
Chapter 6

Exp onential and Logarithmic
Functions

Section summaries

Section 6.1 Composite Functions

Some functions are constructed in several steps, where each of the individual steps is a
function. For example, you would evaluate h(x) = (2x + 3)4 by �rst computing g(x) =
2x + 3 and then raising it to the 4th power. This is expressedmathematically by writing
h(x) = f (g(x)), where g(x) = 2x + 3 and f (x) = x4. Here one formula is substituted into
another, giving a composite function.

Seepage402 for the de�nition of a composite function; seepage406 for an important
application to calculus.

To �nd the domain of a composite function f (g(x)), start with the domain of g(x). (The
domain of f (g(x)) is always contained in the domain of g.) Then, depending on the formula
you get for f (g(x)), you might needto excludesomemore values.

Review problems: p407 #13,21,35,51,63,65

Section 6.2 Inverse Functions

The inverse of a function is like a \rev erse look-up" function. Usually we use a formula
y = f (x) to �nd y when x is given. What about the reverse?Given y, how can you �nd x?
This is the job of the inversefunction. To give a de�nition of an inversefunction, we use
the notion of a composite function.

The function g(x) is the inverse of f (x) if f (g(x)) = x and g(f (x)) = x, for all x. These
equations say that g does exactly reverseof f . A good example to think of is f (x) = 3

p
x

and g(x) = x3.
When g is the inverse of f , we usually write g = f � 1, and read this as \g equals f

inverse". Seethe box at the top of page414for the basic relationship usedto de�ne of f � 1:

f � 1(f (x)) = x and f (f � 1(x)) = x .
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80 CHAPTER 6. EXPONENTIAL AND LOGARITHMIC FUNCTIONS

Not all functions have an inversefunction. If two x-valuesproduce the samey-value in
the formula y = f (x), then given y there is no unique way to recover x. In order to have an
inverse,the graph of y = f (x) must passthe horizontal line test (seepage411). If y = f (x)
passesthe test, then we simply interchangex and y in the formula y = f (x), and solve for
y to get the formula for the inverse. Seepage416 for this procedurethat actually �nds the
formula for the inverseof a function.

A function and its inverseare closely connected. The domain of f � 1 is the range of f ;
the range of f � 1 is the domain of f (seepage413). The graph of f � 1 is the mirror image
of the graph of f , in the line y = x. This happenssince if the point (x, y) is on the graph
of f , then the symmetric point (y, x) must be on the graph of f � 1 (seepage415).

Review problems: p420 #35,39,43,49,57,81

Section 6.3 Exponential Functions

An exponential function is one of the form

f (x) = ax

where a is a positive real number and a 6= 1. (We will usually assumethat a > 1.) The
domain of an exponential function is the set of all real numbers. Its graph has the x-axis as
a horizontal asymptote. The points (0, 1), (1, a), and (� 1, 1/a) are easyonesto plot. Note
that if x increasesby 1, then f (x) is multiplied by a, since

f (x + 1) = ax+1 = ax � a = af (x)

(seethe theorem on page425).
You needto be familiar with the basic shape of an exponential function. SeeFigure 18

on page426for the graph of y = 2x and Figure 27 on page430for the graph of y = ex . The
basee is important becauseit makescalculations easierwhen doing calculus. (It is the one
exponential function whosegraph crossesthe y-axis at a 45 degreeangle, making the slope
of the graph equal to 1 when x = 0.) For our class,the only thing you need to remember
about e is its approximate value of 2.7 and the fact that the graph of y = ex lies between
the graphs of y = 2x and y = 3x .

Building on the basic shape of y = ax , we can graph other functions in the family by
using transformations (as we did in Section 3.5).

Review problems: p433 #21,25,43,53,65,71,89

Section 6.4 Log Functions

A logarithmic function (or log function for short) is one of the form

f (x) = loga(x)

where a > 0 and a 6= 1. If a = 10, we usually write log(x) instead of log10(x). If a = e, we
write ln(x) instead of loge(x), and call this the natural log function.
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The log function loga(x) is de�ned to be the inverse of the exponential function

ax . First, this tells us the basic shape of the graph (seeFigure 30 on page 440). It also
guarantees that the graph has the y-axis as a vertical asymptote, and that the domain of
loga(x) is (0, + 1 ), the sameasthe rangeof ax . Now, when �nding the domain of a function,
you not only needto watch out for division by zero,or the squareroot of a negative number,
but also for the log of a negative number. All of theseare unde�ned for real numbers.

