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The definition of BCH and RS codes

Definition. A primitive nth root of unity is a root of ™ — 1 that has multi-
plicative order n.

Example. Over the real numbers the 6th roots of unity are il,i% + @z A
cyclic group of order 6 has 2 generators, so there are 2 primitive 6th roots of
unity: % + @z Note that —% + ?z are primitive third roots of unity.

If 3 is a primitive nth root of unity over the field GF(q), then 8 may or may
not belong to GF(q). If 8 € GF(q), then since it has order n its powers give
n distinct roots of ™ — 1. Therefore in this case ™ — 1 factors over GF(q) as
2" —1=(x—1)(z—B)(x—B?)---(x — " '). This happens, for instance, if 3
is an element of order p — 1 in Z,,.

If 2™ — 1 does not split in GF(q)[z], then to actually get our hands on a
primitive nth root of unity we need to construct an extension field of GF(q) that
is a splitting field for 2™ — 1. More generally, we could use any extension GF(¢"")
in which z™ — 1 splits. Because we then have all roots of ™ — 1 within the field, it
follows that 2™ — 1 must be a factor of the polynomial 9" — z, for which GF(¢™)
is a splitting field over GF(q).

Example. Over GF(2) = Zj, consider GF(2%) = Zy[z]/ (z* + 2+ 1). If we let
(B = [z], then (3 is a primitive 15th root of unity. A cyclic group of order 15 has
©(15) = 8 generators. The generators for (3) are 3, 52, * = B+1, 87 = B2+ [+1,
ﬁ8 2,82+1, 511 :53+ﬁ2+67 513 :ﬂg+/82+17 andﬁM:ﬂ?’—i—l. The
minimal polynomial for 3 over Zy is * + = + 1, while the minimal polynomial
for B over GF(16) is just = — 3.

Definition. A cyclic code of length n over GF(q) is called a BCH code of
designed distance ¢ if its generator polynomial g(x) € GF(¢)[x] is the least
common multiple of the minimal polynomials of 8¢, 31, ..., 8192 where 3 is
a primitive nth root of unity.

Definition. If n = ¢ — 1 in the definition of a BCH code, then it is called an RS
code of designed distance §.

If £ = 1 in the definition of a BCH code, then it is called a narrow-sense
BCH code. If n = ¢"™ — 1, then the code is called a primitive BCH code (since
this means that ( is a primitive element of GF(¢™)).



The construction of BCH codes

These codes are cyclic codes, so the construction involves finding an ideal
([g(x)]) in Fx]/(z™ — 1), for some finite field F. Given g(z), we already know
how to find a generator matrix and a parity check matrix for the code. We now
outline how to construct a BCH code with designed distance 6.

1. Choose a finite field GF(q) as the alphabet for the code.
Remember that GF(q) has characteristic p for some prime p, so ¢ = p*® for
some positive integer s, and all polynomials will have coefficients from this field.

2. Choose integers n and m for which 2™ — 1 is a factor of 29" — z.

One way to do this is to start with any n not divisible by p. Then ged(g,n) =
1, so we can find the order m of ¢ in Z. Then ¢™ =1 mod n, son | ¢ — 1,
which guarantees that 2" — 1 is a factor of 29" ! —1 (and that 2" — 1 is a factor
of 9" — x). This means that we can find the irreducible factors of 2™ — 1 over
GF(q) by using the irreducible factors of 29" — 2. From our general theory, the
factors of ™ — 1 will be some of the irreducible polynomials over GF(q) whose

degree is a divisor of m.

3. Let 8 be a primitive nth root of unity in GF(¢™).

We know that GF(¢™) contains all roots of " —1 since it is a factor of 29" —x,
and then these roots form a subgroup of order n which must be cyclic. Therefore
GF(q™) will actually contain ¢(n) primitive nth roots of unity.

4. Choose § — 1 consecutive powers of 3, say ¢, 3¢+, ..., pt+o-2,

5. The BCH code we want is the ideal of GF(q)[z]/ ("™ — 1) consisting of all
polynomials that have the consecutive powers of 3 as roots.

