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1. Let L : R3 → R3 be defined by L

 x1

x2

x3

 =

 x1 + x2

x1 − x2

x1 + x3

, for all vectors in R3.

Let S be the standard basis for R3, and let T be the basis


 1

1
1

 ,
 1

0
1

 ,
 0

1
1

.

(a) Find the matrix representation MS←S(L) of L with respect to S.

MS←S(L) =

 1 1 0
1 −1 0
1 0 1

 since

 x1 + x2

x1 − x2

x1 + x3

 =

 1 1 0
1 −1 0
1 0 1

 x1

x2

x3


(b) Find the transition matrices PT←S and PS←T .

PS←T :

 1 1 0
1 0 1
1 1 1

 The algorithm is to form [ S | T ] and row reduce to get [ I | PS←T ].

PT←S :

 1 1 0 1 0 0
1 0 1 0 1 0
1 1 1 0 0 1

 
 1 1 0 1 0 0

0 −1 1 −1 1 0
0 0 1 −1 0 1

 
 1 0 1 0 1 0

0 1 −1 1 −1 0
0 0 1 −1 0 1


 

 1 0 0 1 1 −1
0 1 0 0 −1 1
0 0 1 −1 0 1

 PT←S =

 1 1 −1
0 −1 1
−1 0 1


(c) Find the matrix representation MT←T (L) of L with respect to T directly,
and by computing PT←S ·MS←S(L) · PS←T .

We’ve already computed the matrices we need, so PT←S ·MS←S(L) · PS←T = 1 1 −1
0 −1 1
−1 0 1

 1 1 0
1 −1 0
1 0 1

 1 1 0
1 0 1
1 1 1

 =

 1 0 −1
0 1 1
0 −1 1

 1 1 0
1 0 1
1 1 1

 =

 0 0 −1
2 1 2
0 1 0


To find MT←T (L) directly, the algorithm is to form [ T | L(T ) ] and row reduce to get [ I | PT←T ].

L

 1
1
1

 =

 2
0
2

, L

 1
0
1

 =

 1
1
2

, L

 0
1
1

 =

 1
−1

1

.

 1 1 0 2 1 1
1 0 1 0 1 −1
1 1 1 2 2 1

 
 1 1 0 2 1 1

0 −1 1 −2 0 −2
0 0 1 0 1 0

 
 1 0 1 0 1 −1

0 1 −1 2 0 2
0 0 1 0 1 0


 

 1 0 0 0 0 −1
0 1 0 2 1 2
0 0 1 0 1 0

 MT←T (L) =

 0 0 −1
2 1 2
0 1 0


This shows that PT←S ·MS←S(L) · PS←T = MT←T (L), and the matrix can be calculated either way.
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2. Let L : R3 → R3 be defined by L

 x1

x2

x3

 =

 x3

x2 + x3

x1 + x2 + x3

, for all vectors in R3.

Let S be the standard basis for R3, and let T be the basis


 0

0
1

 ,
 0

1
1

 ,
 1

1
1

.

(a) Find the matrix representation MS←S(L) of L with respect to S.

MS←S(L) =

 0 0 1
0 1 1
1 1 1

 since

 x3

x2 + x3

x1 + x2 + x3

 =

 0 0 1
0 1 1
1 1 1

 x1

x2

x3


(b) Find the transition matrices PT←S and PS←T .

PS←T :

 0 0 1
0 1 1
1 1 1


PT←S :

 0 0 1 1 0 0
0 1 1 0 1 0
1 1 1 0 0 1

 
 1 1 1 0 0 1

0 1 1 0 1 0
0 0 1 1 0 0

 
 1 0 0 0 −1 1

0 1 1 0 1 0
0 0 1 1 0 0


 

 1 0 0 0 −1 1
0 1 0 −1 1 0
0 0 1 1 0 0

 PT←S =

 0 −1 1
−1 1 0

1 0 0


(c) Find the matrix representation MT←T (L) of L with respect to T directly,
and by computing PT←S ·MS←S(L) · PS←T .

PT←S ·MS←S(L) · PS←T = 0 −1 1
−1 1 0

1 0 0

 0 0 1
0 1 1
1 1 1

 0 0 1
0 1 1
1 1 1

 =

 1 0 0
0 1 0
0 0 1

 0 0 1
0 1 1
1 1 1

 =

 0 0 1
0 1 1
1 1 1


To find MT←T (L) directly, the algorithm is to form [ T | L(T ) ] and row reduce to get [ I | PT←T ].

L

 0
0
1

 =

 1
1
1

, L

 0
1
1

 =

 1
2
2

, L

 1
1
1

 =

 1
2
3

.

 0 0 1 1 1 1
0 1 1 1 2 2
1 1 1 1 2 3

 
 1 1 1 1 2 3

0 1 1 1 2 2
0 0 1 1 1 1

 
 1 0 0 0 0 1

0 1 1 1 2 2
0 0 1 1 1 1


 

 1 0 0 0 0 1
0 1 0 0 1 1
0 0 1 1 1 1

 MT←T (L) =

 0 0 1
0 1 1
1 1 1


This shows that PT←S ·MS←S(L) ·PS←T = MT←T (L). It’s interesting that although the two bases were

different, we happened to get the same matrices.


