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3.4 SOLUTIONS

21.

22.

23.

Show that Z35, is isomorphic to Zjs.

Solution: The element [3] is a generator for Z15, since 32 = 9, 3% = 27 = 10,
3*=310=30=13,3"=313=39=5,3=35=15,3"=3-15 =45 = 11,
and 3% = 3-11 = 33 = —1 # 1. Therefore Z5 is a cyclic group with 16
elements. This provides the clue at to how to define the isomorphism we need,
since Z1¢ is also a cyclic group, with generator [1]16, and Proposition 3.4.3 (a)
implies that any isomorphism between cyclic groups must map a generator to
a generator.

Define ¢ : Zis — Z3 by setting ¢([1]16) = [3]17, #([2]16) = [3]37, etc. The
general formula is ¢([n]1s) = [3]17, for all [n]16 € Z16. Since ¢ is defined by
using a representative n of the equivalence class [n]1g, we have to show that
the formula for ¢ does not depend on the particular representative that is
chosen. If K = m (mod 16), then it follows from Proposition 3.2.8 (c) that
[3]%, = [3]7% since [3]17 has order 16 in Z;, Therefore ¢([k]16) = ¢([m]16), and
so ¢ is a well-defined function.

Proposition 3.2.8 (c) shows that ¢([k]16) = ¢([m]16) only if & =m (mod 16),
and so ¢ is a one-to-one function. Then because both Zig and Z75; have 16
elements, it follows from Proposition 2.1.5 that ¢ is also an onto function.
The proof that ¢ respects the two group operations follows the proof in Ex-
ample 3.4.1. For any elements [n];6 and [m]is in Zi6, we first compute what
happens if we combine [n]ig and [m]is using the operation in Zjg, and then
substitute the result into the function ¢:

o([n]16 + [mlis) = ¢([n+mlie) = [3]17™ .

Next, we first apply the function ¢ to the two elements, [n]16 and [m];g, and
then combine the results using the operation in Z3:

¢([n)16) - d([ml16) = [3]77[3]77 = [3]17™ -

Thus ¢([n]i6 + [Mm]16) = &([n]16) - ¢([Mm]16), and this completes the proof that
¢ is a group isomorphism.

Let ¢ : RX — RX be defined by ¢(z) = 23, for all z € R. Show that ¢ is a
group isomorphism.

Solution: The function ¢ preserves multiplication in R* since for all a,b € R*
we have ¢(ab) = (ab)® = a®b® = ¢(a)¢(b). The function is one-to-one and
onto since for each y € R* the equation ¢(x) = y has the unique solution
T = Yy.

Let G1,Go, H1, Hy be groups, and suppose that 6; : G; — H; and 65 :
G2 — Hs are group isomorphisms. Define ¢ : Gy X Go — H; X Hs by
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d(x1, x2) = (01(x1), O2(x2)), for all (x1, 22) € G1 X G2. Prove that ¢ is a
group isomorphism.

Solution: If (y1,y2) € Hy x Hay, then since 0; is an isomorphism there is a
unique element x; € G7 with y; = 61(x1). Similarly, since 05 is an isomor-
phism there is a unique element zo € Go with yo = 03(z2). Thus there is a
unique element (z1,z2) € G1 X Go such that (y1,y2) = ¢(x1,z2), and so ¢ is
one-to-one and onto.

Given (a1, as2) and (b1, bs) in G x Ga, we have

¢((a1,a2)'(bl,b2)) = ¢((a1b17a2b2)) = (91(61151),92(02b2))
= (01(a1)01(b1), 02(a2)02(b2))

¢((a1,a2)) - o((b1,02)) = (01(a1),02(az)) - (01(b1),02(b2))
= (01(a1)01(b1),02(az)02(b2))

and so ¢ : G1 X G — H; X Hy is a group isomorphism.

Prove that the group Z; x Z7} is isomorphic to the group Zg x Zqo.
Solution: You can check that Z7 is cyclic of order 6, generated by [3]7, and
that Zj| is cyclic of order 10, generated by [2]1;. Just as in Problem 21, you
can show that 0y : Zg — Z; defined by 0;([n]s) = [3]% and 63 : Zyg — Z7
defined by 605([m]19) = [2]]} are group isomorphisms. It then follows from
Problem 23 that ¢ : Zg x Zyg — Z5 x Z7, defined by ¢(([n]s, [m]10)) =
([3]%,[2]71), for all [n]g € Zg and all [m]19 € Zyo, is a group isomorphism.

