g-difference operators, orthogonal polynomials,

and symmetric expansions

Douglas Bowman

Author address:

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF ILLINOIS, URBANA, IL
61801, USA
E-mail address: bowman@math.uiuc.edu






Contents

Chapter 1. Introduction and preliminaries

1.1.
1.2
1.3.
1.4.
1.5.

g-Symmetric polynomials and the g-multinomial
g-Difference operators

Orthogonal polynomials

The symmetric functions ®,,

Further notation, conventions and base inversion

Chapter 2. New results and connections with current research

2.1.
2.2.
2.3.
2.4.
2.5.
2.6.
2.7.

Identification of ®4 as g-hypergeometric

Symmetry creating operators

Rogers’s paper and orthogonal polynomials

Synthesis: The continuous g-ultraspherical polynomials
Convergence criteria for operator theorems

A fascinating phenomenon

Operator theorems and g-Heisenberg algebras

Chapter 3. Vector operator identities and simple applications

3.1.
3.2.
3.3.
3.4.
3.5.

A new operator theorem

Applications to g-series

A vector ¢-Leibniz rule

Further operator theorems and simple applications
Conclusion

Bibliography

vii






Abstract

We explore ramifications and extensions of a g-difference operator method first
used by L.J. Rogers for deriving relationships between special functions involving
certain fundamental ¢g-symmetric polynomials. In special cases these symmetric
polynomials reduce to well-known classes of orthogonal polynomials. A number of
basic properties of these polynomials follow from our approach. This leads naturally
to the evaluation of the Askey-Wilson integral and generalizations. We also find
expansions of certain generalized basic hypergeometric functions in terms of the
symmetric polynomials. This provides us with a quick route to understanding
the group structure generated by iterating the two-term transformations of these
functions. We also lay some infrastructure for more general investigations in the
future.
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CHAPTER 1

Introduction and preliminaries

In 1812 Gauss [26] introduced the hypergeometric function

AB A(A+1)B(B+1
2F1(A,B;C;2) =1+ e T (C(+C-)|—1()-2J!r )z2

which unifies the treatment of many classical special functions. By specializing its
parameters most of the standard transcendental functions as well as a number of
orthogonal polynomials can be obtained. Many relations between special functions
arise from transformations of F'. By considering generalizations of F, further special
functions can be treated. Most of these generalizations are obtained by just adding
more parameters similar to A, B or C. However in 1846 Heine [30] generalized F'
in a different direction. His generalization is

ab .\ _ .. (1-a=b)  (-a)l-a)d-bl-b) ,
2‘1”( ¢ ’Z)‘”(1—c)<1—q)”(1—c)<1—cq><1—q>(1—q2)z A

Heine used a = ¢#, b = ¢ and ¢ = ¢, and let ¢ — 1, to obtain Gauss’ series.
Therefore 2®; is called a g-analogue of F. Today a, b, and ¢ are taken to be
independent of ¢, which not only makes printing easier, but also adds generality.
For brevity, the standard notation (z), = (2;¢), = (1 —2)(1 — zq) ... (1 — z¢" ')
will be employed. In particular (¢), = (1 —q)(1 — ¢?)...(1 — ¢"). When we let
n — 00, convergence is taken either in the formal sense (with respect to x or ¢) or
in the topology of the complex z or g-planes. More parameters can be added as in
the case of F', and the general basic hypergeometric series is defined by

ai,az,...,0a, (al)n(ag)n...(a,,)n [ n (n)]s-i-l—r n
1.1) .o, ;2 ) = -1 2 2",
( ) (blab%---abs ) ng] (bl)n(b2)n---(b8)n(Q)n ( ) 1
Since Heine’s paper, research in this area has focused on finding transformation
and summation theorems for specializations of ,®,. This was started by Heine in
his 1847 paper [31] which showed that

() (),

This theorem generalizes many previous results on g-series such as the g-binomial
theorem

n>0 (Dn

which is obtained by putting b = ¢ =0 in (1.2).

Other transformations for specializations of ,®,; have been found; they occur
somewhat sporadically. Moreover, there is no theory guaranteeing existence or non-
existence of transformations for a particular ,®,;. To develop such a theory, it is
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2 1. INTRODUCTION AND PRELIMINARIES

instructive to return to (1.2) and seek to understand what is happening in this case.
Why does 2®; have this transformation formula?

An answer to this question was found in 1893 by L.J. Rogers. To understand his
solution, note that iterating (1.2), along with the obvious symmetry between a and
b, leads to two further transformations. These are, after multiplying by (¢)oo(2)oo,

bz
(€)oo (@bz/€) o 281 ( o/ a’c e/t ;abz/c)

Now make the change of variables a = AjA2, b = A A3, ¢ = A2A3 and z =
A4, and define f(A, Ar; A2, A3, A1) to be the function on the left in (1.3). Then
the first identity asserts that f(\ A1;A2,A3,A1) = (A A1; A4, A3, A2), while the
second states that f(A, Ad1; A2, Az, A1) = F(A1, A; A2, Az, A4). The obvious symmetry
between a and b translates to invariance of f under interchanging A2 and Az. It
follows that f is invariant under Sym(A2, A3, A1) and also under Sym(\, A1). Here
and throughout Sym(z,y, .. .) denotes the symmetric group on the symbols z,y, . ..
and S, denotes the symmetric group on n elements. We can summarize the above
by saying that the Heine transformation (1.2) and the symmetry between a and b
generate an automorphism group for 2P, isomorphic to Ss x Ss.

Now a question naturally arises. Can f be expanded in such a way as to make
these symmetries explicit? Rogers [41] gives a positive solution by his Symmetric
Function Expansion Theorem:

TN AL A2, A3, A8) =(AA2) 00 (AA3) 00 (AA4) 00 (A1 A2) 00 (A1 A3) 00 (A1 A4) 0

- (b2) ol D)0 21 ( abz/e, b /b)
(1.3) (c)oo(z)oo2(1)1< ’C ;z):

(1.4) x3 R (L AR (A2, A, M)
750 (Dn ’
where )
W= Y S

(Dir (Do - - (@i

Equating together the definition of f with the right-hand-side above gives the form
we shall use later:

t1+i2+-t+irk=n

THEOREM 1.1.

(A A223) 00 > A2, AL A3 Y
i) oo ON2)oo Mha)oo M A2)oo M ds)oo 2 1\ Apdodg 777

1.5
(13) _ 3 M0 25000, 0)
= (@n
Clearly AP is symmetric in 21, ..., 2. This theorem shows that (1.2) follows

from the symmetries of the polynomials hg) and hg). This raises the possibility
that other basic hypergeometric transformations are also special cases of symmetries
of the class of series in the h%k) and other polynomials. Pursuing this idea, we will
obtain several new symmetric expansions for g-series, of which the following is
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typical:
(A1 A2)3) 0
()\)\2)00 ()‘)‘3)00 ()\1)\2)00 ()\1)\3)00()‘1)\4)00 ()\1 )\5)00

b Tk S | (A A2)k (A1 Az)
(1.6) X ,; (Z [m] (A1A4)m)\{4€ A5 ) m)‘k

m=0

e (A, )\1)’1514) (A2, A3, Ag, As)
= (@n

where
[k]zﬁ,forOSmgk, [k]zoform<00rm>k.
m|  (Q)m(@r—m m

This result reduces to (1.2) when Ay = 0. We will also obtain a symmetric expansion
for the Sears and Hall transformations for a 3®, in five parameters. This will show
that they generate a transformation group isomorphic to Ss. These and other new
symmetric expansions are contained in Section 2.1 and throughout Chapter 3. In
fact (1.6) is just a special case of our more general result, Theorem 3.11 contained
in Chapter 3. To obtain general theorems a larger class of symmetric polynomials
is used. We define them here along with some other basic notation.

1.1. ¢-Symmetric polynomials and the g-multinomial

When multiplying together ¢-products we employ the following standard short-
hand:

(A17 A27 tey Am)n = (Al)n(AZ)n T (Am)n
We also introduce the following convenient notation which we will use. Let
[2,y]n = (@~ y) (@ ~yq) ... (¢ —yg"™"), neZ
If z # 0, then [z,y], = 2"(y/z)n- For £ # 0 we define [z,y]; for real k by the

equation

(1.7) [z, 9]k = wk%

Here and above (A) is defined by

(Ao = nlgr;o(A)n
We note that (y), = [1,y]» and define [z], = [z, 1],. Clearly
(L8) (2,0l =", [0,y = (~1)"¢@y".

The symmetric polynomials hg-m) above are special cases of a more general class of
polynomials denoted by

hj = hgm)(a,b) :h;m)(al,...,am;bl,...,bm : q)

We typically suppress the superscript as its value is usually clear from context.
These polynomials are defined explicitly by the equation:

(1.9) hi= 3 [ J ][bl,al]m---[bm,am]nm,

Pt nm=j 1 s Itm
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where

[ j ] _ @;
N1y Nm (@ns -+ (D
h; may also be defined by their generating function:

(@12)co - (@m2)oo _ N~ hy .
(1.10) (b12)o0 - - (bm2)oo j;) @); 27, |biz| < 1.

In applications such as Rogers’s symmetric expansion above we abbreviate
h;(0,...,0;b1,...,bm : @) by hj(b1,...,bn) or hj(b). The explicit formula for the
h; is obtained by multiplying together m different cases of the g-binomial theorem
[7],[21],[25]:

[b,aln n _ (a2)o
(1.11) 7;) P bz] < 1.

Taken together we refer to equations (1.9) and (1.10) as the g-multinomial theorem.
We used the ¢g-multinomial theorem in [15] to give a multivariate generalization of
Heine’s transformation. We give this result in Section 3.2. Subsequently a special
case of our transformation was used by J. Haglund [28] to give a generating function
for certain rook numbers.

The polynomials h; are fundamental in another extremely important way: they
are discrete analogs of the basic hypergeometric function ,,®,,_1. This is proved
in [15] where they are characterized as satisfying a discrete g-difference equation
analogous to the continuous g¢-difference equation which characterizes ,, ®,,, 1.

1.2. ¢-Difference operators

The symmetric expansion theorems will be obtained by developing the proper-
ties of certain g-difference operators introduced by L.J. Rogers [42]. Much of our
work was motivated by the study of one particular operator theorem of Rogers.
Before we can give this theorem, we need to define certain operators.

Let f be a function of the complex variable A. Then we define 5f by

(mfIA) = f(Ag).
Another operator constantly used is §, defined by

FA) = f(Ag
GHN) = %
Thus
§=X"11-np).
Frequently we require 1 or § to operate on different variables Ay,..., A, at

different times. In this situation we indicate the variable acted on by making the
convention that 7; or §; acts on ;. Thus

n2f (A1, A2) = f(A1, A2q)-

An unsubscripted n will be assumed to act on A. Occasionally we wish 7 to act
on some other variable such as z. In this case we use 7,. Also instead of writ-
ing f(A1, A2, A3q, A1) we will just write f(Asq), the dependence of f on the other
variables being suppressed.
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Throughout we (as did Rogers) make use of the following convention involv-
ing non-commuting variables in sums. Suppose that £ and y are non-commuting
variables. Suppose also that

f(2) =) ap2"

n>0

is a formal power series expansion. Then when we write f(zy) we mean the sum

Z ax"y™.

n>0

As usual operator multiplication is defined by putting (o7)(f) = o(7f).

Rogers’s paper [42] consists mostly of ingenious but recondite computations
involving these operators and their application to obtain g-series identities. One
operator theorem in particular, (Lemma IV of [42]), plays a key role in his work.
By appealing to an analogy with the exponential map from Lie algebras to Lie
groups, we obtain a much simpler and conceptual proof of this result. We give our
proof here as it forms motivation for results in Chapter 3. An analogy holds in
that the exponential map for Lie algebras (through its homomorphism property)
yields automorphisms, while the analogue of the homomorphism property for e(z9)
(which is a g-analogue of the operator exp(z-%)) yields automorphisms of g-series.
These operators are related to classes of operators studied by Roman in the area
of g-umbral calculus, [45],[46], [47] and [48].

It is interesting to note that Rogers’s Lemma IV, Theorem 1.2 below, is the
image under a one parameter family of representations of an algebraic identity in
a g-Heisenberg algebra. In Section 2.7 we show how another operator theorem
(Theorem 1.4 below) of Rogers represents the same g-Heisenberg algebra identity
under a different family of representations. [27], [36], [37], [38] discuss the g-
Heisenberg identity equivalent to the following theorem. Apparently the first three
papers contain rediscoveries of this result of Rogers.

THEOREM 1.2 (Rogers’s Lemma IV). As an equation in operators

1.12) 1 11 1 1
- (A01)oo (HA)os  (BA1) oo (AN )00 (A1)

A bit of explanation is needed here. Consider the left hand side. The factor
1/(1M1) 0o on the left side is an operator acting by multiplication on some function.
The operator 1/(Ad1)o then acts on the product. The right hand side is to be
similarly interpreted. In the sequel we will often encounter equations of this form
in which both sides are functions rather than operators. To distinguish these two
cases, in the first we say the equation holds as an operator equation, while in the
second we say that it holds as an equation between functions. Finally 1/(A)s is
the product expression for the series

>
n>0 (q)n
This follows from the g-binomial theorem (1.11) by setting b = 0.

Rogers nowhere in his paper considers the matter of convergence of his results.
In Chapter 2 we give the appropriate convergence theorems which will validate our
uses of the operator theorems. In particular, Proposition 2.21 shows that when one
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side of the operator equation in Theorem 1.2 is applied to a function of A\; which is
analytic in the unit circle, then the resulting function is analytic for |A|, |A1| < 1.

Before we give the proof of Theorem 1.2, we review a Lie algebra result which
is the inspiration for our proof.

Let U be a field and D(U) the Lie algebra of derivations on U. It is well known
that if d € D(U) is nilpotent, then exp(d) is an automorphism of U. In mimicking
for g-difference operators the proof of this standard result, we obtain a much easier
proof of Theorem 1.2. More importantly, we will see how to obtain similar theorems
from which we will generate a number of new symmetric function expansions.