The generating polynomial for this ideal is the least common multiple of the
minimal polynomials of ¢, g*1, ..., gt+o=2,

The construction of RS codes

1. Choose a finite field GF(q) as the alphabet for the code.
2. Choose n =¢q — 1.

3. Let 8 be a primitive element of GF(q).
Since GF(q) consists of the roots of 29 — x, a primitive nth root of unity is
just a generator of the multiplicative group of GF(q).

4. Choose 6 — 1 consecutive powers of 3, say 3¢, g1, ..., 3¢H0=2,

5. Since each 3° belongs to GF(q), its minimal polynomial is z — 3%, and therefore
the generator polynomial is (z — 8%)(z — 1) -+« (x — p+972).
Note that this polynomial has coefficients in GF(g), not in Z,,.



Examples

The RS codes are easier to construct, but in order to increase the length of
the code you must increase the size of the alphabet. With the BCH codes you
can increase the length of the code by finding a primitive root of higher order.

In both cases, although we can create codes that correct more and more
errors, what is important is the ratio of the number of errors corrected to the
size of the code. As the number of corrected errors is increased, the block size
goes up too fast, and the relative error correction goes to 0. Despite being used
in many engineering applications, from a theoretical point of view the Hamming,
RS, and BCH codes are limited successes.

One of the reasons for using them is that it is possible to determine the mini-
mum distance of a code by checking the number of the columns of its parity check
matrix that are linearly independent. This is where Vandermonde determinants
play a crucial role, allowing us to construct a code that is guaranteed to have a
minimum distance at least d.

Example 4.1.4. (from the text) To define an RS code over Z; with designed
distance 4, choose the generator 3 and use three consecutive powers of 3. The
generator polynomial g(z) = (z — 3)(x — 3%)(z — 3%) = (z — 3)(z — 2)(z — 6)
defines a [6, 3, 4] cyclic code.

To increase the minimum distance by 1, we need to add another factor. Then
(x—3)(z —3%)(x —3%)(x — 3%) = (x — 3)(z — 2)(x — 6)(z — 4) generates a [6,2, 5]
code.

Example 4.3.7. (from the text) To construct an RS code over GF(8) that corrects
< 2 errors, we need a minimum distance of 5. Use GF(8) = Zy[z]/ (¢® + 2 + 1),
and let § = [z], which is a primitive element for the field. We can use the
successive powers 3, 32, 32, and 3%, to define the polynomial

g(x) = (x = B)(z - B*)(z — B°)(z — B7) .

It is important to remember that this polynomial has coefficients in GF(8), not
in Zy. The calculation in the text has g(z) = z* + 8323 + 2% + Bz + 83

Example. We will construct a BCH code of length 7 over Zy with designed
distance 3. The first question is whether 7 is a possible length of a BCH code.
The answer is yes, because 27 — 1 is a factor of 28 — x, which defines GF(8).
Choose « as a primitive 7th root of unity (from the table on page 54 of the
text) and use the successive powers a and a?. These powers both have minimal
polynomial 2% 4+ z + 1, so the generating polynomial is g(z) = 2% + 2 + 1 and we
get the familiar Hamming [7,4, 3] code.

If we decide to pick a? and o, then we have two different minimal polyno-
mials, so g(z) = (23 + 2 +1)(2® + 22+ 1) =25+ 2% +2* + 2° + 22 + 2+ 1. This
produces the [7,1, 7] binary repetition code. We could have constructed this code
by choosing all 6 of the consecutive nontrivial powers of a, and this is consistent
with the general theory which guarantees a minimum distance of 7.



Example 4.3.4. (from the text) We can construct a binary BCH code of length
31 since 23! — 1 is a factor of 232 — z, the defining polynomial for GF(32). In
order for the code to correct < 1 error, we need a minimum distance of 3, so we
need to define the code using 2 consecutive powers of an element of order 31.

