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ABSTRACT. In recent years, the pioneering g-series methods initiated by Rogers and
extended by Bailey have found extensive applications in number theory and physics.
In this paper we show how some of the work of D. B. Sears can be understood and

extended once it has been related to the Bailey Transform.

1. Introduction. In a series of papers written in the late 1940’s and early 1950’s

[6]-[10], D. B. Sears provided an extensive investigation of basic hypergeometric

series. His discoveries have been used many times in application (cf. [5]).

Unfortunately his work predates the explosion of interest in g-series. This means

that his slightly idiosyncratic notation has masked some of the relations of his work

with more recent developments.

In this paper we propose to examine just one of his discoveries, Theorem 3 of [8;

p- 167], which we restate without use of Sears’ umbral notation.

Sears’ Theorem. Let 6,.(r = 0) denote a sequence of complex numbers.

subject to absolute convergence conditions
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Sears’ principal use of this quite general result is to prove the following identity

which has turned out to be quite useful [5; p. 41].

a,b,c,q7"59,q9\ _ (g/c)n(eg/ab)n e/a,e/b,c,q™™;q,q
18 (M ) = e ()

where abc = eghg™ !, and
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In Section 2, we shall show that Sears’ Theorem is, in fact, an instance of the
Bailey transform [11; §2.4, p. 58]. Given this observation we are led to a Bailey
Chain-like iteration of Sears’ Theorem in Section 3. In Section 4, we examine some

of the corollaries of the general results in Section 3.

2. Bailey’s Transform.
In the 1940’s, W. N. Bailey [4] boiled the methods of L. J. Rogers down into one
simple assertion:

Bailey’s Transform ([4; p. 1] [11; §2.4, p.58)])

If
n
/Bn = Zarun—r’un—km
r=n
and
oo
Yn = Zarun—rvn+r;
r=n
then

Z UnYn = Z Bn(sn
n=0 n=0

As Bailey remarks [4; p. 1], “The proof is almost trivial.” From this point, Bailey

then examines instances wherein

(2.1) on = (p1)n(p2)n(ag/p1p2)",

and
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Then in a Section 4 less than a half page in length, Bailey provides the recipe for
what later becomes Bailey’s Lemma [1; p. 270], [2; p. 25| the basis of the Bailey
Chains [1; p. 278], [2; p. 28].

In each of these applications, the v, and J,, are a fixed pair, and the “Bailey

pair” (ag, B,) are then specialized in a variety of ways.

Actually Sears’ Theorem is the following instance of Bailey’s Transform:

and

Pn=7377" , on=

All that is necessary to guarantee that this is a valid instance of Bailey’s Transform

to check the hypothesis
b
_ Z" _ Z” (%)
IBTL - AplUp—rUntr = Op——~— -
r=0 r=0 (Q)n—T

However, this is nothing more than the g-Pfaff-Saalschutz identity [5; eq. (1.7.2),

p. 13] in full generality.

Thus Sears’ Theorem is an instance of the Bailey Transform in which the «,, and
By are strictly specified while the ~,, d,, pair are left in terms of the free sequence
[

Thus suggests that the Bailey Chain style of iteration may well have some coun-
terpart. It turns out that there is less freedom here; however there is one possible
iteration that is the counterpart of the unitary Bailey Chain [3]. This provides

Theorem 1 of the next section.
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Theorem 1. For integers 0 S £ <r —1

(CO7CD"'7C’I‘;Q7:E>
fla"'7f’r‘
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Proof. We proceed by mathematical induction. The case £ = 0 is an immediate

tautology.

So we assume the theorem true for a particular £ < r — 1, and apply Sears’

Theorem to the ,_y1¢,—¢ on the right-hand side with

Co---C . .
a=2"""t b=Crrg" Tt | e= fiyig
Ji-- fe

i1 i

and
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Hence Sears’ Theorem tells us that

(3.2)
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Inserting this latter expression for the ,_s1¢,._p in (3.1) we obtain (after sim-
plification arising from the fact that (A),(A4¢™)m = (A)n+m) (3.1) with £ replaced

by ¢+ 1. Consequently Theorem 1 is proved by mathematical induction. O

There are a number of natural corollaries of Theorem 1. We choose two of the

most obvious.

Corollary 1.
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Proof. In Theorem 1,set £ =7r —1,x = 61%7& and note that

Co---Cr_1 t14- i fi--fr
(3.4) gy | FrFr- 1’Cq1 N o0y
frqll-i- A1

(flmfrq"ﬁ“'*"rfl) (f)
Co---Cr_1 C,
[e.e] (e8]

(it (clbider)

by the g-analog of Gauss’s theorem [5; eq. (1.5.1), p. 10]. Simplification then yields

Corollary 1. O

Corollary 2.

(3.5)
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Proof. In Theorem 1,set £ =r—1, f, = #, T = % and note that
(3.6)
Co---Cr 1 3 e f1 fr— 1q
o [ 7 fM,qu L Ss oy
271 fioofroaCrg Pt
Co---Cr_1
o 2..f2  Cpgttirttina
(=@ oo (Crg' TitFir-1:g%) (f1 ! oL e ;q2)
= _ i r— 00
fiofro1Cpg'tt Hir—141 _fifroaq 1<1 ’
Co-Cr_1 o T Co-Cr1 o

by the Bailey-Daum summation [5; eq. (1.8.1), p. 14]. Simplification then yields

Y 11
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We are unaware of any instances of Corollary 2 appearing before; so we conclude

this section by exhibiting the r = 2 case of Corollary 2. Namely,

(3.7)
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4. Applications.

The object here is to illustrate how these results may be applied. We note in
passing that Corollary 1 with » = 3 may be applied to Bailey’s identities (6.1)
and (6.3) of [4] while Corollary 1 with » = 4 may be applied to Bailey’s identities
(6.2) and (6.4) of [4]. Thus we may obtain a variety of summations of the Rogers-
Ramanujan type for double and triple ¢-series.

The novelty of Corollary 2 suggests we examine at least one special case. Let C

and C; — oo, and Cy = ¢ in (3.7).

(4.1) Z (_1();3” Ji

21—}—1

X

If we set f; = —q, then the left-hand side of (4.1) is one of the fifth-order mock

f1)2z-|-1 G qY)it1

theta functions defined by Ramanujan, and the resulting identity is equivalent to

R A T T 1 L /Y NT YXX7_ 4. T11
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