C! Quintic Spline Interpolation
Over Tetrahedral Partitions

Gerard Awanou and Ming-Jun Lai

Abstract. We discussthe implementation of a C' quintic super-

spline method for interpolating scattered data in IR® basedon a mod-
i cation of Alfeld's generalization of the Clough-Tocher scheme de-
scribed by Lai and LeMehaute [4]. The method has beenimplemented
in MATLAB, and we test for the accuracy of reproduction on a basis
of quintic polynomials. We presert numerical evidencesthat when the
partition is re ned, the spline interpolant convergesto the function to
be approximated.

x1. Introduction

There are a few triv ariate spline spacesavailable for interpolation over a
tetrahedral partition 4 of a polygonal domain in IR®. We would like to
mention a direct polynomial interpolation by Zenisekin [9]. This scheme
requires piecewisepolynomials of degree9 and is globally C* over  while
C* around the verticesand C? around the edgesof 4 . Another schemeis
the Alfeld scheme(cf. [1]) which usespolynomials of degree5 to construct
spline functions over a 3D Clough-Tocher re nement of a tetrahedral par-
tition 4 . The scheme producesspline interpolants which are globally C*
over while C? around the verticesand C* around the edgesof 4 . A fur-
ther generalization of the Clough-Tocher re nement enablesWorsey and
Farin in [7] to construct interpolation by C* cubic splines. Worsey and
Piper constructed C* quadratic spline functions basedon special tetrahe-
dral partitions in [8].

The presert paper is concernedwith the implementation of the mod-
i cation introducedin [4] of Alfeld's Clough-Tocher scheme. It usespoly-
nomials of degree5 over the Alfeld version of Clough-Tocher re nement
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of 4 to construct spline interpolants globally C* over and locally C?
around the vertices and C* around the edgesof 4 . The main di erence
is that the Alfeld schemereproducesonly polynomials of degree3, while
the new schemereproducespolynomials of degree5. Let us mention that
the Alfeld schemewasimplemented in [2]. Our program like others of the
kind involvesa great computational complexity.

The paper is organizedas follows: First we begin by a review of the
B-form of polynomials on tetrahedra. Then we review the construction of
[4] in x3. The details on how to compute C* quintic spline interpolants
are givenin x4. We then give the properties of the interpolant. In x6, we
presert numerical evidencethat the schemereproducesall polynomials of
degree5 and that the interpolation error reduceswhen the partition is
re ned. Finally, we will point out our future researd topics.

X2. B-form of Polynomials on Tetrahedra

We assumethe reader is familiar with the Bernstein represenation of
polynomials on tetrahedra. An introduction to this topic can be found in
[3]. Here, we give only a brief accourt.

We rst recall how to represen triv ariate polynomials

pla,y,2)= Y oty 2F aiji 2 R,

0<i+ j+ k<d

of degreed in terms of the barycertric coordinates of the evaluation point
(x,y, z) with respect to a given tetrahedron T' = hwy, vp, v3,v4i. Recall
that any v 2 IR® can be written uniquely in the form

v = bivy + bovo + bavsz + bavy

with
by + b+ b3+ by = 1,

where by, b2, b3 and b, are the barycertric coordinates of v with respect to

T. Let
L .
ngkl(v) = Wblb%bgbﬁh itjtrk+i=d
be the Bernstein polynomials of degreed. They form a basisof the space
of polynomials of degreelessthan or equal d. As a consequenceany suc
polynomial can be written uniquely on T' in the so-called B-form

— } : d
p= Cijleijkla Cijkl 2 R.

it g+ k+l=d
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As usual, the ¢;;,; are assaiated with the domain points

{iv1+ jup + kvg + lw,}
d i+t k+i=d

A polynomial of total degreed is uniquely determined by its valueson the
domain points, i.e. the ¢;;x;, i+ j+ k+ [ = d are completely determined
by interpolation on the domain points.

