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For a prime ideal P of a Noetherian ring R, Goldie defined in [7, 8] a
localization Q of R at P. This localization is constructed as a subring of the
inverse limit of the rings Q. (R/P™), where P is the nth symbolic power
of P. Note that R/P'™ has an Artinian classical ring of quotients, which is
denoted by Q. (R/P"™). The ring Q has been shown by Goldie to have the
property that Q/J(Q)~ Q. (R/P) and ();>,J(Q)" = (0), where J(Q) is the
Jacobson radical of Q.

The inversive localization R, of R at P, introduced by Cohn in [6], is
defined as follows. If I'(P) denotes the set of matrices regular modulo P, then
Ry is the ring universal with respect to the property that all matrices in
I'(P) are invertible over Ry,. It has been shown in [1]| that Ry, is
universal with respect to the property that Ry /J(Rp,) is naturally
isomorphic to Q_(R/P), and so there is a canonical mapping from R ,, into
Goldie’s localization Q. Theorem 2.4 shows that Q = R,,/T, where T is the
intersection of powers of J(R ). Theorem 2.6 then characterizes Q as the
ring universal with respect to the property that Q/J(Q) is naturally
isomorphic to Q. (R/P) and (), J(Q)" = (0).

The results relating the two localizations depend on Theorem 1.4, which
shows that if R is a left Noetherian ring with prime radical N, then R, is a
left Artinian ring. In fact, Ry, ® Q. (R/K), where K is the smallest ideal of
R such that every element regular modulo N is also regular modulo K. This
implies that Ry, is left Artinian when P is a minimal prime ideal, and
makes it possible to define the symbolic powers of any semiprime ideal.
Comments at the end of the paper indicate how these results can be extended
to rings with finite reduced rank (in the sense of [2]), and thus the results
hold for all rings with Krull dimension.
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1. INVERSIVE LOCALIZATION AT THE PRIME RADICAL OF A RING

It will be assumed throughout the paper that R denotes a left Noetherian
ring. If S is a semiprime ideal of R, then the set of elements regular modulo
S is defined as

C(S)={cER|forany rER,rc € Sorcr€ S impliesr € S}.

An element m of the module M is said to be C(S)-torsion if for each r € R
there exists ¢ € C(S) with crm = 0. The module M is said to be C(S)-torsion
if each element of M is C(S)-torsion; it is said to be C(S)-torsionfree if for
each 0+ m € M there exist r € R and ¢ € C(S) with crm # 0. The class of
C(S)-torsion modules determines a torsion radical, which has been studied in
[3] for semiprime Goldie ideals of any ring.

Let I'(S) denote the set of all matrices C such that C belongs to the n X n
matrix ring M,(R) for some positive integer n, and the image of C in
M, (R/S) is a regular element of the semiprime left Goldie ring M, (R/S).
This will be abbreviated by saying that C is regular modulo S. Note that
CeI(S) if and only if the image of C is invertible under the canonical
mapping from M ,(R) into Q (M ,(R/S)).

An element m of module M is said to be I'(S)-torsion if m is an entry of
a column vector x with entries in M such that Cx = 0 for some C € I'(S).
Note that I'(S) is closed under products (when defined) and contains all
permutation matrices. Thus it can be assumed that m is the first entry of x.
The module M is said to be I'(:S)-torsion if each element is I'(S)-torsion, and
I'(S)-torsionfree if it contains no I'(S)-torsion elements. In [6], Cohn has
shown that assigning to each module the submodule of 7'(S)-torsion elements
defines an idempotent radical, although it need not be a torsion radical. In
fact, by [1, Lemma 2.1], C(S) defines the largest torsion radical smaller than
the radical defined by I'(S). Furthermore, since R is left Noetherian, by |1,
Corollary 2.3] the two radicals coincide if and only if C(S) is a left Ore set.
Proposition 1.1 essentially shows that the idempotent radical defined by 7'(.S)
is generated by the cyclic modules which are C(S)-torsion when mapped into
the category of R/S-modules.

PropPoSITION (1.1). Let S be a semiprime ideal of R, and let M be a left
R-module.

(a) The element m € M is I'(S)-torsion if and only if there exists a
finitely generated submodule M’ = M such that m € M and M’ /SM' is C(S)-
torsion.

(b) If M is finitely generated, then M is I'(S)-torsion if and only if
M/SM is C(S)-torsion.
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Proof. (a) Assume that the element m € M is I'(S)-torsion. Let M’ be the
submodule of M generated by the entries x, = m, x,,..., x; of the column
vector x for which (by assumption) Cx=0 for some CeEI(S) If
n: M(R)— Q. (M, (R/S)) is the canonical mapping, then n(C) is invertible
since CE€I(S). It is well known that Q.(M,(R/S)) can be realized as
M, (Q.,(R/S)), and using this identification there exists a common
denominator d € C(S) for the entries of n(C) '. Let C* € M(R) be a
matrix such that n(C*)=n(d) n(C)~'. Thus C*C =dI + A, where I is the
identity matrix and 4 is a matrix with entries in the ideal S. It follows that
dx + Ax = C*Cx =0, and so dx = —Ax has entries in SM'. Now M'/SM’ is
an R/S-module, and the generators X,,..., X, of M'/SM' are C(S)-torsion, so
it follows that M'/SM’' is C(S)-torsion, since C(S) is a left Ore set
modulo S.

Conversely, assume that m € M’, where M’ is finitely generated and
M'/SM’' is C(S)-torsion. Suppose that M’ =>%_ | Rx,, with x,=m. If
M'/SM' is C(S)-torsion, then since M’ is finitely generated there exists a
single element d € C(S) such that dx,€ SM' for i=1,..,k. Thus dx,=
3o a;;x; for elements a; € S, and so for the matrix 4 = (a;;), it follows
that (dI — A)x =0, where x is the column vector with entries x,,..., x,. Since
d € C(S) and A4 has entries in S, the matrix dI — 4 belongs to I'(S), which
shows that m is I'(:S)-torsion.

(b) If M/SM is C(S)-torsion, then M is I'(S)-torsion by part (a).
Conversely, if M is I'(S)-torsion, then so is M/SM. Since C(S) is a left Ore
set modulo S, the radicals defined by I'(S) and C(S) coincide on R/S-
modules, and it follows that M/SM is C(S)-torsion. N

Let N be the prime radical of the ring R. In [2], a module M is said to
have finite reduced rank if the set of submodules M’ < M such that M/M’ is
C(N)-torsionfree satisfies both the ascending and descending chain
conditions. In this case there exists a composition series for such
submodules, and the length of the composition series is denoted by p(M).
Since R is left Noetherian, this definition coincides with the one found in [4].
It is important to note that p is additive on short exact sequences, and that
p(M) =0 if and only if M is C(N)-torsion.

LEMMA (1.2). If T is an ideal of R such that xc € T implies x € T, for
all ¢ € C(N), then C(N) is a left Ore set modulo T.

Proof. Given a€ R and c € C(N), consider the epimorphism f: R—
(Rc+ T)/T given by f(r) = re, for all r € R. By assumption, ker(f) =T, so
R/T= (Rc+ T)/T and p(R/T)=p((Rc + T)/T). On the other hand, p is
additive on the exact sequence

0- (R + T)/T— R/T— R/(Rc + T) -0,



