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Modified Convergence for ¢g-Continued
Fractions Defined by Functional Relations

DOUGLAS BOWMAN

ABSTRACT. There are several definitions of the value of an infinite contin-
ued fraction. In this paper we study one which is useful in the context of
continued fractions defined by iterating functional relations. Our results
are applicable to the study of g-continued fractions, such as some of the
continued fractions studied by B. Gordon and K. Alladi. We obtain an
explanation of the different limits which have been attached to identical
continued fractions by showing that they correspond to basis elements in
the solution space of the relevant ¢-difference equations. A generalization
is given for a general g-continued fraction arising from Heine’s g-analogue
of Gauss’s hypergeometric function. Modified and analytic convergence
criteria are given for this g-continued fraction.

1 Introduction

The value of an infinite process is usually defined as the limit of the sequence
sp formed by halting the process after n steps. This is the traditional approach
to convergence of continued fractions, as well as of infinite series and products.
Recently, however, several new notions of convergence for continued fractions
have been studied [4],[9]. A special case of one of these, called modified conver-
gence, was applied by Alladi [2] to obtain some new limits for certain g-continued
fractions. In one example he found that a continued fraction which normally di-
verged by oscillation now has a limit. In other examples he found that continued
fractions which normally had a limit now tended toward new limits. In these
examples the new limits are natural in that they agree with those that the con-
tinued fraction “should take” in the context of recurrence relations.
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In this note we apply a more general case of modified convergence [9] to
g-continued fractions derived from three-term recurrences. We first consider
arbitrary continued fractions derived from three-term recurrences and define the
special case of modified convergence required; then we consider applications to
g-continued fractions.

Specifically, suppose we are given a sequence {y,,} (m =0,1,2,...) which is
a solution of the difference equation

(1) cmAm = bmAm+1 + am+1Am+2-

Putting A,, = y,,, and dividing through by y,,,+1 gives

CmYm _ Am+1Cm+1
—_ m -~ -
Ym+1 (Cm+1ym+1 )
Ym+2
Hence
C aicy a2Co amcC
(2) 0Yo =b + mbm

Y1 0 b+ bg—}-...(Cmym)'
Ym+1

We now wish to let m — oo to obtain

CoYo ai€i azC2 ascs
3 —— =b .
®) Y1 0 bi+ ba+ b3 +...

However (3) is not always true if the value of the continued fraction on the right
is defined in the standard way. We present one of Alladi’s examples where the
continued fraction converges to coyo/y1 in the modified sense, but not in the
ordinary sense.

Throughout this section, assume that y,,, @m,, by and ¢, are elements of a
normed field K with the norm satisfying the product rule ||zy|| = ||=||||y||- Con-
vergence is defined with respect to this norm. We say that a sequence converges
to infinity if its reciprocal sequence converges to zero. We also follow a somewhat
unusual convention by writing our continued fractions in the form

aicCy ascCa ascs
4 bo +
() 0 bi+ ba+ b3 +...
instead of the more common form

ai as as
bi+ by+ bs+...

bo +

There are two reasons for this. First of all, our definition of convergence will
depend on how the partial numerators are factored into the sequences {an, } and
{¢m}. Secondly, when the field K is the quotient field of some integral domain,
the introduction of the sequence {cn,} allows clearing fractions in (1); this is
often desirable.
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The continued fraction (4) is usually said to converge if the sequence of con-

vergents
P,

(5) e+ a1y G202  G3C3 Gncn_
Qn bi+ ba+ b3 +... by

tends to a limit as n — oco. Alladi’s modified convergents are

P aiC1 G2Cy  A3Cs3 AnCn
- bO —+
Qr bi+ ba+ b3+ ...y +anticnt1

and the modified limit of (4) is the limit of the modified convergents (if it exists).
The more general modified convergents of [9] are given by
aiCy a2C2  asCg anCn

©) b T Bat Byt b+
where {w,,} is some sequence of elements from K. Thus the case studied in [2]
is wp, = apti1cnt1. If (6) approaches a limit as n — oo, it is called the modified
limit of (4) with respect to the sequence {w,}.

For example, Alladi showed that in his modified sense

1 1 _ ﬁ (1 _ q5n+2)(1 _ q5n+3)
e+ P+ (1 — gont1)(1 — gont4)

(7 q+

lgl <1,

n=0

while in the ordinary sense the continued fraction does not converge.
Gordon [3] showed that under ordinary convergence

(8) - q2 —q q4 —q q6 —q _ 1°_°[ (1 +q8n+3)(1 +q8n+5) |q| 1
1+g+ 14g+ 14gt... 25 (L+ g (1 +¢%) ’
while Alladi showed that in his modified sense
2 4 6 R 8n+1 8n+7
¢ -9 ¢ -9 ¢ —4q 1+gq 1+gq
9) 1+ = H( X ) <

l4+g+14+g+14+g+... (1 + g373) (1 + ¢87t3)

n=0
Thus we have a case where the same continued fraction has two different limits.
It can also happen that both definitions of convergence lead to the same limit.
This leaves matters in a somewhat confusing state. Which should be taken as
the ‘natural limit’?