First recall the proof of the Lie algebra result: We need to show

exp(d)(fg) = [exp(d)(f)][exp(d)(g)]-
To this end, note that

exp(d)(f9) = -y x ()
n>0 n>0it+j=n
— Z d;f% = [exp(d) f][exp(d)g].
hj20

Now we try to mimic this proof for the operator §;.

PROOF OF THEOREM 1.2. The g-Leibniz rule for 6, is
(113) s = ¥ [[]etnuisio
i+j=r
(In Chapter 3 we give a proof of a more general result.) We now try to evaluate

the g-exponential of a product of two functions. Under suitable conditions allowing
rearrangement of series,

1 0T (fg)A j A"
Ga V9 =2 ZZH "1‘519%)7«

>0 r>0i+j=r
(1 — (LN o |
_ 1)M1919) yiyj _ %9
- iéo @) ; (q i Z: (2);

This is as close as we can get to the homomorphism property of the exponential
map of a derivation. Writing (1.14) as an operator equation gives

PN 1) U
— ey D v

Now if f is an eigenfunction of d; with eigenvalue y, then we can pull f in
front of the summation sign in the right hand side of (1.15) and we establish a
commutativity relation for the product on the left. Clearly,

Ll
10 = e = 2 ™

is such an eigenfunction. Hence (1.15) becomes

1 1 Zu)& ! 1 1
(0o (1A (Ao &g @: " M0Doo  (A)ee (A0 (N1)oo
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and the proof is complete. O

Rogers employed this theorem to obtain Theorem 1.1 as well as the following
theorem (known as the g-Mehler formula) which we shall also use:

THEOREM 1.3 (¢-Mehler formula).

(/\)\1)\2/\3)00 _ Z hn(/\2> )‘S)hn()‘a /\1)
(AX2)00 (AA3) 00 (A1 A2) 00 (M1 A3)00 = (Dn '

(1.16)

A special case of this theorem was given earlier by Rogers [41]. It was later
rediscovered by L. Carlitz [19] in 1956 and is a fundamental theorem in the theory
of g-generalizations of orthogonal polynomials.

We finally indicate how Theorem 1.1 is derived from Theorem 1.2. Theorem
1.1 arises when the function

1 1

()‘51)00 ()\1)\4)00()\1)\3)00()\1)\2)00

is calculated in two different ways. The left hand side of Theorem 1.1 comes about
when this function is calculated by applying Theorem 1.2 iteratively. This gives

(1.17)

1 1
(A1) o (M1 A1) 00 (A1A3) 00 (M1 A2) 0
(M1 d2de)os - ( Ado, Ak m)
()\IA4)00()\)\2)00(A)\3)oo()\1)\2)oo()\l)\3)oo /\)\1/\2/\3 ’ )
The right hand side results from first expanding the three products by the g-
multinomial theorem, and then applying Theorem 1.2. For details in the above

calculations see Rogers [42].
Similar to the operator §; is the operator oy defined by

g1 = )\_l(nfl — 1)
Corresponding to Theorem 1.2 is the following result of Rogers [42]:

THEOREM 1.4.

(1.18) E(\a1)E(pAi) = E(uh) E(phi ) E(Aor).
Here E(z) is the g-exponential function
()
E(2) = (~q0)e = Y -
n>0 (q)n

Applying this result to the constant function 1 and equating coefficients of A} leads
to

(].].9) E()\O’l))\? = Xn()‘a )\1),
where x;(21,...,%n,) is defined by

_(i+1 (i
Xi(z1,...,2m) =¢q (% )hj(—xlq,...,—mmq; 0)=gq (;)hj(—ml,...,—a:m;O).
Notice that this is equal to
j —(n1n2+n1n3+~~~+nm—1nm)xnl co.gphm
¥ [l e

ni+-+nm=j
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by virtue of the identity

n n2 Nim _(mtne+---+npy
(2>+(2)+ +<2)+ Z n,nj_( 2 )
1<i<j<m

Finally by the same identity it is clear that
(1.20) Xi(T1y- ey Tm) = Bj(T1,y ooy T 1 g ).
For convergence of series involving the polynomials x; note that

(m

_ (m=1);2
|Xj(m17' ;xm)l < |q| 2m

Using Theorem 1.4 Rogers obtained the following dual of Theorem 1.3 which
we shall refer to in the sequel:

_ (m—1);2 :
hj@y s m) <lgl ™ (21| + -+ o]

THEOREM 1.5.

E()\Ul)E()\l)\3)E()\1)\2)
. s

We note that although Rogers did not explicitly state this theorem in [42], he
indicated its existence and derivation in his paper. (He did give the case A\ = ze?,
M =ze ¥ Ny = €i® \3 = e ¥ with typos, however.) The first direct statement

of the general theorem is given in Carlitz [20].

1.3. Orthogonal polynomials

Specialization of the polynomials h; lead to orthogonal polynomials. In Rogers’s
original work [42] he exploited this fact (in an old fashioned way) to derive several
results. In Chapter 2 we describe in detail the connection between orthogonal poly-
nomials and Rogers’s work in [42]. As a consequence of this connection we derive
a number of new integral evaluations. An example of one of our new evaluations is
the following identity. For |r1], |r2| < 1 and max(|q/r1|,|q/m=2|) < |A* < 1,

/71' P(r1\)P(q/ri\)P(r2 M) P(q/r2\) (€2, e=21)
o P(r1)P(q/riA2)P(ry) P(q/raA2)(Ne2if Ne—2i0)

(1.22) _ 2m(9)oo (@/ N2 (L= N) ) (A);(1 = A¢%)
Meo(@/M) & @]

X hj(rl)\,q/rl)\;rl,q/rl)\z)hj(rz)\,q/rz)\; rz,q/rz)\z).

This is the first part of Corollary 2.20.

In dealing with orthogonal polynomials, we make a slight change from the
notation used by Rogers. Put 4, = A,(u) = hp(u,u™!), with |u| = 1. Since
|u| = 1, it makes sense to put u = e¥, § real, and consider the A4,, as functions of 4
and indeed Rogers writes A,,(#) with the above change of variables so that Rogers’s
A, (9) is equal to our A, (e?’) . However, we prefer our notation as we will not be
using the exponential change of variables. Today A,, are known as the continuous g-
Hermite polynomials (or sometimes the Rogers-Szegd polynomials, although Szégo
didn’t work with them) and are denoted by H,(z;q) where z = (u + u~!)/2 =
cos(d). Note that the polynomials H,, are of degree n in z and thus form a basis

do
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for the ring of formal power series in x over C. Clearly from the g-multinomial
theorem the sequence A,, has the generating function

An o hn(u,u_l)zn_ 1
2 E T e

n>0 n>0

Now put P(z) = (uz,u '2)s, 5o that
1 3 An n
PG~ 2 (@)
To further set the stage for our work in Chapter 2, we now give a summary in more
modern language of some of the results and ideas contained in Rogers [42].
Consider C[[A]] which is defined to be the set of series of the form }°, - KnAn,
where K, are in C and the series converge absolutely and uniformly in u by the
Weierstrass M-test. It follows under this assumption that the series converge to
continuous functions of u. In particular, if such a function is analytic at z = 0,
then by the basis property mentioned above, the expansion of the function must be
unique.
The first theorem we state was not given by Rogers, but he certainly was aware
of it in some form.

THEOREM 1.6. C[[4,]] is a C-algebra.

We give our proof here (which is just a softer version of an argument of Rogers’s)
as it is short and we will later make use of one of the intermediate results.

PROOF. Theorem 1.3 states that

(AA1A223) 0 _ Z hn(A2, A3)hn (X, A1)
(AA2) 00 (AA3) 00 (A1 A2) 00 (A1 A3) 00 o (Dn ’
Put A = A} = u and divide both sides by (A2A3)co:
1 1 A,

P(A2)P(X3) - (A2A3) 00 E) (q)nhn()\z,)\g).

Using the g-binomial theorem this is

Aj N Ak k- AR A
(1.23) Z(q)j)\2 Z(Q)k/\3 2 (@)m Z:(q)r»h"()‘Q’)\3)'

>0 k>0 m>0 n>0

The coefficient, of /\g A on the left is (’3—)1;(’2—)1. On the right there are finitely many

terms involving )\é)\’g and these are each multiplied by a linear combination of
finitely many A, and complex constants independent of u. Hence if we equate
coefficients of A, \%, we get A;A; as a C-linear combination of certain 4,. Thus
we have structure constants for a C-algebra. |

Indeed the content of this theorem is the recognition that there exist structure
constants for the polynomials A,,. Rogers gave these constants explicitly in the
following linearization formula.

(1.24) AjAr = (0); (D >

[k +20 - j] Apyoi—j
max(j—F,0)<I<j

(Q)jfl(Q)k+2lfj )

Rogers derived this formula from identity (1.23) above.



10 1. INTRODUCTION AND PRELIMINARIES
The next definition is a concept which occurs in [42] for which we give a con-
venient notation.

DEFINITION 1.7 (Taking the constant term). If y = > an,A, € C[[A,]], put
C(y) = ao-

What follows is our own theorem which is a generalization of an idea in [42].
It is actually a form of Parseval’s Theorem written as a constant term identity.

THEOREM 1.8. When the sequences K; and L; are independent of u,

oK\ X =

i>0 §>0 i>0

ProoF. Taking C of both sides of (1.23) gives

550 (@i =y @m

This implies that
0 if Ak
(1.25) C(A;Ap) = . i
7k (9); if j=k.

Then

A; Aj ]

i>0 (@) >0 (@) i >0
K L 0
j>0

The special case given by Rogers is the following result of which we will make
immediate use.

COROLLARY 1.9 (Rogers). When the sequence K; is independent of u,

1 )
WJZZOAJK] :ZKJ'ZJ.

Jj=20

PROOF. In the left hand side of the assertion of Theorem 1.8, substitute

1 A
— = —=z". O
P(z) iZZO (@)

In Chapter 2 we will obtain new expressions for certain functions defined by
Rogers in [42]. To define them we must follow a little of Rogers’s development.
The idea is to iterate Corollary 1.9. Specifically, suppose we are given a sequence
of complex numbers J; which is independent of A and A;. Then starting with the
series Y J; A; we can obtain a new series » | K;A; by multiplying by 1/P (A1), where
now the K; depend on \;. Multiplying now by 1/P()\) we get a new series Y L; A;,
with the L; dependent on both A and A;. Diagrammatically we write:

p(,\1

(1.26) YO PRGN of PRI o P
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(Here the arrows denote the appropriate multiplication maps.) From Corollary
1.9 C(3X K;A;) = Y. J:Al and C(3) L;A;) = - K;A'. Adding this information to
the diagram gives

1

Y Jid; 22 Y KA =2 S LA,
(1.27) o l o l
ST — s KL

We have used the symbol ? to denote the unknown map which makes this diagram
commute. Rogers solved the problem of determining ? in [42]. The solution is
contained in the corollary to the following theorem.

THEOREM 1.10. Let the sequence L; be defined by (1.26). Then

1
(A1) 00 (Ad1) 0o

COROLLARY 1.11. In the above commutative diagram ? is the operator

(1.28) Li= K;.

1
(A1) 00 (Ad1) oo

In the next section we define the functions of interest.

1.4. The symmetric functions &,,

In Chapter 3 we will make intimate use of certain symmetric functions defined
by Rogers. Here we define them as well as state the basic results proved by Rogers.
The function ®,, (A1, ..., Am41) is defined by the following equation

1
Qrm(Ay e Amy1) =C (P()q)P(/\z) .. -P(/\m+1)> '

Notice that ®,,, is symmetric in the variables A1, ..., Ap+1, and thus has automor-
phism group S,,4+1. In the next chapter we shall show how &4 can be related to
a basic hypergeometric function thereby giving a symmetric expansion similar to
Rogers’s for the 2.

First of all notice that by Theorem 1.6, we may put

1

1.29 =5 KpmAn,
thus defining a sequence of functions Ky = Kpm(A1,- .., Amt1). By definition,
&, = Kom.

Now all this fits perfectly in the picture (1.27). We have the following commu-
tative diagram (the vertical parallel lines denote equality):
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1 1 1
P(A1)P(Am—1) P(A1)-P(Am) P(A1)-P(Am41)

| H H

1 1
P(Am) P(Am+1)
ano Kn,m—2An E— ZKn,m—lAn ZKn,mAn

| °

Z Kn,m—2)‘gl % Z Kn,m—l)‘Z+1

| H

®,, 1 ®,,.
Corollary 1.11 gives that
1

1.30 P, = D1,

( ) " (/\m)\m—i-l)oo()\m—i-l(sm)oo m-l

while from Corollary 1.9 we see

(1.31) ®,, = Z Knm—1 A1

n>0

In [42] Rogers computed &, for m = 1,2,3,4, and 5. His proofs made use of
Theorem 1.2 and Corollary 1.11. For future reference we give his evaluations here.

1
®1(A1, X2) = Mra)m
1
® = '
2()‘15)‘2’)\3) (/\1)\2)00()\1)\3)00()\2)\3)00
(M A AsAd) oo

(132) - @3(hr, A2 s, M) = e S - Ao O ) (o M) o e

Once one knows the integral form of the orthogonality of the polynomials A4,,, it is
easy to show that (1.32) is equivalent to the famous Askey-Wilson integral (2.23).
We will discuss this in Section 2.3. Here Rogers anticipated a later development
in mathematics. To actually get the Askey-Wilson integral from this evaluation of
&3 one needs to know the weight function for the polynomials A,,. This was first
given by W.A. Allaway [4] in 1972.

Expanding the products in the above evaluation of ®3 using the g-multinomial
theorem, Rogers obtained the following theorem which we record here for future
reference.

THEOREM 1.12.
(A1 A2, A1A3, Ao A3) 00 Z hrn(AiXads; A1, Ao, Az)

P()\l)P()\z)P()\3) - "0 (q)n An.

The evaluations of ®; and ®5 are contained in the following two theorems.

THEOREM 1.13.
1 (A1, A2)hn (A3 AgAs5 Az, Ay, As)

b, =
1T a2, A has Asdss s oo £, (@)n
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THEOREM 1.14.