To expressthe inverserelationship, we can say that y = loga(x) if and only if x = ay (see
the top of page 438). We also have the following equations, which summarize the inverse
relationship (seethe theorem at the top of page451):

aloga (x) = x and loga(ax ) = x .

These identities are important in solving equations that involve logs. For example,
to solve the equation log2(2x + 1) = 3 we need to simplify the left hand side. Since
2log

2
(2x+1) = 2x + 1, the �rst step is to make both sidesof the equation into an exponent

with base2, to get 2log2(2x+1) = 23, which simpli�es to 2x + 1 = 8. To solve the equation
ln(e� 2x ) = 8, just note that the left hand side is equal to � 2x, so the equation simpli�es
immediately to � 2x = 8. To solve the equation e2x+5 = 8, we needto get rid of the basee
on the left hand side. This is done by substituting both sidesinto the natural log function,
to get ln(e2x+5 ) = ln(8), or simply 2x + 5 = ln 8.

Review problems: p446 #21,33,37,43,63,71,81,89,99

Section 6.5 Properties of Logarithms

Sincelogsrepresent exponents, they should behave like exponents. For example, if we write
two numbers M and N in scienti�c notation as powers of 10, then to multiply M and N
we only need to add the exponents. To �nd the squareroot of M , we only need to divide
the exponent of M by 2. The crucial properties of logs are summarized in the following
equations (seepage451 and 452).

log
a
(M N ) = log

a
(M ) + log

a
(N ) log

a
(M =N ) = log

a
(M ) � log

a
(N ) log

a
(M r) = r log

a
(M )

There is also a formula to change the base: loga(M ) =
logb(M )
logb(a)

. (See the section

summary on page456.)
Review problems: p457 #13,17,29,41,49,57,83,85

Section 6.6 Log and exponential equations

In this section, the properties of logarithms are usedto solve various kinds of equations.

Review problems: p463 #17,31,35,77,81
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Sample Questions

6.1 #11a. Let f (x) = 2x and g(x) = 3x2 + 1. Find (f � g)(4).

(a) 337 (d) 24x3 + 8x

(b) 193 (e) None of these

(c) 98

6.1 #11. Let f (x) = 2x and g(x) = 3x2 + 1. Find the composite function (g � f )(x).

(a) 12x2 + 1 (d) 6x3 + 2x

(b) 6x2 + 2 (e) 6x3 + 1

(c) 6x2 + 1

6.1 #15a. Let f (x) =
p

x and let g(x) = 2x. Find (f � g)(4).

(a)
p

2 (d) 16

(b) 2
p

2 (e) None of these

(c) 4

6.1 A. Let f (x) = 2x2 + 1 and let g(x) = x + 3. Find the composite function (f � g)(x).

(a) 2x2 + 18 (d) 2x2 + 12x + 19

(b) 2x2 + 19 (e) None of these

(c) 2x2 + 12x + 18

6.1 #31b. Let f (x) = 3x + 1 and g(x) = x2. Find the composite function (g � f )(x).

(a) x2 + 3x + 1 (d) 9x2 + 6x + 1

(b) 9x2 + 1 (e) None of these

(c) 3x3 + x2

6.1 Example 4a. Find the domain of f � g if f (x) =
1

x + 2
and g(x) =

4
x � 1

.

(a) f x j x 6= � 1g (d) f x j x 6= � 2g

(b) f x j x 6= 1g (e) None of these

(c) f x j x 6= � 1g
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6.1 #35a1. Let f (x) =
3

x � 1
and g(x) =

2
x

. Find the composite function (f � g)(x).

(a)
6

x2 � x
(d)

3x

2 � x

(b)
2x � 2

3
(e) None of these

(c) 3x

6.1 #35a2. Let f (x) =
3

x � 1
and g(x) =

2
x

. Find the domain of f � g.

(a) f x j x 6= 1, x 6= 0g (d) f x j x 6= 2, x 6= 1g

(b) f x j x 6= 1, x 6= 0, x 6= 2g (e) f x j x 6= 2, x 6= 0g

(c) f x j x 6= 2g

6.1 #36. Find the domain of f � g if f (x) =
1

x + 3
and g(x) =

� 2
x

.

(a) f x j x 6= � 3g (d) f x j x 6= 0 and x 6= 2/3g

(b) f x j x 6= 2/3g (e) None of these

(c) f x j x 6= 0 and x 6= � 2/3g

6.1 #61. If f (x) = 2x2 + 5 and g(x) = 3x + a, �nd a so that the y-intercept of f � g is 23.

