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HYPERGEOMETRIC FUNCTIONS II
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ABSTRACT. In this paper we apply a modification of a generalized Pring-
sheim’s theorem to obtain a G-continued fraction expansion for the quo-
tient of two contiguous basic hypergeometric functions in arbitrarily
many variables. As an application we obtain a G-continued fraction
extension of the Rogers—Ramanujan continued fraction.

1. INTRODUCTION

In [1], [2], [5] the problem of expanding basic hypergeometric functions
into continued fractions was studied. The goal of [1] was to maximize the
number of free parameters in a continued fraction which extended the famous
Rogers-Ramanujan continued fraction as well as the Rogers-Ramanujan
identities. One problem is that as one adds free parameters to basic hy-
pergeometric functions, the order of the difference equations they satisfy
increases and soon it is not possible to find the second order recurrences
necessary for continued fractions.

In the previous paper [4] we applied a generalization of the continued frac-
tion process which arises from higher order recurrences. This generalization
is known as a G-continued fraction [10]. In this paper using g-difference
equations we find a G-continued fraction expansion for the quotient of two
basic hypergeometric functions in arbitrarily many variables. In [4] we gave
a similar expansion, but here the functions involved are different and the
method to prove convergence are also new. For convergence in [4] we used
the theorem of Zahar [15] and the fact that for the basic hypergeometric
functions considered, the full vector space of solutions of their g-difference
equations is easy to write down. The theorem of Zahar [15] extends the
theorem of Pincherle [11] for ordinary continued fractions. However, when
the full vector space of solutions of the ¢-difference equation is not known,
or is difficult to describe, the theorem of Zahar [15] can be hard to apply.
An example of this for ordinary continued fractions is the g-difference equa-
tion which generates the famous Rogers-Ramanujan continued fraction. In
this paper we consider the general case using a different method to obtain
convergence results. To approach the general case we use a modification of
a generalization of Pringsheim’s theorem due to Levrie [7]. In [7] the theory
on infinite systems of equations, developed by Kantorovich and Krylov [6],
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was used to prove a generalization of Pringsheim’s theorem. Using a variant
of this method, we obtain convergence for an explicit G-continued fraction
which represents the quotient of two contiguous basic hypergeometric series.
As an application of this result, we obtain an infinite family of G-continued
fractions generalizing the famous Rogers-Ramanujan continued fraction. See
Theorem 7 and its corollaries for this result.

First we review basic results and prove the variant of Levrie’s theorem
which we use to derive our G-continued fraction expansion.

2. DEFINITION AND NOTATION

We begin with the definition of a G-continued fraction. Consider the
m-th-order linear homogeneous recurrence relation of the form

@1 3w = 0. ag(m)am(n) £0m =0, 1,....
1=0

Here the a;(n) 0 <% < m are given sequences of complex constants. Define
the following transformations s, and S, from C™~! into CU{oo} iteratively
in terms of the sequences a;(n) by the following equations.

Sp(wiy ..oy wm—1)
_am(“)
am—1(n) + am—2(n)wr + am—s(n)wiws + - -+ + ag(n)wiws « - Wpy—1

?

S1(w1, . ,wm_l) = 31(’11)1, . ,wm_l),
Sn(wl, . ,wm_l) = Sn_l(sn(wl, . ,wm_l),wl, . ,wm_g),
for n > 1, and f, = S,(0,0,...,0). Then the sequence f, are called the
(n + 1)-st approximants of the G-continued fraction

9] [ _a’m(n) :|
"= Lam-1(n);-..;a0(n)
If f = lim, 00 fr exists, then the G-continued fraction is said to converge
to this limiting value and we write
[e's) —am (n)

"= [am(n);...;ao(n)] =/

3. INFINITE SYSTEMS

In this section we review the basics of infinite systems from [6] to give
a context for the next section. Recall the following definitions on infinite
system of equations. The system of equations

a0,0T0 + ap,11 + ... = bo

a1,0T0 + a1,171 +...= bl
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is called an infinite system of linear equations in an infinite set of unknowns.
Here a; ; and b; are complex numbers and the z; are unknowns. Notice that
by singling out x; in the ¢-th equation and transposing it to the left side,
the given system can be written in the following form:

o)
(3.1) T; = Z Ci k Tk + b; 1=20,1,...
k=0, ki

Definition 1. The infinite system of equations (3.1) is said to have a so-
lution z; (i = 0,1,...) if on substituting these values in the equations we
obtain convergent series and all the equations are satisfied.