Let u= y z beavectorwith z and y having barycertric coordinates
(a1, a2, a3,aq) and (51, B2, 03, B4), respectively. One refersto a = (51
a1, B2 2,03 asz,Bs  ag) = (a1,a2,a3,a4) asthe T-coordinates of u.
In terms of @ and the c;ji,i+ j+ k+ [ = d, the derivative of p in the
direction u can be written in B-form on T" as

- d—1
Duyp=4d E a(Cijkl)Bijkl
it g+ k+ 1= d—1

with
a(Cijkt) = @1Ci+1 j kg + 2Cij+1 kgt G3Ci 5 R+t 1+ GACH j k141 -

Given a spline, i.e.,, a piecewisepolynomial de ned on a collection of
tetrahedra, we work with the B-form of ead polynomial piece. So it
makes senseto look for conditions on the coe cien ts that will ensure
that the spline has global smoothnessproperties. We explicitly derive the
smoothnessconditions for a model case.

Let vs = (v + v2 + v3+ U4)/4, and let

— 4 d - H
Pa = E cijleijkl onTy = hU]_, U2, U3, Usl
i+ g+ k+ 1= d
and
— 1 d - i
p1L= E cijleijkl onT; = hvz, U3, V4, Usl .
i+ g+ k+l=d

For p1 and p4 to be joined cortin uously acrossthe commonfacehvs, vs, vsi
they must agreeon that face. Sincep, and p; are uniquely determined by
their coe cien ts on that face, the condition of C° continuity reads

4 - 1
Cojkl — Cjkoi-
To ensurecontinuity of the rst order derivatives, we needonly to ched

continuity of the directional derivatives D, _y,, Dy;—v, and Dy, _,,. We
already have

Dv3fvgp4 = Dvgfvgpl; DU57v2p4 = D%*ngl on hl)z, U3, 1)5i
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since those derivatives depend only on the values of the polynomials on
the common face.

Notice that v; v, hasT-coordinates (1, 1,0,0) with respectto T,
and (2, 1, 1,4) with respectto T;. Soto ensureC?! cortinuity, we
need

@,-1,0,0 (cojr) = (=2,-1,—1,4)(cjr01), i+ j+k+i=d 1

or equivalently

4 4 _ 1 1 1 1
Cijkt  Co,j+1 k1 — 20j+1,k,o,z Cj k+1,0,1 Cjk11+4cj,k,o,z+1-

Using the C° cortinuity conditions, this gives

4 _ 1 1 1 1
Cijkl =  Cj+1 k00  Cjk+1 0,1 Cjk11+4cj,k,o,z+1-

Finally we give the following subdivision formulas that givethe B-form of
ponhvy, v, v, wi for any point w in R3. The B-form of p on hwy, v, vs, wi

is
= E d:.r BS
p ikl Pijkl
it j+rktl=d
with
_ l
dijrr = g Ci+ p,j+ v, k+ n,&BH,V,n,é(w)-
pt vt K+ o=1

For example with w = vs,

I 1\!
da= 3 cowsnsens s (a)

pt vt Kt 6=1

x3. Description of the Scheme

We describe the new schemefor 3D scattered data interpolation we have
implemented.

Let us introduce more notation. For eact edgee, let m. be the
midpoint of e and let e; and e, be two directions which are perpendicular
to e and are linearly independent. For eadt face f = hvy, v, vsi, let
f1, f2, fs be the three domain points f(ivy + juo, + kvs)/5,(i,j,k) =
(2,2,1),(1,2,2),(2,1,2)gon f. Let ny be aunit normal vector to f. For
ead tetrahedron ¢, let u, be the certer point of ¢.