(a) a = 8 (d) a = � 3

(b) a = � 8 (e) None of these

(c) a = � 3
p

2

6.1 #63a. Find f � g for f (x) = ax + b and g(x) = cx + d.

(a) (f � g)(x) = acx2 + (b + c)x + bd (d) (f � g)(x) = acx + b + d

(b) (f � g)(x) = acx + bc + d (e) None of these

(c) (f � g)(x) = acx + ad + b

6.1 B. If f (x) = 3x2 � 7 and g(x) = 2x + a, �nd a so that the graph of f � g crossesthe
y-axis at 5.

(a) a = � 2 (d) a = � 5

(b) a = � 2
p

3 (e) None of these

(c) a = � 3
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6.2 A. If f (x) hasan inverse,and (2, � 1
2) is on the graph of f (x), then what point is on the

graph of f � 1(x)?

(a) ( 1
2 , � 2) (d) (� 1

2 , 2)

(b) (� 2, � 1
2) (e) (2, � 1

2)

(c) (� 2, 1
2)

6.2 #49. The inverseof the function f (x) = 4x + 2 is

(a) f � 1(x) =
x + 2

4
(d) f � 1(x) = 1

2x � 1
4

(b) f � 1(x) =
x + 4

2
(e) None of these

(c) f � 1(x) = 1
4x � 1

2

6.2 B. The function f (x) =
p

x � 2, for x � 2, is a one-to-onefunction. Find the inverse
function f � 1.

(a) f � 1(x) = x2 + 2, for x � 0 (d) f � 1(x) = �
p

x � 2, for x � 2

(b) f � 1(x) = x2 + 2, for x � 2 (e) f � 1(x) =
1

p
x � 2

, for x > 2

(c) f � 1(x) = x2 + 2, for all x

6.2 #57a. The function f (x) =
1

x � 2
is a one-to-onefunction. Find the inversefunction.

(a) f � 1(x) =
1
x

� 1
2 (d) f � 1(x) = x � 2

(b) f � 1(x) =
1
x

+ 2 (e) None of these

(c) f � 1(x) =
1

x � 2

6.2 #57b. Find the range of the function f (x) =
1

x � 2
. (Seethe previous problem.)

(a) f y j y 6= 2g (d) All real numbers

(b) f y j y 6= � 1/2g (e) None of these

(c) f y j y 6= 0g



85

6.2 #59a. The function f (x) =
2

x + 3
is a one-to-onefunction. Find the inversefunction.

(a) f � 1(x) =
2
x

� 2
3 (d) f � 1(x) = 1

2x + 3
2

(b) f � 1(x) =
2
x

+ 2
3 (e) None of these

(c) f � 1(x) =
2
x

� 3

6.2 #59b. Find the range of the function f (x) =
2

x + 3
. (Seethe previous problem.)

(a) f y j y 6= 0g (d) All real numbers

(b) f y j y 6= 2/3g (e) None of these

(c) f y j y 6= 1/2g

6.2 #60. The function f (x) =
4

2 � x
, for x 6= 2, is a one-to-onefunction. Find the inverse

function f � 1.

(a) f � 1(x) = 2 �
4
x

(d) f � 1(x) =
4
x

� 2

(b) f � 1(x) =
1
2

�
1
4
x (e) None of these

(c) f � 1(x) =
� 4

2 � x

6.2 #63a. The function f (x) =
2x

3x � 1
is a one-to-onefunction. Find the inversef � 1.

(a) f � 1(x) =
3x � 1

2x
(d) f � 1(x) =

x

2 � 3x

(b) f � 1(x) =
x

3
(e) None of these

(c) f � 1(x) =
x

3x � 2

6.2 #63b. Find the range of the function f (x) =
2x

3x � 1
. (Seethe previous problem.)

(a) all real numbers except 1
3 (d) all real numbers except � 2

3

(b) all real numbers except � 1
3 (e) all real numbers except 0

(c) all real numbers except 2
3
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6.2 C. The function f (x) = 3x � 2 is a one-to-onefunction. Find the inversefunction f � 1.

(a) f � 1(x) =
1

3x � 2
(d) f � 1(x) = 1

3x + 2
3

(b) f � 1(x) = 1
2x + 3

2 (e) None of these

(c) f � 1(x) = 1
2x � 3

2

6.2 #94. The period T of a simple pendulum is T = 2π

r
x

g
, where x is its length and g is

a constant (the accelerationdue to gravit y). Solve for x as a function of T .