Definition 2. The system

o0
(3.2) Xi=> CipXpg+B;i  i=0,1,...
k=0

is called magjorant for the system (3.1) if the following inequalities hold:
|Cz’,k| <Ci,lc and |bz| < B; 1=20,1,....

An infinite system (3.1) is called a regular system if

o0

Z'ci’k|<1 1=0,1,...,

k=0
and is said to be (3.1) fully regular if the sum of the moduli of the coefficients
of each row does not exceed a constant number less than unity:

oo
D ekl <l—e<l i=0,1,..., >0
k=0

The solutions z} and X" of systems (3.1) and obtained by the successive
approximations with zero initial values are called principal solutions of these
systems. The successive approximation method is defined by the following
equations:

£Y=0 i=0,1,...,
o

$§n+1) = Zci,kml(cn) + b; i,n=0,1,...,
k=0

. n
lim :135 ) — x;
n—oo

i=0,1,....

In [6] the following theorems were proved which are used in [7] to derive
a generalization of Pringsheim’s theorem.
Let

0o
pi:]‘_Z'Ci,k‘ (> 6) (220511)
k=0
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Suppose that a system (3.1) is fully regular and satisfies

(3.3) |bi| < Mp;, M >0.
Then the system
o
(3.4) Xi = lein| Xi + Mp;
k=0

is majorant system for system (3.1). It is clear that the system (3.4) has a
positive solution X; = M > 0.

Theorem 1. ([6]) A fully regular system (3.1) with the condition (3.3) has
a unique bounded solution x; (i =0,1,...). Moreover, the principal solution
of the system of equations (3.4) X} is X = M.

Theorem 2. ([6]) Let a system (3.1) be regular and satisfy (3.3). Then the
principal solution x; of an infinite system of equations can be found by the
method of reduction, i.e., if T; N is the principal solution of the finite system

N
(3.5) $i:ZCi,kwk+bi 1=20,1,..., N,
k=0

then .’L';( = th_,oo TN -

Observe that the principal solution z; which may be found by the method
of reduction is bounded by M.

4. G-CONTINUED FRACTIONS IN DEGENERATE CASES

Let a;(n) be functions g;(zq™). Here we consider following recurrence
relation:

(1) S Gl [ =0 n=0,1,.
=0

where ¢gogm is not identically zero. We apply Theorem 1 and Theorem
2 to obtain a G-continued expansion of a quotient of g-series. As usual
throughout we take |¢| < 1.

Theorem 3. Fiz e >0 and let D = {z € C: |z| < r}. Assume for z € D
and forn=20,1,...,

Diz0izm-119i(z¢")]
|gm—1(2q")]
Suppose that there is a bounded function f(z) in D so that flzg") (i =
0,1,...) satisfies (4.1). Then f(zq") (i =0,1,...) is the only bounded solu-
tion for each z € D which satisfies (4.1) and the G-continued fraction
o0 —9m(24")

"0 L gm-1(2g"); -+ 5 90(2q")

(4.2) <1l-e
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f(zq)
f(z)

Proof. Fix z € D and q. Let w; = f(zq') and write the recurrence rela-
tion (4.1) as

converges to for z € D.

g k .
(4.3) Wit = Z s wl+k (t=0,1,...).
k=0k£1 Im— 1(

By changing variables we can easily see that (4.3) can be written as

m—+2—1

gm—1+i-k(2¢""" .
w; = — Z m _H(z(i—l) )wk (221,2,...).
k=i Lkgi  Imo1EE

Let ¢;(2¢™) = 0 for all n > 0 if either 4 < 0 or i > m and put

gm 14+i— k(ZqZ 1)

gm—1(2¢""1)
It is clear that ¢;;, = 0if k <i—1or k> m+1i—1. So we can write the
recurrence relation (4.1) as an infinite system of equations

