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Abstract
Elasticityis usedto predicttheresponseof amaterial
bodyto appliedforces

Connectionbetweenmixed�nite elementsfor plane
elasticityin stressdisplacementformulationand
elasticitydifferentialcomplex on triangularmeshesby
Arnold andWinther.

Rectangularmixed�nite elementsfor planeelasticity
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Overview
ElasticityEquations:strain,stressanddisplacement

VariationalFormulations

MixedFiniteElementsandStability

ElasticityDifferentialComplex

RectangularMixedElements
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Applications

http://www.epm.ornl.gov/SC98/car.html
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The Elasticity Problem
Displacementui = x0

i � xi

dl
02 = dl2 +
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For smalldeformations,thestraintensoris

(�u )ik =
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Thestresstensoris asecondordertensorwhichmeasuresinternalforces
P

k � ik nk is the ith componentof the force actingon the elementof

surfaceds with normaln
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Equilibriumconditiondiv � = f

Balanceof angularmomentum� = � T

Linearrelationshipbetweenstressandstrain(Hooke's law) for

isotropicmaterialA� = � (u)

ElasticityProblemGivenf 2 L 2(
 ; R2), �nd u 2 L 2(
 ; R2) and� in

H (div ; 
 ; Sym) := f � 2 L 2(
 ; R2� 2); � ik = � ki ; div � 2 L 2(
 ; R2)g

suchthat

A � = � (u) in 


div � = f in 


u = 0 on @
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Variational Formulations
1. Primalvariationalprinciple: displacementoverv = 0 on@


Z




1
2

A� 1� (v) : � (v) + f � v

2. DualVariationalPrinciple:stress�eld overdiv � = f
Z




1
2

A� : �

3. Mixedvariationalprinciple: stress�eld anddisplacement
Z




�
1
2

A� : � + div � � v � f � v
�

dx
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Abstract WeakFormulation
Find � 2 � = H (div; 
 ;Sym)andu 2 V = L 2(
 ; R2) suchthat

Z



A� : � + div � � u + div � � v =

Z



f � v

for all � 2 � andv 2 V .

a(� ; � ) + b(� ; u) + b(� ; v) = F (v)

a(� ; � ) =
Z



A� : � b(� ; u) =

Z



div � � u F (v) =

Z



f � v

8
<

:
a(� ; � ) + b(� ; u) = 0 8� 2 �

b(� ; v) = (f ; v) 8v 2 V
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Finite elementspaces
� K is aclosedsubsetof R2 with anonemptyinterioranda

Lipshitzcontinuousboundary

� PK is a �nite dimensionalspaceof vectorvaluedor matrix

valuedfunctionsde�ned over thesetK

� � K is a �nite setof linearly independentlinearfunctionals,

� i ; i = 1; : : : ; N referredto asdegreesof freedomof the�nite

element,de�ned over thesetPK .

It is assumedthattheset� K is PK -unisolventin thesensethat

� i (p) = 0; i = 1; : : : ; N =) p � 0
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Examples
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Brezzi's stability conditions
� h � � andVh � V

Suf�cient conditionsfor optimalerrorbounds

FirstBrezzicondition9� > 0 independentof h suchthat

a(� ; � ) � � k� k2
�

for all � in K h where

K h = f � 2 � h : b(� ; v) = 0; 8v 2 Vhg

SecondBrezzicondition9� > 0 independentof h suchthat

sup� 2 � h

b(� ; v)
k� k�

� � kvkV 8v 2 Vh

k� � � hk� + ku � uhkV � 
 f inf � 2 � h k� � � k� + inf vh 2 Vh ku � vhkV g

with 
 independentof h.
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Surprisinglystablemixed�nite elementsfor elasticityhavebeen

dif�cult to construct.

CompositeElementsFraejisdeVeubeke (1965),WatwoodandHartz

(1968),JohnsonandMercier(1978),Arnold-Douglas-Gupta(1984)

Modi�ed variationalproblemsArnold, BrezziandDouglas(1984),

Stenberg (1986),Arnold andFalk(1988),Morley (1989),Becache,Joly

andTsogka(2002),Arnold, Falk andWinther(2005)....However, none

of theseelementsseemedto betheperfectchoice.

UsingpolynomialshapefunctionsD. Arnold andR.Winther, (2002),D.

Arnold andR. Winther, (2003),S.AdamsandB. Cockburm,(2004).
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My own contributions:

D. Arnold, G. AwanouandR. Winther, A Family of MixedElements

for Elasticityin threeDimensions:(In preparation,2005).

D. Arnold andG. Awanou, RectangularMixedFiniteElementsfor

Elasticity, Submitted2005,

G. AwanouNonconformingRectangularMixedFiniteElementsfor

Elasticity, (In preparation2005).

G. AwanouThreedimensionalRectangularMixedFinite Elementsfor

Elasticity, (In preparation2005).
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CommutativeDiagram
Suf�cient conditionsfor stability

� div � h � Vh.
� Thereexistsa linearoperator

� h : H 1(
 ; Sym) ! � h, boundedin L (H 1; L2)
uniformly with respectto h, andsuchthatwith
Ph : L2(
 ; R2) ! Vh denotingtheL 2� projection

H (div ; 
 ; Sym) div� ! L2(
 ; R2)?
?
y � h

?
?
y Ph

� h
div� ! Vh
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Elasticity Differ ential Complex

P1(
) ��! H 2(
) J�! H (div ; 
 ; Sym) div� � ! L 2(
 ; R2) �! 0
?
?
y I h

?
?
y � h

?
?
y Ph

P1(
) ��! Qh
J�! � h

div� � ! Vh �! 0

J q :=

0

@
@2q
@y2 � @2q

@x@y

� @2q
@x@y

@2q
@x2

1

A
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Rectangularelements

P1(R) ��! P5;5(R) J�!

