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The Navier-Stokesequations
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The Navier-Stokesequations

j=1lUig, T P= ?n ; (1)

Vo= fv 2 H3() 3divv = Og

Z
Le() =fu2L?); u=0g and

H2(@ =f (u;u2HY) g;
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Existenceand Unigueness

Let beaboundedconnectedpensubsebf IR® with
aLioschitzcontinuoucooundﬁryForf 2H ()3

andg 2 Hz(@) ° satisfying 5 g n = 0;the
problem: nd (u;p) 2 H() & L4() suchthat
I

@ _ .
U+ aUgU+rp = f In
S dvu = 0 N
| u =g on@;

hasa solutionwhichis uniqueprovidedthat Is
sufciently large.
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Featuresof the spline method

We shallassumeéhat Is a polygonaldomainof

IR3 with atetrahedrapartitionT andusethe
splinespace

Sa(T)=1s2C'() ; sjt 2 IPg; 8t 2 Tog;

wherelP! is the spaceof polynomialsof total

degreed.
We usethe B -form of splinesandassociatéo
eachcomponent; of u, 1 = 1;:::; 3avectorof

coefcients G .
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Featuresof the spline method

We shallassumeéhat Is a polygonaldomainof

IR3 with atetrahedrapartitionT andusethe
splinespace

Sa(T)=1s2C'() ; sjt 2 IPg; 8t 2 Tog;

wherelP! is the spaceof polynomialsof total

degreed.
We usethe B -form of splinesandassociatéo
eachcomponent; of u, 1 = 1;:::; 3avectorof

coefcients G .

Smoothnessequirement®nc. In general,
smoothnessanbeimposedn a e xible way
acrosgshedomain.
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Featuresof the spline method

Polynomialsof high degreescanbe easilyused
locally to getbetterapproximatiomroperties.
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Featuresof the spline method

Polynomialsof high deg

reescanbeeasilyused

locally to getbetterapproximatiomroperties.

Weakformulation: Find
Z %3 Z

Presentatiomt the 10th Annual Conferencdor

u2 H() °suchthat

Z
@)
U — V = f v 8v 2 V,
J@j 0
dvu=20 N
u=gd on@
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Featuresof the spline method

Polynomialsof high deg

reescanbeeasilyused

locally to getbetterapproximatiomroperties.

Weakformulation: Find
Z %3 Z

Kc+ B(c)c+ L'
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u2 H() °suchthat

Z
@)
U — V = f v 8v 2 V,
J@j 0
dvu=20 N
u=gd on@
= MF
Lc= G
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Featuresof the spline method

Theprevioussystemof nonlinearequationss
linearizedandtheresultinglinearsystemsolved

by avariantof theaugmented.agrangian
algorithm.
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Featuresof the spline method

Theprevioussystemof nonlinearequationss
linearizedandtheresultinglinearsystemsolved
by avariantof theaugmented.agrangian
algorithm.

Themassandstiffnessmatricescanbeassembled
easllyandtheseprocessesanbedonein parallel.
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Featuresof the spline method

Theprevioussystemof nonlinearequationss
linearizedandtheresultinglinearsystemsolved
by avariantof theaugmented.agrangian
algorithm.

Themassandstiffnessmatricescanbeassembled
easllyandtheseprocessesanbedonein parallel.

Thepressures computeday solvinga Poisson
equationwith Neumanrboundaryconditions.
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Trivariate Splines

Letd landr Obetwo x edintegers.Givenaboundeddomain
of R 3 with piecavise planarboundarylet T beatetrahedrapartition

of

S§() =fp2C'() ;pt2Py; 82Tg:

X -
p(x;y;z) = ikX'y'z";
O i+j+k d

Barycentriccoordinates
Givenanon-dgenerateéetrahedrol = hvy; Vvo; v3; v4i, ary point

vV = (X;Y; z) canbewritten uniquelyin theform

V=DVvi+ vy + vz + valy with by + bp + bz + Iy = 1.
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B-form of splines
Bernsteinpolynomialsof degreed

u kl(V) = ] |k|||U1bIZH§H’ 1+ ]+ k+ | =d:

They arepolynomialsof degreed sinceeachl, is alinearpolynomial.
ThesetBY = fBIJ (X y;2);1+ ] + k+ | = dgisabasisfor thespace
of polynomialsPy.

