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Let L : P1 → P2 be defined by L(p(t)) = tp(t) + p(0). Consider the ordered bases S = {t, 1} and
S′ = {t + 1, t − 1} for P1 and T = {t2, t, 1} and T ′ = {t2 + 1, t − 1, t + 1} for P2. Find the matrix
representation of L, first with respect to S and T , and then with respect to S′ and T ′, respectively. Find
the dimension of the range of L, and find the dimension of the kernel of L.

A typical vector in P1 has the form at+ b, and in these terms we have

L(at+ b) = t(at+ b) + b = at2 + bt+ b.

Since we can identify at+ b with the coordinate vector
[
a
b

]
in R2 and we can identify the polynomial

at2 + bt+ b in P2 with the coordinate vector

 a
b
b

 in R3, we can write the same thing in matrix form as 1 0
0 1
0 1

[ a
b

]
=

 a
b
b

.

This solutions to Homework 6 showed how to find the matrix relative to the other bases. We got 1 0 0 1 1
0 1 1 1 −1
1 −1 1 1 −1

 
 1 0 0 1 1

0 1 1 1 −1
0 −1 1 0 −2

 
 1 0 0 1 1

0 1 1 1 −1
0 0 2 1 −3


 

 1 0 0 1 1
0 1 1 1 −1
0 0 1 1/2 −3/2

 
 1 0 0 1 1

0 1 0 1/2 1/2
0 0 1 1/2 −3/2

 MT ′←S′(L) =

 1 1
1/2 1/2
1/2 −3/2


and so we have the matrix form 1 1

1/2 1/2
1/2 −3/2

[ c
d

]
=

 c+ d
1/2c+ 1/2d
1/2c− 3/2d

.

This really represents this form of the function, written in terms of polynomials:

L(c(t+ 1) + d(t− 1)) = (c+ d)(t2 + 1) +
(
c+ d

2

)
(t− 1) +

(
c− 3d

2

)
(t+ 1).