For a tetrahedral partition 4 , for ead tetrahedron ¢, we split ¢ into
four subtetrahedra at the certer u, by connecting u, to any two of four
vertices of t. This generatesa 3D Clough-Tocher re nement of 4 . For
simplicity, we call it the Alfeld re nement and denoteit by A(4 ).
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The C* quintic spline interpolant on A(4) can then be described
as follows. Given a function g 2 C?(), the interpolant S, satis es the
following conditions:

1) For ead vertex v 2

Dy Dy*D*Sy(v) = D3 DyD*g(v),  8jaj 2.
2) For each edgee of ,
Deng(me) = De,g(m.), i=1,2,

where D., denotesthe derivative along the direction e; and m,. the
midpoint of ¢;
3) For eadh face f of ,

anSg(fj) = ang(nf)a j: 17 2u 37

where D,,, denotesthe derivative along the direction n;
4) For ead tetrahedron ¢,

Dz D2 D33 Sg(ur) = Dg* Dy D3 g(uy), 8jaj 1
This is the schemewhich wasintroducedin [4].

x4. Details of Computation

This is best preseried by looking at the caseof a single tetrahedron 7' =
hwy, v2,v3,v4i. The faces,edgesand vertices of T' will be referred to as
boundary faces, edgesand vertices, respectively, in this case. Let u; =
vs = (v1 + va + v3 + v4)/4 be the center of T. It subdivides T into 4
subtetrahedra:

Ty = two,v3,va,vsi, To = hvy,vs,vs,vsi,

T3 = twy, v, va,vsi, T4 = hvg,vo,v3,0si.

The problem then is to determine the approximating polynomial p on each
subtetrahedron. Given a polynomial p of degree5, for each s = 1,...,4,

let
p(v) = Z ijle?jkl(v)

i+ j+ k+ =5

be the B-form of p on T,. For simplicity we shov how to compute the
c;‘jkl's. The other coe cien ts ¢f;;;, s = 1,2, 3, canbe computedin a similar
fashion.
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Clearly c&,0, = p(v1), and similar relations hold at the other vertices
of T'. Next we compute coe cien ts in the rst ring around v;. Because

Doy -0, p(v1) = 5(ch100  Cho00)

we have
4

1
C4100 = gsz—vlp(Ul) + Cgoow
where D,,_,,p(v1) is computed using the rst order derivatives at v;.
Using other directional derivatives,we get

1
4 _ 4
C4010 = gDvg—vlp(Ul) * C5000)

1
02001 = ng—vlp(Ul) + Cgooo-

Proceedingwith the coe cien ts in the ring of radius 2, we needto use
secondorder directional derivatives:

Ba00 = 2—10D52—U1P(U1) + 23100 30005
Boz0 = 2—10D53—U1P(U1) + 2c3010 0005
ooz = ZiODgs—vlp(Ul) + 2c3001 0005
10 = %)Dvrm Doy 0, p(v1) + Cho10 + 4100 50005
o1 = %)Dvrm Doy v, p(v1) + Cho01 + Ci100 50005

1
4 _ 4 4 4
C3011 ~ Z)Dvrm Dyy—v,p(v1) + Ca001 *+ Ca010  Cs000-

It is then clear how to obtain similar formulas in the ring of radius 2
around the other vertices vz and vs.

It is conveniert to view the B-net of p over T1,1%,73 and T, as com-
posed of layers. Thus the coe cien ts on the boundary facesform the
rst layer. The face hvi, vy, v3i of T, is also a boundary face of 7. On
that faceonly 3 coe cien ts are to be determined: c3;5, 10 and c3,10.
To compute those coe cien ts, we use the given data at the midpoints
of boundary edgesto nd directional derivativesalong the edgesat the
midpoint of those edges.The coe cien ts to be found are then simply ex-
pressedin terms of the later derivatives. We show how to compute c3,5,
for example.