We recallthatthe dimensiorof Py is 9% .

As aconsequencary splines in S| canbewritten uniquely

X o
ST = Gi k1B s
i+ +k+1=d

sinces;t Is apolynomialof degreed.
nth = numberof tetrahedran = dimP4g andN = m nth.
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Bivariatesplines
Therestrictionof atrivariatepolynomialof degreed on afaceof a
tetrahedrons a bivariatepolynomialandcanbewrittenin B -form

X d
&j kBij k(V);
i+)+k=d
where
d .
d _ .
Bk = i] !k!UlHZbé'
For e%(ample glventhetrlvarlatespllneon atetrahedron
P= |+J+k+|_dC|j kIBIJ e g-= I+j+k—dC|J kOB” kocanbe

consideredisa bivariatepolynomial.
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Interpolation
Thereis auniquepolynomialp of degreed thatinterpolatesany given

functionf onatetrahedrol = hvy;Vva; v3; V4l atthedomainpoints

i K — iv1+jszaKV3+Iv4.
This givesriseto aninterpolationoperator 4. ¢(f) will denoteboth
thesplineinterpolantandits B -net.
We canalsode ne aboundaryinterpolationoperator 3 sincea
bivariatepolynomialp of degreed is uniqguelydeterminedn atriangle
hv1; V2; vsi by its valuesatthedomainpoints jj x = i"“"‘(’f*k"? Note
thatherethe domainpointshave threeindices.

We have for a splines with B -netc accordingto our notations

Rc= §(s)
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Derivatives

We wantto give formulasfor the directionaldervativesof p in a
directionde ned by avectoru joining the pointsv, andvs. Let

a = (az; az; az; as) with componentshedifferenceof the barycentric
coordinate®f v1 andv,. D p canbewrittenin B -form asa

polynomialof degreed 1.

X ")
Dyp=d Gij k(@) BIJ Kl where
i+j+k+l=d 1

e
Gij k1(8) = @1Gi+1;j;k;1 T @2Gij +1 5k T @3Cij k4131 T AaCind;jikl+n :

It'snot dif cult to seethattherearematricesD 1; D> andD 3 suchthat
If cencodesheB-netofs,Djc,1 = 1;:::;3 encodaespectrely the
B -netof @%.
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Integration
Theresamatrix G suchthatif p andqg have B -netsc andd,

/
pgq= c' Gd

Smoothnessonditions

Lett = hvy: Vo va:vai andt®= hvy:vo: vs: vsi betwo tetrahedravith

commonfacehvs; vo; vsi. Thensis of classC" ont [ tYif andonly if

Cij km = ci+;j+;+;B;;; (vs); m=0;::.;r; i+ ) +k=d m
+ + + =m

Thissuggestshattheresa(l; N) matrixH suchthatsisin C'() if

andonly if
Hc= O:
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Discretization
Theweakform of the Navier-Stokesequationss: Findu 2 H1() 3
suchthat

Z Z Z
<T@
ru rv+ Uuy— v= f v 8v 2 Vo

. &;

] =1

dvu=20 In
u=g on@
where

Vo= fv 2 Hg() 3 divv = 0g:

We now considersplineapproximation®f thevelocity vector eld u.
Letd landr Obetwo givenintegers.
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LetalsoS Sg(T) beasplinesubspacever atetrahedrapartitionT
of consistingof splinefunctionswhichareC'" inside andC® near
theboundary@ .

Recallthatthereis amatrixH suchthatif s 2 S with
B-coefcient vectorc, then

Hc=0:
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LetalsoS Sg(T) beasplinesubspacever atetrahedrapartitionT
of consistingof splinefunctionswhichareC'" inside andC® near
theboundary@ .