(a) x = 2π

r
T

g
(d) x =

gT 2

4π2

(b) x =
gT

2π
(e) None of these

(c) x =
gT 2

2π

6.3 A. Which answer describesthe graph of the exponential function f (x) = ex?

(a) The graph goesthrough (0, e) and decreasesas x increases.

(b) The graph goesthrough (0, e) and increasesas x increases.

(c) The graph goesthrough (0, 1) and decreasesas x increases.

(d) The graph goesthrough (0, 1) and increasesas x increases.

(e) The graph is a straight line through (1, e).

6.3 B. Which of the following is the graph of y = 2x?

(a) (b) (c) (d)

(1; 0)

x

y

� 5 5

(0; 1)
x

y

� 5 5
(0; 0)

x

y

� 5 5

(0; 1)
x

y

� 5 5
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6.3 C. Which exponential function is represented by this graph?

(0; 0) (1; � 1) x5

y

5

(a) f (x) = � 2x2 + x (d) f (x) = 1 + 2x

(b) f (x) = 1 � 2� x (e) f (x) = 1 + ex

(c) f (x) = 1 � 2x

6.3 #43. Find the horizontal asymptote of f (x) = 3� x � 2.

(a) y = 2 (d) x = 0

(b) y = 0 (e) x = � 2

(c) y = � 2

6.3 #52a. The horizontal asymptote of the graph of y = ex � 1 is

(a) y = � 1 (d) y = e

(b) y = 0 (e) There is no horizontal asymptote

(c) y = 1

6.3 #52b. The vertical asymptote of the graph of y = ex � 1 is

(a) x = � 1 (d) x = e

(b) x = 0 (e) There is no vertical asymptote

(c) x = 1

6.3 #55. Find the horizontal asymptote of the graph of f (x) = 2 � e� x=2.

(a) y = � 2 (d) x = 0

(b) y = 0 (e) None of these

(c) x = � 2
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6.3 D. Solve for x: 92x = 27

(a) x = log9 27 (d) x = 3
4

(b) x = log3 27 (e) None of these

(c) x = 4
3

6.3 #61. Solve for x:
�

1
5

� x

=
1
25

(a) x = � 2 (d) x = 2

(b) x = � 1/2 (e) None of these

(c) x = 1/2

6.3 #63. Solve for x: 22x� 1 = 4

(a) x = 0 (d) x = 3
2

(b) x = � 1
2 (e) There is no solution

(c) x = 1

6.3 E. Solve for x:
p

3
x+2

=
1
9

(a) x = � 4 (d) x = � 3/2

(b) x = � 5 (e) None of these

(c) x = � 6

6.3 #85. If 3� x = 2, what does32x equal?

(a) 4 (d) � 1
4

(b) � 4 (e) None of these

(c) 1
4

6.3 #86. If 5� x = 3, what does53x equal?

(a) � 9 (d) 1/9

(b) � 1 (e) None of these

(c) � 1/9
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6.4 A. Which answer describesthe graph of the logarithmic function f (x) = ln x?

(a) The graph goesthrough (0, 1) and has x = 0 as a vertical asymptote.

(b) The graph goesthrough (1, 0) and has x = 0 as a vertical asymptote.

(c) The graph goesthrough (0, 1) and has y = 0 as a horizontal asymptote.

(d) The graph goesthrough (1, 0) and has y = 0 as a horizontal asymptote.

(e) The graph is a straight line through (0, 1) and (e, 1).

6.4 B. List the properties of the graph of y = ln x.

A: The graph has a vertical asymptote at x = 1.
B: The graph has a vertical asymptote at x = 0.
C: The graph goesthrough (e, 0).
D: The graph goesthrough (1, 0).
E: The graph has a horizontal asymptote.
F: The graph increasesas x increases.

(a) A, C, and E (d) B, D, and E

(b) A, D, and E (e) B, D, and F

(c) A, C, and F

6.4 C. Which of the following is the graph of y = ln x ?
(a) (b) (c) (d)

(1; 0)

x

y

� 5 5

(1; 0)
x

y

� 5 5
(1; 0)

x

y

� 5 5
(1; 0)

x

y

� 5 5

6.4 D. Which of the following pairs of functions are inversesof each other?

(a) ln(x) and 10x (d) log2:7(x) and ex

(b) log(x) and ex (e) log2(x) and
�

1
2

� x

(c) ln(x) and ex

6.4 E. If f (x) = log3(x), what is f � 1(x)?

(a) f � 1(x) = ex (d) f � 1(x) =
1

log3(x)

