66

J.A.Beachy CHAPTER 2 SOLUTIONS

2.3 SOLUTIONS

13.

14.

15.

16.

17.

18.

. 1 2 3 45 6 78 9 .
For the permutation o = T 5 6 9 2 48 1 3 ), write o as a
product of disjoint cycles. What is the order of ¢7 Is o an even permutation?

Compute o~ 1.

Solution: We have ¢ = (1,7,8)(2,5)(3,6,4,9), and so its order is 12 since
lem[3,2,4] = 12. It is an even permutation, since it can be expressed as the
product of 6 transpositions. We have o= = (1,8,7)(2,5)(3,9, 4, 6).

. 1 2 3 45 6 7 8 9
For the permutatlonso—<2 5 1 8 3 6 4 7 9>and

(123 456
T\15 47 26

; S g ), write each of these permutations as a

1 -1 -1 -1

product of disjoint cycles: o, 7, o1, oTO" ", 07", T, TO, TOT

Solution: o = (1,2,5,3)(4, 8 7) = (2,5)(3,4,7,8 9) ot = (1,2,3,8,9);
07—0’71 = (17834a 77 9)(375)7 ( 73 5a2)(4’7 ) (2’5)(379’8’ 7’ 4);
o = (1,5,4,9,3); Tor~ ! = (1,5,2,4)(7,9,8).

Let 0 = (2,4,9,7,)(6,4,2,5,9)(1,6)(3,8,6) € Sg. Write o as a product of
disjoint cycles. What is the order of ¢? Compute ¢!

Solution: We have ¢ = (1,9,6,3,8)(2,5,7), so it has order 15 = lem[5, 3],
and o=t = (1,8,3,6,9)(2,7,5).

1 2 3 4
7 2 11 4
o = (3,8,7), compute the order of 7o~}
Solution: Since T = (1,7,9)(3,11,5,6,8,10), it has order 6. We have 70~ =
(3,8,7)(1,7,9)(3,11,5,6,8,10)(3,7,8) = (1, 3,9)(8,11,5,6,7,10), so the cycle
structure of oro ! is the same as that of 7, and thus o7o~! has order 6.

5 6 7 8 9 10 11
Compute the order OfT—( 6 8 9 1 3 5 ) For

Prove that if 7 € S, is a permutation with order m, then oro~! has order m,
for any permutation o € S,,.

Solution: Assume that 7 € S, has order m. It follows from the identity
(oro™Y)* = o1k0! that (o707 1)™ = 070! = o(1)0~! = (1). On the
other hand, the order of o070 ! cannot be less than n, since (o700~ 1)¥ = (1)
implies 07%¢~! = (1), and then 7% = 070 = (1).

Show that Sig has elements of order 10, 12, and 14, but not 11 or 13.

Solution: The permutation (1,2)(3,4,5,6,7) has order 10, while the element
(1,2,3)(4,5,6,7) has order 12, and (1,2)(3,4,5,6,7,8,9) has order 14. On the
other hand, since 11 and 13 are prime, any element of order 11 or 13 would
have to be a cycle, and there are no cycles of that length in Sig.
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19. Let S be a set, and let X be asubset of S. Let G = {0 € Sym(S) | o(X) C X}.
Prove that G is a group of permutations.

20. Let G be a group of permutations, with G C Sym(.S), for the set S. Let 7 be
a fixed permutation in Sym(S). Prove that

G = {0 € Sym(S) | o = 77 for some v € G}

is a group of permutations.