We considerthe edgehv,, vsi, with midpoint vz := my, 4, At this
point a directional derivative along this edgecan be computed as

4

_ 4 4 4
Doy —v,p(v23) = 52(00,3',573',0 Co,j+1 4—5,0)Bo. j.a—j.0(v23)-
j=0
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In the equation

4

_ 4 4 4
Dy, v, p(v23) = SZ(CO,j+1 4—3.0 Cl,j,47j,0)BO,j,47j,0(v23)a
5=0

there are two unknowns, D,,, ,, p(v23) and cf,,,. We have

Doy, P(v23) = aDyy 0, p(v23) + BDe, p(v23) + YDe,p(v23)

or equivalently

Dy, P(v23) = @Dy, p(v23) + BDe, g(v23) + Do, g(v23)

for someconstarts «, 3, and v. e; and e, are two directions perpendicular
to the edgee= hwy,v3i. Now cf,,, can be computed. Proceedingthe
sameway with the edgeshwy,v2i and hvy, v3i, we get c3,,9 and c3,,,. We
compute the coe cien ts on the secondlayer and get three of them by
smoothnessconditions

1
4 _ L4 4 4 4
Co221 = Z(CZZIO + Ci200 + Coz20 + Co230)>
s _1 (Zoro + Birg + Ao + Aoo)
C2021 — 4 C2210 T C2120 T C3020 T €2030/>
4 _ 1 3 4 4 4
Coo01 = Z(szlo + 210 + Cp00 + C2300)-

To get the other coe cien ts in T, on the secondlayer, namely cf1,;, 3111
and c},,;, we usevaluesof the normal derivative to hvy, v, vsi at 3 points
on that face: f1, f» and f3. More precisely sinceall coe cients on f =
hwi, vz, v3i are determined, we can compute the values of D,, _,,p and
D, —,p at the points f1, f and f3. Sincethe D, p(fi) = Dy, g(fi),
1= 1,...,3 are given by interpolation conditions, by expressinguvs v»
in terms of n¢, v1 v and vz vz, we can compute the D, _.,p(f:),
1= 1,2, 3. Notice that
D — 4 4 4 i+ j
vs—vaP(f1) =5 Z (Cijkl Ci,j+1 ,k,o)mz )

i+ j+ k=4

4! ,
Doy —v,p(f2) =5 Z (C?jkl C?,j+1,k,o)ng+k7

i+ j+ k=4
— 4 4 4! i+ k
Dvs—’uzp(f3) =5 E (Cijkl Ci j+1 ,k:,O) 544141kl 2 :
= iljlk!
it j+ k=4

These form a system of equations with unknowns c},,;, c311; and ¢ty
which canbe solved easily. This nishes the computations of all coe cien ts
on the secondlayer.
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On the third layer there are six coe cien ts in T, which are simply
computed by using smoothness conditions acrossinterior faces. Those
coe Cien ts are 310z, Clo0z CB212+ €122+ 2012+ Clozz-

At this stage, the only coe cien ts on this layer which remain to be
computed are cf;15, s = 1,...,4. This layer is viewed as the B-net of
a polynomial of degree3. There are 4 data to be computed and we get
them by using the 4 data at the cenrter vs of the tetrahedron. More
precisely usingthe giveninformation at the certer, onecancompute p(vs),
Doy — 1y P(05), Dyy—vp, p(vs) and D, ., p(vs). It is not dicult to seethat
they can be expressedin terms of the c¢§;15, s = 1,...,4. We therefore
have a system of 4 equationsin 4 unknowns which had to be solved.

The coe cien ts in the remaining two layersare obtained by using the
subdivision method. In this way, the interpolant will be C® at vs.

x5. Properties of the Interpolant

We provein this sectionthat the schemereproducesall quintic polynomials
and that the interpolant thus constructed is C? around the vertices, C*
around the edges,C® at the certer of eac tetrahedron, and globally C*.

Property 1: The schemereproducesall quintic polynomials. This follows
from

Lemma 1. A polynomial p of degree5 on T = hwy, va, v3, v4l With certer
vs IS uniquely determined by the following data:

D' Dy?Dp(vi),  joj 2, i=1,...,4

the values of derivativesin two independert directions perpendicular to
ead edgeof T at the midpoint of the edgeand

D Dy Dep(vs),  joj L.
The proof of the lemma is givenin the appendix.