Define ¢ : Z30 X ZQ — ZlO X Z6 by QS([TL]go, [m]g) = ([n]lo, [4n + Sm]e), for
all ([n]s0, [m]2) € Zsp X Zy. First prove that ¢ is a well-defined function, and
then prove that ¢ is a group isomorphism.

Solution: If ([n]so, [m]2) and ([k]s0, [j]2) are equal elements of Zsg x Zo,
then 30 | n — k and 2 | m — j. It follows that 10 | n — k, and so [n]10 = [k]10-
Furthermore, 30 | 4(n—k), so 6 | 4(n—k), and then 6 | 3(m—j), which together
imply that 6 | (4n 4+ 3m) — (4k + 3j), showing that [4n + 3m|s = [4k + 3j]e.
Thus ([n]1o, [4n + 3m]s) = ([k]10, [4k + 3j]6), which shows that the formula
for ¢ does yield a well-defined function.

For any elements ([a]s, [¢]2) and ([b]30, [d]2) we have

¢(([also, [c]2) + ([blso, [d]2)) = &(([a + b]so, [c + d]2))
([a +bl10, [4(a + D) + 3(c + d)]2)
= ([a+b]10,[4a+4b+30+3d]2)

¢((lalso, [cl2)) + ¢(([bls0, [d]2)) = (lalro, [4a + 3c]2) + ([b]10, [4b + 3d]2)
([@ + bl10, [4a + 3¢+ 4b + 3d]2)
= ([a+b]10,[4a + 4b + 3c+ 3d]2)
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and so ¢ respects the operations in the two groups. This means that we can use
Proposition 3.4.4 to show that ¢ is one-to-one. If ¢([n]s0, [m]2) = ([0]10, [0]6),
then ([n]i0, [4n + 3mls) = ([0]10, [0]6), so 10 | n, say n = 10q, for some
g € Z, and 6 | (4n + 3m), or 6 | (40¢ + 3m). It follows that 2 | (40g + 3m)
and 3 | (40g + 3m), and therefore 2 | 3m since 2 | 40q, and 3 | 40q since
3 | 3m. Then since 2 and 3 are prime numbers, it follows that 2 | m, so
[m]2 = [0]2, and 3 | ¢, so [n]so = [10q]s0 = [0]30. We have now shown that
if ¢([n]so, [m]2) = ([0]10, [0]6), then ([n]s0, [m]2) = ([0]30, [0]2), and so the
condition in Proposition 3.4.4 is satisfied. We conclude that ¢ is a one-to-
one function. Since the two groups both have 60 elements, it follows that ¢
must also be an onto function. We have therefore checked all of the necessary
conditions, so we may conclude that ¢ is a group isomorphism.

Let G be a group, and let H be a subgroup of G. Prove that if a is any
element of GG, then the subset

aHa ' ={g€ G| g=aha! for some h € H}

is a subgroup of G that is isomorphic to H.

Solution: By Exercise 3.4.13 in the text, the function ¢ : G — G defined by
#(x) = ara™!, for all x € G, is a group isomorphism. By Exercise 3.4.15 the
image under ¢ of any subgroup of G is again a subgroup of G, so aHa™ ! =
#(H) is a subgroup of G. It is then clear the that function 6 : H — aHa ™!
defined by 0(x) = axa™! is an isomorphism.

Let G, G1, G5 be groups. Prove that if G is isomorphic to G; X G4, then there
are subgroups H and K in G such that HNK = {e}, HK = G, and hk = kh
forallh € H and k € K.

Solution: Let ¢ : G1 X Go — G be an isomorphism. Exercise 3.3.9 in the
text shows that in G; x G the subgroups H* = {(x1,23) | 2 = e} and K* =
{(z1,22) | 1 = e} have the properties we are looking for. Let H = ¢(H*)
and K = ¢(K*) be the images in G of H* and K*, respectively. We know (by
Exercise 3.4.15) that H and K are subgroups of G, so we only need to show
that HNK = {e}, HK = G, and hk = kh for all h € H and k € K.

Let y € G, with y = ¢(z), for x € G1 x G3. f y € HN K, then y € H, and so
x € H*. Since y € K as well, we must also have z € K*  so x € H*N K™, and
therefore © = (eq, e2), where e; and es are the respective identity elements in
G and G2. Thus y = ¢((e1, ez2)) = e, showing that H N K = {e}. Since y
is any element of GG, and we can write x = h*k* for some h* € H* and some
k* € K*, it follows that y = ¢(h*k*) = ¢(h*)p(k*), and thus G = HK. Tt
is clear that ¢ preserves the fact that elements of A* and K* commute. We
conclude that H and K satisfy the desired conditions.

