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Preface

The text Introductory Lectures on Rings and Modules grew out of the first—
year graduate course that I have taught at Northern Illinois University. In
keeping with the noncommutative focus of the text, I included a chapter on
group representations in place of the chapter on commutative rings that is in
our course syllabus. Since a course at that level should lay some foundation
for later work in commutative algebra, I felt that I should make my class notes
available as a supplement to the text.

I believe that the material I have chosen to include in this chapter is rather
standard. It is not as extensive as that in other texts, but I hope that it will
serve as a starting point for students interested in algebra. Those interested in
further exploration of the field will find David Eisenbud’s book Commutative
Algebra with a View toward Algebraic Geometry to be a fascinating point of
entry.

One of the advantages of electronic publishing is the ability to make changes
quickly, T would appreciate receiving corrections and suggestions from anyone
who uses this material.

John A. Beachy
DeKalb, Illinois
May, 1999



Chapter 5

COMMUTATIVE RINGS

The history of commutative algebra begins in the nineteenth century with work
in number theory, algebraic geometry, and invariant theory. We will discuss
just a bit of that history, and refer the reader to Chapter 1 of [3] for a more
detailed account.

Gauss showed that the ring Z[i] is a unique factorization domain, and used
this fact to prove results about ordinary integers. He also showed that Z[w] is
a unique factorization domain, where w is a root of the polynomial 2 + z + 1,
and used this fact to give a proof of Fermat’s last theorem for the exponent 3
(see Chapter 9 of [2] for his proof, and for some historical notes). The search
for a proof of Fermat’s last theorem led to questions of unique factorization
in the rings Z[¢], where £ is a root of unity. It was eventually realized that
this method of proof could not be extended beyond a certain point, since it
cannot be assumed that unique factorization holds. In fact, it fails in the ring
Z[€27ri/23]_

In this chapter we return to the question of unique factorization in com-
mutative rings. Unique factorization of elements into products of irreducible
elements is impossible even in such relatively nice rings as Z[v/—5]. Dedekind
introduced the notion of an ideal in order to recover some semblance of unique
factorization. He proved that in certain important subrings of the complex

239



240 J.A.Beachy CHAPTER 5. COMMUTATIVE RINGS

numbers, at least it is true that every ideal can be written uniquely as a prod-
uct of prime ideals. We will study these rings in the last two sections of the
chapter, under the general heading of Dedekind domains. (Note that the last
two sections do not depend on the first two, and can be read independently.)

A parallel development along somewhat different lines occurred for ideals
in polynomial rings in several indeterminates. Lasker and Macauley gave a
decomposition theorem for such ideals, showing that every ideal is an intersec-
tion of finitely many primary ideals. This was extended to all commutative
Noetherian rings in 1921 by Emmy Noether, in a very influential paper. The
primary motivation for the development of this theory comes from algebraic
geometry. We will prove the Lasker-Noether primary decomposition theorem
in the first section of the chapter. A part of the general theory of Noetherian
rings is outlined in the second section of the chapter.

Invariant theory grew out of an interest in the geometric properties of plane
curves that remain invariant under certain classes of transformations. The
general problem was eventually stated in the following way: if an appropriate
group G acts as automorphisms of a polynomial ring R = F[z1,...,z,] (where
F is a field), what is the subring R of elements left fixed by G? For example, if
G is the symmetric group S, then R is the ring of symmetric functions, which
can be shown to be generated (as an F-algebra) by the elementary symmetric
functions fi =21 + -+ Tn, fo = 21 cicicn Titjy « - fn = [Limy T

Hilbert solved the fundamental problem of invariant theory, by showing that
the ring of invariants is finitely generated in a broad range of interesting cases.
We have already given a proof of the Hilbert basis theorem (see Theorem 2.4.10),
which was the first step in his proof of the finiteness of invariants. It was
Emmy Noether who recognized the general importance of the ascending chain
condition, and so the basis theorem is usually stated in the following way: if R
is a Noetherian ring, then so is the polynomial ring R[x].

Although in this chapter we make the underlying assumption that all rings
under consideration are commutative (with identity element), we will often
restate this in the hypotheses of the major results.

5.1 Primary decomposition

Let F be a field, and first consider the ring F[z] of polynomials in one inde-
terminate. Since this ring is a principal ideal domain, each ideal is a product
of prime ideals. Unfortunately, although the ring F[z,y] of polynomials in two
indeterminates is a unique factorization domain, the ideal structure is not so
simple. For an example that illustrates this particular difficulty, consider the
ideal (z%,y) generated by the elements z? and y. In F[z,y]/ (y) = F[z], the only
prime ideal that contains (z2,y) / (y) is (z,y) / (y). It follows that in F[z,y]
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the only prime ideal that contains (22,y) is (,y). Since (z,y)° = (22, 2y, y?),
which is properly contained in (2?,y), it is impossible to express (z2,y) as a
product of prime ideals.

To obtain an appropriate generalization of unique factorization of ideals in
polynomial rings, it is necessary to replace products of ideals with intersections
of ideals, and to replace powers of prime ideals with ‘primary’ ideals. The
primary decomposition theorem does not depend on having unique factorization
of elements, but simply on having the ascending chain condition on ideals, so
it remains true for all Noetherian rings.

Proposition 5.1.1 Let R be a commutative ring. The set of all nilpotent
elements of R forms an ideal of R.

Proof. If a,b € R with a™ =0 and b™ = 0, then

(a+b)m+n—1 — am—i—n—l_’_‘ . .+(7Tz+n—1)ambn—1+(zi—?7l)am—1bn+‘ . ‘+bm+n—1 ,
and each term in this expansion of (a + b)™*"~! is zero because it contains
either the factor a™ or the factor b™. For any r € R, we have (ra)" = r"a™ =0,
completing the proof that the set of nilpotent elements is an ideal of R. O

Definition 5.1.2 Let R be a commutative ring. The nil radical of R is
defined to be the ideal

N(R)={z € R|z" =0 for somen € Z"}.

Theorem 5.1.3 Let R be a commutative ring.
(a) The nil radical of R/N(R) is zero.
(b) The nil radical of R is the intersection of all prime ideals of R.

Proof. (a) If a € R and a + N(R) is nilpotent in R/N(R), then a™ € N(R)
for some n, so (a™)™ = 0 for some m, and thus a € N(R), showing that a+ N (R)
is the zero coset.

(b) If a € N(R), then a™ = 0 for some n, so a™ belongs to each prime ideal
of R. This implies that a belongs to each prime ideal of R.