1
¢ =
b (A1 A2, A1 A3, A2 A3, A, A, AsAg) oo

y Z Py (A1 X235 A1, A2y Az3) b (Aa A5 A6 Ad, As, Ag)

7>0 (Q)n '

By virtue of our Theorem 1.8 we are able to give a transparent and unified
proof of Theorems 1.13 and 1.14.

PRrROOF OF THEOREMS 1.13 AND 1.14. By definition

1 1
%= ((romron) (Poaronroe)
and by Theorem 1.12
1 . hn()\a/\b)\c;)‘a;/\b;)‘C)
P()‘a)P()‘b)P()‘c) )‘a/\b:}\a)\Ca)\b)‘c)OO(Q)n "

n>0 (
Hence Theorem 1.14 follows from applying Theorem 1.8. Theorem 1.13 follows
from Theorem 1.14 by setting A\ = 0. O

Finally in Chapter 2 we will make use of another expression for &4 due to
Rogers [42] which we reproduce below.

THEOREM 1.15.

1

b, =
(1 33) ' (}\1)\27)\1)\37}‘2)‘37)‘1)\47)\1)\57)\4)\5)00

. y Z hn(/\l)\Z)\Z)‘;)\27)\3)}1”()\1)\4)\5;)\4,)\5)

7>0 (Dn ‘

1.5. Further notation, conventions and base inversion

Besides the general basic hypergeometric series .®, we will also use the series
s, the difference being that in the latter series the terms do not have the factor
n\7S+H1—7
[(—1")q(2)]
Thus
A1,02, .50, _ (al)n(a2)n---(ar)n n
(L34) e, (bl,bg,...,bs’z> =2 B B
This series converges if it terminates, if |¢| < 1, |2| < 1, or if |¢g| > 1 and either
s+1>rors+1=rand|z| < |by---bs/as---a,|. The series diverges if the
inequalities involving r, s, z are replaced by their opposites. The above follows
easily from the ratio test.
Similarly applying the ratio test to the .®; series, it is found to converge in the
following cases:
(1) 0< g/ <landr<s,
(2) 0<gl<l,r=s+1and|?2| <1,
(3) |g| >1 and |2| < |by---bs/as ---a,|.
Similarly the series diverges (unless it terminates) when
(1) 0<gl<l,r>s+1and z#0,
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(2) lg/ >1and 2> |by---bs/as ---a,.
When stating convergence regions we exclude values of the parameters which
make the denominators of the series vanish, such as b; = ¢ %, k € N.
Throughout the variable u will be a complex number on the unit circle and 6
is defined by u = €.
The symbol = denotes logical implication.

The following notation (g-binomial coefficients) will be used:
[m] _ (@ Dm

nl, (GDn(GDm—n
When the base is ¢ the subscript on the coefficient is omitted.

We conclude this chapter with a proposition and a corollary which we will find
occasion to use.

PROPOSITION 1.16 (Inversion of base). When both sides converge,
—1 -1
a1y...,0r ay,...,a; 1 G1---ap
P 3q,2 | = - ; —2
" S( bi,....bs P ) T%( bt ... bt d "By -+ bsq )
PROOF. The result follows immediately from the identity

(@;:9)n = (=1)"¢a™(@ ;¢ ). O

When r = s 4+ 1 the same ® function is used on both sides and convergence
holds for both functions when |z| < 1. We isolate this corollary which will find
application in Chapter 2.

COROLLARY 1.17. For |z| < 1,

-1 -1
A1y.-.5Qp41 Ay 5500 _1 @1°°-0Gr41
i) ’ ? . 2] = o L r+1 . =TT,
PP byt )Tt et T T



CHAPTER 2

New results and connections with current research

In the first two sections of this chapter we continue the development of the
ideas begun in the last chapter, with the overall theme being the role played by g-
difference operators. We find that with just a little work we are able to identify the
symmetric function ®4 as a specialized basic hypergeometric function. Although
we previously made this identification [14], our methods were ad hoc. Here the
proof falls completely within the scope of our operator theory. After this we relate
the theorems to modern work on orthogonal polynomials. Once this connection
has been made, we will derive several new Askey-Wilson type integrals. We also
take time to analyze the convergence of the operator methods, look at a case of
interesting convergence behavior as well as discuss connections with g-Heisenberg
algebras.

2.1. Identification of &, as ¢g-hypergeometric

The goal of this section is to identify ®4 from the last chapter as a specialized
3®2. We will make use of the following facts which are special cases of general
results proved in the next section. As they are of a canonical nature, we defer the
proofs until then.

1 A
2.1 Xom)oo A} = —L—,
(2.3) (X605 )00 hin (A3, Aa, As) = hn(Xe; A3, Mg, As),

(2.1)isthe case k =0,1=1,b=1, and z = pA, of (2.12). (2.2) and (2.3) are
the cases k=0,l=1,b=1,x=pand k =0,1 = 3, b =1, respectively of (2.14).
The identification of ®, is contained in the following theorem.
THEOREM 2.1.
¢4()\17 )‘2; )‘3; A4; )‘5)
_ (A1 22234, Ao A3 AgAs5) 0
(2.4) (A1 A2, Mg, At A, Aads, Aada, Ao ds, As g, Asds, A5 ) oo

)\2)\3, )\2)\47 )\3)\4 )
s ( A1A2A3 A4, A2 A3 AaAs ”\1)‘5> .

The key to our proof is the following proposition which follows from Theorem
1.2. The significance of our proposition is that it shows how the operator (Ad1)oo
can be used to introduce a factor of the form (a),/(b), into any power series. These
factors are precisely the building blocks of basic hypergeometric series.

15
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PROPOSITION 2.2. For n > 0 as equations between functions

1 n _ (,U/\z)oo [)‘17/J']n
(2.5) W0 3= ™ Didados (aAe)n”
and
z ® >0 "‘” ® n>0

ProOOF . Start with Theorem 1.2, change p to A;, take the inverse of both
sides, and multiply on the right by m to get

1
()‘1)‘z)oo

Change A to g and multiply both sides by 1/(uAz)s to obtain

(p’/\l)oo 1 _ (N)\mnl)oo
(oo POV (i = 00" XN

Apply these operators to AT to get

(A1) oo 1 n_ (BA2M)oo \n AT [, pla
() PO G N = o) =N AT = W00 N = )

where the last two equality follow from (2.1) and (2.2), respectively. O

(A1 Az) o0 (A1) 0 = (Ad1) oo (AAz71) 00

The proof of Theorem 2.1 is now easy.

ProoOF OF THEOREM. We start with Theorem 1.1:
(A1 A2A3 1) 0 (A2A3)n(A2Aa)n
(A1, Mg, A2 Az, Aada, Ao As)oo 57 (A1 A2AsA)n(@)n
- 3 O M) M ).
= (@)n

ATAS

We now apply the operator (Agds)so to both sides of this identity, using Proposition
2.2 (with the variables u = Ag and A, = A2,) on the left side and (2.3) on the right.
This gives immediately (with no simplification necessary):

(A A2A3M4) 00 Z (A2A3)n(A2A4)n \n (A226) 00 [A55 As]n
(M Az; A, dods, A2 da) oo 22 (MdeAsAa)n(@)n " (A2 ds)oo (A2 A6)n

_ Z n(A1, A2)hn(X6; Az, Ag,y As)

Now make the change of variables Ag — A3A4A5 and this equation becomes
(A1 A2 A3A4, A2 A3 A4 As5) o0 ., ( A2A3, Aadg, Az A )
()\1/\3,/\1)\4,/\2/\3,/\2)\4,/\2/\5)00 Al)\2)\3)‘47 /\2)\3/\4A5 143
_ Z b (A1, A2) hn (A3 AsAs; Az, Ag,y As)
n>0 (q)n ,

which by Theorem 1.13 is equal to (A1 A2, A3Ag, A3As5, AaA5)00 P4 and our theorem
is proved. O
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This theorem was given in the author’s thesis in 1993 [14], however a result
equivalent to Theorem 2.1 (assuming one knows the orthogonality and weight func-
tion of the polynomials A,) was given by Ismail, Stanton and Viennot in 1987 as
Theorem 3.5 of [34]. This will be discussed in Section 2.3. We thank M. Ismail
for pointing out this connection. The proof given in [14] was not in the spirit of
g-difference operator methods used here but rather made use of an identity of Al-
Salam and Carlitz [2] connecting the right hand side of equation (1.33) with the
above 3®5. For now we consider some applications of Theorem 2.1.

It is well known that the function

a,b,c de
(I) » Y .
32( d, e ’abc)

has two transformations analogous to the Heine transformation. These are

(e/a)o(de/bc) oo B, a, d/b, d/c e/a
5, ( a, b, c ﬁ) _ (€)oo (de/abc) oo d, de/bc '
d,e abe (8)oc (de/ab)oo (de/be)eo. 4 ( d/b, e/b, de/abe _b>

(d)oo (€)oo (de/abe) o de/ab, de/bc

due to Sears [50] and Hall [29], respectively. In addition, the left side is clearly
symmetric in a, b, ¢, as well as in d and e, and these symmetries, along with
those of Sears and Hall, generate a transformation group for this 3®5. Theorem
2.1 can be used to identify this group as S5. All we have to do is put a = AgAs,
b = )\2/\4, CcC = /\3/\4, d = /\1/\2)\3)\47 and e = /\2)\3)\4/\5. Then it follows that
de/abc = A1 )5 and thus the function in the transformations of Sears and Hall is
the 3@, above. Given a function f(Ar, A2,...) we define the action of the element
o €S,on fviaof = f(Ao,\ao,...), where o acts on the indices of the A. We use
cycle notation for elements of the symmetric group, thus (1,2) f (A1, A2) = f(A2, A1)
for any function f. Then it is easy to verify that the symmetry (2,3)(1,4) of
®, yields the transformation of Sears, while the symmetry (1,2,3)(4, 5) yields the
transformation of Hall. Finally, the (obvious) symmetry of a, b, and ¢ is generated
by the elements (2, 3) and (2,4), while the symmetry of d and e is clearly (1,5). It
is not hard to show that these elements of Sy generate the whole of S5 and thus we
have our assertion.

It is useful to write the basic hypergeometric function in terms of ®4. Solving
for a, b, etc in terms of the \’s gives

a,b,c de
P » Yy .
32( d,e ’abc)

(2.7) — (a)oo(b)oo(c)oo(d/a)oo(d/b)oo(d/c)oo(e/a)oo(e/b)oo(e/c)oo
(d)oo (€)oo
X@4(a%b%c*%,a*%b*%c*% ,a%b*%c%,a*%b*%c*%e,a*%b%c%)

We conclude this section by applying this relation to obtain two three-term g¢-
difference equations for the Sears-Hall 3®,. These are consequences of the following
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g-difference equation for ®4 given in [42]:

(1= X 22) (1 = A A3) (1 = A Ag) (1 — M As)@4a( A1)

— {14 QA3 X ds07 1 — A (A2dsAa + XadsAs + Ao s s + Az ds)
+ A2 (1 + @) A2 AsAa X5 1 @4 (M1q)

+ A2 A3 A Asq @4 (M1 g?) = 0.

Now interchange A; and Ay in (2.8), substitute (2.4) into the result, and fi-
nally change variables to a, b, ¢, d, e as before. Denote the Sears-Hall 3®5 by
f(a,b,c,d,e). We get

(abc — de)(1 — d)(1 — dq) f(d)
(2.9) — {abc + abceq ! — (abc + e(a+ b+ ¢))d + e(1 + q)d*}(1 — dq) f(dq)
+eq " (a — dq) (b — dg)(c — dg) f(dg*) = 0.

Similarly substituting (2.4) into (2.8) and making the same variable changes
yields:

(2.8)

abc®(1 —d)(1 —dq)(1 —e)(1 — eq) f(a, b, d,e)
— c{abc+ cdeq™ — (ade + abed + bde + abce)
+ (1 + q)abde}(1 — d)(1 — €) f(aq, bq, dq, eq)
+deq™" (c — dg)(c — eq)(1 — aq)(1 - bq) f(aq®,bg*, dg*, eq*) = 0.

Applying any of the other symmetries first to ®4 before substituting in (2.4)
gives results equivalent to one of these after an obvious symmetry in the 3®s.
Equations (2.9) and (2.10) do not seem to have appeared previously in the literature,
but according to Askey [10] they have been known to J.A. Wilson for some time.
This gives another example of how symmetric expansions are able to condense
information about special functions. In this case the two g¢-difference equations
(2.9) and (2.10) coalesce into the single equation (2.8).

(2.10)

2.2. Symmetry creating operators

In this section we examine the actions of the operators on the polynomials h,,.
To facilitate understanding of the statements in the next two propositions please
recall the convention involving non-commuting variables given in Section 1.2. In the
following proposition the possible dependence of z on A gives some useful freedom
in applications.

PROPOSITION 2.3. Let x be a variable possibly depending on A\. Then
(26)oc A" = [A, 2] = hr(z3 A),

e = he(\ ).
PROOF.
N o T U (i ) L1 S () 8
(@)X =2 g N = L o T

7] a@amar = sl = e,
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Similarly,

T

= Z _(S’W => [ ] "N = hy (A ).

n>0 n=0

Thus the operator e(zd) = 1/(zd)o takes the basis AT the basis h,(X,z).
Similarly the operator (£d)c takes the basis AT to the basis [\, z],.
The main result of this section is the following proposition.