From the table on page 57 you can check that the choice «, a? corresponds
to the polynomial 2° + 2% + 1, and o?, a'? yields z° 4+ z* + 22 + 2 + 1, while
a?!, a?? produces x° + x* 4+ 23 + 2 + 1, and the choice of a?”, a*° corresponds to
x® + 23+ 1.

To increase the minimum distance by choosing 3 consecutive powers requires
either two or three minimal polynomials. For example, choosing o, a?, a® re-
quires three different minimal polynomials, and produces a [31,16] code. The
choice of a, a2, a? (as in the text) requires only two different minimal polynomi-
als, and so this leads to a [31,21] BCH code.

Example. As the table for GF(16) shows, the polynomial 2% — 1 is a factor of
210 — . That makes it possible to define a binary BCH code of length 5. Choose
B = u? as a primitive 5th root of unity (the splitting field for z° — 1 over Zy is
GF(16)). The corresponding minimal polynomial is z# + 2% + 22 + z + 1, so we
just get the binary [5, 1] repetition code.



GF(16)

Construct GF(16) as Zo[z]/ (z* + 2+ 1). Let u = [z], so that we have the
relation u* = 1 4+ u. Thus u is a root of 2* + x + 1, as are v?, u*, and u®.

We know that GF(16) consists of the roots of 26 — x, which factors over Zy
as the product of all irreducible polynomials of degrees 1, 2, and 4 (the divisors
of the exponent in 16 = 2%). We have already found these polynomials, so we

can write
=z -+ + D@t e+ D@ 2+ D@t 24+ 1)

We next show that u is a generator of the multiplicative group, and then list
the elements of GF(16) as powers of u.

Uu 1 1

u? U U

ud 1 +u = ut
w=1+u u? u?
u® = u+ u? 1 +u? = 8
ub = u? 4+ u3 u +u? = ud
W=t ut=14+u+ud 1 +u +u? = 0
W=u+u?+ut=1+u° ud ud
u =u+ud 1 +u? ult
= +ut=1+u+u? U +ud = u?
ull = u+u? +u? 1 +u +ud = o’
W=+l +ut=14+u+u?+dd u? 4w = ub
uB = w2+ ud ot =142+ B 1 402 43 = i3
W=yt =143 u 4w 4wl = Ul
WP =u+ut=1 1 +u +u? +u® = wul?

The polynomial 23 — 1 = (z — 1)(2% + 2 + 1) is a factor of #1° — 1, so the
two elements u° and u'? of order 3, which are roots of 23 — 1, must be roots of
2+ + 1

The polynomial 2° — 1 = (z — 1)(z* + 2% 4+ 22 + 2 + 1) is also a factor of
21 — 1, so the elements u?, u5, u?, u'? of order 5, which are roots of 2° — 1, must
be roots of z* + 23 + 22 + x + 1.

By process of elimination, the remaining powers of u, consisting of the gen-
erators u’, u'', '3, u'* must be roots of 4 + 2% + 1.

The generators u, u?, u*, u® and u”, u'', u', u'* have as minimal polynomial
z* + 2+ 1 and 2* + 22 + 1, respectively.

If r is a root of f(x), then r + 1 is a root of f(z — 1) since f((r+1)—1) =
f(r) = 0. The automorphism 0(f(x)) = f(z — 1) leaves * + x + 1 invariant, but
permutes z* + 2% + 1 and 2* + 23 + 22 + 2 4+ 1. You can check that if a is a root
of 2* + z + 1, then so is a + 1. On the other hand, if « is a root of % + 23 + 1,
then oo+ 1 is a root of z* 4+ 2% + 22 + 2 + 1, and vice versa. This lets you check

the calculations.



GF(9)

Construct GF(9) as Zs[z]/ (z® + 1). Let i = [z], so that we have the relation
i? = —1, where Z3 = {0, £1}. Because GF(9) has characteristic 3, if a is a root
of a polynomial f(z), then so is a®. Thus i = —i is also a root of x2 + 1.