Conversely, suppose that a ¢ N(R). Then a™ # 0 for all m € Z*, and so by
Zorn’s lemma, there exists an ideal P maximal with respect to the property that
a™ ¢ I for all m. If I,J are ideals of R which properly contain P, then there
exist n, k with @™ € I and a* € J. Thus IJ C P would lead to a contradiction,
showing that P is a prime ideal. This implies that a is not in the intersection
of all prime ideals of R. O
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The ideal N(R) is also called the prime radical of R. This terminology is
justified by the above theorem. This definition can be extended to noncommu-
tative rings, where the prime radical of R is defined to be the intersection of all
prime ideals of R.

Definition 5.1.4 Let R be a commutative ring, and let I be an ideal of R.
The ideal
VI={zeR|z" I for somen € Z*}

is called the radical of I.

We note that if I is an ideal of R, then v/T is the inverse image in R of the
nil radical of R/I, which shows that /I is an ideal. It also follows that /T is
the intersection of all prime ideals of R that contain I.

In any principal ideal domain, our next definitions both reduce to the state-
ment that the ideal in question is generated by a power of an irreducible element.
But even for the polynomial ring in two indeterminates over a field or the ring
of polynomials with integer coefficients the two concepts are distinct.

Definition 5.1.5 Let I be an ideal of the commutative ring R.

(a) We say that I is a primary ideal if for all elements a,b € R we have the
following condition: ab € I implies a € I or b™ € I, for some n € Z.

(b) We say that I is an irreducible ideal if I = J N K implies I = J or
I =K, for all ideals J, K of R with I C J and I C K.

Let D be a principal ideal domain, let p be an irreducible element D, and
let Q = p"D. If a,b € D with ab € @Q, then p™ | ab, so either p | a or p | b.
If a ¢ I, then p { a implies p™ | b, and hence b € Q). This shows that @ is a
primary ideal.

Note that if I, are ideals of R with I C @, then @ is a primary ideal of
R if and only if Q/I is a primary ideal of R/I. If F is any field, we can apply
this observation to R = Flz,y], @ = (2?,y), and I = (y) to show that (z?,y)
is a primary ideal of F[z,y]. This provides an example of a primary ideal that
is not a power of a prime ideal.

Proposition 5.1.6 Let R be a commutative Noetherian ring. Then every
irreducible ideal of R is a primary ideal.

Proof. For an ideal I of R the conditions to be an irreducible ideal or a
primary ideal are easily translated to the factor ring R/I, and so without loss
of generality we may assume that I is the zero ideal.
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If (0) is not a primary ideal, then there exist a,b € R with ab =0, a # 0, and
b" # 0 for all n € Z*. The ideals Ann(b) C Ann(b?) C ... form an ascending
chain, which must terminate since R is Noetherian. If Ann(b™) = Ann(b™*1),
then consider the ideals Ra and Rb™. If x € Ra N RbV™, then we have x = r1a
and r2b™ for some 71,72 € R. But then (r2d™)b = (ria)b = r1(ab) = 0,
which implies that 7o € Ann(b™) = Ann(b™+!), so z = reb™ = 0. Thus
Ran Rb™ = (0), showing that (0) is not an irreducible ideal. O

Proposition 5.1.7 Let R be a commutative ring. If I is an ideal of R such
that /T is a mazimal ideal of R, then I is a primary ideal of R.

Proof. Let a,b € R with ab € I. If b" € I for some n, we are done. If
not, then b ¢ v/T, and so b is invertible modulo /T since R/ VT is a field. Since
VI /I is the Jacobson radical of R/I, it follows that b is invertible module I,
and therefore ab € I impliesa € I. O

Proposition 5.1.8 Let R be a commutative ring. If I is a primary ideal of
R, then /T is a prime ideal of R.

Proof. Suppose that ab € VI, with a ¢ v/I. Then a"b" = (ab)" € I for
some positive integer n, but a™ ¢ I since a € V1, so (b™)™ € I for some positive
integer m, since I is a primary ideal. It follows that b € v/I, showing that /T
is a prime ideal. O

Lemma 5.1.9 Let R be a commutative ring. If {Q;}i, is a collection of
primary ideals of R such that \/Q; = P for 1 <i < n, then N, Q; is a primary
ideal of R with \/N_1Q; = P.

Proof. We first observe that /N, Q; C N~;/Q;, since N7, Q; C Q;, for
1 <i < n. On the other hand, if a € N?_;/Q;, then for each i there exists m;
with a™ € @, so aF € N Q;, for k = max{my,...,m,}. Thusa € \/N,Q;,
showing that /N, Q; = N ,/Q; = P.

Now suppose that ab € N, Q;, with a € NJ=; Q. Then a ¢ @; for some j,
sobe/Q;=P=,/N"Qi. Thus b* € N, Q;, for some positive integer &,
showing that N, Q; is a primary ideal. O

Definition 5.1.10 Let Q be a primary ideal of the commutative ring R.
We say that \/Q is the associated prime ideal of Q. If P = \/Q, then we say
that @) belongs to the prime ideal P and that @ is primary for P.
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Lemma 5.1.11 Let I be a proper ideal of the commutative ring R. Assume
that I = N, Q;, where each ideal Q; is primary, no Q; contains the intersection
of the other primary ideals, and the ideals Q; have distinct associated primes.
Then a prime ideal P of R is the associated prime of Q;, for some i, if and
only if there exists an element a € R\ I such that {r € R | ra € I} is primary
for P.

Proof. We can assume, without loss of generality, that I = (0).

First suppose that P is a prime ideal with P = {/Q; for some 1 < j < n.
We need to find a nonzero element a € R such that Ann(a) = {r € R | ra = 0}
is primary for P. Since by assumption (); does not contain M;x;@;, there exists
a nonzero element a € N;2;Q;, with a ¢ Q;. Note that

Qja C Q;-NixiQ; SN Qi = (0) ,

and so ; C Ann(a). We have Ann(a) C P, since if ra = 0 for r € R, then
ra € (); implies a* € @; for some k, and hence a € P since P is prime. It

follows that
P=./Q; C\/Amn(a) CVP=P.

Finally, we show that Ann(a) is a primary ideal. Suppose that z,y € R with
zy € Ann(a), but z ¢ Ann(a). Then za # 0, so za & N, Q;, and therefore
za ¢ @Q; since we already have za € N;x;Q;. Because zy € Ann(a), we have
(za)y = 0 € Q;, and it follows that for some k we have y* € Q; C Ann(a).