The purpose of this paper is to remedy this by looking at a natural modifica-
tion of the convergence of (4) which yields (7), (8), and (9) and is designed for
giving (3) in general. It will be found that in the last two examples, both limits
are natural when taken with respect to the proper recurrence solutions. First we
define the modification we will use, and then give some useful results which help
in our analysis of the above cases. Finally, we examine them as formal identities
and see how the theory explains the results.



4 DOUGLAS BOWMAN

2 A special modification of convergence

Throughout this section P,, and @,, are defined by (5).

DEFINITION. Let the sequence {ym} (m =0,1,2,...) satisfy (1). Assume

lim ym/ym+1 =A

m—o0

If

= lim by + -

n—o0o b1+ bo+ b3 +... bp_1+ A

lim )\Pn—l + anPn—2
n—=00 /\an1 + anan2

a1C1 a2C2 a3€3 Gp—1Cpn—1 an)

exists, it is called the recurrence limit of the continued fraction (3) with respect
to the solution {ym} of the recurrence (1).

Obviously our definition of the limit depends not only on the continued frac-
tion, but also on the recurrence solution which generates it. It is this dependence
which allows us to resolve the ambiguities in the above examples. Clearly our
definition is meaningless in the case where A does not exist. Fortunately, A exists
in a large class of cases. This is guaranteed by the following theorem, special
cases of which were first given by Poincaré and Pincherle. The general result over
C is due to Perron [8]. See also [6]. Here we note that Perron’s proof extends
to an arbitrary complete normed field.

THEOREM. For 1 <i <r let {agn)} (n > 0) be a sequence of elements of K
tending to a limit a; € K as n — 0o. Suppose that a&") # 0 (although a,. = 0 is
allowed.) Consider the difference equation

(10) Dpir+a™Dpyr1 +a"Dpyrs + - +a™D, = 0.

Let the roots of the characteristic polynomial 7 + a1z" ' + asz"™ 2 + --- + a,
be z1,...,z, € K. Assume ||z1]| > ||z2]| > --- > ||zr||- Then there exist r
independent solutions DY 1<i<r of (10) such that

. DY 1
lim — = —.
n—00 DS-)H x;

The proof given in [8] applies mutatis mutandis to this more general case.

When r = 2, this theorem shows that A exists when the roots of the charac-
teristic polynomial have distinct norms and lie in K.

The next proposition will be used to prove Theorem 1 which shows why the
recurrence limit is a natural definition of limit for continued fractions generated
by the recurrence (1).
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PROPOSITION 1.

APnytanPns  coyo _ (=1)"(Mnt1 —yn)a1.--an
AQn-1+ anQn—2 Y1 Y1(AQn—1 + anQn—2)

ProOF. We use the equations

CoC1 ---Cp—1Yo = Pnflyn + anpn72yn+1

Cl...Cp—-1Y1 = Qn—lyn + anQn—2yn+1-

When all ¢; = 1, these equations are proved in [7], vol. 1, §2, III. Our version is
proved similarly. We have

APpoi+anPp>  coyo _ APyt + anPr—2)y1 — coyo(AQn—-1 + anQpn—2)
AQn—1 +a,Qn_2 Y1 B ()‘an1 + anQn72)y1
()‘Pnfl + anPnf2)(anlyn + anan2yn+1)
Cl... cn—l()\Qn—l + anQn—2)y1
(Pr-1Yn + anPp2ynt1)(APn—1 + anPrp_2)
C1... Cn—l()‘Qn—l + anQn—Z)yl
(Mnt1 = Yn)an(Pn_1Qn_2 — Pn_2Qn_1)
c1---no1(AQn_1 + anQn_2)y1 ’

and the determinant formula, see [5], gives the proposition. O

THEOREM 1. Equation (3) holds as a recurrence limit if and only if

. (AYnt1—Yn)a1...an
11 lim =0.
( ) n—0oo /\Qn—l + anQn—Q

Proor. This follows immediately from the last proposition. O

It is of interest to find conditions under which the recurrence limit of a con-
tinued fraction equals the usual limit (assuming the latter exists). The following
proposition gives some sufficient conditions for this to occur. It should be noted
that this has already been studied in that criteria have been developed for find-
ing when (3) holds for ordinary convergence. Perron [7] gives four criteria for
the case where K is C or R. Here are some criteria for arbitrary K.

