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Abstract

Elasticityis usedto predicttherespons®f a material
bodyto appliedforces
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Overview
Elasticity Equationsstrain,stressanddisplacement

VariationalFormulations
Mix ed Finite Elementsand Stability
Elasticity Differential Comple

RectangulaMixed Elements
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Applications

FEM Model Details

FEM Model - Front Suspension
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FEM Model — Vehicle Interior

FEM Model — Bottom View

http://www.epm.ornl.ge/SC98/cahtmi
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The Elasticity Problem

Displacements; = x°  x;
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di?=d?+  2(u)i dx; dxg
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The Elasticity Problem

Displacements; = x°  x;
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Thestresdensons asecondrdertensomwhich measuresgiternalforces

(u)

« ik Nk IS theith componentf the force acting on the elementof

surface ds with normaln
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Equilibrium conditiondiv = f

Balanceof angulatmomentum = T
Linearrelationshippetweerstressandstrain(Hooke's law) for
IsotropicmaterialA = (u)
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Equilibrium conditiondiv = f

Balanceof angulatmomentum = T
Linearrelationshippetweerstressandstrain(Hooke's law) for
IsotropicmaterialA = (u)

ElasticityProblemGivenf 2 L?( ;R?), nd u2 L?( ;R% and in
H(div; ;Sym):=f 2L% ;R®?); k= k:;div 2L ;R%g
suchthat
A = (u) in
div =1 1In
u=0 on@
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Variational Formulations

1. Primalvariationalprinciple: displacemenbverv = O on @
Z
1, 1 .
QA (V) : (v)+f v
2. Dual VariationalPrinciple:stresseld overdiv = f
Z
1A
2
3. Mixedvariationalprinciple: stresseld anddisplacement
£ 1
EA:+div v f v dx
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Abstract Weak Formulation

Find 2 = H(div; ;Sym)andu 2 V = L?( ;R?) suchthat
Z /
A : +dv u+ div v= f v

forall 2 andv?2V.

a( ; )+ b( ;u)+ bl ;v)=F(v)

Z Z Z
a( ; )= A b ;u) = dv u F(v)= f v

S a(; )+b;u) =0 8 2
N o (4Y) =(f;v) 82V
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Finite elementspaces

K is aclosedsubsebf R? with anonemptyinterior anda
Lipshitz continuousboundary

Pk Isa nite dimensionakpaceof vectorvaluedor matrix
valuedfunctionsde ned overthesetK

k Isa nite setof linearlyindependenlinearfunctionals,

elementde ned overthesetPy .

It iIs assumedhattheset k IS Pk -unisolentin the sensdhat
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Examples
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Brezzi's stability conditions

h andV, V
Sufcient conditionsfor optimalerrorbounds
FirstBrezzicondition9 > 0independenof h suchthat

a( ;) kK
forall In Ky where
Kh=f 2 :b(;v)=0;8v2Vhg

SecondBrezzicondition9 > 0independenof h suchthat

sup » hb(k ;(V) kvky 8v 2 VW

K nk +ku unky  finf 2 k  k +infy oy Ku Vhkyg

with  independenof h.
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Surprisinglystablemixed nite elementdor elasticityhave been
dif cult to construct.
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Surprisinglystablemixed nite elementdor elasticityhave been
dif cult to construct.

CompositeElementd-raejisde Veubele (1965), Watwood andHartz
(1968),JohnsorandMercier(1978),Arnold-Douglas-Gupt§1984)
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Surprisinglystablemixed nite elementdor elasticityhave been
dif cult to construct.

CompositeElementd-raejisde Veubele (1965), WatwoodandHartz
(1968),JohnsorandMercier(1978),Arnold-Douglas-Gupt§1984)

Modi ed variationalproblemsArnold, BrezziandDouglas(1984),
Stenbeg (1986),Arnold andFalk(1988),Morley (1989),BecacheJoly
andTsogka(2002),Arnold, Falk andWinther(2005)....However, none
of theseelementseemedo bethe perfectchoice.
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Surprisinglystablemixed nite elementdor elasticityhave been
dif cult to construct.

CompositeElementd-raejisde Veubele (1965), WatwoodandHartz
(1968),JohnsorandMercier(1978),Arnold-Douglas-Gupt§1984)

Modi ed variationalproblemsArnold, BrezziandDouglas(1984),
Stenbeg (1986),Arnold andFalk(1988),Morley (1989),BecacheJoly
andTsogka(2002),Arnold, Falk andWinther(2005)....However, none
of theseelementseemedo bethe perfectchoice.