Conversely, suppose that a is a nonzero element of R such that Ann(a) is
primary for the prime ideal P. Since a # 0, but N?_; Q; = (0), we must have
a € @Q; for some j. By renumbering, if necessary, assume that a ¢ Q; for
1<j<m<n,anda€ Q;form <j. Ifr € /N7 Qj, then there exists k
with 7*a € N7L1Qj, so in fact rFa € N, Q; = (0), and thus r € P. Therefore
[T}~, \/Q; € P, and since P is prime, we must have \/@; C P for some j. But
then P C /Q;, since r € P implies r*a = 0 € Q; for some k, and so r € /Q;
since a € ;. This shows that P is the associated prime of @);, completing the
proof. O

Theorem 5.1.12 (Lasker-Noether Decomposition Theorem) Let R
be a commutative, Noetherian ring, and let I be an ideal of R.

There exist primary ideals {Q;}7=; with I = N, Q;, such that no Q; con-
tains the intersection of the other primary ideals, and the ideals Q; have distinct
associated primes.

Furthermore, in any such representation of I as an intersection of primary
ideals, there must be n ideals, and the set of their associated prime ideals must
be the same.
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Proof. If R contains an ideal that cannot be written as a finite intersection
of irreducible ideals, then there is a maximal such ideal, since R is Noetherian.
This ideal cannot be irreducible, so it can be expressed as the intersection of two
larger ideals. By assumption each of these is a finite intersection of irreducible
ideals, a contradiction. This shows that each ideal of R can be written as the
intersection of finitely many irreducible ideals,

Assume that T = Q1 N Q2N -+ N @, where each ideal @Q; is irreducible,
and hence primary. If some ); contains the intersection of the others, it can
be omitted. If ; and @; have the same associated prime ideal, then we can
replace (); and @; with @; N Q;, which is primary and has the same associated
prime ideal.

The preceding lemma shows that the associated prime ideals of I are com-
pletely determined by I, and not by the choice of the ideals @1, ..., Q- This
completes the uniqueness part of the proof. and each of these is a primary
ideal. O

EXERCISES: SECTION 5.1

1. Let I,J be ideals of the commutative ring R. Show that vVIJ = VINJ =
VInyi.

2. Let I,J be ideals of the commutative ring R. Show that if VT +v/J = R, then
I+J=R.

3. Prove the note in the text that if I, Q are ideals of R with I C @, then Q is a
primary ideal of R if and only if Q/I is a primary ideal of R/I.

4. Let R be a commutative Noetherian ring, let P be a prime ideal of R, and
suppose that @ is an ideal that is primary for P. Prove that if I, J are ideals
of R with IJ C @, and I is not contained in ), then J is contained in P.

5. Let F be a field, and consider the ideal I = ($2,my) of Flz,y].
(a) Show that I is not a primary ideal.
(b) Show that I = (z) N (mQ,y).
(c) Show that (zz,am + y) is a primary ideal, for any a € F, and show that
I=(z)N (3:2, azx + y), so that 7 can be represented in infinitely many ways as

an intersection of primary ideals.

6. Let P be a maximal ideal of the commutative ring R. Show that if Q) is any ideal
of R such that P™ C @Q C P for some positive integer n, then Q) is P-primary.
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5.2 Noetherian rings

We have shown that if R is any left Noetherian ring, then the ring R[z] of poly-
nomials with coefficients in R is again left Noetherian. This implies that if R is
any commutative Noetherian ring, then the polynomial ring R[z1, Z2,...,zy] is
again Noetherian. The next example provides another large class of Noetherian
rings.

Example 5.2.1

Let R be any commutative ring. We define the ring R|[[z]] of all for-
mal power series over R as the set of all sequences a = (ag, a1, as, - - .),
with componentwise addition and a multiplication given by defining

(ag,a1,az,...) (bo,b1,b2,...) = (co,c1,C2,...) ,

where ¢; = >7,_.,, a;b. It can be checked easily that R[[z]] is a
ring, that R can be identified with elements of the form (a0, 0,0,...),
and that the polynomial ring R[z] can be identified with the subset
of all sequences with only finitely many nonzero terms.

Theorem 5.2.1 (Cohen) Let R be a commutative ring. Then R is Noethe-
rian if and only if every prime ideal of R is finitely generated.

Proof. If R is Noetherian, then every ideal of R is finitely generated.

Conversely, suppose that R is not Noetherian, so that the set A of all ideals
of R that are not finitely generated is nonempty. If {I,} is an ascending chain
of ideals in A, then its union must be in N, since otherwise the generators
of the union would be a finite set of generators for some ideal in the chain.
Applying Zorn’s lemma yields a maximal element I in A/, and I cannot be a
prime ideal, since by assumption every prime ideal is finitely generated. Thus
there exist a,b € R\ I with ab € I, and so I + Rb and {r € R | rb € I} are
ideals which properly contain I, and therefore must be finitely generated.

Assume that ay,as,...,an, generate {r € R | rb € I}, and that b,by,...,b,
generate I + Rb. We can assume that by,...,b, € I. For any x € I, we first
consider z as an element of 7+ Rb, and write z = rb+7r1b1 +- - -+7r,b,. But then
rbe I, sor =s1a1+- -+ Smam, and substituting for b in the expression for x
shows that azb,...,anb,b1,...,b, generate I. This contradicts our assumption,
and so R must be Noetherian. O

Corollary 5.2.2 If R is a commutative Noetherian ring, then so is the ring
R|[[z]] of all formal power series over R.
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Proof. Define a ring homomorphism ¢ : R[[z]] = R by ¢(3.2, a:z*) = ao,
for all Y2 a;z* € R[[z]]. If P is any prime ideal of R[[z]], then ¢(P) is a finitely
generated ideal of R, with generators ag, ..., amo- Thus, for 1 < k < m, there

exist elements fr = > 70 a;z' € P for which the constant term of f, is axo.

Case 1. If z € P, then ayo = fir, — = (Yoo, ariz’ 1) belongs to P. For any
f=Y2yaizt € P wehave f = 3" rparo + x (30, a;z*™"), showing that
P is generated by z,aqq, ..., amo-

Case 2. If z ¢ P, then P is generated by fi,...,fm. To see this, let
f=Yr,az’ € P. Then ap = Y ., rroako, for some ry1,...,Thm € R,
and so f — Y1 Thofr = g1z for some g; € R[[z]]. Since g1z € P, z ¢ P,
and P is prime, it follows that g; € P. It is possible to extend this argument
inductively to obtain f — Y ", (Zzzl rkimi) fx = g;2’ for some g; € R[[z]].