Property 2: The interpolant is C? around the vertices. If two tetrahedra
sharethe samevertex v, by construction the polynomial piecessharethe
samevalues D' D2> D23 g(v). So S, is C? at w.

Property 3: The interpolant is C* around the edges.Assumefor example
that two tetrahedra sharethe commonedgee = hwy,v2i. The coe cien ts
of eat polynomial pieceon e are the samesincethey are computed using
data at the verticesv; and v,. This givescontinuity acrossthe edgeand
also continuity of D,, ,, acrosse. To prove C! cortinuity, we need to
show cortinuity of derivativesin three independert directions. Notice that
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the interpolation conditions at the vertices determine all derivativesup to
order 2 at vertices. Any of the derivatives D.,S,, i = 1,2 reduceto the
same univariate quartic polynomial on e. D.,S is uniquely determined
by the 5 piecesof data

Dei Sg(me)7 Dei Sg(”l)v Dvg—vl Dei Sg(Ul)a Dei,Sg('UZ)v Dvg—vl Dei Sg(UZ)-

This assurescortinuity of D.,S,,i = 1,2 acrosse.
We show below cortin uity acrossinterior facesof a tetrahedron which
implies cortinuity acrossthe interior edges.

Property 4: The interpolant is globally C*. Recall that ead tetrahe-
dron is subdivided into 4 subtetrahedra sowe study di eren tiabilit y across
tetrahedra in the original partition and di eren tiabilit y acrossthe subte-
trahedra obtained after re nement.

Intertetrahedral continuity: Assumetwo tetrahedra sharea common
face f. By construction, coe cien ts on such a face are determined either
by using data at the vertices or data at the midpoints of edgesof that
face. Hencethe cortinuity of the interpolant .S, acrossf follows.
Intertetrahedral continuity of derivatives: To prove that the inter-
polant is C* acrossa face f, it is enoughto ched continuity of the normal
derivative. We show that the restriction of such a derivativeto f doesnot
depend on the polynomial pieces. D, S, is a polynomial of degree4 on f
which is uniquely determined by the following 15 data:

Dy, Sy(vi), 0= 1,2,3;  Dyyy, Dy, Se(v), i= 1,2,3;

Doy, Dy Sg(vi), i=1,2,3; Dy,9(f)), i=1,23

and the valuesof D, S, at the midpoints of the edgesof f.

Internal continuity: This is obtained by construction since coe cien ts
on internal facesare computed by using data independert of the faces. So
they do not depend on the polynomial piece.

Internal continuity of derivatives: We explicitly showv how C* smooth-
nessis built acrossthe interior face hw,, v, vsi which is commonto 77 =
hUz, U3, V4, U5i and Ty = hvl, V2, U3, U5i . We have

4 _ 1
Cojkl = Cjkol
and

4 _ 1 1 1 1
Cijkt =  Cj+1 5,00  Cjk+1,0, Cjk11+4cj,k,o,l+1

for j+ k+ [ = d. We group the c‘l‘jkl into 6 categories:
(1) 1400, ia10 @nd cap; are determined by data at v,. They satisfy the
conditions sincethey are ertirely computed using these data.
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) 0‘1‘1301 ?‘11040 and c‘l‘og,.l are determined by data at v3. They satisfy the
conditions as explained above.

c and ¢ are compute requiring smoothness conditions
3) clozz and cipgy puted by requiring th dit
acrosshv,, v, vsi.
c is computed by using data on the edgehw;, vsi. ernters the
4) oo ted b dat the edgehw It enters th
smoothnesscondition usedto set c§,,; above.

(5) ¢}, and cf,;; are determined by using the values of the normal
derivative. They enter the smoothness conditions usedto set cg;,,
and cg,;, respectively. Explicitly

1 4 4 4
4 _ Cpuint Clipn t Copo1 t o Coran
Co122 — 4

and

1 4 4 4
4 _ G117t Cpnn t Copor T Coann
Co212 = 4 .