UsingpolynomialshapdunctionsD. Arnold andR. Winther, (2002),D.
Arnold andR. Winther, (2003),S. AdamsandB. Cockhlurm, (2004).
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My own contrilutions

D. Arnold, G. AwanouandR. Winther, A Family of Mixed Elements
for Elasticityin threeDimensions(In preparation2005).

D. Arnold andG. Awanoy RectangulaMix ed Finite Elementdor
Elasticity, Submitted2005,

G. AwanouNonconformingRectangulaMix ed Finite Elementdor
Elasticity (In preparatior2005).

G. AwanouThreedimensionaRectangulaMix ed Finite Elementsfor

Elasticity, (In preparatior2005).
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Commutative Diagram

Sufcient conditionsfor stabllity
div h \/%
Thereexistsalinearoperator
h i HY ;Sym)! |, boundednL(H?;L?)
uniformly with respecto h, andsuchthatwith
Ph:L%( ;R? ! V4 denotingtheL? projection

H (div;, ;Sym) 1 L2(;R?)
? ?
y y Pr

h 1 Vh
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Elasticity Differ ential Complex

Pi() ! HZ,;) ’ H(div;_;Sym) WV LZ(O;RZ)! 0
5

D
. 5 5
ylh yh yPh
Py() ! Qn T . djv Vi 1 0
0 1
@ %g —g@%/A
L= @q @q
@ o
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Rectangular elements

0 1 0 1
Pca Poa . P,.
Pi(R) | Pss(R) P @ °° "* A @ @ %A, o

Psa P35 < P34
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Rectangularelements

0 1 0 1
P.a P | P,
Pi(R) | Pss(R) P @ °° "* A @ @ %A, o
Psa P35 < P34
0 1
P.a P
R = 2@ % THA div 2 VR and
Psa Pas <
0 1
P,
Vg = @ 2;1 A

I:)1;2
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Degreesof Freedomof g

1.

thevaluesof eachcomponenbf (x) attheverticesof R (12
degreesof freedom)

the rst two momentof ( n) n oneachedge(8 degreesof
freedom)

the rst threemomentf ( n) t oneachedge(12 degreesof
freedom)

R
the valuesof . forall In (VR) (9 degreesof freedom)

thevaluesof forall InM1(R) (4 degreesof freedom)
0 1

Per Pu
M1(R) := 2@ > "** A .div =0and n=0on@r

Paa Pss
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H 2 element

Wetake Qr = Ps5:5(R) with thefollowing 36 degreesof freedom

1. dervativesupto order2 ateachvertex (6 4 = 24 degreesof
freedom)

2. momentof degree0 and1 of @=@ oneachedge(2 4= 8
degreesof freedom)

R
3. grJ(g: dx; forall 2 M; (4degreesof freedom)
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Discrete Elasticity Sequence

Pi() 1 CY) I TG ¥ CH(iR) 1 O
? ? ?
Yl y n Y Ph
Py() ! Qn I A L VA B
Error estimates

J) o chij i

jju unjjo  ch?juijjo
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Extensions
StableHigherorderelementshave beenconstructed.

Simpli ed versionof thelowestorderelements
Nonconformingversionsof theseelements
Extendedo threedimensionsntetrahedrameshes

Extensionto threedimensionalectangulameshes
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Higheborderelenientéx 1

Praq.
Ve = @ “"UF A dim & = 3k2+ 16k + 26with
P.
k,k(-)Fl 1

P : P :
2@ k+4 ;k+2 k+3 ;k+3 A ;diV 2 Vi

S

R —
I:)k+3 ‘k+3 I:)k+2 ‘k+4

O(h¥*1) for stressanddisplacement
Simpli ed elementof low order
RM(R): spaceof in nitesimal rigid motions,(a cXo;b ¢Xy)
Vr = RM (Rpdim g = 36with
Pca Py
r= 2@ > "* A anddiv 2 RM(R)

Psa P3s
O(h) for stressanddisplacement
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Nonccapforminﬂelements

=

Ve = @ ' A dim = 30with
I:)1;2

0 1

Ps» Pz
R = 2@ ** "°A . n n2PyeR)

P33 P2y <

for eadh edgeeof R; anddiv 2 Vg

ForVkR = RM(R)dim r =21
O(h) for stressanddisplacement
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Tetrahedral elements

T ! HY( ;R)* ' H(curl curl ; ;Sym)
ey div: :sym) W L2( :R3) 0
T | Peia( iR3 1 Pris( ;Sym)
cuteuny p o :sym) W P RY) 1O

T1 Ry! O curl cur! ) d'!v Vi 10
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Featuresof the elements
Vk spaceof discontinuougpiecavise polynomials

r Spaceof matrix elds with degreesof freedom

vertex degreesof freedom
degreesof freedomfor n

R
. . (V);V 2 VR

R - N

f 2 gr;div =0, n=0on@rkg
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Relatedfutur e problems

nonconformingetrahedraélementdor three
dimensionaklasticitywithout vertex degreesof
freedom

threedimensionalectangulaelements
guadrilateraklements

uni ed analysisof the Arnold-Wintherelements
perhapasedon differentialforms

ef cient computationgor thediscreteproblemby
iteratve methodor parallelcomputations

compatiblediscretizationghot topic)
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Summary

Elasticitydifferentialcomplecesprovide a guiding
tool to designstablemixedelements.

Stablemixedelementdor planeelasticityon
rectangulameshesave beenexhibited
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