PROPOSITION 2.4. Let x be a variable possibly depending on A1, and let x; and
Aj, J > 1 be independent of A\1. Then as equations between polynomials,

1
(2.11) (oo (@)oo

hn(xl,...,Ilfk;b)\l,)\Q,...,)\l)
= hn(:cb)\l,xl,.. .,$k;b/\1,)\2,.. -;)\l);

1
(212) (mnl)mmhn(a@b}q,xl, ey TS b/\l,)\g, . ,)\1)

= hn(wl,...,.’Ek;b/\l,)\g,...,)\l),

1

(2.13) @0

hn(.’li'l,...,.’L‘k;b)\l,)\g,...,)\l) = hn(ml,...,mk;xb,b)\l,)\g,...,)\l),

(214) (.’E(Sl)oohn(.’ﬂl, e ,.’L’k;b)\l,)\g, . .,)\1) = hn(b.’ﬂ,.’lll, e ,.’Ek;b/\l,)\Q, .. -;)\l)-

PROOF.
1 hn(ml,...,xk;b)\l,)\z,...,)\l)zn
(@m)oo S5 (@)n
I (212)0 (Th2)oo _ (T12)00 "+ (Th2)oo 1 1

T @) OM2)oo - Ni2)oe . (M22)oo - (N2)oo (@1) o0 (BA12)o0

(wlz)oo (212) oo "y} 1
 (#12) 00 - (Th2) 0o ™
 (A22)oe - (Ni2) oo n%:o (@)n(bA12¢™)
_ (#12)00 - (Th2)00 (XDA12) 00
 (A22)oo - (N2 oo (BA12) 00 (T) 0o

hn .’L'b/\l,.’L'l, . ,Iﬂk;b/\l,)\g,...,)\l)
7>0 (@)oo (@)n

2",

Equating coefficients of 2" and multiplying by (z)s gives (2.11). (2.12) follows
immediately from (2.11) by applying the inverse operator to both sides. For (2.13),
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note that
1 hn(.’l;'l,...,.’L'k;b)\l,/\z,...,/\l)zn
(x(sl)oo nZZO (q)n
1 (#12)oo - (Th2) o _ (12)00 " (Th2) 0 1 1
(:1:51)00 OAM12)oo - (N2)o (A22)00 - (N2) oo (1) 0o (BA12) oo
C (Z12)0 (BR2)0 1 b" 2" \r
T (M2)ee - (N2) o (T61) oo = (@), "
 (712)00 (TR 2) o b "  (®12)00 - (Th2) 00 1
T (M2)eo - (Ni2)oeo & (9)r (@A) = M22)o0 - = (Ni2)oo (DA12) 00 (2D2) o0

where the second to the last equation follows from Proposition 2.3. Now expanding
the last formula by the g-multinomial theorem and equating coefficients completes
the proof. The proof of (2.14) is similar. O

The significance of this proposition is that it shows how the application of
the g-difference operators adds new variables to the symmetric polynomials. This
means that when a function has been expanded in terms of the symmetric poly-
nomials, and it is then hit with one of these operators, the function produced has
greater symmetry. These symmetries underlie the transformations of certain ba-
sic hypergeometric functions. In the next chapter we well see more examples of
transformations obtained in this way.

We conclude with a statement of our theorem characterizing the polynomials
hy. This theorem is from our paper [15] but was inspired by Rogers’s paper and
as it sheds light on the importance of the polynomials h,, we state it here.

THEOREM 2.5. Let ag = By = 1 and let m > 0 be a fixed integer. Then the
solution of the difference equation

(B0 — a0g™)Hn + (b1 — a1¢" ") Hno1 + - + (B — amg" ™) Hpm = 0
with H, =0 for —m <n <0 and Hy =1 is given by
H; = (Z—;'j = (qi)jm.;m:j [ nl,..].,nm ] b1, a1y -~ By @l
where
oo+ tapz" =1 —-az) - (1—ap),
and
Bo+ 4 Bmz™ =1 —=b1z) - (1 — bpx).

2.3. Rogers’s paper and orthogonal polynomials

In this section we provide some of the connections between Rogers’s paper
[42] and modern work on orthogonal polynomials. In the spirit of staying as self
contained as possible we first fix notation and some basic notions about orthogonal
polynomials. Next we look at how the Askey-Wilson integral can be derived from
Rogers’s work on ®3 and finally we consider applications of the results of Sections
2.1 as well as other results from [42] in this light.
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Let a function w be given which is non-negative and integrable on an interval
(a,b) and satisfies

/bw(x) dz > 0.

In the event that (a,b) is unbounded impose the additional requirement that the
moments

b
un:/ z"w(zx) dx n=0,1,3,...
a

are finite. If there is a sequence of polynomials {P,}, P, of degree n, such that

/b P, (z)P,(x)w(x)dr =0 m # n,

then the polynomials P are called an orthogonal polynomial sequence (OPS) with
respect to the weight function w(z) on (a,b).
Define an operator £ on polynomials f(z) by

b
(2.15) o] = / f@)w(z) da.
Then clearly
(2.16) L[z"] = pn n=0,1,2,...,
and
(2.17) LIPnPr]=0 m#n.
Obviously £ is linear—
(2.18) Llaf + bg] = aL[f] + bL]g],

where f and g are polynomials and a,b € R.

It is clear that
L [Z cna:"} = Z Cr -

Thus £ takes ™ — p,. In particular if there are some free parameters in w(z),
then the u, will be functions of these parameters.

Notice that additionally

LIP;]#0
since [wdz >0 and P2 > 0.

One way to generalize the above is to note that (2.16) and (2.18) suffice to
define £ on polynomials without reference to (2.15). Thus in place of (2.15), one
may consider an arbitrary sequence of complex numbers u, and use (2.16) and
(2.18) to define £ on polynomials. Then if there exists a sequence of polynomials
satisfying (2.17) and also

(2.19) LIP2] #0,
then the sequence of polynomials P is said to be an OPS with respect to L.
For brevity and clarity we now work formally. Suppose that Py(z) = 1 and

f: w(z)dx = 1. Additionally suppose that some function f(x) defined on (a,b)
may be expanded formally in terms of the polynomials {P,} so that

(2.20) @) =3 anPa(a).

n>0
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Then formally

b b
/ f@yw(z)de =) an / P (z)w(z) dz

n>0

b
= Z an/ Py(z) P, (z)w(x) dx = Z ando,n = Go-
n>0 a n>0
Thus integration of a function against the weight function gives the constant term
in the expansion (2.20).
With this in mind we return to the polynomials A,,. Recall that for |u| =1
L — Z An(u) 2.
P(2) (@)n

n>0

Also since |u| = 1, let u = €’ and by abuse of notation put 4, (f) = A,(u). Then
it transpires (see [3], [4], or [5]) that A, is orthogonal on the interval (0,7) with
respect to the weight function
(2.21) w(f) = (zﬁ(ezw)w(e—zw)w,

Iy
with the orthogonality relation

/ " 40 (0) A (B)w(6) db = Smn

(@)n
In fact (1.25) is an algebraic version of this orthogonality relation for the polyno-
mials {A4,}.
In particular if we integrate a function
£0) =) KnA,
n>0

with respect to the weight function w(8), then by the above computation

/Oﬂ FO)w(6) do = K.

That is, the constant term function defined in Section 1.3 has been identified
with an integral operator:

(2.22) C(f) = /0 " H(6yw(6) db.

Now consider equation (1.32) which occurs in Rogers’s paper. It states that

1
¢ (P()\1)P()\2)P()\3)P(/\4))
(M A3, )00
(A1 A2, A1A3, A1 A4, A2 A3, Ao, Ads ) oo
By (2.21) and (2.22) if follows that

T (e2i0 6721'9)
- - . " /0 . . df
(2 23) /0 (/\1619,)\167'9,/\26“9,)\267'9,/\36’0,)\36719,)\4619,)\46719,)oo
: 2 (A1 X234, ) oo

(q)oo ()‘1)\27 A1)\37 /\1)\47 A2)\33 )‘2)\47 7)‘3)\47 )oo ’
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This is the famous Askey-Wilson integral [12],[25]. It is the key to proving the
orthogonality of the Askey and Wilson 4®3 polynomials. In fact Ismail, Stanton
and Viennot say in the introduction to their paper [34],

“The Askey-Wilson polynomials are the most general classical or-

thogonal polynomials that are known. So any new evaluations of

the Askey-Wilson integral are desirable.”

The deduction of the orthogonality of the 4®3 polynomials from the Askey-
Wilson integral can be found on pages 11-13 of [12]; we refer the reader there for
the proof.

Now using the definition of ¢4 and Theorem 2.1-

1
C
(P()q)P()\2)P()\3)P()\4)P()\5))
(A1 A2A3A4, A2 A3 A4 As5) 00
(A1 A2, M A3, At A, Aads, Adada, A2 ds, Az, AsAs, A5 ) oo

A2A3, )\2A4, A3A4 )
X 3@2 < Al)\g)\3)\4’ )\2)‘3)\4A5 ,)\1A5> .

Interchanging Ay and A5 and applying (2.22) to this gives the following theorem.

THEOREM 2.6.
™ (e2i9,€_2i0)00
/0 e Are Aol Age 1, \get® Age 0, /\461'07/\4649,/\561'97)\5649)00d0
_2r (A1 A2235, A2 A3 A4 A5, A A ) oo & ( A2)3, A2s, Azds A\ /\>
(@)oo [licjcres AiAk) oo P72\ M2 ds s, Ao dshads )

This theorem originally appeared in [34]. Conversely Theorem 2.1 may be
derived from Theorem 2.6. Specifically, orthogonality of A, with knowledge of
the weight function (2.21) gives equivalence. The same may be said of the Askey-
Wilson integral and (1.32). Letting Ay = 0 in the Theorem 2.6 reduces it to the
Askey-Wilson integral above.

Consider next the evaluation of ®5 in Theorem 1.14 which we reproduce below
for convenience:

1
C
(P()q)P()\2)P()\3)P()\4)P()\5)P()\6))
1
(A1 A2, A1 A3, A2 A3, A ds, A e, As A6) oo
9 Z Py (A1 X2 A35 A1, A2, A3) B (Mg A5 65 Ad, As, Ae)
= (@)n

Applying (2.22) to this gives the following generalization of the Theorem 2.6.
THEOREM 2.7.
™ (€210 e=2i0)
/0 P(A1)P(X2) P(A3) P(Ag) P(As5) P(Ae)
2 1
(2.24) (@)oo (M1 A2, M3, A2A3, AaAs, A Ae, As A6 )oo
N Z B (A1 A2As5 A1, Az, A3) A (A4 A5 A6; Mg, As; Ae)
(9)
7>0 d)n

do
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This result appears to be new.

2.4. Synthesis: The continuous g¢-ultraspherical polynomials

In [42] Rogers suggested parallel development of the properties of the polyno-
mials B, defined by:

n41

By, = By (u) = hy(—qu, _quil;o) = q( 2 )Xn(uauil)-

In terms of the polynomials A,, and the continuous ¢-Hermite polynomials H,,,

By = a3 An(u,u 307 = o3 Hy (23071,

where = (u + u~1)/2. Rogers developed some interesting formulas involving the
B,’s which exactly correspond to formulas for the A,,. Theorem 1.5 is a good
example, corresponding to Theorem 1.3. He also attempted to find a formula
corresponding to Theorem 1.12, but unfortunately the resulting equation diverged.
The problems with the polynomials B,, arise because they are orthogonal with
respect to a signed measure which is not unique. Nevertheless certain similarities
do exist and this suggests a question: Is there a common generalization of the
polynomials A,, and B,,?

Rogers answers this question in his third memoir [44]. Perhaps the easiest way
to understand his synthesis is from the point of view of generating functions. Recall
the generating function of A4, is

LI ﬁz” 2) = (uz,u 1z u=e?

and by the g-multinomial theorem the generating function of B, is

P(—2q) = Z &z"

n>0 (q)n

Rogers’s synthesis of A,, and B,, is L, = L,(¢) defined by

PO _ 5 Ln
o . <t

After introducing L, Rogers notes several special cases of his polynomials. For
instance, when A = 0 it is obvious that L,, = A,, while for B, it is easy to see
that limy 00 (—¢/A)" Ly, = Bj,. Another interesting special case is A = ¢ where
L, = W(q)n Note that in terms of the symmetric polynomials h,, L, =
hn(u, dutu,u™!) with u = €. The standard notation for the continuous g¢-
ultraspherical polynomials is Cy,(z; Alg) which equals L, /(q), with = cosf. The
C), are polynomials of degree n in z and thus form a basis for formal power series
in z over C.
Now the linearization formula (1.24) for A, is, after re-indexing the sum,

Ak 5~ [j+k—2t] Ajiia
(@) (D 0<iek E—t ] (@)e(@)jsr—2t
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where we assume j > k without loss of generality. Similarly the linearization
formula for B,, is

BiBr _ > [j W 2t] (=1)g(B)-G0G-0p,
( .

(2.25) @); @ o5 k—t De(@)j+k—2t

This equation can be derived from Theorem 1.5. In [44] Rogers gave a result which
includes both of these as special cases, namely

LiLy _ ) A =2 2NN it W r—t (W) jrr—t
(@)i(Dw 0<t<k (N jth—t+1(D)e (@) - (D k1t (A?) -2t

Ljyg_o.

Rogers suggests an inductive proof of this theorem. This proof is rather tedious and
other proofs have since been given. Gasper [24],[25] gives a somewhat easier proof
and other proofs can be found in [17] and [39]. Although a proof will not be given
here, we would like to take the opportunity to point out some consequences of this
formula which follows from the techniques we have developed. As an application
we note that just as with the polynomials A,, the algebra structure of series C[[Ly]]
follows immediately. Here C[[L,]] denotes the set whose elements are series of the
form

ZanLn a, € C

converging absolutely and uniformly in u by the Weierstrass M-test. We shall tac-
itly assume that the series below belong to C[[L,]]. Then from Rogers’ linearization
formula the following theorem holds.

THEOREM 2.8. C[[L,]] is a C-algebra.
We next obtain a generalization of Theorem 1.8.
DEFINITION 2.9. If y = )" a, L, € C[[L,]], put CL(y) = ao.

Note that if y is a function analytic at = 0, then since it has a unique power
series expansion at 0, and since L,, form a basis for expansion of formal power series
in z, it follows that y has a unique expansion in C[[L,,]]. Thus Cf(y) is well defined
for such analytic functions.

THEOREM 2.10. When the sequences aj and by, are independent of u,

(1-Ag)L; (=AML
a | & T-neo,@ | | & T-nooua”

N b Y
= L oo @;

i20
Proor. It follows immediately from the linearization formula that
0 if j#Ek
(2.26) CrL(L;Lg) = _ . i
! o (W)@, if j=k

The rest of the proof is completed just like the proof of Theorem 1.8. |
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The orthogonality for L,, for |A| < 1 (see [12],[25]) is given by

(2.27) / L, L,W(6)df = 5’”’",
0 dn
where vio —oip
(e, e
0 = =7 T s
W( ) ()\6226’/\6—226)00’
and

21Nz, A)n(@)n

One notices that (2.26) is an algebraic form of the orthogonality relation for
the polynomials L,. We have derived it in exactly the same way in which Rogers
derived the special case for the polynomials A,,. It is therefore possible that Rogers
was aware of this orthogonality as well. In one sense it is more general than the
orthogonality relation (2.27): (2.26) holds even for |A| > 1 as long as denominators
do not vanish and even implies the constant term orthogonality of the polynomials
B,, in the limit.

