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ADbstract

Elasticity Is used to predict the response of a material
body to applied forces

Connection between mixed finite elements for plane
elasticity in stress displacement formulation and
elasticity differential complex on triangular meshes by
Arnold and Winther.

Rectangular mixed finite elements for plane elasticity
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Overview
Elasticity Equations: strain, stress and displacement

Variational Formulations
Mixed Finite Elements and Stability
Elasticity Differential Complex

Rectangular Mixed Elements
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Applications

FEM Model Details

FEM Model - Front Suspension
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FEM Model — Vehicle Interior

FEM Model — Bottom View

http://www.epm.ornl.gov/SC98/car.html
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The Elasticity Problem

Displacement u; = z, — z;

di? = di* + " 2(eu)y dw; day
ik

1/ Ou; Ouy, Ouy Ouy
(Wit = 3 <8xk di; Z Dy, aa:Z)
For small deformations, the strain tensor Is

B 1 8uz 8uk
(€w)ik = 2 ((‘hk i 8:1;7;)
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The Elasticity Problem

Displacement u; = z, — z;

di? = di* + " 2(eu)y dw; day
ik

1/ Ou; Ouy, Ouy Ouy
(Wit = 3 <8xk di; Z Dy, aa:)
For small deformations, the strain tensor Is

B 1 8uz 6uk
(eu)Zk N 5 ((9(13’]C * ({9377,)

The stress tensor 1s a second order tensor which measures internal forces

> . oikny 1S the ith component of the force acting on the element of

surface ds with normal n
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Equilibrium condition dive = f

Balance of angular momentum o = o

Linear relationship between stress and strain (Hooke’s law) for
Isotropic material Ao = €(u)
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Equilibrium condition dive = f

Balance of angular momentum o = o

Linear relationship between stress and strain (Hooke’s law) for
Isotropic material Ao = €(u)

Elasticity Problem Given f € L?(Q,R?), find u € L?(Q,R?) and o in
H(div, 9, Sym) := {0 € L*(Q,R**?), 0,1 = op;,divo € L*(Q,R?)}
such that

Ao =¢€(u) in(
diveo=f inf)
u=0 ondf)
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Variational Formulations

1. Primal variational principle: displacement over v = 0 on 0f

1,
/Q§A e(v) 1 e(v)+ f-v

2. Dual Variational Principle: stress field over divt = f

1
— AT T
\/S‘22

3. Mixed variational principle: stress field and displacement

1
/(—ATIT—I— div¢-vf-v>d:c
g \ 2
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Abstract Weak Formulation

Find 0 € ¥ = H(div,Q,Sym) and u € V = L?*(Q,R?) such that
/QA0:7'+ div 7 - u + diva-v:/Qf-v

forall7 € Yandv € V.

a(o,T) + b(1,u) + b(o,v) = F(v)

a(a,T):/QAU:T b(a,u):/Qdiva-u F(v):/Qf-v

e

a(o,7)+b(r,u) =0 Vrel
b(o,v) = (f,v) YveV
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Finite element spaces

e K is a closed subset of R? with a nonempty interior and a
Lipshitz continuous boundary

* Py isa finite dimensional space of vector valued or matrix
valued functions defined over the set K

* Of Iis afinite set of linearly independent linear functionals,
0;,7 =1,..., N referred to as degrees of freedom of the finite
element, defined over the set Py .

It Is assumed that the set O i 1S Py --unisolvent in the sense that

0;(p)=0,i=1,....N=—p=0
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Examples
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Brezzi’'s stability conditions

YpCXxandV, C V
Sufficient conditions for optimal error bounds
First Brezzi condition da > 0 independent of A such that

a(t,7) > a|7l%
for all 7 In K, where
Kyp={1€Xp:b(r,v) =0,Yv € V}}

Second Brezzi condition 46 > 0 independent of h such that

b(r, v)
SUPrcy, 1l > Bllvllv Vv eV

o —onlls +||u—unllv < Hinfrex, ||o—7||s +infy,ev, [|[u—vn v}

with ~ independent of h.
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Surprisingly stable mixed finite elements for elasticity have been
difficult to construct.
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Surprisingly stable mixed finite elements for elasticity have been
difficult to construct.

Composite Elements Fraejis de Veubeke (1965), Watwood and Hartz
(1968), Johnson and Mercier (1978), Arnold-Douglas-Gupta (1984)
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Surprisingly stable mixed finite elements for elasticity have been
difficult to construct.

Composite Elements Fraejis de Veubeke (1965), Watwood and Hartz
(1968), Johnson and Mercier (1978), Arnold-Douglas-Gupta (1984)

Modified variational problems Arnold, Brezzi and Douglas (1984),
Stenberg (1986), Arnold and Falk(1988), Morley (1989), Becache, Joly
and Tsogka (2002), Arnold, Falk and Winther (2005).... However, none
of these elements seemed to be the perfect choice.
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Surprisingly stable mixed finite elements for elasticity have been
difficult to construct.

Composite Elements Fraejis de Veubeke (1965), Watwood and Hartz
(1968), Johnson and Mercier (1978), Arnold-Douglas-Gupta (1984)

Modified variational problems Arnold, Brezzi and Douglas (1984),
Stenberg (1986), Arnold and Falk(1988), Morley (1989), Becache, Joly
and Tsogka (2002), Arnold, Falk and Winther (2005).... However, none
of these elements seemed to be the perfect choice.

