
Math 423 Homework 5 Due Monday, 2/26/07

Definition: A vector space V is said to be the direct sum of subspaces V1 and V2, denoted
by V = V1 ⊕ V2, if each vector v ∈ V can be written uniquely in the form v = v1 + v2, for
v1 ∈ V1 and v2 ∈ V2.

1. Let V be a vector space, and let T ∈ L(V, V ). Prove that if T 2 = T , then V = n(T )⊕T (V ).

2. Let T : Rn → Rm be a linear transformation.
(a) Prove that if V is a linear manifold in Rn, then T (V ) is a linear manifold in Rm.
(b) Show that if S is the directing space of V , then dim(T (V )) = dim(V )−dim(S∩n(T )).

3. Let T : Rn → Rm be a linear transformation. Prove that if V is a linear manifold of Rm,
and T−1(V ) 6= ∅, then T−1(V ) = {x ∈ Rn | T (x) ∈ V } is a linear manifold of Rn.