Finally, f = Z;nzl hkfk for hk = Zfio rkixi- O

Theorem 5.2.3 Let R be a commutative Noetherian ring. Then the nil
radical of R is nilpotent. That is, there exists m € Zt such that N(R)™ = (0).

Proof. The proof that N(R) is an ideal (see Proposition 5.1.1) actually
shows that if a® = 0 and b™ = 0, then (ra + sb)"*™ = 0 for any 7,5 € R. An
inductive argument shows that if a1, ..., a; are the generators of N(R), with
a;" =0, then N(R)™ = (0) form =my +---+mg. O

Corollary 5.2.4 If QQ is a primary ideal of the commutative Noetherian
ring R, then there exists a positive integer m such that (vQ)™ C Q.

Lemma 5.2.5 Let J be an ideal of the commutative Noetherian ring R, and
let I =n32,J". Then JI =1.

Proof. Suppose that JI is properly contained in I. By assumption R is
Noetherian, so we can write JI as an intersection JI = @1 N---NQ,, of primary
ideals Qg, for 1 < k < m. Since JI C I, for some index k there must exist
be I\Qy. Foranya € J, we have ab € JI C Qy, and so a™ € @y for some
n since @y is a primary ideal. This shows that J C v/Q%, and it follows from
Corollary 5.2.3 that J® C @y, for some n. By the definition of I we have I C @y,
contradicting our assumption that JI # 1. O

The proof of the next theorem makes use of Lemma 3.2.8 (Nakayama’s
lemma). We review its proof in this context. Let J be the Jacobson radical of
R, and let I be any nonzero ideal of R. The set of ideals properly contained
in I has a maximal element I, since R is Noetherian. Then I/I' is a simple
R-module, so it is annihilated by J(R), which is the intersection of annihilators
of simple R-modules. It follows that JI C I' # I.
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Theorem 5.2.6 (Krull) Let R be a commutative Noetherian ring. Then
the intersection of powers of the Jacobson radical is zero. That is,

M= (J(R)" = (0) ,
where J(R) is the Jacobson radical of R.

Proof. Let J(R) = J, and I = N2, J". If I # (0), then since I is finitely
generated it follows from Nakayama’s lemma that JI # I. This contradicts the
preceding lemma, and so we conclude that I = (0). O

We now state several results whose proofs are beyond the scope of this brief
introduction to Noetherian rings. Recall that in a principal ideal domain every
nonzero prime ideal is maximal, so that the only proper chains of prime ideals
have the form P D (0). This result was extended by Krull to Noetherian rings,
and is known as the principal ideal theorem: If R is a Noetherian ring, aR is a
proper principal ideal of R, and P is any prime ideal minimal over aR, then P
contains no chains of primes longer than P D P;.

We say that a chain Py D P; D --- D P, of prime ideals has length m. An
induction argument can be used to generalize the principal ideal theorem, and
this important result is usually called Krull’s generalized principal ideal theo-
rem. We will investigate some of its consequences for the study of polynomial
rings.

Theorem 5.2.7 (Generalized principal ideal theorem) Let I be a
proper ideal of the Noetherian ring R. If I is generated by m elements, and P
is any prime ideal minimal over I, then any chain of primes P D P; D --- has
length at most m.

Proof. See Section 7.17 of [5] on Krull dimension. O

One important consequence of the generalized principal ideal theorem is that
any Noetherian ring satisfies the descending chain condition for prime ideals.
There may or may not be a uniform bound on the lengths of chains of prime
ideals of a Noetherian ring. If R is Noetherian, and has a chain of prime ideals
of length n, but none longer, then we say that R has Krull dimension equal to
n.

A field F is said to be algebraically closed if every monic polynomial of
positive degree with coefficients in F' has a root in F'. As a second consequence
of the generalized principal ideal theorem, we can compute the Krull dimension
of the polynomial ring R = F[z1,22,...,Z,], where F is algebraically closed. It
can be shown that any maximal ideal of R is generated by n elements z1 — aq,
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Ty — @2, ..., T, — ap. 1t follows that any chain of prime ideals of R has length
at most n. Of course, there is a chain of length n, given by

(T1,%2, ..., %Tn) D (T2, ..., Tn) D --- D (zy) D (0) .

Thus R has Krull dimension n.
We end the section with an important theorem due to Hilbert.

Lemma 5.2.8 Let F be an algebraically closed field, and let f, fi,..., fm

be elements of the polynomial ring Fxy,...,z,]. If the system
f(z1,...,2,) #0
fi(@, .o an) =0 = (@1, 20) =0

has a solution in some extension field of F', then it must have a solution in F'.

Theorem 5.2.9 (Hilbert’s Nullstellensatz) Let F' be an algebraically
closed field, and let I be any ideal of the polynomial ring Flx1,...,2z,]. Then
VT consists of all elements f € Flxy,...,x,] such that f(ai,az,...,a,) =0
for all (a1,aa,-..,ay,) such that g(ai,az,...,a,) =0 for all g € I.

Proof. For proofs of the Nullstellensatz and the preceding lemma, see
Section 7.12 of [5]. O

EXERCISES: SECTION 5.2

1. Let R be a commutative Noetherian ring. Prove that if every prime ideal of R
is maximal, then R is Artinian.

2. Let D be a Noetherian integral domain. Show that if S is any multiplicative
set in D, then Dg is Noetherian.

3. Let I be an ideal of a Noetherian ring R, let M be a finitely generated R-module,
and let N =N, I"M. Show that IN = N.

4. Let R be a Noetherian ring, and let M be a finitely generated R module. A
submodule @ of M is said to be a primary submodule if for all a € R and all
x € M, we have the following condition: if az € @ but z ¢ @, then "M C Q
for some positive integer n. Prove that any submodule of M can be written as
a finite intersection of primary submodules of M.
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5.3 Dedekind domains

In this section we investigate a new approach to unique factorization, using
ideals rather than elements. If D is a principal ideal domain, then any nonzero
ideal I of D has the form I = aD for some nonzero a € D with a = p1ps---pn,
for irreducible elements p1,psa,...,p, of D. It follows that I is a product of
prime ideals, since aD = HLI p;D. We use this condition as our definition of
a Dedekind domain.