Recallthatthereis amatrixH suchthatif s 2 S with
B-coefcient vectorc, then

Hc=0:

Also recallthatthereis a matrix R which mapsc to the

B -coefcients of s ontheboundaryof andRc = G represents
theboundarycondition,i.e.,s = g ontheboundary
approximately
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Finally therearematricesD 1; D, andD 3 suchthatif c encodes

of@i.

Presentatiomt the 10th Annual Conferencdor African AmericanResearchers the MathematicaSciences June24,2004—p.16/47



Finally therearematricesD 1; D, andD 3 suchthatif c encodes

of &.

u = (uq; Uo; us) velocity vector

Su = (S1;S2;S3) splineapproximatingvector

s; 2 S satisfyingH ci; = 0;R(ci) = G(g) fori = 1, 2; 3.
divu = OisdiscretizecasD1c1 + Doco + D3c3 = 0
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Finally therearematricesD 1; D, andD 3 suchthatif c encodes

theB-netof s, Dic,i = 1;:::; 3 encodaespectrely theB -net
of &.

u = (uq; Uo; us) velocity vector

Su = (S1;S2;S3) splineapproximatingvector

s; 2 S satisfyingH ci; = 0;R(ci) = G(g) fori = 1, 2; 3.
divu = OisdiscretizecasD1c1 + Doco + D3c3 = 0

0] 0
O O
L8R e
O H
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h i
G = (G(m);G(%);G(xk))'! D= D; D, D3 :

c=0,Rc= GandDc=0

h i h B
L= A R' D' andG= 0 GT 0
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G = (G(t);G(%);G(g))! D= D; D, Ds

Hc= 0 Rc= G andDc=0

h i h B
L= A R' D' andG= 0 GT 0

In otherwords,If we let
Sqy=fc2 (IRY)3Lc= Gg;

we areseekingfor a solutionin Sy. We approximateslementsof
Vo by vectorsd = (dq;d>;d3) In

So=fd 2 (IRN)3: Ld = 0g:
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a(u;v) = ru rv
X 4 @
b(w;u;v) = Wj — V
. @&;
| =1
Z
fv
R dp d -
Mt = . B°B local massmatrix
_ i j=dj j=d
\Y/ IS theglobalmassmatrlx
K= r B9r B¢ local stiffnessmatrix
t j j=dij j=d

K globalstiffnessmatrix
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Continuous Discrete
U = (Ug; Up; Uz) C = (C1; Cp; Ca)
V = (V1;V2; V3) d = (dy; dp; dg)
u2s Sy Hc=0
divu=0 Dc=0
u=gon@ Rc= G
b 2 S Lc= G
.I;invj dJTM i
v d"TMF
a(u;v)=, ry rv c'Kd
b(w:;u;v) = j?’:l B Wj%j vV d"B(e)c
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LiocicuZatloll Ul Ul OlWUWKCO
equations

Corollaryof the Lax-Milgramlemma

LetV bearealHilbert spacewith normdenoteday jj:jj v ,

(u;v) ! a(u;v) arealbilinearformonV V, | anelementof the
dualof V andlet usdenotethe duality pairingbetweeniv andits dual
VOby <; >. If ais continuoussymmetricandis elliptic onV i.e. there
IS > Osuchthata(v; V) jjviig forallv 2 V, then,the problem:
Findu 2 V suchthat

a(u;v) =< |, v >;

hasoneanonly onesolutionwhich minimizesthefollowing functional
overV

J(v) = %a(v;v) < l,v>:

Presentatiomt the 10th Annual Conferencdor African AmericanResearchers the MathematicaSciences June24,2004— p.20/47



Underthe samenypothesessin thetheoremon the Navier-Stokes
equationsthe Stokesequations:

8

% u+rp = fin
dvu = O0in

2

: u =gon@

have auniquesolutionu in H() 3 andapressurg@inL?() unique
up to anadditive constant.Theseequationsaredervedunderthe
assumptionthatthevelocity is sufciently smallto ignorethenonlinear
termu r u(x;t).