(b) f � 1(x) = 3x (e) f � 1(x) = log1

3

(x)

(c) f � 1(x) = � log3(x)
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6.4 #29. log1

2

16 =

(a) 8 (d) � 1
4

(b) 4 (e) � 4

(c) 1
4

6.4 #33. logp
2 4 =

(a) 0 (d) 3

(b) 1 (e) 4

(c) 2

6.4 #35. ln
p

e =

(a) � 1 (d) 2.718

(b) .5 (e) None of these

(c) 1.359

6.4 F. The domain of f (x) = log(1 � 5x) is

(a) ( 1
5 , 1 ) (d) (�1 , 1

5)

(b) [1
5 , 1 ) (e) None of these

(c) (�1 , 1
5 ]

6.4 #43. The domain of f (x) = ln
�

1
x + 1

�
is

(a) f x j x � � 1g (d) f x j x > � 1g

(b) f x j x 6= � 1g (e) None of these

(c) f x j x < � 1g

6.4 #82. Find the vertical asymptote of the graph of f (x) = 2 � log3(x + 1).

(a) x = � 1 (d) y = 0

(b) x = 0 (e) None of these

(c) x = 1

6.4 G. The equation log� x = 1
2 can be written in exponential form as

(a) x =
� 1

2

� � (d) π = x1=2

(b) x = π1=2 (e) π =
� 1

2

� x

(c) x� = 1
2
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6.4 #89. Solve: log2(2x + 1) = 3

(a) x = 1 (d) x = 4

(b) x = 0 (e) None of these

(c) x = 3

6.5 #14. log6 4 + log6 9 =

(a) 2 (d) log6(4/9)

(b) 13/6 (e) None of these

(c) log6 13

6.5 A. (log2 6)(log6 8) =

(a) 2 (d) log2(4/3)

(b) 3 (e) None of these

(c) log6 4

6.5 B. (log3 6)(log6 9) =

(a) log6 3 (d) 3

(b) log3(3/2) (e) None of these

(c) 2

6.5 #29. If ln 2 = a and ln 3 = b, then ln 5
p

6 =

(a) 1
5ab (d) 5(a + b)

(b) 1
5(a + b) (e) None of these

(c) 5ab

6.5 #46. log
�

x3
p

x + 1
(x � 2)2

�
=

(a) 3 logx + 1
2 log(x + 1) � 2 log(x � 2)

(b) 3 logx + 1
2 log(x + 1) + 2log(x � 2)

(c) 3 logx + log(x + 1) � log(x � 2)

(d) 3 logx + log(x + 1) + log(x � 2)

(e) None of these
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6.5 #49. ln
�

5x
p

1 + 3x

(x � 4)3

�
=

(a) 5 ln x + ln(1 + 3x) + ln(x � 4)

(b) 5 ln x + ln(1 + 3x) � ln(x � 4)

(c) ln 5 + ln x + 1
2 ln(1 + 3x) � 3 ln(x � 4)

(d) ln 5 + ln x + 1
2 ln(1 + 3x) + 3 ln(x � 4)

(e) None of these

6.5 #72. log�

p
2 =

(a)
1

2ln π
(d)

ln 2
ln π

(b)
ln 2
ln π

(e) None of these

(c)
ln 2

2ln π

6.5 #83. Expressy as a function of x: ln y = ln x + ln(x + 1) + ln C

(a) y = 2x + 1 + C (d) y = eCx(x+1)

(b) y = Cx(x + 1) (e) None of these

(c) y = Cex(x+1)

6.5 #85. Expressy as a function of x (the constant C is positive). ln y = 3x + ln C

(a) y = ln(3x) + C (d) y = e3x + C

(b) y = Ce3x (e) None of these

(c) y = C3x

6.5 #87. Solve for y (the constant C is positive): ln(y � 3) = � 4x + ln C

(a) y = 3 �
4

ln x
+ C (d) y = 3 + e� 4x + C

(b) y = 3 + C � 4x (e) None of these

(c) y = 3 + Ce� 4x
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6.6 A. Solve for x: ln(x + 1) + ln(x) = ln(6)