Definition 5.3.1 An integral domain D is called a Dedekind domain if each
proper ideal of D can be written as a product of a finite number of prime ideals
of D.

We will show in Theorem 5.3.4 that a Dedekind domain has some of the
properties of a principal ideal domain. Specifically, a Dedekind domain must
be Noetherian, and any nonzero prime ideal of a Dedekind domain must be max-
imal. This shows that a unique factorization domain can fail to be a Dedekind
domain, since, for example, the unique factorization domain Q[z,y] contains
the nonzero prime ideals (z) C (z,y).

We will prove a number of facts about Dedekind domains by using the notion
of an ‘inverse’ of an ideal. This necessitates the introduction of the following
concept.

Definition 5.3.2 Let D be an integral domain with quotient field F. A
fractional ideal of D is a nonzero D-submodule I of F such that there exists
0#de D withdl C D.

If I is a fractional ideal of D, we define

I"'={qeF|ql CD},

and say that I is invertible if I~1-T = D.

The preceding definition relies on the following observation. If D is an
integral domain with quotient field F', then it is not difficult to check the if
I, I, are fractional ideals of D, then so are I1 + Iz, I) N I5, and I I», where

LI ={}" uv;|u €I and v; € L} .

Example 5.3.1
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In the field of rational numbers Q, the set %Z of all multiples of 1/2
is a fractional ideal of Z. In fact it is an invertible fractional ideal,
with inverse 27Z.

More generally, if D is an integral domain with quotient field
F, let I be any nonzero finitely generated D-submodule of F. If
d is the product of the denominators of the generators of I, then
dI C D, showing that I is a fractional ideal. If I is generated by
a single element ¢ € F, then ¢ 'D - gD = D, so in this case I is
invertible.

Lemma 5.3.3 Let D be an integral domain with quotient field F', and let
I be an ideal of D that is invertible when considered as a fractional ideal. The
following conditions hold.

(a) The ideal I is finitely generated.

(b) If I is a product of prime ideals, then this product is unique (up to
order).

Proof. (a) Let I be any invertible fractional ideal. Since I"!-I = D, there
exist elements u; € I™%, v; € I, for 1 < ¢ < n, with )", u;u; = 1. For any
element z € I we have z = Y, (u;x)v;, and since u;z € D, this shows that
v1,...,V, are generators for I.

(b) Assume that I = PPy --- P, = Q1Q2 - - - Qp, for prime ideals Py, ..., P,
and Q1,...Qmn,. Since I~*-T = D, wehave (I"1P,--- P,)P, = D, etc., showing
that each of the prime ideals P; and @; is invertible. Since P; is prime and
P D Q1Q2 - -- Qn, it follows that P, contains one of the primes ();, and (after
renumbering if necessary) we can assume that P, D @;. Now Plel is an
ideal of D since Plel C PflPl =D,so P, (Plel) = () implies that either
P, C @Qq or Pfl C Q1. The second case is impossible since it implies that
P L' ¢ D, and so we conclude that P, = Q.

Multiplying I by P!, we obtain Py---P, = Qa---Q,,. (In case n = 1,
we have D = Q2 ---Q,, which is impossible.) An induction argument now
completes the proof. O

Theorem 5.3.4 The following conditions hold for any Dedekind domain D.
(a) Every nonzero ideal of D is invertible.

(b) Every proper ideal of D can be written uniquely (up to order) as a
product of a finite number of prime ideals of D;

(c) D is a Noetherian domain.

(d) Every nonzero prime ideal of D is mazimal.
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Proof. (a) Since every nonzero ideal of D is a product of finitely many
prime ideals, it suffices to prove that every nonzero prime ideal is invertible.
Let P be a nonzero prime ideal of D, and let p be a nonzero element of P. Then
pD = PP, --- P, for prime ideals Py,..., P,, and each of these prime ideals
is invertible since pD is invertible. Since P is prime and PP, --- P, C P, we
must have P; C P for some ¢. If we can show that P; is maximal, then we must
have P; = P, and hence P is invertible.

To complete the proof, we will show that any invertible prime ideal of D
is maximal. Let @) be an invertible prime ideal of D, and let a € D\ Q. Our
strategy is to show that aQ + Q% = @, and then since @ is invertible we obtain
aD+ @ = D, showing that aD + @ is invertible is an invertible element of D/Q,
and therefore D/Q is a field.

To prove the claim that aQ + Q? = @, we first observe that D/@) must
be a Dedekind domain. This follows from the fact that every nonzero ideal of
D/@ has the form I/Q for an ideal I of D with I D @, and the representation
of I as a product I = P;---P, of prime ideals of D yields a representation
of I/Q as a product I/Q = (P1/Q)---(P,/Q) of prime ideals of D/Q. Let
I=aD+Q=P,---P,and J =a’D + Q = Q1 --- Q,, be representations of
these two ideals as products of prime ideals of D. In D/Q we have I?/Q = J/Q,
and since J/Q is a principal ideal of D/Q, it is invertible, so the preceding
lemma shows that the prime factorizations of I?/Q and J/Q in D/Q must be
the same (up to order). The one-to-one correspondence between prime ideals
of D/Q and D shows that we must have P2--- P2 = Q1 ---Qp, and so I? = J.
Thus Q C I? = a?D + aQ + Q% C aD + @2, so for any element x € () we have
x = ad + y, for some a,d € D andy € Q?. Thenad =2z -y € Q,s0d € Q
since a ¢ @, and in fact we have Q C aQ + Q% C Q. This verifies the claim,
and completes the proof of part (a).

The proofs of (b) and (c) follow from the preceding lemma, and we have
actually proved (d) in the course of proving part (a). O

Before giving several characterizations of Dedekind domains, we need addi-
tional information about fractional ideals. In a principal ideal domain, every
nonzero ideal is a free module on one generator. We can generalize this to
Dedekind domains by showing that every nonzero ideal is projective, and finitely
generated. In fact, every ideal can be generated by at most two elements. (See
the exercises.)

Proposition 5.3.5 Let D be an integral domain. A fractional ideal I of D
1s invertible if and only if it is projective as a D-module.

Proof. First assume that I is an invertible fractional ideal of D. There
exist u; € I"1 and v; € I, for 1 < i < m, with 1 = 3" | u;v;, and so for
any z € I we have z = )" (u;z)v;, with u;z € D. Therefore we can define
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D-homomorphisms f : D™ — I by f(di,...,d,) = Y., div;and g : I — D"
by g(z) = (zu1,...,zu,). Since fg = 1y, it follows that I is isomorphic to a
direct summand of a free module.