A corollary of Theorem 2.26 is a simultaneous generalization (synthesis) of
Rogers’s result Corollary 1.9 as well as the analogous result for the polynomials B,,
suggested by Rogers in the last section of [42].

COROLLARY 2.11. When the sequence b; is independent of u,

“\Pe Z TN, ) Z @

PROOF. In the left hand side of the assertion of Theorem 2.10, substitute
2
=),
J 1—M\g?
and use the fact that

P(A\z) Li ;
PO @ .

Just as Rogers’s linearization formula for A, is equivalent to the g-Mehler
formula [33], there is a generalization of the ¢g-Mehler formula equivalent to the
linearization formula for the continuous g¢-ultraspherical polynomials. This result
is essentially formula (2.1) in [17]. We simplify this formula further by employing
Rogers’s symmetric polynomials h,.

THEOREM 2.12 (Generalization of g-Mehler formula). For |r|,|s| < 1, A7! #
k
¢, k=0,1,2,...,

P(rA)P(s)) _ <= hu(rA shir,s) A X%
POPG) 5 O o (Ggpd o)

Proor. First write the linearization formula in the more convenient form

LjLy > NNt Vet (N2 HE2),

(2.28) m = (A)jrh—2e(A@IT*=2041), ()4 (q)j—1 () k—t

Ljip—2.
0<t<min(j,k)
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Now multiply both sides by r/s* and sum over j,k > 0. Observe that by the
generating function for L, the left hand side simplifies to
P(rA)P(s))
P(r)P(s) -
The right hand side is then
NN j—t W=t (N2g T2, jok
Z Z i+k—2t+1 Ljr-2r’s" | -
(A)jr—2e(AGZHE=2041), (q)1(q) j—1 (@) k—t

3,k>0 \ 0<t<min(j,k)

Putting m = j —t and n = k — ¢ the sum becomes

Z N m N a (W)W @™ ) Ly g™ 5™ H
m,n,t>0 (’\)m—i-n (/\qm+"+1)t(q)m(Q)n(Q)t

()\)m()\)nrmsn ( A )\2qm+n )
B DOmen@m@ 22 D mintl 378 ) Lign-
m;zo Wmin@m(@)n” -\ Agmtntt +

Finally changing indices to I = m + n and using the definition of h; completes the
proof. a

Note that the restriction on A may be removed by simply multiplying both
sides by (A)so- Applying Heine’s transformation to the ®; on the right hand gives
the following convenient form of the Theorem 2.12.

P(rA)P(sA)(rs)es hi(rX, sh;r, 8) g/ s oy
(2:29) PP 2 h@r ()" %)

We have the following generalization of (1.32).

THEOREM 2.13. For |s1],|sal, |s3],[s4] <1, A1 #¢¥ £k =0,1,2,...,
C (P(Sl/\)P(SQ/\)P(Sg)\)P(&i)\))
B\ 7 P(s1)P(s2)P(s3)P(s4)

: (A\?); A Ngl X N
R D v GV LI B W WAEY

320

X h]' ()\81, )\82; S1, Sg)hj ()\83, )\84; 83, 84).

PROOF. Rewrite Theorem 2.10 in the form

e o ((Z) (zb>> LT

Jj=>0 k>0 j=20
Now express the functions
P(s1)\)P(s2))
P(s1)P(s2)
and
P(s3\)P(s4))
P(s3)P(s4)
as series in L,, by Theorem 2.12 and apply (2.31) to their product. |
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Again it is easy to remove the restriction on A.

Just as Theorem 2.1 had an integral equivalent (after knowing the weight func-
tion), Theorem 2.13 also has an integral equivalent. The following theorem is a
generalization of Proposition 3.2 in [33] to which it reduces when |s1| = |s2| and
|s3| = |sa|, so that the polynomials h; on the series side reduce to continuous
g-ultraspherical polynomials. Our proof seems to be simpler.

THEOREM 2.14. For |A|,|s;| <1 (1 <1i<4),

Psl/\ 52/\) (s3A)P(540) (€% | =21
$2)P(s3)P(s4)(Ae%, Ae=20)
2 5 i 5
(2:32) =27r()\)oo (/\)j [0 (A”\.qj-ss) o) (/\,)qu .58)
(Az’q)w;(Q)j()‘)j()‘Q)j2 AP A A At WD ¥/ A A

x hj(As1, Asa; s1,82)hj(Ass, Ass; 83, 84).

do

Putting A = 0 in this formula and summing the right hand side by the ¢g-Mehler
formula (1.16) again recovers the Askey-Wilson integral (2.23).

ProoF. This follows immediately from Theorem 2.13 and (2.27). O

Theorems 2.12, 2.13 and 2.14 have several special cases which are worthy of
mention here. These arise in cases when the 2®; sums by either the ¢g-Gauss or
g-Kummer theorems. We begin with two cases of Theorem 2.12. When s = q/r\?
applying the g-Gauss sum gives the following corollary.

COROLLARY 2.15. For |r| <1 and |\*> > |q/7|,
(rud) oo (1A /) 00 (qU/TA) 00 (4/7A) 06 (A) 00 (4/A?) 00
(1) 0o (7 /1) 00 (qu/TA?*) 00 (4/TA%U ) 00 (@) 00 (4/A) 00

(1= 2Ag)h(rA q/rX;r,q/rN?)
-2 @7
>0 i

(2.33)

L.

When s = —¢/r\ the ¢-Kummer theorem [25] may be applied and Theorem
2.12 reduces to

COROLLARY 2.16. For |r| <1 and |\| > |g/7|,
(rAdu) oo (T A /1) 0o (=qu/T) 00 (=q/T1) 00 (M) 00 (=¢/A) 0
(1%) 0o (T/ 1) 00 (—qu /T X) 00 (= /T A) 00 (— @) 00
(L= A hi(rX, —q/r;r, —q/rN)(XN2¢' ™, 41725 ¢%) oo
- Z (Q)l
1>0

(2.34)

L.

Applying (2.31) to Corollary 2.15 using two different r’s gives
COROLLARY 2.17. For |r1|,|r2] < 1 and |A|* > max(|g/r1], |q/r2|)

P(riA)P(q/riN)P(ra))P(g/raN)\ _ (4:9/M% 1 - /\qJ)
(2.35) o (P(TI)P@/W)P(r2)P(q/r2A2)) (Ag, 4/ A*)2 ;o

X hj(rl)\,q/rl)\;rl,q/rl)\2)h]~(r2)\,q/rg)\;rz,q/rg)\2).

Applying (2.31) to Corollary 2.16 with two different r’s gives




2.4. SYNTHESIS: THE CONTINUOUS ¢-ULTRASPHERICAL POLYNOMIALS 29

COROLLARY 2.18. For |r1],|r2| < 1 and |A| > max(|q/r1], |q/72]|),
L (P(Tl)\)P(—lI/Tl)P(T2/\)P(—Q/T2))
P(r1)P(—q/riA)P(r2)P(—q/r27)
(2.36) _ 3 (1= Ag)(N); (NP7, ¢+ ¢%)2,
()\q, Q/)\ )5 B (@);(1-2A)
X hi(ri A, —q/r1;7r1, —q/T1A)hj(ra X, —q/ra; 72, —q /T2 N).

The last possibility is to apply (2.31) to Corollary 2.15 with r; for r and to
Corollary 2.16 with ry for r to obtain the following corollary.

COROLLARY 2.19. For |r1],|ra| < 1 and |A| > max(|q/r|"/?,|q/r2]),
(P(Tl)\)P(Q/Tl)\)P(T2)\)P(—Q/7‘2))
P(r1)P(q/riA*)P(r2) P(—q/r2])
(2.37) __ @-99/N > (1= A )(X*); (X7 *, 725 ¢%) oo
(A3 (=a/2 4/ X)e0 5 (@31 -2
X hj(riX, q/riA; 1, q/r1A?)hj(ra, —q/T2;m2, —q/T2 ).

The last three results are all Corollaries of Theorem 2.13. Of course they all
have integral versions via (2.27) which we give here. These are special cases of
Theorem 2.14. They are recorded in the following corollary.

COROLLARY 2.20. For |r1|,|r2| <1 and max(|q/r1|,|q/r=2|) < |A\* < 1,
[ DA NN ),
P(r1)P(q/r1A2)P(r3) P(q/r222)(Ne?¥ , Ne=21)
(2.38) _ 2n(g )oo(q/k)oo( -\ ) (A?);i(1 = A¢%)
W)oo(a/X)3 (@)}
X hj(riX, q/riXire, q/riX)hy(r2 X, q/r2 X2, q /2 0%).
For |r],|r2| < 1 and max(|q/r1|, lg/r2]) < |A] <1,
[ NP PP )
P P(=a/ri ) P(r2) P(=a]ra N O, 3e20)
(2.39) _ 27?(— )00(1 ) ) (1= 2g))(X?); (N *, a7 ¢%)2,
CUME7VRPS @,
X hj(riX, —q/ri;7m1, —q/T1A)hj(ra X, —q/ra; 2, —q /T2 ).
For |r1],|r2| <1 and max(|g/ri|*/?|a/r2]) < |A[ <1,
/ Tl)\ (g/mN)P(ra)) P(—g/rs) (¥, e )0 a0
P2 Pla/rR) P P(=araX) 07, Ae )
(2.40) _ 2n(= q,q/A) (1-X > (1 =Ag)(\); (V@ ¢ %% ¢%) o
A =a/Xa/ N 55 (@)F
X hj(riA, a/riXsry, /1N )by (ra X, —q/ra;ma, —q/r2)).

In closing this section we make some remarks on generalizations and problems
which remain. First of all, the continuous g-ultraspherical polynomials are not the
end of the line for g-orthogonal polynomials. More generally the ,®3 polynomials
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(also known as the Askey-Wilson polynomials) [12],[25] have a linearization formula
[39]. However the formula is complicated; its linearization coefficients are sums of
terminating very well-poised 19®9’s. The method we have just used may be applied
to these polynomials yielding generalizations of theorems of this section. Nicer
generalizations may be obtained with the continuous g-Jacobi polynomials where
the coefficients are specialized 19®Pg’s; see [39]. A refinement of the method used
here was employed in [16] to give further integral evaluations. Finally, Theorem
2.10 enables us to make a commutative diagram analogous to that of A,, given in
Chapter 1; we do not know the identity of the corresponding operator ?; in the
present case.

2.5. Convergence criteria for operator theorems

It is appropriate to give some convergence criteria for the operators used here.
Rogers did not remark on convergence or divergence of his results, so we tie up this
loose end here. We give results on the operators Y by,n™, 1/(26)s0, and E(zo).
As operators on polynomials convergence can be defined either formally or in the
complex topology. We extend the action of these operators to infinite series as
follows. Given a function

= Z an\",

n>0
where the coeflicients a,, are independent of A, define the action of the operators
g(zn) = bpz™n™, 1/(3:6)00, and E(:w) by the equations

Z an (g(zn)A™),

n>0
1 1
)‘ = n —)‘n ’
@) Z (@)
and
Z an (E(xo)\™).
n>0

Convergence of the resulting function in the first two cases is given by the following
proposition and in the third by the proposition following.

PROPOSITION 2.21. Suppose f(A) = Y, <o anA" and g(z) = Y, <o bmz™ are
analytic in the unit circle, and |q| < 1. Then

(1) g(zn)f(A) is analytic for |A\| < ¢ % and |z| < ¢!, where g and f have
k-fold and I-fold zeros at the origin, respectively.

mf()\) is analytic for |A|,|z| < 1.

ProoF. For (i), we have

= ang@A" =D an | Y bua™g"A"

n>0 n>0 m>0

= Z an, Z bpz™g™" | A" = Z ang(zq™)A"

n>0 m>0 n>0

2)
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Now

lim sup |a,g(z¢"™)[*/™ = lim sup |a,z¢""h(zq")|"/" < |q|*,

n—oo n—oo

where g(z) = 2¥h(z). Thus g(zn)f()\) is analytic for |A\| < ¢ *. Similarly for
|z] < <4 .

( i), we have formally

I = Y a0 = Y (2 i xn—kxk)

n>0 n>0 k=0
m+k
= E E [ ]xmam+k AE.
k>0 \m>0

We analyze this last series. Taking the absolute value of its terms,

m+k m m+k m
DL DR iy | ) KD ol O o e I et) 11
q

k>0 \m>0 k>0 \m>0
|q| m+k |)‘|k

<Z > g e

2\ 2 b (laDx

where the first inequality follows from the positivity of the coefficients of g-binomial
coefficients when g > 0, (3.26). Now since ) a, A" has radius of convergence > 1,
limsup,, , . |a,|'/™ < 1. From this it follows that limsup, . |(|g])nan|'/" < 1.
Hence for any & > 0 there exists an N such that n > N implies |(|g|)nan|'/" <
1+ . Choose ¢ small enough that |(1 + €)z| < 1 and |(1 + £)A\| < 1. Then

[(lg])nan| < (1 +€)™ for n > N. Looking at the terms of the last series for which
m+ k > N we have

aDmk | m AlF
D> UaDmn iy 1 | A
q k

k>0 \ m>N—k (Ia)m
m>0

|z|™[(1+ )™ F] | AF
2| X (1) (D
k>0 \ m>N—k m
m>0

v v |w((1|q+|);)|m A1+ g~ 2|x1+e|m AL+

k>0 \ m>N—k (lgD)x k>0 \m>0 (lghm (lal)x
B m>0

_y lz(1+ &)™ 5 IA(1 B 1 1

Z e & e~ GO e OO e

Hence the series

S S [ s | 2

k>0 \ m>0
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converges absolutely for |z|,|A| < 1 and its terms may be rearranged. Therefore

the series
Z anhn(\, )
n>0

also converges absolutely for |z|, || < 1. O

It follows from Proposition 2.21 that the identities implied by applying (1.12)
or next chapter’s (3.5) to any analytic function with radius of convergence 1 are
valid for ||, |pA1] < 1.