(a) x = 1/5 (d) x = 2

(b) x = � 3 (e) None of these

(c) x = � 3 or x = 2

6.6 B. Solve for x: log2(3x � 1) = 3

(a) x = 7
3 (d) x = 4

3

(b) x = 10
3 (e) None of these

(c) x = 8
3

6.6 C. Solve for x: 2x+1 = 6

(a) x = ln 3 (d) x =
ln 3
ln 2

(b) x = ln 4 (e) None of these

(c) x = ln 4 � ln 2

6.6 D. Solve for x: 22x+1 =
� 1

2

� x

(a) x = 1
3 (d) x = � 1

(b) x = 0 (e) None of these

(c) x = � 1
3

6.6 E. Solve for x: 5x = 31� 2x

(a) x = 3/7 (d)
1

ln 5 + 2ln 3
(b) x = 11/7 (e) None of these

(c)
ln 3

ln 5 + 2ln 3
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Answ er Key

6.1 #11a. (c)

6.1 #11. (a)

6.1 #15a. (b)

6.1 A. (d)

6.1 #31b. (d)

6.1 Example 4a. (a)

6.1 #35a1. (d)

6.1 #35a2. (e)

6.1 #36. (d)

6.1 #61. (d)

6.1 #63a. (c)

6.1 B. (a)

6.2 A. (d)

6.2 #49. (c)

6.2 B. (a)

6.2 #57a. (b)

6.2 #57b. (c)

6.2 #59a. (c)

6.2 #59b. (a)

6.2 #60. (a)

6.2 #63a. (c)

6.2 #63b. (c)

6.2 C. (d)

6.2 #94. (d)

6.3 A. (d)

6.3 B. (d)

6.3 C. (c)

6.3 #43. (c)

6.3 #52a. (a)

6.3 #52b. (e)
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6.3 #55. (e)

6.3 D. (d)

6.3 #61. (d)

6.3 #63. (d)

6.3 E. (c)

6.3 #85. (c)

6.3 #86. (e)

6.4 A. (b)

6.4 B. (e)

6.4 C. (a)

6.4 D. (c)

6.4 E. (b)

6.4 #29. (e)

6.4 #33. (e)

6.4 #35. (b)

6.4 F. (d)

6.4 #43. (d)

6.4 #82. (a)

6.4 G. (b)

6.4 #89. (e)

6.5 #14. (a)

6.5 A. (b)

6.5 B. (c)

6.5 #29. (b)

6.5 #46. (a)

6.5 #49. (c)

6.5 #72. (c)

6.5 #83. (b)

6.5 #85. (b)

6.5 #87. (c)

6.6 A. (d)
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6.6 B. (e)

6.6 C. (d)

6.6 D. (c)

6.6 E. (c)

Solutions

6.1 A. Let f (x) = 2x2 + 1 and let g(x) = x + 3. Find the composite function (f � g)(x).

Solution: (d) Write the formula for f (x) in this way: f ( ) = 2( )2 + 1. Then you
have (f � g)(x) = f (g(x)) = 2g(x)2 + 1 = 2(x+ 3)2 + 1 = 2(x2 + 6x+ 9)+ 1 = 2x2 + 12x+ 19.

6.1 #36. Find the domain of f � g if f (x) = 1
x+3 and g(x) = � 2

x .

Solution: (d) f x j x 6= 0 and x 6= 2/3g First, you must excludex = 0, sinceit is not in
the domain of the �rst function g(x). If you compute the composite function f (g(x)), you

get f (g(x)) =
1

� 2
x + 3

= x
� 2+3 x , so you must also exclude x = 2/3 (found by setting the

denominator � 2 + 3x equal to 0).

6.1 B. If f (x) = 3x2 � 7 and g(x) = 2x + a, �nd a so that the graph of f � g crossesthe
y-axis at 5.

Solution: (a) One method of solution is to compute the composite function f (g(x)).
You get f (g(x)) = 3(2x + a)2 � 7 = 3(4x2 + 4ax + a2) � 7 = 12x2 + 12ax + 3a2 � 7. The
problem asksyou to �nd a so that the y-intercept is 5. Sincethe y-intercept is 3a2 � 7, you
needto solve 3a2 � 7 = 5. You get 3a2 = 12, so a = � 2.

Another method of solution is to �nd the y-intercept in two steps. The �rst is by substituting
x = 0 into g(x). You get g(0) = a, and then, as the secondstep, you get f (g(0)) = 3a2 � 7.
The answer a = � 2 again comesfrom the solution of the equation 3a2 � 7 = 5.

6.2 A. If f (x) hasan inverse,and (2, � 1
2) is on the graph of f (x), then what point is on the

graph of f � 1(x)?

Solution: (d) (� 1
2 , 2) If (a, b) is on the graph of f (x), then (b, a) is on the graph of f � 1(x).

6.2 B. The function f (x) =
p

x � 2, for x � 2, is a one-to-onefunction. Find the inverse
function f � 1.