Conversely, assume that I is projective, with a D-homomorphism f: M — I
from a free D-module M onto I, and a splitting D-homomorphism g : I — M.
Let o : M — D be the projection of M onto the component indexed by «, and
let fo : D — I be the component of f indexed by a. If for each component we
let fo(1) = v, then for any nonzero q € I, the element g(g) has only finitely
many nonzero components, and

q=fg(q) = Eae,] fa(mag(q)) = ZaeJWaQ(Q)fa(l) = ZaeJ Tag(q) - Vo -

Now consider 7,9 : I — D. There exists 0 # d € D with dI C D, so for any
q € I we have the equation

dva(709(q)) = Tag(dvagq) = dg(mag(va))

in D. This leads to the equation

7a9(q) = (v3"Q)(Tag(va))

in the quotient field of D, which shows that v 'm,g(ve) € 171, and also shows
that v;1q € D since m,9(q) € D and 7,9(ve) € D. We now have

4= hes fo(ma9(@)) = Xoe s 1a9(@) va = X ey (05 D) (Mag(va)) - va
and cancelling ¢ yields the following sum, which is taken over the nonzero
components of g(g).
1=, (v mig(vi) - vs

Since v[lmg(vi) € It and v; € I for 1 < i < n, we have shown that I is
invertible. O

Theorem 5.3.6 The following conditions are equivalent for an integral do-
main D:

(1) D is a Dedekind domain;

(2) every nonzero ideal of D is invertible;

(3) every fractional ideal of D is invertible;

(4) every nonzero ideal of D is projective as a D-module.

Proof. (1) = (2) This follows from Theorem 5.3.4.
(2) = (4) This was shown in Proposition 5.3.5.

(4) = (3) Let I be a fractional ideal of D, with dI C D for 0 # d € D. Then
I is isomorphic to the ideal dI via the D-homomorphism f(q) = dg, forallg € I,
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and so I is projective since dI is projective. It follows from Proposition 5.3.5
that I is invertible.

(3) = (2) This implication is clear.

(2) = (1) Assume that there exists a nonzero ideal of D that cannot be
written as a finite product of prime ideals of D. Since every nonzero ideal
of D is invertible, every nonzero ideal of D is finitely generated, and so D is
Noetherian. Therefore, since the set of nonzero ideals that cannot be expressed
as a finite product of prime ideals is nonempty, it must have a maximal element
I. The ideal I cannot itself be prime, so it cannot be maximal, and thus there
exists a maximal ideal P of D with I C P C D. Using the assumption that every
nonzero ideal of D is invertible, we have IP~! C D since I C P. Furthermore,
there exist u; € P~" and v; € P, for 1 < i < n, such that 31" ujv; = 1.
It follows from this identity that I C TP~ and I = (IP~Y)P. If [ = I[P~
then P! = D, contradicting the fact that P is a proper ideal, so the choice of
I implies that TP~! can be expressed as a finite product of prime ideals. We
conclude that I = (IP~!)P is a finite product of prime ideals, a contradiction.
This completes the proof. O

If D is a Dedekind domain, then for any proper nonzero ideal I of D we have
I7'T = D, and so I"! must be strictly larger than D. The same result holds
more generally, and we will need it in the next section to give an additional
characterization of Dedekind domains.

Proposition 5.3.7 Let D be an integral domain with quotient field F. As-
sume that D is Noetherian and that every nonzero prime ideal of D is mazimal.
Then for any proper nonzero ideal I of D there exists ¢ € F'\ D with ¢I C D.

Proof. Let I be a proper nonzero ideal of D. If I is a principal ideal, say
I =aD, thena=! € F\ D and a='I C D. If I is not principal, let a be any
nonzero element of D, and let P be a maximal ideal of D with I C P. Using an
argument similar to that in Theorem 5.3.6, it can be shown that any nonzero
ideal of a Noetherian domain contains a product of nonzero prime ideals. (If
the condition fails, choose a maximal such ideal. It cannot be prime, hence
contains a product of larger ideals, each of which contains a product of primes,
and this contradicts the assumption.) Thus there exist nonzero prime ideals
P,P,...,P, of D with PP,---P, C aD, and one of these ideals must be
contained in P, say P; C P, since P is prime. By assumption, every nonzero
prime ideal of D is maximal, so it follows that P, = P. We thus have

PPy---P,CaDCICPCD,

and by omitting unnecessary prime ideals, we can assume that P - -- P, is not
contained in aD. If we choose an element b € Py--- P, \ aD, then a~ b ¢ D,
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since b ¢ aD. We have
a I Ca P Ca 'PP,---P,Ca taD=D,
and this completes the proof. O

EXERCISES: SECTION 5.3

1. Show that if D is a Dedekind domain, then D/I is Artinian for all nonzero
ideals I of D.

2. Let D be any integral domain. Show that the set of invertible fractional ideals
of D forms a group.

3. Let D be an integral domain. Show that D is a Dedekind domain if and only if
every divisible D-module is injective.

4. Let D be an integral domain. Prove that D is a Dedekind domain if and only
if for each nonzero ideal I of D and each 0 # a € I there exists b € I such that
I=aD+bD.

5.4 Integral extensions

We recall that an extension field F' O K in which each element is a root of a
nonzero polynomial with coefficients in K is said to be algebraic over K. There
is a similar concept for ring extensions T' O R, which reduces to the familiar
one for fields.

Definition 5.4.1 Let R be a subring of the commutative ring T.

(a) An element u € T is said to be integral over R if there exists a monic
polynomial f(x) € R[z] such that f(u) = 0.

(b) The ring T is said to be an integral extension of R if each element of
T is integral over R.

Proposition 5.4.2 Let R be a subring of the commutative ring T. The
following conditions are equivalent for an elementuw € T':

(1) w is integral over R;

(2) the subring R[u] generated by R and u is finitely generated as an R-
module;

(3) there exists a subring R' with R C R' C T such that R[u] C R’ and R’
is finitely generated as an R-module;

(4) there exists a faithful Rlu]-submodule of T that is finitely generated as
an R-module.
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Proof. (1) = (2) Let f(z) = 2" + ap_12™ ! + ...+ a1z + ap be a monic

polynomial in R[z] with f(u) = 0. Then " = —a,_1u" ! — ... — a;u — ao,
and an inductive argument shows that E?;OI Ru’® contains u™ for all m > 0, so
R[u] is generated as an R-module by {1,u,...,u""1}.