(6) 12, Hioss clos and cfoo, are computed by considering a layer as
the B-net of a polynomial of degree3. Sudc a polynomial is already
smooth.

Property 5: The interpolant is C°® at the certer of ead tetrahedron.
This follows from the construction process.

X6. Numerical Experiments

We have implemented the interpolation schemein MATLAB. To make
sure that our implementation is correct, we have cheded that our pro-
grams reproduce all polynomials of degree 5 by testing all 56 basis
functions. Starting with a cube subdivided into 12 subtetrahedra by con-
necting the midpoint of the cube to a diagonal of eat face of the cube,
the maximum errors of spline interpolants of the 56 basis functions are
about .6661 10715, When ead of the 12 subtetrahedra is subdivided
into 8 subtetrahedra, the maximum errors are around .7772 10-%°. The
slight increasein the maximum errors is probably due to round-o errors.

Next we demonstrate how well this scheme approximates given func-
tions and how the interpolation error evolveswhen the partition is re ned.
Starting with a single tetrahedron, we re ne this tetrahedral partition 3
times and in a few cases,4 times. Each time, we subdivide ead tetra-
hedron ¢ into 8 subtetrahedra by using the midpoints of six edgesof ¢
and dividing the certral octahedron into four subtetrahedra. The certral
octahedron has three diagonals. The choice of a diagonal determinesthe
kind of re nement one has. A common measureof degeneracyusedfor a
tetrahedron 7' is b

o= —,
p
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Number of 1 8 64 512
tetrahedra
Dimension 68 254 1346 8762

Tab. 1. Numbers of tetrahedra and dimension of spline spaces.

where h is the diameter of 7' and p the diameter of the largest sphere
inscribed in T'. From the three possibletetrahedral partitions that could
arise from the choice of the diagonal of the certral octahedron, we choose
the diagonal that yields the smallest o. With the tetrahedron with ver-
tices of coordinates (0,0,0),(1,0,0),(0,1,0) and (1,0, 1) this leadsto a
uniform re nement in the sensethat all tetrahedra have the samemea-
sure of degeneracy The choice of this model tetrahedron was suggested
by Ong [6]. We rst display the dimension of the spline spacesthat were
usedfor interpolation. The formula to compute the dimension was given
in [4]. If V denotesthe number of vertices, E the number of edges,F' the
number of facesand T' the number of tetrahedra in a tetrahedral partition,
the dimension of the corresponding spline spaceis given by

10V + 2E+ 3F + 4T.

The dimensionsofthe rst three re nement levelsare givenin Table 1.
The fourth level of re nement involve 4096tetrahedra and the dimensionof
the corresponding spline spaceis 63338. The limitation of computational
power at hand preverts us from displaying additional levelsof re nement.
We have tested the code on the following functions:

fl(xvyaz) = exp(x+ y+ Z)7 fZ(xvyaZ) = Sin(xS + y3 + 23)7

fa(r,y,2) = a®+ 4+ 2% fa(z,y,2) = 10exp( 2?2 ¢* 2).

The results are preserted in Table 2. We also cheded the results of inter-
polating the homogeneouspolynomials of degree6 and the polynomials
'+ y’+ 2" and 28 + 8 + 28 of degree7 and 8, respectively, seeTable 3.

The maximum errors of the spline interpolants computed by evalua-
tion on ead tetrahedron at the domain points

f i1 Qi+ j+ k+ 1=10

are displayed as well asthe numerical rate of convergence.

