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3.4 Isomorphisms

A one-to-one correspondence ¢ : G; — Gy between groups G; and Gs is called
a group isomorphism if ¢(ab) = ¢(a)¢p(b) for all a,b € Gy. The function ¢ can
be thought of as simply renaming the elements of G, since it is one-to-one and
onto. The condition that ¢(ab) = ¢(a)p(b) for all a,b € G makes certain that
multiplication can be done in either group and the transferred to the other, since
the inverse function ¢! also respects the multiplication of the two groups.

In terms of the respective group multiplication tables for G; and G, the exis-
tence of an isomorphism guarantees that there is a way to set up a correspondence
between the elements of the groups in such a way that the group multiplication
tables will look exactly the same.

From an algebraic perspective, we should think of isomorphic groups as being
essentially the same. The problem of finding all abelian groups of order 8 is im-
possible to solve, because there are infinitely many possibilities. But if we ask for
a list of abelian groups of order 8 that comes with a guarantee that any possible
abelian group of order 8 must be isomorphic to one of the groups on the list, then
the question becomes manageable. In fact, we can show (in Section 7.5) that the
answer to this particular question is the list Zg, Zy X Zo, Zo X Zo X Zy. In this
situation we would usually say that we have found all abelian groups of order 8, up
to isomorphism.

To show that two groups G; and G5 are isomorphic, you should actually produce
an isomorphism ¢ : G; — G2. To decide on the function to use, you probably need
to see some similarity between the group operations.

In some ways it is harder to show that two groups are not isomorphic. If you can
show that one group has a property that the other one does not have, then you can
decide that two groups are not isomorphic (provided that the property would have
been transferred by any isomorphism). Suppose that G; and Gs are isomorphic
groups. If G is abelian, then so is G9; if G is cyclic, then so is G2. Furthermore,
for each positive integer n, the two groups must have exactly the same number of
elements of order n. Each time you meet a new property of groups, you should ask
whether it is preserved by any isomorphism.

SOLVED PROBLEMS: §3.4

21. Show that Z; is isomorphic to Zqe.

22. Let ¢ : R* — RX be defined by ¢(x) = 23, for all z € R. Show that ¢ is a
group isomorphism.

23. Let G1,Go, H1, Hs be groups, and suppose that 6, : G; — H; and 65 :
G2 — Hs are group isomorphisms. Define ¢ : Gy x Go — Hy; X Hy by
d(x1, x2) = (61(x1), O2(x2)), for all (x1, x2) € G1 X Ga. Prove that ¢ is a
group isomorphism.
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Prove that the group Z; x Z7} is isomorphic to the group Zg x Zqo.

Define ¢ : Z3g X Zo — Z1g X Zg by ¢([n]30, [m]g) = ([n]lo, [4n + 3m]6), for
all ([n]s0, [Mm]2) € Zsp X Zy. First prove that ¢ is a well-defined function, and
then prove that ¢ is a group isomorphism.

Let G be a group, and let H be a subgroup of G. Prove that if a is any
element of GG, then the subset

aHa ' ={g€ G| g=aha! for some h € H}
is a subgroup of G that is isomorphic to H.

Let G, G1, G be groups. Prove that if G is isomorphic to G; X G, then there
are subgroups H and K in G such that HNK = {e}, HK = G, and hk = kh
forallh€ H and k € K.

Show that for any prime number p, the subgroup of diagonal matrices in
GLa(Zy) is isomorphic to Z; x Z).

(a) In the group G = GL2(R) of invertible 2 x 2 matrices with real entries,
show that

H= { [ a2 ] € GLy(R)

a1 A22

aylp = 1, ag) — 0, ago — 1}

is a subgroup of G.

(b) Show that H is isomorphic to the group R of all real numbers, under
addition.

Let G be the subgroup of GLy(R) defined by

m b
o-{[% e}
Show that G is not isomorphic to the direct product R* x R.

Let H be the following subgroup of group G = GLy(Z3).

H:H”S HeaLg(zg)

m,b € Zs, m#O}

Show that H is isomorphic to the symmetric group Ss.

Let G be a group, and let S be any set for which there exists a one-to-
one and onto function ¢ : G — S. Define an operation on S by setting
21 79 = ¢(¢pH(w1)p " (22)), for all x1, 5 € S. Prove that S is a group under
this operation, and that ¢ is actually a group isomorphism.