We now give a convergence criteria for Rogers’s operator E(zo) defined in the
last chapter.

PROPOSITION 2.22. Suppose o > 1/4 and f()) is an entire function with

FO) =" anrr,

n>0

where a, = O(|q|a”2). Then E(zo)f(A) is analytic for |z|,|A| < |q[**~1, where this
last inequality is strict if « = 1/4.
PRrOOF. We have formally
= Nl _k(n— n—
E(.’L‘(S)f()\) = Z aan(’\Jm) = Z Qn (Z |:k:|q K k)m k/\k)
=0

n>0 n>0 k
m+k| _

=3 (3 [ e | 2

k>0 \m>0

We look for absolute convergence. Taking the absolute value of the terms,

m+k kml1m
S S| atterianand ) e
£>0 \m>0
m+k kml 1m
<SSO ™ FH] tal et mament )
k>0 \m>0 lq]

(]

(lgDm+r | (-
> Ao | AP,
k>0 \m>0 q|)m\|4|)k

where again the first inequality follows from the positivity of the coefficients of
g-binomial coefficients when ¢ > 0; see (3.26). Now since

lim (g m+k
kim—oo (|g|)m (lg])k

exists for 0 < |¢| < 1 and the denominator never vanishes, it follows that we can
put

: (lgl) m+k
Ci =limsup —————.
! k,m—00 (|Q|)m(|q|)k
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Also since |a,| = O(|q|a"2), we have |a,| < Cz|q|a”2. Then the last series is less
than

2— m m a 2 a— m am2 m
C1Cy Y Jglotrml=hmigmzk = 010y Y |g|ok TR DRmbam®pm y[k,

k,m>0 k,m>0
Now by Example 4, p. 87 of [18], it follows easily that

Z |q|ak2+(2a—1)km+am2 |q|(4a—1)m|q|(4a—1)k

k,m>0

is convergent for @ > 1/4. When a = 1/4, convergence follows from the writing
the penultimate sum as

C.Cy Z |q|(kim)2/47'm8k
k,m>0

with r = |z/¢**~!| and s = |A\/q**!| so that r,s < 1 so that the series converges
by comparison with
Z rmsk.
k,m>0

Hence the proposition thereafter. O

2.6. A fascinating phenomenon

In [42] Rogers’s evaluated the function

k

1 1
(2.41) (0o [[2 Moo’

when k& = 2,3. When k£ = 2 the result was the ¢g-Mehler theorem, while when
k = 3 Rogers obtained his beautiful symmetric function expansion. In the next
chapter we will consider this function for arbitrary k as well as other variants. It
will transpire that Rogers’s method extends without any trouble and it is in this
way that we will prove the generalization of Rogers’s symmetric function expansion
quoted in the first chapter. We therefore expect similar nice results if we carry out
a similar evaluation of the function

(2.42) E(Xo1) ﬁ E(AXi),

=2

with k > 3, since when k = 3 Rogers obtained Theorem 1.5. Here we explore this
question. We continue the operator approach used by Rogers. In the case of (2.41)
one obtains Theorem 1.1 when k = 4, so this raises the question of what kind of
analog of the symmetric expansion is obtained when k = 4 in (2.42)? We find using
Theorems 1.4 and 1.5:
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E(Ao1) E(AA)E(AMA3)E(A1)2)
E(AX3)E(MA3)E(AM2)E(A1)2)
(- )\)\1)\2)\3)
)\")\4 (M A2¢7 ") E(A1A3q™™)
( A1 A2Asq— )

=E(MAM)EMan; )

= EOuM)EON)E(\:) Zq

n>0
EMM)E(M)E(AL)E (/\1/\2)E()\1)\3)
E(—Mi o))
(_/\1_1)‘2_1)n(_’\1_1)‘3_1)n
2 e e,

(=M )™

n>0

On the other hand the g-multinomial theorem and (1 19) give

n /\ 7)‘ 7)‘ n )\ )\
EQa))EQuM)EM ) E(Mde) = Y AP 2(q§ )Xn(X A1)
n>0 n

Equating these two results, multiplying by the infinite products, and changing the
signs of A2, A3 and A4 gives the following “identity”.

AT AT
2@y [ L 278 ;AAq)
2 1( by 1)\11>\21/\31 174

E(=M1A2)s)

(2.43) T ECMAME(A)E(- M) E(-AA2) E(—AAs)
(=1)"gUF)x , As, A)xn (X )
7>0 (@Dn ’

To compare this “symmetric expansion” with Rogers’s it is helpful to change vari-
ables so that the ®’s are the same To do this put A = A;! in (2.43), and
=AM b= 2701 e = A5t and d = A\ g so that

2—“ /\3 a and /\4—£lw—b
V C V C

This gives using (1.20)
(2.44)

a,b (¢/¢)so
2@1( ¢ ’d) (bq/c (aq/€)oo(q/a) o0 (4/) oo

o (ﬁfﬁd )hwﬁ)

A similar change of variables in (1.5) gives

L, ( a, b ;d) _ (/D)oo (¢/a) o0 (@) oo (b) oo (abd/ €)oo
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Comparing the right sides of these equations it appears that we have obtained a
new symmetric expansion. It is interesting to note that the sum on the right side of
(2.44) is the same as the sum in Rogers’s symmetric expansion with the change of
variables ¢ = ¢ ', a = a1, b= b1, ¢ — ¢!, d — abd/cq. However by Corollary
1.17 the left hand side is fixed under this change of variables. This implies that the
infinite products on the right hand sides are equal, a clear impossibility. What’s
going on here?

The answer is that equation (2.43) is incorrect, the error being made when we
applied the operator E(Ag1) to the q—multinomial expansion

n(A2, Az, Ag) AT
EMM)EMA)EM2) = Zq x q; 3, AM)AT
n>0 n

Here the coefficient of A} is only O(|¢|™ >/ 6) so that Proposition 2.22 doesn’t im-
ply convergence of the function which results from applying the operator E(Ao1).
Indeed the sum on the right hand of (2.43) does not converge.

Since the sum is the same as Rogers’s after base inversion, it follows that it
does converge when |g| > 1. In this case, unfortunately, things go bad in another
way; the infinite products on the right hand side of (2.43) now fail to converge.
This example as well as the last equation given in [42], which is incorrect by virtue
of divergence, clearly demonstrate the danger of using analogy and that in using
operator methods one must give consideration to convergence.

2.7. Operator theorems and ¢-Heisenberg algebras

Recently researchers in mathematical physics and algebra have rediscovered
Rogers’s operator identity Theorem 1.2; see [27], [36], [38]. For a nice overview
of this work we recommend Koornwinder [37]. Here we look more closely at the
connection between Rogers’s operator identities and ¢-Heisenberg algebras and we
show that there is an identity in Cyneis [, Yy, c]] (defined shortly) which translates
into Theorems 1.2 or 1.4 depending on which of two different families of representa-
tions of Cyneis[[2,y, ]] are chosen. As both families of representations are faithful,
this result implies an algebraic equivalence between the two theorems. This is quite
interesting given their analytic differences.

The g-Heisenberg algebra we shall work with in this section is denoted by
Cyneis [[%, ¥, c]] and consists of all formal series

1k
E ak1,mc™y artm € C,
k,l,m>0

where x, y, ¢ satisfy the commutation relations
zy —qyr = (1 —q)c
TC=cx

yec = cy.
g € C is fixed with |g| < 1.

Now Koornwinder [37] states that Rogers used the representation 7 : x — A\dq,
y — Ay, ¢ = A Of course 7 is a representation of C,peis[[%,y,c]], however the
reader will notice that Theorem 1.2 actually lives in the one dimensional family of
representations m, :  — Ad1, y = pA1, ¢ = pA, where p € C. This distinction is
of some significance as it is the presence of the parameter y above which generates
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the symmetry in the Heine transformation. (It should also be pointed out that
alternatively we could adjoin p formally to Cymeis[[2,y,c]] and work in a larger
algebra.)

In Cyeis[[,y, c]] Theorem 1.2 takes the form

(2.45) e(z)e(y) = e(y)e(—yz + c)e(x).

To check this one has only to apply 7, to (2.45) noting that 7,(—yz + ¢) = pAn;.
A concise proof of equation (2.45) is given in [37]. Here we derive an alternative
form of (2.45). The new statement will easily be seen to be equivalent to Theorem
1.4 under a different family of representations of Cymeis [[2, Y, ¢]].

THEOREM 2.23. In C,pyeis[[z,y, c]] the following identity holds

(Y0 o (=29 0 = (—2q) 00 (¢ — TYq) o0 (—Yq) o

ProOOF. We check that the identity is equivalent to (2.45). To do this we may
start with (2.45) and note that taking z — —qz, ¥y — —qy, and ¢ — ¢*c gives
an automorphism of Cyneis[[2,y,¢]]. Now make this change of variables in (2.45)
and take the reciprocal and employ the commutation between z and y to get the
identity in the theorem. This procedure obviously may be reversed. a

Next we observe that Theorem 1.18 can be obtained from a different family of
representations of the algebra Cymeis[[%,y, ¢]]. Indeed the family of representations
7wy, of Cneis[[z,y,c]] given by 7, : £ = pAi, y = Ao1, ¢ = —pA transforms
Theorem 2.23 into Theorem 1.18. Once one notes that this family of representations
is faithful, one can derive the g-Heisenberg identity from Theorem 1.18. This gives
another proof of our theorem. (Alternatively one can follow the proof of Theorem
1.18 in the variables z, y and ¢ noting the appropriate g-commutations.)

We conclude this section by mentioning a variant of Theorem 1.2 which does

not have ¢-Heisenberg type generalization. Consider the following theorem.

THEOREM 2.24. As operators on functions independent of A,

1 1
()‘61)00 (N/\l)oo = (,U/\l)oo (/1/)‘77"71)00()‘61)00-
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PRrROOF.

)
Ao)oo(fg) = 3= T yngn£g)

(—1)"q(3) \n nl .
T g, ' 6 £) (i 1)
7;) (@n H_JZ:" |:@:| Toig
: (z+j) o N
-3 & ? XN (5 1) (i 19)
,j>0 )i Q)]
_ (—1)i(—1)jq(;)q(£)qz~j e
B i,j>0 (@)i(9); AN (61 f)(n1619)
—1)iq( )/\, 5 ) (~1)ig® .
B G Yy (A (6lo)
; (9)s ; (q; 47
_1)is (5 |
"% % i Z N (819),
20 j>0

where we use the independence of g on A in the last equality. Hence as an equation
in operators on function independent of A,

hie®
() = 3 SN P (000
i>0 ¢

Putting f = 1/(ud1)eo for which &% f = utf gives the theorem. O

To illustrate the utility of this theorem we give a corollary and use the theorem
to give a second proof of the Proposition 2.2.

COROLLARY 2.25. As equations between functions,

1 (Ma)eo
(2.46) (A1) oo Oiv)e ~ D)’
PROOF.
1 1 1
(O00)ee firay = (0o pray = (1) = gy Mhem)ee (W01)ee (1)

The second result follows immediately by equating coefficients of A} after expanding
both sides with the g-binomial theorem. a
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PROOF 2 OF PROPOSITION 2.2. By Theorem 2.24 the left hand side in the
proposition is equal to

1 1
()\lAw)oo (,U/A nlnu) (/,I/(Sl) A]_ ()\1)\;3)00 (/’l/ 1 N) [ 1 /“L]
_ R N e T NmWOR

(AMAz)0 m>0 (Dm
_ (BAz)oo [Ms pi]n

(Al)\z)oo (,U//\z)n ’
where the first equality uses (2.5). The second assertion follows by summing the
first assertion. O

(Al/\z)oo

It is natura to ask if Theorem 2.24 has some kind of algebraic generalization?
One is tempted to consider the more general algebra C[[z,y, z,c]] subject to the
relations

zy —qyr = (1 —q)c
zr = qxz, zCc = qcz
xc = cx, yc = ¢y, Yz = 2y.

The family of representations to consider is 7TL 2L A0, Y AL, 2 o,

¢ — p and the apparent “identity” is:

(z)oe(y) = e(y)e(yrz — c2)()oo-
However this is false in C[[z, y, 2, c]]. The reason for this failure is that the operator
in Theorem 2.24 is restricted to operating on functions which are independent of
A. The fact that Theorem 2.24 has some utility and interest raises the question of
whether it has an algebraic context? Also does the algebra C[[z,y, 2, ¢]] above have
an interpretation as the quantization of some familiar algebraic object?

We conclude by mentioning that Faddeev and Kashaev [22] as well as Kirillov
[36] indicate how formally the ¢ = 0 case of Theorem 2.23 quantizes Rogers’s five-
term relation for the dilogarithm. More information on the g-dilogarithm as well
as g-algebra are given in Kirillov [36].



CHAPTER 3

Vector operator identities and simple applications

Before moving on to vector identities, we give new results closely tied to those in
the last chapter and tie up a couple of loose ends. Then we look more systematically
at applications of the operator theorems and derive some vector results.

3.1. A new operator theorem
We give an analogue of (1.12) motivated by the obvious question of finding a
corresponding relation for the product
1
3.1 (A

Taking the reciprocal of both sides of (1.12) and multiplying on the left and right
by 1/(Ad1)so yields

(3.2) ﬁwl)m - (uAnl)m(uxl)wﬁ

If we can now interchange the first two factors on the right side we will have an
analogue of (1.12). To this end we give a more general operator theorem.

PROPOSITION 3.1. Under suitable convergence conditions as equations in op-
erators:

(3.3) (Z ann") (@)oo = @\ o0 3 (ma;)n -

and

(3.4) (Z ann") (m; = Z an(z\)p

Notice that we do not require a,, to be 1ndependent of A

ProoF. Equation (3.3) follows from:
an n
(Zannn) N0l (V) = Y an (@A) f 00") = (@N)oe 3 2= FO")

= (@ Y (;’T")nn"f(»,

The proof of (3.4) is similar. O

Now we apply (3.3) to (3.2) using the g-binomial theorem:

1 1
m(/‘)‘l)m =(H/\U1)oo(ﬂ)\1)oom

_ (=1)"g®) () 1
=M L T @n G

39
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Hence we have the following theorem for which convergence conditions are given
by Proposition 2.21.