The weak form of the equationss: Find u in H*() 3 suchthat div

R R
u= 0and rua rve= f v 8v 2 Vp:
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Vo = fv 2 Hg() 3 suchthatdiv v = 0g:
In this casethevelocity vectoru is is the uniqgueminimizerin
V = fv 2 HY() 3 suchthatdivv = Og

of thefunctional
Z Z

J(u):é ru ru f u:

If we let c encodeheB -netof theapproximantthe discreteproblem
IS: Minimize
J(c) = ECTKC+ FTMc

over (IRN)3 undertheconstraint.c = G.
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By thetheoryof Lagrangamultipliers,thereis a
vectorof Lagrangamultipliers suchthat

Kc+ LT F:

LC = G:
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Computation of the pressue
term

Assumingthatu is smoothandtakingthe divergenceof the equation
u+rp= fin

we get
p= divf

sincediv u = 0. Here,the pressuras the minimizerover
Z

L5() =fp2L%); p=0g

of
Z Z Z
ir vj? ( div f)v f n+ ( u) n)v:
@

QW) = =

N |

Discretizatiorfor the pressuren Navier-Stokesequationss similar.
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piocicuZauvull 0Ol Uuic INaAavicl-
Stokesequations

Findc in R3N satisfyingLc = G with G encodingthe sideconditions
and

c'Kd+ (B(c)e)'d=d"MF

for all d in R3N with constraintd. d = O.
Here,K andM arethestiffnessandmassmatricesrespectiely;

(B c)d encodeghenonlinearterm. If oneconsidershefollowing
linearfunctionalin d,

Jd)=( c'K + (B(c)e)' + FTM)d;

we have J(d) = Ofor all d satisfyingLd = 0.
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Thisimpliesthe existenceof a Lagrangemultiplier suchthat
J(d)+ TLd=0.

c'K+ (B(e)+ 'L=F'M
In summarythediscretesolutionc mustsatisfy
c'K+(B()e)+ "L=F'M
Lc=G

This canbewritten

Kc+ B(c)c+ LT = MF

Lc= G:
Thishasauniquesolutionc providedtheviscosity issufciently large.
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LInearization

A simpleiterationalgorithmStartingwith aninitial guesc(® which
canbecomputedoy solvingthe Stokesequationsyve considerthe
sequencef problems

KcD + BcMyc*D 4+ LT (0+D) = [F

Lc" = G;

Thefollowing convergenceresultis similarto oneof the convergence
resultsof [Karakashian'82].

The previous systemhasa uniquesolutionc{"*!) andtheunique
solutionc Is suchthat

Bet™Y gy s adic™  clip s
for aconstant 1 < 1. As aconsequencel"*1) convemgesto c.
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Newton's iterationsWe areinterestedn thesequence("*1) de ned by
KD + B(c™M)cm*D + g(cM)cMD + LT (1+1) =
MF + B(c™)c(M
Lc("D) = G:

5 is de ned suchthat®(c)d = B (d)c. We have thefollowing
convergenceresult
Thereexistsr > 0 suchthatif jjc  c@jjy1(y s < r, thereis aunique
c{"*1) solutionof thesystemandjic  c™jj1(y s < r for all n with
jic c™Vijiniy s Fic ¢Mijiyiy s . Moreover, if theres < 1
suchthatjjc  c¢@jjy1y s = r , thenc!™ corvergesto c as

1
r2" ¢
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Practicalcomputatiorof ¢ The previousmethodsall involveto nd ¢

solutionof a singularsystemof type
0 10 1 2 3

)
@™ L re@®a_4aF 5.