Solution: (a) f � 1(x) = x2 + 2, for x � 0.
Step 1. Write the function in the form y =

p
x � 2.

Step 2. Interchangex and y to get x =
p

y � 2.
Step 3. Solve for y in terms of x. x =

p
y � 2 x2 = (

p
y � 2)2 = y � 2 y = x2 + 2

To �nd the domain of f � 1(x), it may be easiestto �nd the range of f (x). Sincex � 2, this
includes the square root of every number � 0, so the range of f (x) is f y j y � 0g. This
meansthat the domain of f � 1(x) is f x j x � 0g, so the solution is the one given above.
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6.2 #60. The function f (x) = 4
2� x , for x 6= 2, is a one-to-onefunction. Find the inverse

function f � 1.

Solution: (a) f � 1(x) = 2 � 4
x Write y = 4

2� x , then exchangex and y and solve for y.
x = 4

2� y (2 � y)x = 4 2x � yx = 4 � yx = 4� 2x y = 4� 2x
� x y = 2x� 4

x = 2� 4
x

6.2 C. The function f (x) = 3x � 2 is a one-to-onefunction. Find the inversefunction f � 1.

Solution: (d) f � 1(x) = 1
3x + 2

3 y = 3x � 2 x = 3y � 2 x + 2 = 3y y = 1
3x + 2

3

6.2 #94. The period T of a simple pendulum is T = 2π
q

x
g , where x is its length and g is

a constant (the accelerationdue to gravit y). Solve for x as a function of T .

Solution: (d) T = 2π
q

x
g , T 2 = 4π2

� q
x
g

� 2
T 2 = 4π2 x

g gT 2 = 4π2x

Answer: x = gT 2

4� 2

6.3 A. Which answer describesthe graph of the exponential function f (x) = ex?
(a) The graph goesthrough (0, e) and decreasesas x increases.
(b) The graph goesthrough (0, e) and increasesas x increases.
(c) The graph goesthrough (0, 1) and decreasesas x increases.
(d) The graph goesthrough (0, 1) and increasesas x increases.
(e) The graph is a straight line through (1, e).

Solution: (d) When x = 0, we have f (0) = e0 = 1, so the answer must be (c) or (d). As
the exponent x increases,the valuesof ex get larger and larger, so the y-values increaseas
x increases,and the answer must be (d).

6.3 B. Which of the following is the graph of y = 2x?
(a) (b) (c) (d)

(1; 0)

x

y

� 5 5

(0; 1)
x

y

� 5 5
(0; 0)

x

y

� 5 5

(0; 1)
x

y

� 5 5

Solution: (d) The graph must go through (0, 1), and must increaseas x increases.

6.3 C. Which exponential function is represented by this graph? (see the original problem)

Solution: The �rst choice (a) f (x) = � 2x2 + x is not an exponential function. The
graph is decreasing,not increasing,so it cannot be (d) f (x) = 1 + 2x or (e) f (x) = 1 + ex .
We needto decidebetween(b) f (x) = 1 � 2� x and (c) f (x) = 1 � 2x . Note that (0, 0) and
(1, � 1) are on the graph. Both (b) and (c) have f (0) = 0, but only (c) has f (1) = � 1.
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6.4 A. Which answer describesthe graph of the logarithmic function f (x) = ln x?
(a) The graph goesthrough (0, 1) and has x = 0 as a vertical asymptote.
(b) The graph goesthrough (1, 0) and has x = 0 as a vertical asymptote.
(c) The graph goesthrough (0, 1) and has y = 0 as a horizontal asymptote.
(d) The graph goesthrough (1, 0) and has y = 0 as a horizontal asymptote.
(e) The graph is a straight line through (0, 1) and (e, 1).

Solution: (b) The log function is the inverseof the exponential function, whosegraph
goesthrough (0, 1), soits graph must go(1, 0). It hasa vertical asymptote, but no horizontal
asymptote.

6.4 B. List the properties of the graph of y = ln x.

A: The graph has a vertical asymptote at x = 1.
B: The graph has a vertical asymptote at x = 0.
C: The graph goesthrough (e, 0).
D: The graph goesthrough (1, 0).
E: The graph has a horizontal asymptote.
F: The graph increasesas x increases.

Solution: (e) B, D, and F The graph does have a vertical asymptote, the y-axis, so B
holds. Since ln(e) = 1, condition C is false. The graph goes through (1, 0) so D is true.
The graph has no horizontal asyptote so E is false. Finally, F is true.