Theseresults show that the errors decreasdike O(h®) when the par-
tition is re ned. The convergencerate is specially good for homogeneous
polynomials of degree6.
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Number of fi(x,y, 2) Rate fo(z,y, 2) Rate
tetrahedra

1 3.9822 103 0 49375 1072 0
8 9.8569 10°° 4040 | 1.5402 1072 | 3205
64 1.9578 10°° 50.34 | 6.4640 1074 | 23.82
512 34577 1078 56.62 | 1.3401 10> | 4823
4096 57476 1071° | 60.16 | 2.1887 107 | 6123
Number of fa(x,y, 2) Rate fa(x,y, 2) Rate
tetrahedra
1 46875 1072 0 1.2769 107! 0
8 7.3242 10°* 64 6.9864 1073 18.27
64 1.1444 10°° 64 15328 10°* 45.57
512 17881 1077 64 2.6073 10°° 58.78
4096 2.7940 10°° 64 41614 108 62.65
Tab. 2. Numerical maximum errors of the interp olation scheme.
2% |Rate oy Rate 0z Rate
15625 1072 0 [15625 102| O (15625 102 0
24966 10~* |6259 |2.4659 10~* |63.36|2.4414 10*| 64
3.9349 10°° |6345|3.8618 10°° |63.85|3.8525 10°° |63.37
6.1482 1078 64 |6.0341 10° | 64 |6.0341 10°° |63.84
z%y? |Rate xhyz Rate 422 Rate
15625 1072 0 [15625 102| O [15625 10°? 0
24529 10~* |63.70 |2.4414 10°* | 64 (24414 10| 64
3.8334 10°% (6399 (38147 10°°| 64 |3.8334 10°° |63.69
59897 1078 64 |5.9605 1078 | 64 |59897 1078 | 64
23y° |Rate 3922 Rate 3y 22 Rate
15625 1072 0 [15625 102 | O [15625 102 0
24414 10°* 64 (24414 1074 | 64 (24414 107* | 64
3.8147 10°° 64 |3.8147 10°° | 64 |3.8147 10°°| 64
59605 108 64 |5.9605 108 | 64 |59605 10° | 64
232° |Rate xz%y? Rate 2?3z Rate
15625 1072 0 [15625 1072 0 [15625 10?2 0
24414 10°* 64 (24414 107* | 64 (24414 10°* | 64
3.8147 10°° 64 |3.8303 10°° (6374 (3.8147 10°° | 64
5.9605 108 64 |5.9884 10°® (6397 (59605 1078 | 64

Tab

. 3a. Numerical

maximum errors of the interpolation scheme.
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z?y?2° |Rate x%yz° Rate 2?24 Rate

15625 1072 0 [15625 10| 0 [15625 102 | O

24414 107* | 64 (24414 107* | 64 (24414 10* | 64

3.8147 10°° | 64 |3.8147 10°° | 64 |3.8147 10°° | 64
59605 108 | 64 |59605 1078 | 64 |5.9897 10 |63.69
zy® | Rate Y’z Rate xS 22 Rate

15714 1072 0 [15625 102 | 0 [15625 102 0

2.4554 1074 64 |2.4414 107% | 64 |2.4414 107* | 64

3.8618 10 ° [6358|3.8147 10°° | 64 |3.8147 10°° | 64

6.0341 1078 64 |5.9605 1078 | 64 [59605 1078 | 64
zy°2° |Rate xyz* Rate 2> Rate

15625 1072 0 [15625 102| O [15625 10°° 0

24414 107* | 64 (24414 107* | 64 (24414 10* | 64
3.8147 10°% | 64 |3.8147 10°° | 64 |(3.8365 10°° (63.64
59605 1078 | 64 |59605 108 | 64 |6.0341 10°® |63.59
y® |Rate Yz Rate y? 2 Rate

1.6048 1072 0 [15625 10°| 0 [15625 102 0

25183 10* |63.72|2.4414 10* | 64 (24414 10| 64
3.9349 10°° 64 |3.8525 107° [63.37|3.8334 10°° |63.69

