
MATH 240 EXAM I Solutions 9/21/2007

Prof. John Beachy Show all necessary work. No calculators.

1. (10 pts) (a) If ad− bc 6= 0, then we know that the matrix
[

a b
c d

]
has an inverse of the form

1
ad − bc

[
w x
y z

]
.

What are the values for w, x, y, and z?

If ad − bc 6= 0, then
[

a b
c d

]−1

=
1

ad − bc

[
d −b

−c a

]
, so w = d, x = −b, y = −c, and z = a.

(b) Use the formula in part (a) to find the inverse of the matrix
[

cos θ sin θ
− sin θ cos θ

]
, where θ is a real number.

[
cos θ sin θ

− sin θ cos θ

]−1

=
1

cos2 θ + sin2 θ

[
cos θ − sin θ
sin θ cos θ

]−1

=
[

cos θ − sin θ
sin θ cos θ

]
2. (20 pts) Use Gauss-Jordan reduction to solve the following linear system.

x1 +2x2 +2x4 = 1
−x1 −2x2 +x3 −x4 = −4

x1 +2x2 +x3 +4x4 = −3
2x1 +4x2 +2x3 +7x4 = −5

1 2 0 2 1
−1 −2 1 −1 −4

1 2 1 4 −3
2 4 2 7 −5

 


1 2 0 2 1
0 0 1 1 −3
0 0 1 2 −4
0 0 2 3 −7

 


1 2 0 2 1
0 0 1 1 −3
0 0 0 1 −1
0 0 0 1 −1

 


1 2 0 0 3
0 0 1 0 −2
0 0 0 1 −1
0 0 0 0 0


The final solution is that x2 is an independent variable, with x1 = 3− 2x2, x3 = −2, and x4 = −1.

3. (15 pts) Find the inverse of the matrix A =

 1 a b
0 1 c
0 0 1

, where a, b, c can be any real numbers.

 1 a b | 1 0 0
0 1 c | 0 1 0
0 0 1 | 0 0 1

 
 1 0 b − ac | 1 −a 0

0 1 c | 0 1 0
0 0 1 | 0 0 1

 
 1 0 0 | 1 −a −b + ac

0 1 0 | 0 1 −c
0 0 1 | 0 0 1



The final answer is

 1 a b
0 1 c
0 0 1

−1

=

 1 −a −b + ac
0 1 −c
0 0 1

.

4. (10 pts) If A is a nonsingular n × n matrix, show that AT is also nonsingular, and find a formula for the inverse
of AT in terms of the inverse of A.

If A is nonsingular, then it has an inverse A−1 with AA−1 = I, where I is the identity matrix. We can take the
transpose of both sides of this equation, giving (AA−1)T = IT , and then simplifying gives (A−1)T AT = I, which
shows that AT is nonsingular. This equation also tells us that the inverse of AT is (A−1)T , and so we have the
formula (AT )−1 = (A−1)T .



5. (30 pts) Determine whether the given subset W is a subspace of the vector space V . In each part, either check
that all three of the necessary conditions hold, or give a numerical counterexample to one of them.

(a) Let V = R3 and let W = {(x, y, z) | z = 2x− y}.

The set W is a subspace. The zero vector belongs; if (x1, y1, z1) and (x2, y2, z2) belong, then we have z1 = 2x1−y1 and
z2 = 2x2 − y2. Their sum is (x1 + x2, y1 + y2, z1 + z2), and z1 + z2 = (2x1 − y1) + (2x2 − y2) = 2(x1 + x2)− (y1 + y2),
which shows that the sum belongs to W . For any scalar r, the product is r(x1, y1, z1) = (rx1, ry1, rz1), and
rz1 = r(2x1 − y1) = 2(rx1)− ry1, which shows that the scalar product also belongs to W .

You can also show that W is a subspace by working with “typical” elements of the form (x, y, 2x− y).

(b) Let V = R2 and let W = {(x, y) | x2 + y2 ≤ 1}.

This is not a subspace. The vector (1, 0) belongs to W , but 2(1, 0) does not.
Comment: Geometrically, this region is a disk with center at the origin. It can’t be a subspace because it is not

one of the possibilities: the entire plane, a line through the origin, or just the origin itself.

(c) Let V = Rn, let A be an m × n matrix, and let W be all vectors x in V with Ax = 0.

Since A0 = 0, it follows that 0 is in W .
If x1 and x2 belong to W , then Ax1 = 0 and Ax2 = 0, so A(x1 + x2) = Ax1 + Ax2 = 0 + 0 = 0, and therefore

x1 + x2 is in W .
Finally, for any scalar c we have A(c · x1) = c ·Ax1 = c · 0 = 0, and so c · 0 is in W .

6. (15 pts) In R2, use ordinary addition (x1, y1)+(x2, y2) = (x1 +x2, y1 +y2), but define a new scalar multiplication
by r · (x, y) = (rx,−ry). Check each of the four laws 5, 6, 7, and 8 for scalar multiplication. If the law is valid, give
a proof. If not, give a numerical counterexample to show that it fails.

Axiom 5 holds: r ·((x1, y1)+(x2, y2)) = r ·(x1+x2, y1+y2) = (r(x1+x2), −r(y1+y2)) = (r(x1+x2), −ry1−ry2))
and r · (x1, y1) + r · (x2, y2) = (rx1,−ry1) + (rx2,−ry2) = (rx1 + rx2,−ry1 − ry2).

Axiom 6 holds: (r + s) · (x1, y1) = ((r + s)x1,−(r + s)y1) = ((r + s)x1,−ry1 − sy1)
and r · (x1, y1) + s · (x1, y1) = (rx1,−ry1) + (sx1,−sy1) = (rx1 + sx1,−ry1 − sy1).

Axiom 7 does not hold since, for example, (1 ·2) · (3, 4) = 2 · (3, 4) = (6,−8) but 1 · (2 · (3, 4)) = 1 · (6,−8) = (6, 8).

Axiom 8 does not hold since, for example, 1 · (0, 1) = (0,−1) 6= (0, 1).