L 0 G

with A nhonsymmetric.
Under the hypothesethat is sufciently large or jjFjj 2(y s Is suf-
ciently small, the symmetricpart (A)s of A is positve de nite with

0 with

respectto L in the sensethatx" (A)sx 0 andx' (A)sX

Lx = Oimpliesx = 0.
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We show thatthelaterconditionis sufcient for the solutionc to be
unique.Ilndeedif (d; ) is anothersolutionwe have

A(c d)+ L'( )= 0:
Sowithe=c d,

e’ (A)se+ (A)ase+ L' ( ) =0

Here(A),s denotegheantisymmetrigartof A. Wehavee' ((A)ase =
O0ande'L = 0. Thereforee™ (A)se = Owith Le = 0. Thusc = d.
This suggestshatwe canretrieve thesolutionc by computingary least

squaresolutionof thesystem.
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0 12 3 2 3

T (1+1)
@A = A4 © S5=4 3 5 - (1)

L (1+1) c O

where @ s a suitableinitial guessfor example © = 0, andl is
the identity matrix. Let alsoassumeéhatA is a matrix of sizen n;

c:F 2 IR": L isamatrixof sizem nand: G2 IR™.
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Theorem

Supposdhatthelinearsystem(of thediscreteproblem)hasa
uniquesolutionc. AssumethatAg = %(A + AT) thesymmetric
partof A is positive de nite with respectoL,i.e.,.x"Asx 0
andx' Asx = Owith Lx = Oimpliesx = 0. Then,thesequence
(cl*1)) de ned by theiterative methodcorvergesto the solution
cforary > 0. Furthermore,

ke cd"Vk c ke Yk

for someconstanC independendf andl.
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Theorem

Supposdhatthelinearsystem(of thediscreteproblem)hasa
uniquesolutionc. AssumethatAg = %(A + AT) thesymmetric
partof A is positive de nite with respectoL,i.e.,.x"Asx 0
andx' Asx = Owith Lx = Oimpliesx = 0. Then,thesequence
(cl*1)) de ned by theiterative methodcorvergesto the solution
cforary > 0. Furthermore,

ke cd"Vk c ke Yk

for someconstanC independendf andl.

Proof
We rst shaw thatc!'™?) and (*1 arewell-de ned. Let us rst
rewrite theiterative methodsystemasfollows.
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Ac*D + LT (*D) = F and (1)
LC(|+1) (|+l) — G (|) (2)

Multiplying (2) ontheleft by LT andsubstituingt T (*1 into (1) and
rewriting (2), we get

(A + }LTL)C(IH) - LT O4f+ iTG (3)

a+) . Loy 2 04 1

To shaw thattheiteratve methodsystemis solvableunderthe hypothe-

sesof thetheoremwe needonly to shawv thatA + LLTL isinvertible.
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SinceA is asquarematrix, it is enoughto shav that
1 1
(A+ -L'L)x=0) x=0:
Thatis,
T 1 T T 1 T T 1 T
O=x"(A+ -L'L)x=x (As+ -L'L)x=x" Agx+ —(Lx)  (Lx)
sincex” A,x = 0. It follows that

X" Asx = 0and (Lx)T (Lx) = O

By theassumptionsn A, i.e.,Ag Is assumedo be symmetricpositive de nite
with respectto L, we getx = 0. Hence,the new iterative linear systemis

invertibleandc!'"? and (*1) arewell-de ned.
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We now shav thatc'*?) corvergesto c. Letalsou!*Y = cl*1)  cand

p(|+1) = I+ . We have
8
< (A+ lLTL)u(I+1) + LTp(I) — 0

o+ = p) 4 10+ .

kp(l)kZ kp(|+l) k2 — E(ASU(IH') ;U(I+1) ) + izkl_u(Hl) k2:

We concludethatsinceAs is nonn@ative,

kp(l) k2 kp(l +1) k2 O,

andthesequencék p()*g is seento be decreasing.
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Beingboundedelow by 0, it converges:hencekpk?  kpl*D k2

cornvergesto 0 whichimpliesthat(Asut*D : u(+1) Yy andkLu (+1) k2
corvergeto 0. SinceAs + L TL is positive de nite, it follows that
ul*1) convergesto 0 and nally c!*Y corvemesto c.
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SKelch Ol prootr o convergence
rate