THEOREM 3.2.

1 _ (=g () 1

In the next section we apply (1.12) and (3.5) to derive symmetric function
expansions. We will obtain several new expansions and transformations which are
just the tip of the iceberg as far as results which may be generated by our method.
One advantage of this technique is that it helps to expose the structure of the
groups generated by iterating two-term functional relations.

We now give further results on the above operators. Some of them are contained
in [1],[42],[46], [47] and [48].

COROLLARY 3.3. As operators:

Cll)\, a2)‘7 R aT‘)‘_ _ (alA)OO e (a/T‘A)OO 1 (blA)OO Tt (bsA)oo
(3.6) res (bl)\,bg/\,...,bs)\’zn) = N 0N (71 m (@ ) (@A)

ProOF. This follows immediately from (3.3) and (3.4) with a,, = 2"/(q),. O

Applying (3.6) to the constant function 1 gives the following expression for the
basic hypergeometric function.

COROLLARY 3.4. As functions for |z| < 1:

(3.7) (11)\,(12)\,...,(17‘)\‘2: (1N ) (@A ) 1T (1A ) oo - (bsA) oo
T b b, .., b N (510 oo - - (BsN)oo (2100 (@1 N )00 - - (@rN) oo

PROPOSITION 3.5.

(@) .
AT 0<n<
U v
0 if n>r.
ProoF. This follows easily by induction on n. d

The next proposition gives linear operator for finding the constant terms of a
power series in A. It follows immediately from Proposition 2.3 by putting z = A.

PROPOSITION 3.6.

(3.8) (A0)ooA” = dr0 (Kronecker delta).
Tterating (2.13) and (2.14) gives the following proposition:
PROPOSITION 3.7. If at most one y; or z; depends on A1, then

(yl(sl)oo e (ym(sl)oo
(39) (2151)00 Tt (zmél)oo
= hn(byy -, 0Ymy X1, - s T3 D21, -+ o 02, DAL, A2y oo )

hn(.’L'l,...,.’Ek;b/\l,/\27...,/\l)

as an equation in polynomials.

The special case k = 0, b =1 = 1 gives a linear operator which shifts the basis
A" to the more general basis Ny (Y1, - -+ Ym; 215« - 5 Zmsy A)-
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PROPOSITION 3.8. If at most one y; or z; depends on X, then

(¥10)o0 -~ - (Ym ) oo
(315)00 Tt (zm(s)oo

A" :hn(yl,---,ym;Z1,---,Zm,A)

as an equation in polynomials.
Combining Propositions 3.6 and 3.8, we obtain the following;:

ProrosITION 3.9. With y; and z; independent of A,

(3.10) (A0)oo Eiigiz — EZZ/Z(‘Q: A" = hn(Ys- - Ymi 21, - - 2m)

as an equation in polynomials.

Of course these last three propositions can also be easily proved directly by
applying the g-multinomial theorem and Proposition 3.5 to the left side and sim-
plifying with the definition of the polynomials h or Proposition 3.6.

3.2. Applications to ¢-series

In this section we apply (1.12) and (3.5) to derive symmetric expansions. The
technique is to calculate the function

(3.11)

k

g § (GRS

© j=2

where £; = +1. Throughout this section convergence will hold when |A|] < 1 and
|[Ai] < 1if g; = —1. The manipulations are also justified by absolute convergence
in this domain. We first examine the case when all ¢; are —1. When k£ = 3 (3.11)
yields (1.5). The case k = 4 gives (1.6) and we go on to derive the result for
general k. The result is a vector identity generalizing Rogers’s symmetric function
expansion. Finally we look at some cases when certain €; = 1; these will yield other
new symmetric function expansions.

As many of the expansions we will give in this chapter give transformations of
sums of g-products multiplied by symmetric polynomials h;, for completeness we
give our generalization [15] of Heine’s transformation which relates two such sums
in general.

THEOREM 3.10 (Generalized Heine Transformation). For m > 1, |b;| < 1, and
|di| <1 we have

(C1)k

(d1)oo -+ (dm) oo (a1) oo am)oo Z Vi (bm)k hi(c; d)
(cl)oo"'(cm) (bl oo ( oo k:>0 "'(am)k (q)k ’

()i ()i (2 )
P e R T
)

)
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We begin with a generalization of Rogers’s symmetric function expansion. Put

k =5 in the function (3.11). Then using Theorem 1.2
1 1
(Ad1) oo (A1As)00(A1A4) 00 (A1A3) 00 (A1 A2) 00
_ 1 ) (AXs)™ "
(AM1As) 00 m>0 (@Dm
()\)\1)\2)\3) )\1)\2)n()\1)\3)n
AAg)"
GYBY) B C VP PV W B YD N Y5 e D DN 6V v v 7 ML
_ 1
(A A5)00(MA2) 00 (AX3) o
(AA5)™(AAA223¢™) 00 (A1 A2g™) n (A1 A3¢™ ) (ANg)"
x Z
(A1A20™) 00 (A1 X20™) 00 (A1 A30™) 00 (@) m (AA1 A2A39™) (@)

_ (A1 2A223) 00

(A125)00 (AA2) 00 (AA3) 00 (A1 Ad ) 0 (A1 A2) 00 (A1 A3 )00
()‘1)‘4) ()‘1/\2)m+n()\1)\3)m+n mym4n
> APAZA
()\)\1)\2)\3)m+n(Q)m(Q)n

(A1 2A223) 00

(A1) 00 (AA2) 00 (AX3) 00 (A1 A1) 00 (A1 A2) 00 (A1 A3) 0o

(A A2)k (A1 A3)k
x A A)amam | (A1A2)k(Ads )
k>0 (m+n— AmAl 5) (AAA2A3) k(@)
(M A2As)oo
T )00 A2) o0 (A3 o0 (At Ao (A A2) oo (M Az)oo

(A1 A2)k (M As)k
2 da o) (@)

m,n>0

hi (A1 Aads; A, As) A"
k>0
Now using the g-multinomial theorem followed by Proposition 2.3 we obtain
1 1
(A1) oo (/\1 A5) 00 (A1 A1) 00 (A1A3) 00 (A1 A2) 00
_ Z /\2,>\3,/\4,)\5)hn(/\;/\1)_
= (@n

Thus we have the following generalization of Roger’s symmetric function expansion
of Heine’s 2 ®;.
THEOREM 3.11.
(A1 22 3) 00
(A1 25 )00 (AA2) 00 (AA3) 00 (A1 Ad )00 (A1 A2) 00 (A1A3) 00
(A1 A2)k (A1 A3)k
x -
kg% (AAA2A3) k(9

— Z hn()\27 ABJ A47 A.ES)hn(/\a A1)
n>0 (q)n

(3.12) (A AaAs; Mg, As) A
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This is the example quoted in the introduction (1.6). A further generalization
is given by the following theorem.

THEOREM 3.12. For m > 1 let the polynomials J,gm) be defined by

T = T (A5 Ad, As, Aes -+ > Amts)

k
= Z [ :| (’\1)‘5)n1 ()‘1’\6)"1+n2
ni, y im
nit+-+nm==k

n Nom
(M Am48)ng 4t AL '/\m+3-

Then
(3.13)

(/\)\1/\2/\3)00 mts )\1)\2 )\1/\3) (m) k
o) 1 2 Midadg)i(g) Tk A Amis)A
_ Z Dhr(A2, Az, ooy Amts)

k>0 (@)

PRrROOF. This is merely an iteration of the technique used to prove the previous
theorems. The function on the right side of (3.13) is just

m+3

1 1
(A1) oo g (A1 Ai)oo

Now apply (1.12) inductively and use the symmetry of the right hand side in A4,
-+» Am+3 to reverse the order of these variables in the sum. O

This theorem shows that the function on the left side of (3.13) has a symmetry
group Sa X Sp42. In general, because of the nature of the polynomials J, it does
not appear to be a special case of our generalized Heine transformation Theorem
3.10.

We now turn our attention to cases of

1 k
—_— A1)
(/\(51)00 Z:H2( 1 Z)oo
with some g; = 1. We first study the simplest case k = 1. As a function, we have

1 1
Do) iAok = 5= (Made)eo ()

_ (=1)"¢E) Agm)” 1
=0 Y 5 oV

) (—=1)7¢(8) o)™
= ()\1 )\2)00 ;) (/\1,\2)H(Q)5 ‘

On the other hand from the g-multinomial theorem and Proposition 2.3:

q
(M T (ida)oo = =Y = ha(A ).

n>0
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Thus

—DgB M) gB)(=A0)n
I PR R Dl 7 G E

The transformation of the left side implied by this symmetric expansion is equation

(20.24) of Fine [23]. Of course the transformation also follows from the Heine
transformation.

We continue by taking k = 2 and g2 = €3 = 1.

1 - (—=1)"gBE) g™ 1
(o 1) Gdedee = Oudalee 2 00 ) e 1)

_ (=1)"¢3) Adgm)" gD )
= X T @e O L (o

B (=1)mg(3) Axg)" . (—=1)mq(3) (Ar,)™
_(A1A3)°°n§ (ms)n(q)j (g )WZ:O MA2q™)m(@)m

/\m—i-n

_ (1) rg G gy
= (MA2)00(A1A3) 0 m;>0 (@ m(@)n(A1 Ao m+n(;1)\z)

)
)
¢TGN man)  (—a)
= ()\1)\2)00()\1)\3)00 Z ( Z |:m:| (/\1 ) ) (/\lAQ)k(q)k

k>0 \m+4n=k

Hence we have the theorem:

THEOREM 3.13.

(A1A2) 00 (A1A3) 00 Z (

k>0

k] q(3) TG apan (=A)k
Z [m] (A123)n (A1 X2)k(9)k

m+n=~k

e (A2, A3 0) g (A, A1)
B ,; (@ '

By putting a = A A2, b = M A3 and ¢ = A/Aq, this theorem implies that the

function
k q(g)"_(g)ambn (—c)k
2 [m] (b) (

m+n=~k n

f(aa b7 C) = (a)oo(b)oo Z <

k>0
satisfies the transformations
f(ac,be,c™1)
f(b,a,c)

It is clear that these transformations generate a group isomorphic to S3.

Of course this procedure can be iterated and the general theorem in which all
€; = 1 is the following.

f(a,b,c):{
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THEOREM 3.14. For m > 1 let the rational functions Ny, be defined by

Ny = Np(A; A2, -5 Admg1)
k () T+ )\ e
B Z [n17 ) ”m] (A1 22)n; (A1A3)n14n0 - (M Am) ng oo tmm 1 .

nite+nm=*k
Then
1 m+1 m+1 (_)\)ka
(3.15) (Ad1)oc 1132( N ,1;[2( A ,;, (@) k(M Ami1)k
| :Zhk()‘))‘l)hk()\Q,)\g,...,)\m+1;0)
k>0 r

Notice that here the induced group of transformations is Sz X S,.
We now consider the case k =4, e3 = e3 = g4 = —1, and g5 = 1. Using (3.5)
and (1.17) gives

1 (A125)c0
()\51)00 ()\1}\2)00(/\1)\3)00()\1)\4)00
_ (0B ), 1 1
= O D @ Do D) O G
_ M) (0B %)
(M2)ooMs)oo 5 Mds)n(@n

1 (/\)\1)\2)\3(] ) (/\)\4)
(A1 A1) oo > (@) m (A A2¢™) 00 (M A3¢™) oo

_ (id)e Z (=1)"¢E) (\s)" (A A2 dsg™ ™) oo MAe)™
(AA2)00 (AA3) 00 >0 (M A5)n (D) n (A1 A10™) 00 (@) m (A1 A2g™ ) 06 (M1 A3¢™ ") o

_ ()\1)\5) ()\/\1)\2)\3)

T (AM2) oo (AA3)oo (M1 A2) oo (A1 A3) 00 (A1 Ad) oo

3
(=1)7¢®) Q2272 T i) k(M da) 1
le Zk[ e f e e

m>0

k>0 Lm+n=

We now obtain another expansion for this function. First apply (1.12), then the
g-multinomial theorem and finally Proposition 2.4.

1 (MAs5) 0

(A1) o0 (M A2)00(A1A3) 00 (A1 M) 00
. 1 1 1 (A1 s5) o0
(M Ao A1) 00 (A1) oo (A1 A2)00(A1A3) 00
_ 1 1 1 hn(/\5;)\2,)\3)
(M) oo (AAam1) oo (A1) oo 7; (Dn

AT
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1 1 Z hn()\SZ)‘Q:)Q)hn(/\a)‘l)

(A1 A4)oo (AA471) o0 >0 (@n
1 hn(/\5;)\2,/\3)h"(/\)\1)\4;/\, )\1)

(3.16) N (A1) oo nZZO (Dn .

Hence we have the following theorem.

THEOREM 3.15. Let the rational functions Ly(c,d) be defined by

_1\n (;) m Jn
nea= ¥ [0
m—+n=~k n

Then
(A1) 00 (AA1A223) 0
(AA2) 00 (AA3) 00 (A1A2) 00 (A1 A3) 00 (A1 A1) 0
(A1 A2)k (A1 A3)k ( A )k
w S MA) M ASE oy AL ) (2
gmlmg)k(q)k fOndedids) (5]
hn(A;Al)hn()\5;A2aA3;)\4)
n>0 (@)n
_ 1 Z hn(/\S;)‘%/\B)hn(A/\l)\‘l;/\a )‘1)
()\1)\4)00 n>0 (Q)n '

(3.17)

Again it is obvious that when A5 = 0 this theorem reduces to (1.5). An imme-
diate consequence is:

COROLLARY 3.16. The function

_ )l @O | o o
b ) = (e ) T 2 Cabeuae

satisfies the following relations:

f(bﬂ a) c’ d’ e)
(3.18) f(a,b,c,d,e) =  f(c,b,a,d,e)

f(ae, be, ce,de, e 1)
These relations generate a transformation group isomorphic to Sy x Ss.