6.4 C. Which of the following is the graph of y = ln x ?
(a) (b) (c) (d)

(1; 0)

x

y

� 5 5

(1; 0)
x

y

� 5 5
(1; 0)

x

y

� 5 5
(1; 0)

x

y

� 5 5

Solution: (a) Use the properties of y = ln x. The graph has a vertical asymptote at
x = 0, goesthrough (1, 0), and increasesas x increases.

6.4 D. Which of the following pairs of functions are inversesof each other?
(a) ln(x) and 10x (b) log(x) and ex (c) ln(x) and ex

(d) log2:7(x) and ex (e) log2(x) and
� 1

2

� x

Solution: (c) The basemust be the samein both functions. Since ln(x) = loge(x), the
only pair for which this is true is (c).

6.4 E. If f (x) = log3(x), what is f � 1(x)?

Solution: (b) f � 1(x) = 3x The inverseis an exponential function with the samebase.

6.4 F. The domain of f (x) = log(1 � 5x) is

Solution: (d) (�1 , 1
5) The log function is only de�ned for positive values,sothe domain

is found by setting 1 � 5x > 0. We get x < 1
5 .
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6.4 #82. Find the vertical asymptote of the graph of f (x) = 2 � log3(x + 1).

Solution: (a) x = � 1 The domain of f (x) is f x j x + 1 > 0g = f x j x > � 1g.

6.4 G. The equation log� x = 1
2 can be written in exponential form as

Solution: (b) To remove the log� , substitute both sidesof the equation into the inverse
function g(x) = πx of f (x) = log� (x). This works becauseπlog� (x) = x for all x > 0.

πlog� (x) = π1=2 x = π1=2

6.5 A. (log2 6)(log6 8) =

Solution: (b) Convert log6 8 to base2 using the formula loga M =
logb M

logb a
(seep455).

This gives(log2 6)(log6 8) = (log2 6)
�

log2 8
log2 6

�
=

(log2 6)(log2 8)
log2 6

= log2 8 = 3.

6.5 B. (log3 6)(log6 9) =

Solution: (c) (log3 6)(log6 9) = (log3 6)
�

log3 9
log3 6

�
= log3 9 = 2.

6.5 #46. log
�

x3
p

x + 1
(x � 2)2

�
=

Solution: (a)

log
�

x3
p

x + 1
(x � 2)2

�
= log(x3) + log(

p
x + 1) � log((x � 2)2)

= 3 logx +
1
2

log(x + 1) � 2 log(x � 2)

6.5 #72. log�

p
2 =

Solution: (c) log�

p
2 =

ln
p

2
ln π

=
1
2 ln 2
ln π

=
ln 2

2ln π
by formula (9) on p455.

6.6 A. Solve for x: ln(x + 1) + ln(x) = ln(6)

Solution: (d) ln(x + 1) + ln(x) = ln(6) ln(x + 1)(x) = ln(6) x2 + x = 6
x2 + x � 6 = 0 (x + 3)(x � 2) = 0 x = � 3 or x = 2

Sinceln x is de�ned only for positive numbers,x = � 3 cannot be a solution, and the correct
answer is x = 2.

6.6 B. Solve for x: log2(3x � 1) = 3

Solution: (e) To simplify by removing the term log2, usethe inversefunction 2x .
log2(3x � 1) = 3 2log

2
(3x� 1) = 23 3x � 1 = 8 3x = 9 x = 3

6.6 C. Solve for x: 2x+1 = 6

Solution: (d) Since the answers are given in terms of ln, take the natural log of both
sides. 2x+1 = 6 ln(2x+1 ) = ln 6 (x + 1) ln 2 = ln 6 (ln 2)x + ln 2 = ln 6

(ln 2)x = ln 6 � ln 2 = ln 6
2 = ln 3 x =

ln 3
ln 2
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6.6 D. Solve for x: 22x+1 =
� 1

2

� x

Solution: (c) Rewrite the problem so that the baseis the sameon both sides.

22x+1 =
� 1

2

� x 22x+1 =
�
2� 1

� x = 2� x Now you can equate the exponents sinceboth
sideshave base2. 2x + 1 = � x x = � 1

3

6.6 E. Solve for x: 5x = 31� 2x

Solution: (c) Take the natural log of both sides.

5x = 31� 2x ln(5x ) = ln(31� 2x ) x ln 5 = (1 � 2x) ln 3

x ln 5 + 2x ln 3 = ln 3 (ln 5 + 2ln 3)x = ln 3 x = ln 3
ln 5+2 ln 3