Using polynomial shape functions D. Arnold and R. Winther, (2002), D.
Arnold and R. Winther, (2003), S. Adams and B. Cockburm, (2004).
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My own contributions:

D. Arnold, G. Awanou and R. Winther, A Family of Mixed Elements
for Elasticity in three Dimensions: (In preparation, 2005).

D. Arnold and G. Awanou, Rectangular Mixed Finite Elements for
Elasticity, Submitted 2005,

G. Awanou Nonconforming Rectangular Mixed Finite Elements for
Elasticity, (In preparation 2005).

G. Awanou Three dimensional Rectangular Mixed Finite Elements for

Elasticity, (In preparation 2005).
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Commutative Diagram

Sufficient conditions for stability
o div X, C V.
« There exists a linear operator
I1, : H'(Q,Sym) — X, bounded in £L(H*', L?)
uniformly with respect to i, and such that with
P, : L*(Q,R?) — V}, denoting the L?—projection

H(div,Q,Sym) <% L2(Q,R?)

lwh lph

div
2 — Vi
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Elasticity Differential Complex

P(Q) S H2Q) L H(div,Q,Sym) 2% L2(Q,R?) — 0

llh lm lph
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Rectangular elements

Pss P . [P
Py(R) < Pss(R) J 53 Paa div, 3]
Paa P3s P34
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Rectangular elements

Psy P . [P
Py(R) < Pss(R) J 53 Paa div, 3]
Paa P3s

P P
YR = {’7‘ C o0 T , div T € VR} and
Pia Pss o
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Degrees of Freedom of Xz

1. the values of each component of 7(x) at the vertices of R (12
degrees of freedom)

2. the first two moments of (7n) - n on each edge (8 degrees of
freedom)

3. the first three moments of (7n) - t on each edge (12 degrees of
freedom)

4. the values of [, 7 : ¢ forall ¢ in e(Vz) (9 degrees of freedom)
5. the values of [, 7 : ¢ forall ¢ in M;(R) (4 degrees of freedom)

Pss P
M (R) := {7‘ € o A , divT =0and 7n = 0 on 8R}
Paa P3s
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H? element

We take Qr = Ps.5(R) with the following 36 degrees of freedom

1. derivatives up to order 2 at each vertex (6 x 4 = 24 degrees of
freedom)

2. moments of degree 0 and 1 of 9q/0n on each edge (2 x 4 =8
degrees of freedom)

3. JpJ(q):¢dx, forallpc M, (4degrees of freedom)
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Discrete Elasticity Sequence

PR S C®(Q) L 0=(Q,S) L% 0=(Q,R?) —0

J/Ih lﬂ'h \LP}L
PQ) S Q5 8, 5 Vi — 0
Error estimates

lo = anllo < ch*||o|]s

Ju — unllo < ch®[[ul]2
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Extensions
Stable Higher order elements have been constructed.

Simplified version of the lowest order elements
Nonconforming versions of these elements
Extended to three dimensions on tetrahedral meshes

Extension to three dimensional rectangular meshes

Math Department U. of Louisville, March 21 2005 — p.20/26



Higher order elements k£ > 1

D
V= [ """ | dim ©p = 3k2 + 16k + 26 with

P k+1

Prragk+2 Priskts
ER:{TE ’ ’ , divT € Vg

Pr+s ks Prt2k+a | o

O(Rr*F*1) for stress and displacement

Simplified element of low order

RM(R): space of infinitesimal rigid motions, (a — cx2,b — cx1)
Ve = RM(R) dim X = 36 with

Pss P
»0 T and div 7 € RM(R)}
Paa Pss o

O(h) for stress and displacement

ER_{T S
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Nonconforming elements

D
Ve=| " | dim 2z = 30 with
P12
P P
ER:{T S b TS ,7n -n € Pi(e,R)
P33 Paa

for each edge e of R, and div 7 € VR}

For Vg = RM(R) dim X = 21
O(h) for stress and displacement
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Tetrahedral elements

T — HY(Q,R)3 = H(curl curl*, Q, Sym)
cwl el H(div, Q, Sym) 2% L2(Q, R3) 0

T = Pea@ R S Prys(Q,Sym)
cdewl, pe1(Q,8ym) 2 PR3 — 0.

€ curl curl® div
T — R, — Qyp > X — V — 0

Math Department U. of Louisville, March 21 2005 — p.23/26



Features of the elements
Vr space of discontinuous piecewise polynomials

> space of matrix fields with degrees of freedom

« vertex degrees of freedom
e degrees of freedom for ™n

o [oT:e(v),vE VR
° fRT:(b, o In
{r € X, divr =0,7n =0 on OR}
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Related future problems

nonconforming tetrahedral elements for three
dimensional elasticity without vertex degrees of
freedom

three dimensional rectangular elements
quadrilateral elements

unified analysis of the Arnold-Winther elements
perhaps based on differential forms

efficient computations for the discrete problem by
Iterative methods or parallel computations

compatible discretizations (hot topic)
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Summary

Elasticity differential complexes provide a guiding
tool to design stable mixed elements.

Stable mixed elements for plane elasticity on
rectangular meshes have been exhibited
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