0

@ P5;3 P4;4

P4;4 P3;5

1

A

S

div� � !

0

@ P4;3

P3;4

1

A �! 0

� R =
�

� 2

0

@ P5;3 P4;4

P4;4 P3;5

1

A

S

; div � 2 VR

�
and

VR =

0

@ P2;1

P1;2

1

A
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Rectangularelements

P1(R) ��! P5;5(R) J�!

0

@ P5;3 P4;4
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1

A

S

div� � !

0
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P3;4

1

A �! 0
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�

� 2

0
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Degreesof Freedomof � R
1. thevaluesof eachcomponentof � (x) at theverticesof R (12

degreesof freedom)

2. the�rst two momentsof (� n) � n oneachedge(8 degreesof

freedom)

3. the�rst threemomentsof (� n) � t oneachedge(12degreesof

freedom)

4. thevaluesof
R

R � : � for all � in � (VR) (9 degreesof freedom)

5. thevaluesof
R

R � : � for all � in M 1(R) (4 degreesof freedom)

M 1(R) :=
�

� 2

0

@ P5;3 P4;4

P4;4 P3;5

1

A

S

; div � = 0 and � n = 0 on @R
�
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H 2 element
WetakeQR = P5;5(R) with thefollowing 36degreesof freedom

1. derivativesup to order2 ateachvertex (6 � 4 = 24degreesof

freedom)

2. momentsof degree0 and1 of @q=@n oneachedge(2 � 4 = 8

degreesof freedom)

3.
R

R J (q) : � dx; for all � 2 M 1 (4 degreesof freedom)
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DiscreteElasticity Sequence

P1(
)
��! C1 (
) J�! C1 (
 ; S) div� ! C1 (
 ; R2) �! 0?

?
y I h

?
?
y � h

?
?
y Ph

P1(
)
��! Qh

J�! � h
div� ! Vh �! 0

Errorestimates

jj � � � hjj 0 � ch2jj � jj 3

jju � uhjj 0 � ch2jjujj 2
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Extensions
StableHigherorderelementshavebeenconstructed.

Simpli�ed versionof thelowestorderelements

Nonconformingversionsof theseelements

Extendedto threedimensionson tetrahedralmeshes

Extensionto threedimensionalrectangularmeshes
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Higherorderelementsk � 1

VR =

0

@ Pk+1 ;k

Pk;k+1

1

A dim � R = 3k2 + 16k + 26with

� R =
�

� 2

0

@ Pk+4 ;k+2 Pk+3 ;k+3

Pk+3 ;k+3 Pk+2 ;k+4

1

A

S

; div � 2 VR

�

O(hk+1 ) for stressanddisplacement

Simpli�ed elementof low order

RM(R): spaceof in�nitesimal rigid motions,(a � cx2; b� cx1)

VR = RM (R) dim � R = 36with

� R =
�

� 2

0

@ P5;3 P4;4

P4;4 P3;5

1

A

S

and div � 2 RM (R)
�

O(h) for stressanddisplacement

MathDepartmentU. of Louisville, March212005– p.21/26



Nonconformingelements

VR =

0

@ P2;1

P1;2

1

A dim � R = 30with

� R =
�

� 2

0

@ P4;2 P3;3

P3;3 P2;4

1

A

S

; � n � n 2 P1(e;R)

for each edgee of R; and div � 2 VR

�

For VR = RM (R) dim � R = 21

O(h) for stressanddisplacement
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Tetrahedral elements

T �! H 1(
 ; R)3 ��! H (curl curl� ; 
 ; Sym)
curl curl �

� � � � � �! H (div ; 
 ; Sym) div� � ! L 2(
 ; R3) �! 0

T ��! Pk+4 (
 ; R3) ��! Pk+3 (
 ; Sym)
curl curl �

� � � � � �! Pk+1 (
 ; Sym) div� � ! Pk(
 ; R3) �! 0:

T �! Rh
��! Qh

curl curl �

� � � � � �! � h
div� � ! Vh �! 0
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Featuresof the elements
VR spaceof discontinuouspiecewisepolynomials

� R spaceof matrix �elds with degreesof freedom

� vertex degreesof freedom
� degreesof freedomfor � n
�

R
R � : � (v); v 2 VR

�
R

R � : �; � in

f � 2 � R; div � = 0; � n = 0 on @Rg
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Relatedfutur eproblems
� nonconformingtetrahedralelementsfor three

dimensionalelasticitywithoutvertex degreesof
freedom

� threedimensionalrectangularelements
� quadrilateralelements
� uni�ed analysisof theArnold-Wintherelements

perhapsbasedondifferentialforms
� ef�cient computationsfor thediscreteproblemby

iterativemethodsor parallelcomputations
� compatiblediscretizations(hot topic)
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Summary
Elasticitydifferentialcomplexesprovideaguiding
tool to designstablemixedelements.

Stablemixedelementsfor planeelasticityon
rectangularmesheshavebeenexhibited
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