We prove that
ke "™k Cke dVk;

Recallthatu(*t) = c*D  candp!*h = (+1) . We shovedthat
kp'*Y k  kpPk; for alll

i.e. that(p!)) is adecreasingequenceWe alsohave

8
< (A + 1T L)u("’l) + LTp(I) = 0
: p(|+1) = p(l) + 1Ly (D

from whichit follows that

Aul*D + | Tpl+D) = g
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Wewrite u*d = o(+D + g+ with a0+ 2 Ker(L) andu!*?) 2
Im(LT). NotethatL : Im(LT) ! Im(L) hasaboundednversesothere
existskg > 0 suchthat

kU(I+1) k ikl_u (1+1) k:
Ko ’

from whichit follows that

2
(1+1) “ 1
kD ke -kpk

To getaboundon ka!'*1) k, we noticethatA is invertibleon Ker(L) since
A + 1L TL isinvertible. This givesfor some o> 0,

1 Y, ;A(}('+1) vI Ag(+D
k0(|+1) k = Sup ( 0 ) — Sup 0
0 vo2Ker(L) kvok Vo2 Ker (L) Kvok
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Puttingtogetherwe obtain

ku*V k  C kpPk; for someconstanC> 0

To nish, we needaboundonkp!"k in termsof ku(’k. It canbe shovn that
onecanchoose o suchthatpt 2 Im(L) andsinceL™ : Im(L)! Im(LT)

hasa boundednverse,

kpt" k ikLTp“)k:
Ko

This completegheproofsinceLTp") = Au(l).
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CoOllpulallOlidl Expceliinlicrits Ul
the 3D StokesEquations

Let IR3 bea cubewith sidesof lengthl. We

considerthevector eld u = (uq; uy; uz) with a
pressurep.

Up = exp(x+ 2y+ 3z)
U, = 2 exp(x + 2y + 32)
U= exp(x + 2y + 3z)
p=x(1 x)z(1 2z):
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Tablel ApproximationErrorsfrom TrivariateSplineSpace®n| 1

degrees | uj Uo us p

3 3.3633 10 5.9431 10 4.0397 10 1.3466 103

4 1.7010 10 4.4374 10 3.5368 10 3.8562 107

5 2.3804 7.3711 5.9629 9.8470 10!

6 3.9620 10 1 1.2238 1.0311 2.7404 10!

7 6.7456 10 2 1.9789 10 1 1.6260 10 1 6.8411

Rate 1.56 107 d 28294 | 322 107 d 96203 | 232 107d 9563 | 850 10%d 71

Table2 ApproximationErrorsfrom TrivariateSplineSpace®n| >

degrees | uj Us us p

3 1.5083 10 1.8709 10 1.5222 10 4.4382 102
4 9.4142 10 1 2.2094 1.8373 3.5278 10!
5 9.1619 10 2 2.2322 10 1 2.0176 10 1 5.8199

6 8.5128 10 3 2.3520 10 2 1.9276 10 2 7.1884 10 1
Rate 9.31 10%d 11:5631 | 124 107 d 11:1692 | 109 10’ d 11:1901 | 105 10" d °
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L2 normof theerrorversusdegreeon T, (rate1:6777 10
d 9892) andT, (rate7:7013 1 d 11803
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H ! normof theerrorversusdegreeon T, (ratel:6777 10’
d 9892) andT, (rate7:7013 1 d 11803
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LId Driven Cavity FIOW Prob-
lem

3D uid prole inthex vy plane
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Work In Progress

Time dependenNavier-Stokes
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Work In Progress

Time dependenNavier-Stokes
Extensiorto variationalinequalities
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Work In Progress

Time dependenNavier-Stokes
Extensiorto variationalinequalities

ThankYou!
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