjH 1(
) 3 = r � , thenc(n) convergesto c as

jjc � c(n) jjH 1(
) 3 �
1

r 2n � 1 jjc � c(0) jj 2n

H 1(
) 3 ; n = 1; 2; : : :
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Practicalcomputationof c Thepreviousmethodsall involve to �nd c

solutionof asingularsystemof type
0

@ A L T

L 0

1

A

0

@ c

�

1

A =

2

4 F

G

3

5 ;

with A nonsymmetric.

Under the hypothesethat � is suf�ciently large or jjF jj L 2(
) 3 is suf-

�ciently small, the symmetricpart (A)s of A is positive de�nite with

respectto L in the sensethat xT (A)sx � 0 andxT (A)sx = 0 with

Lx = 0 impliesx = 0.
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Weshow thatthelaterconditionis suf�cient for thesolutionc to be

unique.Indeedif (d; � ) is anothersolutionwehave

A(c � d) + L T (� � � ) = 0:

So,with e = c � d,

eT �
(A)se + (A)ase + L T (� � � )

�
= 0

Le = 0:

Here(A)as denotestheantisymmetricpartof A. WehaveeT ((A)ase =

0 andeT L = 0. ThereforeeT (A)se = 0 with Le = 0. Thusc = d.

Thissuggeststhatwecanretrieve thesolutionc by computingany least

squaressolutionof thesystem.
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Weconsiderfor l= 0; 1; 2; : : : ; thesequenceof problems
0

@ A L T

L � �I

1

A

2

4 c(l+1)

� (l+1)

3

5 =

2

4 F

G � �� (l )

3

5 ; (1)

where� (0) is a suitableinitial guessfor example� (0) = 0, and I is

the identity matrix. Let alsoassumethat A is a matrix of sizen � n;

c;F 2 IRn; L is amatrixof sizem � n and�; G 2 IRm .
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� Theorem

Supposethatthelinearsystem(of thediscreteproblem)hasa

uniquesolutionc. AssumethatAs = 1
2(A + AT ) thesymmetric

partof A is positivede�nite with respectto L , i.e.,xT Asx � 0

andxT Asx = 0 with Lx = 0 impliesx = 0. Then,thesequence

(c(l+1) ) de�ned by theiterativemethodconvergesto thesolution

c for any � > 0. Furthermore,

kc � c(l+1) k � C� kc � c(l )k

for someconstantC independentof � andl.

� Proof
We �rst show thatc( l +1) and� ( l +1) arewell-de�ned. Let us�rst
rewrite theiterativemethodsystemasfollows.
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Ac(l+1) + L T � (l+1) = F and (1)

Lc(l+1) � �� (l+1) = G � �� (l ) (2):

Multiplying (2) on theleft by L T andsubstituingL T � (l+1) into (1) and

rewriting (2), weget

(A +
1
�

L T L)c(l+1) = � L T � (l ) + F +
1
�

L T G (3)

� (l+1) +
1
�

Lc(l+1) = � (l ) +
1
�

G:

To show thattheiterativemethodsystemis solvableunderthehypothe-

sesof thetheorem,we needonly to show thatA + 1
� L T L is invertible.
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SinceA is asquarematrix, it is enoughto show that

(A +
1
�

L T L)x = 0 ) x = 0:

Thatis,

0 = xT (A +
1
�

L T L)x = xT (As +
1
�

L T L)x = xT Asx +
1
�

(Lx )T (Lx )

sincexT Aax = 0. It follows that

xT Asx = 0 and (Lx )T (Lx ) = 0:

By theassumptionsonA, i.e.,As is assumedto besymmetricpositivede�nite

with respectto L , we get x = 0. Hence,the new iterative linear systemis

invertibleandc(l +1) and� ( l +1) arewell-de�ned.
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Wenow show thatc( l +1) convergesto c. Let alsou(l +1) = c( l +1) � c and
p(l +1) = � ( l +1) � � . Wehave

8
<

:
(A + 1

� L T L)u( l +1) + L T p( l ) = 0

p(l +1) = p( l ) + 1
� Lu ( l +1) :

kp( l ) k2 � kp( l +1) k2 =
2
�

(Asu( l +1) ; u( l +1) ) +
1
� 2 kLu (l +1) k2:

WeconcludethatsinceAs is nonnegative,

kp( l ) k2 � kp( l +1) k2 � 0;

andthesequencefk p( l )kg is seento bedecreasing.
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Beingboundedbelow by 0, it converges;hencekp(l)k2 � kp(l+1) k2

convergesto 0 which impliesthat(Asu(l+1) ; u(l+1) ) andkLu (l+1) k2

convergeto 0. SinceAs + 1
� L T L is positivede�nite, it follows that

u(l+1) convergesto 0 and�nally c(l+1) convergesto c.
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Sketch of proof of convergence
rate

Weprove that

kc � c( l +1) k � C� kc � c( l ) k;

Recallthatu( l +1) = c( l +1) � c andp(l +1) = � ( l +1) � � . Weshowedthat

kp( l +1) k � kp( l ) k; for all l

i.e. that(p( l ) ) is adecreasingsequence.Wealsohave

8
<

:
(A + 1

� L T L)u( l +1) + L T p( l ) = 0

p(l +1) = p( l ) + 1
� Lu ( l +1) ;

from which it follows that

Au(l +1) + L T p( l +1) = 0
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Wewrite u( l +1) = û( l +1) + u( l +1) with û( l +1) 2 Ker(L ) andu(l +1) 2
Im(L T ). NotethatL : Im(L T ) ! Im(L) hasaboundedinverse,sothere
existsk0 > 0 suchthat

ku( l +1) k �
1
k0

kLu (l +1) k;

from which it follows that

ku( l +1) k �
2�
k0

kp( l ) k

To getaboundonkû( l +1) k, wenoticethatA is invertibleonKer(L ) since
A + 1

� L T L is invertible.Thisgivesfor some� 0 > 0,

kû( l +1) k �
1

� 0
sup

v0 2 Ker( L )

(v0; Aû( l +1) )
kv0k

= sup
v0 2 Ker (L )

� vT
0 Au(l +1)

kv0k
� kAk ku(l +1) k:
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Puttingtogether, weobtain

ku(l +1) k � C� kp( l ) k; for some constantC > 0

To �nish, weneedaboundonkp(l ) k in termsof ku( l ) k. It canbeshown that
onecanchoose� 0 suchthatp( l ) 2 Im(L) andsinceL T : Im(L) ! Im(L T )
hasaboundedinverse,

kp( l ) k �
1
k0

kL T p(l ) k:

Thiscompletestheproof sinceL T p(l ) = � Au(l ) .

Presentationat the10thAnnualConferencefor African AmericanResearchersin theMathematicalSciences, June24,2004– p.39/47



Computational Experiments on
the 3D StokesEquations
Let 
 � IR3 beacubewith sidesof length1. We
considerthevector�eld u = (u1; u2; u3) with a
pressurep.

u1 = � exp(x + 2y + 3z)

u2 = 2 exp(x + 2y + 3z)

u3 = � exp(x + 2y + 3z)

p = x(1 � x)z(1 � z):
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Table1 ApproximationErrorsfrom TrivariateSplineSpaceson I 1

degrees u1 u2 u3 p

3 3.3633� 10 5.9431� 10 4.0397� 10 1.3466� 103

4 1.7010� 10 4.4374� 10 3.5368� 10 3.8562� 102

5 2.3804 7.3711 5.9629 9.8470� 101

6 3.9620� 10� 1 1.2238 1.0311 2.7404� 101

7 6.7456� 10� 2 1.9789� 10� 1 1.6260� 10� 1 6.8411

Rate 1.56� 107 d� 9:8294 3.22� 107 d� 9:6203 2.32� 107 d� 9:5463 8.50� 106 d� 7:1353

Table2 ApproximationErrorsfrom TrivariateSplineSpaceson I 2

degrees u1 u2 u3 p

3 1.5083� 10 1.8709� 10 1.5222� 10 4.4382� 102

4 9.4142� 10� 1 2.2094 1.8373 3.5278� 101

5 9.1619� 10� 2 2.2322� 10� 1 2.0176� 10� 1 5.8199

6 8.5128� 10� 3 2.3520� 10� 2 1.9276� 10� 2 7.1884� 10� 1

Rate 9.31� 106 d� 11:5631 1.24� 107 d� 11:1692 1.09� 107 d� 11:1901 1.05� 107 d� 9:1064
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L2 normof theerrorversusdegreeonT1 (rate1:6777� 107

d� 9:8962) andT2 (rate7:7013� 106 d� 11:8503)
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H 1 normof theerrorversusdegreeonT1 (rate1:6777� 107

d� 9:8962) andT2 (rate7:7013� 106 d� 11:8503)
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Lid Dri ven Cavity Flow Prob-
lem
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Work in Progress
� TimedependentNavier-Stokes

� Extensionto variationalinequalities

� ThankYou!
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