Cik =

o]
(44) w; = Z Ci k Wk (’L = 1, 2, .- .),

k=0,k#i

Using the inequality (4.2), one can easily see that the above system is fully
regular. Since b; = 0 for all ¢, |b;| < Mp; for some M > 0. Since the infinite
system (4.4) satisfies all the requirements in Theorem 1, there is a unique
bounded solution w; (i = 0,1,...) for each z € D. Since f(z) is bounded
in D and satisfies (4.1), it is evident that f(zq') (i =0,1,...) is a bounded
solution of (4.4) for each z € D. Hence f(z¢') (i = 0,1,...) is the unique
bounded solution for each z € D which fulfills (4.1).
Let N be a fixed nonnegative integer. Define

(4.5) YN+ =0  i=2,...,m,

(4.6) y%-{—l =1,
9i(2q")

(4.7) Zgz (2q") 7]zv+m—z' n=0,...,N,
m

and

N
Int1 e, = N
(48) TN(’[’L): yév’ 1 ‘TL—O,...,

0, fn=N+1,....N+m—1.

Here, (4.7) is defined backward, that is, (4.7) is defined from n = N to 0.
As an immediate consequence of the definition we have

Sn(0,...,0) =TN(0).
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Since yY (n =0,1,..., N +2) satisfies the recurrence relation (4.1), yY can
be considered as a solution of the finite system
N
yh = Z cnkyy  (n=0,1,...,N).
k=0,k#n
Thus limy_, yflv is bounded for all n = 0,1, ... and is a solution of infinite

system (4.4) by using Theorem 2. Since the bounded solution of (4.4) is
unique, limy o0 4 = f(2q"). Hence
N n+1
lim TV(n) = lim Yot = f (g )
N—o00 N—oo Y, f(zq")
From (4.5), (4.6), (4.7) and (4.8), we have for N sufficiently large and n =
0,1,...,

(4.9) TN (n) =

—9m (n)
9m—1(m)+gm—2(m)TN (n+1)+-+gm—i(n) H?:{"_l TN (n+35)+---+go(n) H;”'{“_l TN (n+j5)"

By repeated application of (4.9), T (0) converges to f(2q)/f(z). Therefore
the G-continued fraction converges to f(zq)/f(z)- O

Theorem 3 will be applied to the basic hypergeometric series by making
use of the theorem of Thomae [13], which states that the analytic solutions
at the origin (analytic up to a multiple of 27, v € R) of the g¢-difference
equation
(4.10)

(Bo—a02q™) f (24") +(Br—12q") f(2a" ) ++ - -+ (B — mzq™) f (24" ™) = 0

are given for 2 =1,2, ..., k — 1 by
(4.11)

' (crdi )y (ew—vd'); @)1 apd \? .
filzq") = (2g™) i i ] )
() = GO0 2 grad ™y (i rad )

where |g| <1, ¢7% =d;, (a)o =1,
(@)r=(1—-a)(1—aq)---(1—ag*™),

m
(4.12) Z i =op (1= crz) - (1 — cp_pz),
i=0
and
(4.13) > Bzt =it (1 - diz) -+ (1 = diggz).
i=0

Equation (4.10) is called the canonical g-difference equation for the functions
defined by (4.11). Here we consider the special case (By = 1, ag = 0)
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of (4.11):
(4.14)

(2™ — (2™ )V
fi(zq") = (2¢") g (dlqdi_l)j"'(qudi_l)jq

where |¢| < 1, ¢ % = d; and ¢;, d; are zeroes of the equations (4.12)
and (4.13). From (4.10), fi(z) (i = 1,...,k) satisfies

(4.15) f(zq") + (B — c12q™) f(2d" 1) + -+ + (Bm — amzq™) f(2¢"T™) = 0.