An interesting special case of Theorem 3.15 is obtained by putting Ay = 0. In
this case it is convenient to relabel A5 as A4. Then the theorem becomes

COROLLARY 3.17.

1 (AMA1)oo
()\61)00 ()\1)\2)00()\1)\3)00
()‘1)‘4)00()‘)‘1)‘2)\3)00 ( A1 )\1)\3 >
= ® ’ AN
(3-19) V)o0 O ) oo ) oo i )oo 2 2 U A, Aidgdg P M

_ e B M) ha (A5 Az, As)
-2 (a

n>0 )n
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Changing variables we find that the function

(€)ee () ()
(a’)oo(d/a’)oo(b)oo(d/b)oo2 ? ¢, d’ ab

satisfies the following relations:

(3'20) g(a7 b7 c7 d) =

g(b7 a7 C? d)

(3.21) gla.be.d) = {g(d/b, d/a,cd/ab,d).

The 2®, function in (3.20) is also symmetric in ¢ and d and this symmetry is not
generated by the symmetric expansion. This is because g is not invariant under
this symmetry. For g the correct relation is:

(c/a)oo(c/b) oo
g(a7 b; (& d) = —g(aa b; d; C)‘
(d/a)oo (d/b)oo
This relation together with (3.21) generates a group of order 12 isomorphic to
S x S3. This of course leads to the problem of finding a symmetric expansion for
the 2P, which gives the full transformation group. We solve this problem at once.
Consider the function

1 (A1 A223) 00
(A161) 00 (AX2)00(AA3) 00 (A1A2) 00 (A1A3) o0
1 1 ()\/\1)\2)\3)00

(/\)‘2)00()‘)‘3)00 ()‘461)00 ()‘1)\2)00()\1)\3)00-
By (3.19) this is equal to

(A1 A223) 00 (A1 A2A3A4) 00
(AA2) 00 (AA3) 00 (A1A2) 00 (A1A3) 00 (A2 A1) 00 (A3 Ad ) 0o

A1d2, A1z )
X222 ( A A2z, Ao s ’M“'A3’\4> :

On the other hand, from (1.16) and (2.13),

1 ()\)\1)\2)\3)00 - 1 hn()\27/\3)hn()‘7)‘1)
(A161) 00 (AX2)00(AA3)00(A1A2) oo A1 A3) o0 (Aab1) oo "0 (@Dn
_ hn(A2, A3)hn (X, A1, Ad)
B HZZO (@)n '

Combining these two results gives

(AN 2A223) 00 (A1 A2A324) o0
(AX2) 00 (AA3) 00 (A1 A2) 00 (A1 A3) 00 (A2 Mg ) 00 (A3A4) 00

)\1/\2, /\1)\3 .
X 2¢2 ( )\Al)\z)\s, )\1/\2)\3)\4 ,A)\Q)\3A4>

_ Z hn(A2, A3)hn (X, A1, Ag)
n>0 (@)n

This symmetric expansion exhibits the full symmetry group of the »®,. Notice also
that the symmetric expansion is the same as that for the Heine transformation.
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Equating these two expansions thus relates the general ,®; to a specialized »®,.
We have thus found an underlying explanation of Jackson’s identity [35],

a,b ) _ (a2)x a, c/b
2@ ( c ,Z) = mz‘%( ¢, az ,bz).

We draw attention to one last special case of Theorem 3.15. Putting A3 = 0
(and then relabeling A4 as A3) in Corollary 3.17 gives:

COROLLARY 3.18.

(/\1/\3)00 ( A1 A2 ) [/\2;/\3]nhn()‘7)‘1)
__ Wit 5 Mg ) =3
M2)oeMiA2)oo '\ AL ’ w30 (@Dn

Finally, putting

(b)oo
fla,b,c) = mlq)l ( Z ;C) ;

we see that f is invariant under the involution f(a,b,c) = f(ac/b,c,b).
It is easy to see that we have explored only the first few cases of (3.11). A more
systematic study of expansions of this function is left for another occasion.

3.3. A vector ¢-Leibniz rule

One goal of this section is to construct generalizations of the operator ¢ for
which extensions of the g-Leibniz rule (1.13) hold. This is a key step in finding
analogs of (1.12) and (3.5). We also present some new operator theorems and
consider simple applications.

Recall the standard notation for vector variables. For k,1,m € Q",

k-1=Fkl + -+ kplp,
AT = AT AT
(f (V) = fFug™, ..., dag").
Our extension of (1.13) is:

ProPOSITION 3.19. Fiz k,1,m € Q*. Suppose

R nlll
Am
Then
" [n il i i) i K n—i
(3.22) a™(fg) :Z [J] s g™V (n=3) (=) 53 £) (k"1 g).
- qk—l ‘m

J=0
This proposition will follow quickly from the following three lemmas.

LEMMA 3.20. Let T and € be ring homomorphisms of a ring R into a subring
of R. Define 0 = h(t —€), where hx = xh for all z € ¢(R). (Here h € R, ¢(R) is
the image of £, and concatenation denotes the ring multiplication.) Then

o(fg) = (af)(rg) + (¢f)(o9).
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PROOF. The right hand side is equal to
(@f)(rg) + (ef)(og) = h(rf —ef)(r9) + (ef)h(rg — eg)
= h(rf)(rg) — h(ef)(rg) + (ef)h(rg) — (ef)h(eg) = h((7f)(rg) — (ef)(e9))
= h(r(fg) —e(fg9)) = o(f9). O
LEMMA 3.21. Let o, 7 and ¢ be operators on a ring R which satisfy

z€Zlg,ep] CR = o(zf)=z(cf) [fEeR,

o(f+9)=0of+o0g, or = 170, o€ = €0, and

(3.23) o(fg) = (o f)(rg) + (ef)(og).

Then

(3.24) a"(fg) = Z [n] (e" ol f)(Tio™ I g),
im0 W12

where the brackets [;’]1 , are defined by

n n—1 In—1
S AR
J11,2 R 1,2 2 J—=1]4,

with
n n
= =1.
[0] 1,2 [n] 1,2

ProOF. When n = 1, (3.24) is just (3.23) in view of the initial conditions
defining the brackets. Assume the result holds for n — 1. Then

n—1
o)=Y "7 e neoritg,
j=0 J 1,2

Applying o to both sides yields

o"(fg) = ni:l [n - 1] 1 20[(6"_j_lrfjf)(TjU”‘j_lg)]

=L J ;
n_l n—1 , , , , , , ) ,
- [ j ] (=™ 109 f)(rria™ 31 g) + (eI 1o ) (orio™ 31 )
i=0 1,2
]n 1
= [’7_ ] @ (eIl ) (o g)]
j=1 J = 1 1,2

n—1
+> [" i 1] ¢l ("0 f) (T " Ig)

7=0 1,2
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= [ 21 @ nee

n—1
5> ([” N Kal " q> (" 09 ) (i ig)

j=1

'Y derotnator)
1,2

B 223 [?] e ).

The following lemma shows that [?] L, can be expressed in terms of g-binomial

coefficients.

LEMMA 3.22. Put q = q1/q2. Then

.- L
ilis L

ProoF. This follows immediately from (3.25) and the fact that ordinary g-
binomial coefficients can be defined inductively by the formulas

N B

-0 :

PROOF OF PROPOSITION 3.19. In Lemma, 3.20 put h = A™™, 7 = X, ¢ = !,
and thus o0 = (7 — €)/A™. (We are assuming R is a commutative ring of functions
of A1,...,An.) Then the conditions of Lemma 3.20 are fulfilled so

o(fg) = (af)(r9) + (¢f)(09)

It is now easy to check that o7 = ¢<™r¢ and o = ¢""™eo. Then o, T and ¢ satisfy
the condition of Lemma 3.21 with ¢; = ¢¥™ and ¢ = ¢"™. Then the last two
lemmas gives the proposition. O

Equation (1.13) follows from (3.22) by putting ¥ = 0, [ = m = 1. Putting
k=0,l=—-1and m =1 gives

n nl{ . ny i i
~= Y [Jrscvena o
i+j=n
Using this equation a proof of Theorem 1.18 may now be given similar to our proof

of Theorem 1.2. We take up the application of other similar operator theorems on
another occasion.

3.4. Further operator theorems and simple applications

We next obtain a dual of our result (3.5) which can be viewed as a companion
to (1.18). For this we need the following dual of Proposition 3.1.
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PROPOSITION 3.23. As operators under suitable convergence conditions:

. L (-nmg® _,
(3.27) (Zann )T)\) (:L')\) (Z%Wn )
(3.28) (Zann ”) (zX) (Zan g M"n‘").

PROOF. The proof is similar to that of Prop051t10n 3.1. O

Putting a,, = q(g)(—l)"z"/(q)n and applying (3.27) and (3.28) iteratively gives
the following result dual to Corollary 3.3:

COROLLARY 3.24. As operators:

—1y-—1 —1 -
D ( ab£ AT, AT ar /\r—szn—l)

11/\—1,.. b Syt by---bs
_ (01A@) 0o * "~ (bsAG) o 1y (@1 oo -+ - (arAQ) 0
= (@A M) T ) %)
(a1A@)oo -+~ (arAq) oo (b1A@) oo - -~ (bsAG) o
Applying (3.29) to the constant function 1, we obtain an analogue of Corollary
(3.4):

COROLLARY 3.25. As functions:

a A, ...,ap X
T‘I’S( BiA .. b ’z>
_ (bl_l)‘ilq)oo "'(bsil/\ilQ)oo
(al_l)‘ilq)oo oo (a;l)\ilq)oo
—1y—1 Y . |
x <Cl]_ ar Arsz,r’l) (a‘];lA lq)OO (ailA lq)OO
bl"'bs oo(bl A~ q)oo(bs A~ q)oo

Of course when r = s+ 1 (3.7) and (3.30) have the same left side, so we have
obtained an identity for their right sides.

We now give another example showing how the convergence conditions may
not be ignored in working with these operators. From (1.18) it easily follows that
as operators

(3.29)

(3.30)

1 1 1
E(uAi)  (—pdnr g)oo E(ph)
Applying (3.27) to the first two factors on the right side gives the following dual to
(3.5):

THEOREM 3.26. Under suitable convergence conditions:

n+1

(3.31) EQ\o) (;/\1 ,U)\l Z q /\//\11)) DT E(Aor).

E()\O’l) E(/\Ul)-

Now the phrase “suitable convergence conditions” is quite important. Indeed
the poles at A\; = p~1¢~™ must be cut out by the function being hit by this operator,
otherwise there is no hope of obtaining convergence by Proposition 2.22. Thus for
example one cannot apply this theorem and Theorem 1.5 to evaluate

E(MA2)E(A1)s)

E(/\O'l) E()\l)\4)
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and obtain the “identity”
E(A2)E(AA3)E(MA2) E(AX2)
E(MA)E(=AAA2)3)
CATA AT,
2 AT O AT 1
( 1 )AL A A3 )n(@)n

n>0

_Z )\25)‘37A4) (A;Al)
n>0 n

This is false; the right hand side does not even converge.

We now give a general operator theorem along with its simplest applications as
an indication of future directions. We expect to take up a more complete treatment
elsewhere. The proof is just like our proof of Theorem 1.2; we omit it for brevity.

THEOREM 3.27. As operators on functions independent of the variables x; and
Yj, 1SZST+1: 1S]ST:

[/ P o | 1
3.32 1 @, 26 ) ———
( ) + ( Yi,---5Yr 1) (/J’)‘l)oo

1 [/ P S | Mm,zq,...,.z L1yeeeyTpil
=—,119 predrtl T Tl d peeTrl s )
(l‘)‘l)ooT_‘_l " ( Yi,- -5 Yr ’ Ny1,.syr a rH Yi,-- 5 Yr o

Convergence here is characterized by Proposition 2.21.

COROLLARY 3.28. As rational functions

(3.33) T+1<1>T( Tloees Trd ;z51> Y ["] ('Tl)"—i"'(-Z'T-i-l)n—iznfi)\i‘

Yly---y Yp o 4 (yl)nfi"'(yr)nf'i

Notice that the right hand side may be recast in terms of basic hypergeometric
functions giving;:

T1yevns Tpgl n_ an TlyenesTpg1,q " zq”)
3.34) 419, 1201 | AT = AT 1409, i — ).
( ) + ( Yi,-- 5 Yr 1) ! L2 ( Yi,-- 5 Yr A1

3.5. Conclusion

The next step in the development we have begun here is probably an explana-
tion in terms of symmetric functions of the Sears [50] transformation
(3.35)

® q "abec \_ [be " (de/be, df [be), ® ,a,d/b, d/c
1\ defr 1)7\ 74 e, f)n 170 dde/bc df [be
where abc = defq™ 1.
With a little work an implicit explanation of this symmetry follows from general
properties of orthogonal polynomials and what we have done here. Make the change

of variables @ = A AaAsAsg™ L, b = Me?, ¢ = Me7 ™, d = M)A, e = A1),
f = A1)y, and put

—n 4 b
pn(m;)‘la)\Qa)‘3:)\4) = Al_n(daeaf)n4¢3 ( q d7:7f7C 7q) )

where = cos@. Then (3.35) merely asserts that p,(x; A1, A2, A3, A1) is symmetric

in A1, A2, Az, and 4. But this follows from the Askey-Wilson integral (2.23). For
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(2.23) implies (see [12]) that for max{|A1[, |A2|, |As],|A4|} < 1, the polynomials py,
are orthogonal on (0, 7) with respect to the weight function
’IU(COS 0; )\1 y )\2,)\3, )\4)
(€210 e=2i0)
(A€, Are= i, Ageif, hoe =, Azet?, Age i, Aye?, Age =)o

Now this weight function is obviously symmetric in A1, A2, Az, and A4. It is positive
when max{|A1|,|A2],|As],|A4|} < 1, and the uniqueness of polynomials orthogonal
with respect to a positive measure shows that the Askey-Wilson polynomials are
symmetric in the four parameters A;, A2, Az, and A4. This argument is given
in [12]. Thus the symmetry in the Askey-Wilson polynomials is in some sense
inherited from the function ®3. The question of whether a more explicit form of
this symmetry can be given in terms of symmetric polynomials or constant terms
remains an interesting question.
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