(2) = (3) We can simply let R’ = RJu].

(3) = (4) We can simply take R’ to be the required R[u]-module.

(3) = (1) Assume that M is a faithful R[u]-submodule of T, with M =
>, Rt; for t1,...,t, € T. Since ut; € M, for 1 < i < n we have ut; =
Z;;l ai;jtj, with a;; € R. The coeflicients a;; define a matrix A = [a;;], and if
we let & be the column vector with entries t¢y,...,t,, then in matrix form we
have the equation

ulz = Ax |

where I is the n x n identity matrix.

Let d = det(ul — A). Multiplying the matrix equation (ul — A)z = 0 by the
adjoint of the matrix ul — A, we obtain dlz = 0, so dt; = 0 for 1 <7 < n. Since
M is a faithful R[u]-module and dM = (0), it follows that d = 0. Expanding
det(ul — A) yields an expression of the form u™ + b, _ju™ ! +...bju+ bg, which
must equal zero, and this produces the necessary monic polynomial in R[z] that
has u as a root. O

Corollary 5.4.3 Let R be a subring of the commutative ring T. If T is
finitely generated as a module over R, then T is an integral extension of R.

We can now provide numerous examples of integral ring extensions. The
rings of Gaussian integers Z[i] is an integral extensions of Z, as is Z[v/—5] (the
example of a non-UFD), since both are finitely generated as modules over Z.

Let R be a subring of T such that T is finitely generated as a module over
R, say T = Y., Rt;. Then it is clear that T[z] = Y ., R[z]t;, and so the
polynomial ring T'[z] is an integral extension of R[z].

As a final example, we note that any polynomial ring R[z] is an integral
extension of the subring R[z"] generated by z". To see this, we only need to
note that R[z] is generated as an R[z"]-module by the set {1,z,...,z""'}.

Corollary 5.4.4 Let R be a subring of the commutative ring T'. Then
R= {u € T'| u is integral over R}
is a subring of T.

Proof. Let u,v € R, with f() = 0 and g(v) = 0 for monic polynomials
in R[z] of degrees n and m, respectively. As in the proof of Proposition 5.4.2,
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the subring R[u,v] is generated as an R-module by {u‘v/}, for 0 <4 < n and
0 < j < m. Since v — v and uv belong to R[u,v], it follows that both belong to
R. This implies that R is a subring of . O

Definition 5.4.5 Let R be a subring of the commutative ring T.

(a) The subring R of all elements integral over R is called the integral
closure of R in T.

(b) If R = R, then we say that R is integrally closed in T. If D is an
integral domain that is integrally closed in its quotient field, then we simply say
that D is integrally closed.

Example 5.4.1

We will show that any principal ideal domain is integrally closed in
its quotient field. If D is a principal ideal domain with quotient field
@, then each nonzero element of @ can be expressed in the form a/b,
where a,b are nonzero elements of D and ged(a,b) = 1. If a/bis a
root of the monic polynomial 2" 4+ c,_12™ ' +... + c12 + co, then
a” + cp_1a™ b+ ...+ crab™ ! + ¢ob™ = 0, which implies that b is
a divisor of a™. This is impossible unless b is a unit, in which case
a/be D.

The previous example shows that we cannot find an integral extension R of
Z with Z C R C Q. The examples given previously of integral extensions of Z
were subrings of R or C.

The next proposition shows that Q is not an integral extension of any sub-
ring.

Proposition 5.4.6 Let R be a subring of the integral domain D, and as-
sume that D is an integral extension of R. Then D is a field if and only if R
is a field.

Proof. First assume that R is a field. Let u be a nonzero element of D,
and let f(z) = 2" + an_12" ' + ... + a1x + ap be a monic polynomial in
R[z] of minimal degree in the set of polynomials having u as a root. Then
Ut + ap_ ™ P+ ...+au+ag =0, and if ag = 0 then we can cancel u to
obtain a monic polynomial of lower degree with u as a root. Thus we must have
ap # 0, and therefore the equation u(u™ ! +a, 14" 2+...4+a1) = —ag shows
that wu is invertible in D if and only if ag is invertible in R. Since R is assumed
to be a field, it follows that D is a field.
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Conversely, assume that D is a field and a is a nonzero element of R. Then
a~! exists in D, and since D is integral over R there exists a monic polynomial
f(@) =2"+apn_12" 1 +...+a1x+ap in R[z] with f(a=!) = 0. Since (a=1)" +
an—1(a™)" ' + ...+ a1a” + ap = 0, we can multiply by a” to obtain 1 +
Gn_10+ ...+ a1a” ' +aga™ = 0. This shows that a~! = —a,_1 —...—aga™ !
in fact belongs to R, and so R is a field. O

Corollary 5.4.7 Let R be a subring of the commutative ring T, and assume
that T is an integral extension of R. If Q is a prime ideal of T, then @ is a
mazimal ideal of T if and only if @ N R is a mazimal ideal of R.

Proof. Let @ be any prime ideal of T', and let P = QNR. The composition of
the inclusion R — T and natural projection T' — T'/Q is a ring homomorphism
with kernel @ N R = P, and so there is an induced ring homomorphism R/P —
T/@ that is one-to-one, and we can identify R/P with its image in T'/Q). Since
T is an integral extension of R, by simply reducing coefficients modulo P it
is easy to see that each element of 7/Q is a root of a monic polynomial with
coefficients in R/P. By the preceding proposition, T'/@Q is a field if and only if
R/P is a field, so () is maximal if and only if P is maximal. O

Proposition 5.4.8 Let R be a subring of the integral domain D, and as-
sume that D is an integral extension of R. If S is any multiplicative set of R,
then Dg is an integral extension of Rg.

Proof. Let % be a nonzero element of Dg, with v € D and s € S. Since D

is an integral extension of R, there exists a polynomial f(z) = 2" +a,_1z" " +

...+a1x+ag in R[z] with f(u) = 0. It follows that g(%) = 0 for the polynomial
o) = an+ Pt A 0

sn—l s

in Rgz]. O

Theorem 5.4.9 Let R be a subring of the integral domain D, and assume
that D is an integral extension of R.

(a) (Incomparability) Let Q,Q" be prime ideals of D such that Q C Q'.
Then Q # Q' implies QN R # Q' N R.

(b) (Lying-over) For each prime ideal P of R there exists a prime ideal
Q of D such that QN R = P.