6.1482 1078 64 |6.0341 10°° (6384 (59897 10°° | 64
132° |Rate y?z* Rate yz° Rate

15625 10°° 0 [15625 10°| 0 [15625 10°| O
24414 10™* | 64 |24414 10* | 64 |2.4554 10~* |63.64
3.8147 10°% | 64 |3.8237 10°° |63.85(3.8484 10°% |63.80
59605 1078 | 64 |5.9897 1078 |63.83|6.0341 108 |63.77
2% |Rate | 2"+ y"+ 27 |Rate | 28+ 8+ 28 | Rate

15625 1072 0 [16406 10| 0 [3.6328 10! 0
25075 10~* [62.31(2.9907 103 |54.86 [8.2966 103 |43.79
3.9179 10°° 64 |5.0068 107° [59.73|1.6653 10~“ 49.82
6.1482 1078 |63.72(8.0839 107 |61.93 [2.9523 10°°® |56.41

Tab. 3b. Numerical maximum errors of the interpolation scheme.
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X7. Future Research Problems

The authors plan to usethe energy minimization method to construct C'*
quintic spline interpolants for given scattered data. This method will not
require higher order derivativesinformation at vertices. Also, the authors
plan to apply this interpolation schemeto somereal life data setsfrom
oceanograply and/or meteorology

x8. Appendix

We now give the proof of Lemma 1 of Section5. Let

— 5
p= E Cijleijkl

i+ j+ k+1=5

be the B-form of a polynomial of degree5 with respectto 7. For a face of
T, sa&y f = huy,vp,vsi, from the given data we can determine the following
21 degreesof freedomon f.

1) p(v1),p(v2) and p(vs)

2) DU1 *U2p(vi)a Dvgfv2p(vi)7 1= 1a 27 3.

3) Dgl 7v2p(vi)a D'Ul *U2D03*v2p(vi) and D%g*ﬂgp(vi)’ 1= 17 2, 3.

4) Valuesof the outward normal derivative at the midpoints of the three

edgesof f.

These data ( fth-degree Argyris elemer) determine completely p on the
given face f. Similarly, p is determined on other facesof 7. It remains
to determine the coe cien ts of p which are not assaiated with domain
points on any faceof T'. Thesecoe cien ts are cp111, c1211, c1121 and ci112.
We therefore write

_ 5 5 5 5
D= co111Bp111 + c1211 BYo11 + c1121 BTio1 + c1112 81110 + ¢

where all coe cien ts in ¢ are determined, i.e. ¢ is known. Now for any
point v with barycentric coordinates (b1, b2, b3, b4),

5 .
B?jkl(v) = Wblb%bgbﬂ,,

and so
51
p(v) = §b1b2b3b4(02111b1 + c1o11b2 + c1121b3 + c111204) + q(v).

The data 5 5 5
p('US), %p('US), a_yp(’US)’ &p(v5)a
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at the center vs determine L(vs), Dy, —v, L(v5), Dy —vs L(v5), Doy —oy L(vs),
where
L(v) = co111b1 + c1211b2 + c112103 + c11120a4.

This is becauseus is not on any faceof T'. For example,

1 4
L) = (Goubatataii ) G09) ates) = S5 2 00s) ates)

and
51 . 5! .
Dy, —v,p(vs) = Dulfm(gblbzbsbzt)lvst(vs) + (Eblbzbsb4)lv5Dm—sz(vs)

from which we can compute D,, ., L(vs) sinceits coe cien t in this last
- A0 S o o

equation is 2 <4_1 . Using the formula for directional derivativesof Sec-

tion 2 with vs = (v1 + v2 + v3 + v4) /4, we get

c2111 + c1211 + c1121 + c1112 = 4L(vs),

1
_Dvl—’uzL(US)a

C2111  C1211 = 5

1
€111 C1121 = gDul—v_gL(Us),

1
c1211  C1121 = gDurvsL(Us)-

These equations form a system of equations which can be readily solved.
This determines all the coe cien ts of p and concludesthe proof of the
lemma. O
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