PROPOSITION 2. Suppose (4) converges in the ordinary sense. Then (3) holds
if either

(1) P, Qn approach limits not equal to 0,00, and a, + \ approaches a non-
zero limit, or

(2) limp o0 Pn—l/an =limp oo Qn—l/an =0.

Proor.

(1) follows easily from the familiar rules for manipulating limits.
(2) follows immediately. O
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3 Applications to g-continued fractions

In this section we show how the above examples arise naturally in our theory of
convergence. A g-continued fraction is one in which a,,, b,, and ¢,, are polynomials
in g%, the three sequences of polynomials are eventually periodic and where K,
is the union of a sequence of arithmetic progressions in Z. The previous examples
of Alladi and Gordon are g-continued fractions. In these cases all of the periods
are one. In general the least common multiple of the periods and the moduli in
the arithmetic progressions is called the g-period of the continued fraction. We
view g-continued fractions formally, meaning that convergence is understood in
the topology of formal Laurent series in ¢q. Specifically, we study series of the
following form:

x=chq" ck 70 k€Z,
n>k
where the coefficients ¢,, belongs to a field L. Formal convergence is defined by
the norm ||z|| = 27%. We now look at the formal convergence of the g-continued
fractions introduced above.

It is clear that for any g-continued fraction with g-period one, the sequences
{an}, {bn} and {c,} tend to limits equal to the constant terms of their respective
polynomials.

We use the standard notation

(@n = (@;9)n = (1 ~a)(1 —ag)...(1 —ag" ")

for a non-negative integers n, we define (a)y, to be the formal (or if we choose
the analytic) limit

n— 00

o0
H (1-ag¢™) = lim (a),.
m=0
We first consider (7). In [2] it was shown that
(12) Um = (1= b+ ag”™ i1 + by,

where u,, = f(ag?™) and

_ 2. 2 qn2 n

fla) = (=brq )oonzzo (0% @)n(® D
Obviously the coefficients in (12) tend to limits as n — oo, and the characteristic
equation is bu? + (1 — b)u — 1 = 0. This has roots 1 and —1/b. To get (7) we
put b = 1; then the roots have the same norm and Perron’s theorem does not
apply. However, for the general case it is easy to see from the definition of f
that 1im,, 0 Um = (—bg%; ¢?)so- Thus it is clear that A = 1, and our recurrence

limit reduces to Alladi’s limit.

For the special case a = b = 1, Q,,, is defined by Qo = 1, Q1 = ¢, and
Qm = ™' Qm-1 + Qm—2. It is obvious from this recurrence that ||@Q.|| is
equal to 1 or 1/8 according as m is even or odd. This shows that @, does not
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tend to a limit. Similarly, ||P,|| is equal to 1/2 or 1 according as m is even or
odd. This shows that P, does not tend to a limit. Together these equations
imply that ||Ppn/Qml| is equal to 1/2 or 8, according as m is even or odd. This
shows that (7) does not converge formally in the ordinary sense.

Now we apply Theorem 1. We have:

H (Mmg1 — um)ay - H Hf g>m*2) H
)‘Qm 1+aQO2 Qm 1+Qm2
_ =% ") lllle®™ Il 2—2m
1Qm—1 +Qm_2|| T+ +...|
1
= S

Hence as m — oo, the recurrence limit with respect to u,, exists. Using trans-
formations for f(1) and f(g?) as in [2], we obtain a formal version of (7).

We now consider (8) and (9). Alladi [2] showed that v, and w,, are solutions
of the equation

Bm = (1 + q)Bm+1 + (Zq2m+2 - q)Bm+2a

where v, = C(2¢*™), wym = ¢~ ™D(2¢*™) and

C)=>_

= (@)2n+1

q2n2
2",

2n%—2n
‘1 om.

n>0

From the recurrence for {B,,} we get the characteristic equation —gz? + (1 +
q¢)r —1 = 0. This equation has zeros 1 and 1/q. These have different norms, so
Perron’s theorem applies and there are two solutions of the general g-difference
equation with term ratios tending to 1 and ¢q. It follows immediately from the
definitions of {v,,} and {w,,} that

lim =1,and
m—r0o0 ’l}m+1

. Wm

lim =gq,

m—r0o0 wm+1

so {um } and {wy,} are such solutions.

For the continued fraction in (8) and (9), Q. = (14+¢)Qm -1+ (2™ —q@)Qm_2;
thus Qm — Qm-1 = qQm—1 + (2¢°™ — ¢)Qm—2. Hence Qm — Qm—1 = ¢(Qm—1 —
Qm_2) + 2¢°™ Q2. Tterating this gives Q — Qm-1 =" (Qm_t — Qm_x_1) +
2" Q2 + 2" Qs + - - + 2> Q. _r_1. Putting k = m gives

(13) Qm = Qm-1=¢"(1+2¢"+...).