Show that for any prime number p, the subgroup of diagonal matrices in
GLy(Z,) is isomorphic to Z; x Z).
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Solution: Since each matrix in GLg(Z,) has nonzero determinant, it is clear

that the mapplng (b : Z;; X Z;; — GLQ(ZP) deﬁned by ¢($1, fL'Q) = |: 1‘01 zo :| ?
2

for each (z1,72) € Z,f xZ), is one-to-one and maps Z, x Z onto the subgroup
of diagonal matrices. This mapping respects the operations in the two groups,
since for (a1, az), (b1,b2) € Z,; x Z,° we have

¢((a1,a2)(b1,b2)) = ¢((a1bi,azb2))
RESYRTHIER
o((a1,a2))e((br,b2)) -

Thus ¢ is the desired isomorphism.

(a) In the group G = GL2(R) of invertible 2 x 2 matrices with real entries,
show that

H= { [ a2 gL, (R)

a1 =1, a1 =0, age = 1}

is a subgroup of G.

. [T a1 b] _[1 a+b
Solution: Closure: [O 1_[0 1}_[0 1 ]

Identity: The identity matrix has the correct form.

0 1 0 1

(b) Show that H is isomorphic to the group R of all real numbers, under
addition.

Solution: Define ¢ : R — H by ¢(x) = {

-1
Existence of inverses: [ 1 a ] = [ 1 —a ] € H.

1
0
easily check that ¢ is an isomorphism. (The computation necessary to show
that ¢ preserves the respective operations is the same computation we used
to show that H is closed.)

‘f } for all + € R. You can

Let G be the subgroup of GLy(R) defined by

o[ t]lee)

Show that G is not isomorphic to the direct product R* x R.

Solution: Our approach is to try to find an algebraic property that would be
preserved by any isomorphism but which is satisfied by only one of the two
groups in question. By Proposition 3.4.3 (b), if one of the groups is abelian
but the other is not, then the groups cannot be isomorphic.
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32.

The direct product R* xR is an abelian group, since each factor is abelian. On

. . . -1 0 11 -1 -1
the other hand, G is not abelian, since [ 0 1 } { 0 1 } = [ 0 1 ]

1 1 -1 0 -1 1 .
but [ 0 1 } [ 0 1 } = [ 0 1 } Thus the two groups cannot be iso-

morphic.

Let H be the following subgroup of group G = GLo(Z3).

H:H”S HeGLQ(z?,)

m,b € Zs, m;éO}

Show that H is isomorphic to the symmetric group Ss.

Solution: This group is small enough that we can just compare its multipli-
cation table to that of Sz, as given in Table 3.3.3 (on page 104 of the text).
Remember that constructing an isomorphism is the same as constructing a
one-to-one correspondence between the elements of the group, such that all
entries in the respective group tables also have the same one-to-one correspon-
dence.

In this case we can explain how this can be done, without actually writing out
(1) 1 ] and B = [ _(1) (1)} Then just
as in Problem 3.3.25, we can show that BA = A~!B, and that each element
of H has the form can be written uniquely in the form A’BJ, where 0 < i < 3
and 0 < j < 2. This information should make it plausible that the function
¢ : S3 — H defined by ¢(a’t’) = A'BJ, forall 0 <i <3 and 0 < j < 2, gives
a one-to-one correspondence between the elements of the groups which also
produces multiplication tables that look exactly the same.

the multiplication table. Let A = [

Let G be a group, and let S be any set for which there exists a one-to-
one and onto function ¢ : G — S. Define an operation on S by setting
z1-22 = ¢(¢pH(x1)9(x2)), for all x1, 25 € S. Prove that S is a group under
this operation, and that ¢ is actually a group isomorphism.

Solution: (Outline only) The operation is well-defined on S, since ¢ and ¢!
are functions and the operation on G is well-defined. The associative law holds
in S because it holds in G; the identity element in S is ¢(e), where e is the
identity of G, and it is easy to check that if x € S, then 27 = ¢((¢~(x))1).

Comment: This reveals the secret behind problems like Exercises 3.1.11 and
3.4.12 in the text. Given a known group G such as R*, we can use one-to-
one functions defined on G to produce new groups with operations that look
rather different from the usual examples.