Here, unlike in [4], the f; are not necessarily distinct functions. Let € > 0
be fixed. Assume

J .
) (z¢™)? for all z € C,

(crd; 1) (ew—rdi ); (i (ﬂ
d;

m
(4.16) L=als > 1+ 16l

=2
Let g(z) = B1z and h(z) = 1+ Boz? + - -+ + B,2™. Then by (4.16), |h(z)| <
|g(z)| on |z| = 1. Applying Rouche’s Theorem to g(z) and g(z) + h(z), we
can say that g(z) 4+ h(z) has the same number of zeros as g(z) inside |z| = 1.
Since g(z) has only one zero inside the unit disk, so does g(z) + h(z). It is
easy to see that |g(z) + h(z)| > 0 on |z| = 1 from Hence there is only one d;
such that |d;| > 1 and the others are inside the unit disk. Since |¢~ 7| = |d;|
and |g| < 1, 2% is bounded in a domain containing 0 if and only if |d;| > 1.
Let d be the one with |d| > 1 and f(zq") be the solution corresponding to
d.

In this situation we have the following theorem.

Theorem 4. Assume (4.16). Then the G-continued fraction

-1
4.17 o
(@1 "= LB — a1zq™); - 5 (Bt — m127); (B — amzq™)
converges to 1(zq) for each z € C.
f(z)

Proof. Note that f(zq") = (2¢™)7 fi(2q") with |¢77| = |d| > 1 and f; ana-
lytic. So f(z¢") (n =0,1,...) is bounded for each z € D, where

D={zeC:|z| <R}, R>1

First we observe there is a integer N > 0 such that for all n > N and for
each fixed z € D,

2q" ((1 IR |ai\> < (1— )| - (1 +> \&\) :

=2
Hence for each z € D and for all n > N,

m
(4.18) (1—¢€)|p1 — a12q"] 21+Z|ﬁi—aizq"| n=0,1,2,....
1=2
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By utilizing Theorem 3, for each z € D,
(4.19)

oo_N -1 _ f(qu+1) ]
LB - a1zg); e (Bm-1 — am—120"); (Bm — amzg") f(zg™)
Since (4.19) holds for arbitrary R, (4.19) is true for z € C. This cleary
implies that (4.17) converges to f(zq)/f(z) for z € C. O

5. APPLICATION TO A GENERAL ROGERS-RAMANUJAN CONTINUED
FRACTION

First, recall some results concerning the equivalent G-continued fractions
given in [8]. We define for arbitrary solutions a:g), :vg), .. xS{’ ) of (2.1)

e £(m)
N+4+p—m+1 -~ °* N+p—m+1

B (o050 = | :
1
RO 0}
Theorem 5. ([8]) The (N + 1)-st approzimant of the G-continued fraction

—am(n)
K [am—l(n); -+-;ao(n)

is given by
_En(AY,AD), . ATY)
Ex(AD, AP ... Al
where A (1=1,...,m) are the solutions of (2.1) with initial values
(5.1) AD =6,; 1, n=0,1,...,m—1.

Definition 3. The G-continued fractions
e
am—1(n);--- ;ao(n)

K |: _bm(n) :|
bm—1(n); -+ ;bo(n)
are said to be equivalent if they have the same approximants.

and

Thus equivalent G-continued fractions have the same limit if it exists.

Theorem 6. ([8]) If there ezists a sequence of constants {rp} with r_,m11 =
1, y #0 (n=-m+1,...,00) such that

bi(n) = rny1rn - Tn—it1ai(n) 1=0,...m,
for allm =0,1,..., then the G-continued fractions
9] _a’m(n)
n=0

am—1(n);- - ;a0(n)
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and
0o _bm (n)
=0 | bm—1(n); -+ 5bo(n)

are equivalent.