(¢) (Going up) If P C P' are prime ideals of R, and Q is a prime ideal
of D with QN R = P, then there exists a prime ideal Q' of D such that Q C Q'
and @ "NR=P.



5.4. INTEGRAL EXTENSIONS J.A.Beachy 259

Proof. (a) Let @,Q" be prime ideals of D such that @ C Q', and let
Q@ NR = P. Then R/P is isomorphic to a subring of D/@, so P is a prime
ideal of R, and therefore S = R\ P is a multiplicative set in both R and D. By
Proposition 5.4.8, the localization Dg of D at S is an integral extension of the
localization Rg of R at S. It can easily be checked that Qs N Rs = Ps, and so
Corollary 5.4.7 implies that g is a maximal ideal of Dg since Pgs is a maximal
ideal of Rs. f @’ NR = QN R = P, then Q' NS = 0, and so it follows from
Theorem 1.3.11 that QY is a prime ideal of Dg with Qs C Q%. The maximality
of Qs implies that Qs = QY%, and therefore Q = Q.

(b) Let P be a prime ideal P of R, and let S be the multiplicative set R\ P.
We again consider the localizations Rs C Dg. We can choose a maximal ideal
of Dg, which must have the form Qg for some maximal ideal () of D. As in
part (a), since Dg is integral over Rg, the ideal Qs N Rg must be maximal in
Rg, so Qs N Rgs = Pgs since Pg is the only maximal ideal of Rg. Now consider
the following diagram, in which the vertical mappings are all one-to-one.

R — D — D/Q

\ \ \
Rs — Dsg — DS/QS

The kernel of the bottom row is Pg, since Qs N Rs = Ps. It can be checked
that the kernel of the top row is P, and so Q N R = P.

(c) Let P C P’ be prime ideals of R, and let @ be a prime ideal of D with
@ N R = P. The canonical mapping from R/P into D/(Q is one-to-one since
QN R = P, and so we can identify R/P with its image in D/Q. Since D/Q
is an integral extension of R/P, it follows from part (b) that we can find a
prime ideal Q'/Q of D/Q lying over the prime ideal P'/P of R/P. Consider
the following diagram, in which the vertical mappings are all onto.

R — D — D/Q’

\ + \

rR/P — D/Q — (D/Q)/(Q'/Q)

Since (Q'/Q) N (R/P) = (P'/P), the kernel of the bottom row is P'/P, and
it follows that the kernel of the top row is P’, showing that Q' " R = P’, as
required. O

In the setting of the previous theorem, if we assume in addition that R is an
integrally closed domain, then a further condition holds, known as ‘going down’.
We state the result without proof: Let R be a subring of the integral domain
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D, assume that D is an integral extension of R, and that R is an integrally
closed domain. If P’ C P are prime ideals of R, and @ is a prime ideal of D
with Q N R = P, then there exists a prime ideal Q' of D such that Q' C @ and
Q' NR=P.

We can now give an additional characterization of Dedekind domains.

Theorem 5.4.10 The following conditions are equivalent for an integral
domain D:

(1) D is a Dedekind domain;

(2) D is Noetherian, integrally closed in its quotient field, and each nonzero
prime ideal of D is maximal.

Proof. First assume that D is a Dedekind domain with quotient field
F. Then Theorem 5.3.4 shows that D is Noetherian, and that each nonzero
prime ideal of D is maximal. To show that D is integrally closed in F, let
u € F be an element integral over D, and assume that u is a root of a monic
polynomial f(z) in D[z] of degree n. Let I be the D-submodule of F' generated
by {1,u,...,u" 1}. Tt follows from the relation given by f(z) that I contains all
powers of u, and therefore I? C I. Since I is a finitely generated D-submodule
of F, it is a fractional ideal, which must be invertible since D is a Dedekind
domain. This implies that I C D, and so u € D.

Conversely, assume that D is Noetherian, integrally closed, and each nonzero
prime ideal of D is maximal. Let I be any ideal of D, and suppose that I~
is properly contained in D. Then I~ 'I is an ideal of D, and it follows from
Proposition 5.3.7 that there exists u € F \ D with u(I"'I) C D. For any
element ¢ € 1=, and any a € I, we have (uq)a = u(ga) € u(I~'I) C D, and
this shows that uq € I!, so ul~! C I"!. Because D is Noetherian, the ideal
I is finitely generated, and if we let d be the product of these generators, then
dI~! C D, showing that I~! is a fractional ideal. Furthermore, dI~! is an ideal
of D, so it is finitely generated, say dI~! = i1 Da;. Tt can be checked that

=>"" , Da;d™'. Thus I"! is a faithful D[u]-submodule of F' that is finitely
generated as a D-module, and so w is integral over D. Since D is assumed to
be integrally closed, this implies that u € D, contradicting the choice of u. We
conclude that I~1I is not properly contained in D, so I~'I = D, and thus I is
invertible. O

The next theorem implies that unique factorization of ideals holds in the
rings that are of interest in number theory. We state the theorem, with a
reference to a proof that used Theorem 5.4.10. In the theorem, D is an integral
extension of D, and so it follows from Theorem 5.4.9 that every nonzero prime
ideal of D is max1ma1 It is not too difficult to prove that Dis integrally closed,
so the hardest part of the proof lies in showing that D is a Noetherian ring.
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Theorem 5.4.11 Let D be an integral domain with quotient field (), and
let F be a finite extension field of Q. If D is the set of all elements of F' that
are integral over D, then D is a Dedekind domain.

Proof. See the proof of Theorem 10.7 of[5]. O

Let p be a prime, and let p be a primitive pth root of unity. If Z[p] denotes
the subring of C generated by p, then it can be shown that Z[p] is the integral
closure of Z in Q(p), the splitting field over Q of z? — 1. It follows that Z[p] is
a Dedekind domain.

EXERCISES: SECTION 5.4

1. Show that Z[z] is an integrally closed domain.

2. Suppose that the ring T is an integral extension of 7", and T’ is an integral
extension of R. Show that 7" is an integral extension of R.

3. Let T be an integral extension of R. Show that the polynomial ring T'[z] is an
integral extension of R[z].

4. Prove that any unique factorization domain is integrally closed.

5. Let D be an integral domain. Prove that D is a Dedekind domain if and only
if D is Noetherian, integrally closed in its quotient field, and D/I is Artinian
for all nonzero ideals I of D.

6. Let T be an integral extension of R. Prove that J(R) = RN J(T).
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