We know that GF(9) consists of the roots of 2 — x, which factors over Zs
as the product of all irreducible polynomials of degrees 1 and 2. Working from a
list of all quadratic polynomials over Zs, it is not difficult to check that the ones
with no roots (and therefore irreducible) are 2 + 1, 22 + x — 1, and 22 — x — 1.
Therefore we have the factorization

2 —r=zz-D@+D)@2+ D@2+ -D@*-z-1).
Since 72 = —1 we have i* = 1, and so ¢ has order 4 and is not a generator of
the multiplicative group of GF(9). We next show that 1+ ¢ is a generator of the
multiplicative group, and then list the elements of GF(9) as powers of 1 + i.

141 1 1
(1+i)2=1+4+2i+i%=—i -1 = (144)*
(143 =1+i)(—i)=—i—i2=1—i i = (1+4)°
1+ =0+i)(1—-d)=1-42=-1 1 +i = (1+i)t
(144 =1 +i)(-1)=—-1—i -1 +i = (1447
(1+4)8=1+i)%(-1) =1 —i = (1+1i)?
(14+i)" =1 +0)3(=1)= -1+ 1 —i = (1+4)3
1+ =01+ (-1)=1 -1 —i = (1+i)P°
Since the characteristic is 3, it is possible to use the quadratic formula. In
this case 3 = (2)7! = (=1)7! = —1. The roots of az® + bz + ¢ are therefore
z=bx Vb —ac.
Elements Minimal polynomial
+i 2?41
1+ ?+x—1
—14i -z -1

If r is a root of f(x), then r + 1 is a root of f(x — 1) since f((r+1)—1) =
f(r) = 0. We can check the minimal polynomials by observing that if we define
O(f(z)) = f(x—1),then (2> +1) =224+ 2 —1,0(z>+2—1) =22 -2 —1, and
O(x?> —x — 1) = 22 + 1. Adding 1 to the roots of 22 + 1 does in fact give us the
roots of 22 + z — 1, etc.



The Golay codes

Over Zs it can be shown that
2B -1=(-D)" 2 +2 " +a2 425 o+ )@ 204 2b ¥t 22 1)

We can use g(r) = 2™ + 2% + 27 + 25 + 2° + 2 + 1 as the generating polynomial
for a [23,12] cyclic code. Note that the other 11-degree factor of 23 — 1 will
generate an equivalent code.

This code is called the binary Golay code, and is denoted by Ga3. Since
g(x) has 7 nonzero terms, the code has minimum distance < 7. It can be proved
that Gz actually has minimum distance 7, so it is a [23,12,7] cyclic code and
can correct < 3 errors.

Over Zg, 2! —1=(z - 1) (2 + 2t -3+ 22 - 1)(2® — 23 + 22 — 2+ 1) . We
can use g(r) = 2° + 2* — 23 + 22 — 1 as the generating polynomial for an [11, 6]
cyclic code over Zs. The other factor of degree 5 generates an equivalent code.

This code is called the ternary Golay code, denoted by G11. It takes some
work to show that G1; is an [11,6, 5] code, but then it can correct < 2 errors.

Proposition. Ga3 and GG11 are perfect codes.

Proof. We have the following calculations.

23 23
1+23+<2>+<3> = 1423425341771 = 2048 = 2!1
2 2
212 (1 4+23+ 3 + 3 = 9%
2 3
11 2 5
1+11-2+ ) 222 = 149224220 = 241 = 3

11
36 <1+11-2+<2>-22> = 3i

The calculations show that for both codes the sphere packing bound is satisfied
exactly. O

If n is odd, then the binary repetition code of length n is a perfect code that
corrects < (n — 1)/2 errors. On the other hand, the binary code of length n
consisting of all of Z7 is a perfect code with minimum distance 1 that corrects 0
errors. These are called the trivial perfect codes.

Theorem. The only nontrivial perfect codes are the Hamming codes and the
two Golay codes.