Now consider the recurrence relation

F(zq") = f(2q") = 2" f(2g"*™) = 0.
The G-continued fraction arising from the above recurrence relation is

= mo

o FEURPREPZ sy B

Unfortunately, Theorem 4 does not immediately apply as the only d; is
dy = 1. This is remedied by applying Theorem 6 as follows. Let b, (0) = 2—™
and for n > 1 put by, (n) = 27™ 1. Also for n > 0 let b,,_1(n) = 2°™ and
put bg(n) = 2712¢" 1. Then the two G-continued fractions

1
o0
Hnso [1;0;--- ; 0; zq”“]

and

o0 bm(n)
Kn:O
bm—1(n); 05+ -+ ;05 bo(n)
are equivalent by applying Theorem 10 with r,, = 1/2 (n # —m + 1) and
r—m+1 = 1. Also note that

bm(n) ]
m—1(n); 0; -+ ;0;bo(n)

62 K2 ;

2—m

2—m—1
27m;0;- -+ ;271 (2"

n=1

_ _ -1
2-m 4+ 27 1z2q [T K°°_.[

The G-continued fraction

2—m—1
[e.e]
n=1 [Q—m;g;... ;Q—I(zqn+1):|
is generated from the recurrence relation
=27 (2q") + 27 f (2™ + 272" (2" =0 n=1,2,..,
which simplifies to
(5.3) f(zq"™) — 2f (2" 1) — 2M2¢" L f(2¢™™) = 0 n=12,...,

and we find using (4.11) that f(zq™) is a solution of the recurrence rela-
tion (5.3), where

k(mk—m+2n+2)
2

20™) = (z2g™ q zk
f(24") = (2q )7§—(q)k ,
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with ¢” = 271. Clearly the coefficients of the recurrence relation (5.3)
satisfies the inequality (4.16). Hence by Theorem 4 we can conclude that
for any I > 1 and for z € C,

2—m—1 B f(qu-l)
27 05+ 50;27 Lzgn | f(2g!)

(5.4) 00

n=l

Thus we have the following theorem.

Theorem 7. For z € C,

k(mk—m+4)
q 2 k
1 k20 (D ?
(5.5) ?LOZO |: n+1:| = k(mk—m+2)
105+ 50529 ¢
ZkZO — N

(q)x
Proof. By using (5.2) and (5.4), we have for all z € C

n=0{1.0:. v :0:2¢7 1|~ o_ _ —1 f(zgi+t
1505+ 05 2" 2-m 427 Lzq i %qi))
_ 2™ _ f(zq)
— = -
2-m 4 2—%,% f(zq) + 2™ 12qf(2q™)
w
q k
—_—Z
() _ P (g
f(z) k(mk—m+2) .
q 2
Zkzo 2k
(@)k

O

The formula (5.5) is a G-continued fraction generalizing the Rogers—
Ramanujan continued fraction to which it reduces when m = 2: Formula in
Corollary 1 can be found in [9] and the more general case is treated in [3].

Corollary 1. ( [9] and Corollary to Entry 15, [3])

k(k+1)
Thso Ty
1 zq 2¢* 2z TR0 (g)
I+ 1+ 1+ 1+ &
D k>0 T2
= (Qk
Proof. In Theorem 7, let m = 2. O

The next corollary displays the form of a G-continued fraction when it is
expanded out as an infinite process.
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Corollary 2. The G-continued fraction

1
1+ zq T L T T L il
I+2¢? ( 1+zq3---) (1+zq4---) 1+2¢° ( 1+zq4---) ( 1+zq5---)
converges to
k(3k+1)
q 2 k
P
P20 (e
k(3k—1)
q 2
Fizo L2t
k20 (@)k
Proof. In Theorem 7, let m = 3. The expansion given above is obtained by
iterating the G-continued fraction algorithm. O

6. CONCLUSION

In this paper we have given the G-continued fraction for the quotients
of contiguous basic hypergeometric functions obtained from the canonical
g-difference equation which characterizes the functions. There are also non-
canonical g-difference equations satisfied by these functions with certain
parameters specialized. In a future paper we will consider the G-continued
fractions resulting from these g-difference equations. In general these equa-
tions are rather complicated, so we will consider those special cases which
result in particularly nice G-continued fraction expansions. We also plan to
consider number-theoretic applications.
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