This shows that lim,, oo @m exists. Similarly, lim,, o, P, exists. We write
these limits as Qo and Py, respectively.
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For {um,}, A = 1, and so as n — oo, the denominator in (11) tends to (1 —
q)Q - The norm of this is easily seen to be 1. It is also clear that the numerator
in (11) tends to 0 as n — oo, so by Theorem 1, the recurrence limit holds with
respect to {u,}. By Proposition 2(1) this limit is equal to the ordinary limit.
Now using transformations for C(1), and C(¢?), a formal version of Gordon’s
theorem follows.

We apply Theorem 1 to {vy, }, where now A = g. The norm of the denominator
in (11) is [[(AQm-1 + amQ@m—2)l| = [[¢Q@m—1 + (¢°™ — ¢)Qm—2l|, which by (13)
is equal to 1/2™. Tt is obvious that the norm of the numerator of (11) is 1/23™.
Thus we easily get convergence for the recurrence limit in this case too. Here
lim,, o (ay + A) = 0, so Proposition 2 does not apply. In fact (8) and (9) show
that the recurrence limit is not equal to the ordinary limit. Now the fraction
in (8) and (9) is not quite the continued fraction used by Alladi in [2], his
being an equivalent continued fraction. After the equivalence transformation,
our recurrence limit becomes Alladi’s modified limit. Transformations for D(1)
and D(q?) now give (9) formally; see [2].

We now discuss a g-difference equation which generalizes all of the examples
considered so far. The fact that its general solution can be given in terms of
basic hypergeometric series means that the preceding results are special cases
of continued fraction theorems with additional parameters. We present these
theorems here. First some notation is required. The fractions are expansions of
quotients of the basic hypergeometric series o®1, defined by

a, b (a)n(b)n
d i) = ——z".
o ( c ) 2 On(@)n
We consider the general recurrence
(14) (1-2¢™)Cp =[14+c—(a+b)zq"|Cpri1 + (abzq™ — ¢)Cpya.

As n — oo this recurrence has the characteristic equation 22 — (1+¢)z+1=10
with roots 1 and 1/c. The fundamental solutions of (14) are given by w, =
Fi(zq™) and z, = F2(xq™), where

F1(:L'):2(I>1 (a’b,ﬂf) and F2(x):x—’)’2¢)1 (a/ca b/C,'Z),
cq q/c

and ¢ = ¢7, v ¢ Z [1]. The next two theorems deal with the continued fraction

(abx — ¢)(1 — zq) (abzq — c)(1 — zq?)

1 l+c—(a+b
(15) te (a+)m+1+c—(a+b)xq+1+c—(a+b)$‘12+-"

obtained by iterating (14). The first theorem extends all the previous continued
fractions. We do not give the general convergence conditions for it; in the special
cases considered above, Theorem 1 gives convergence without too much difficulty.
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THEOREM 2. When (11) holds for (15), the recurrence limits of (15) with
respect to {wy} and {x,} are respectively:

(1) When A =1, ¢ # q™, for any negative integers m,
b
2@ (ac, §$)
o
2@ ( ’ ;$Q>
cq

l+c—(a+b)x+ (abs —)(1 —zq) _ (abzg —c)(1 — 2?)

l+c—(a+b)zg+ 14+c—(a+bzg+...

(2) When A =c #0,q", for any non-negative integers n,

o (Vo)

o, (a/c, b/chq) -

q/c

(1-=)c

(abx —c)(1 —zq)  (abzq —c)(1 — zq?)

l1+c—(a+b '
te—(at )$+1+c—(a+b)wq+ lL+ec—(a+Dblzg® +...

ProoOF. This follows immediately from Theorem 1. Also notice that (2) fol-
lows from (1) by the substitutions ¢ = 1/¢, a = afc and b — b/c. O

Notice that on substituting b — b/z, x = 0, then a — a/b, b = 0 and finally
putting ¢ = ¢*/?, a = ¢ and ¢ — ¢? in Theorem 2, parts (1) and (2) reduce to
(8) and (9) respectively.

The following theorem solves the problem of evaluating (15) for ordinary con-
vergence in the complex plane.

THEOREM 3. We have

(abz — c)(1 —zq)  (abzq — c)(1 — zq?)

l+c—(a+b -
te—(ast )x+1+c—(a+b)xq+ 1+e—(a+Db)ag® +...

( a,b
2P, ( ;93')
A S N S
(1-2) a.b , for el < 1
2@y ;2q
q “
(a/c, b/c ) ’
291 / 3L
- a¢
(1-2)c alc, bjc , for|e|>1
2@ ;Tq

q/c
where |q| <1, |z| <1, and log,(c) ¢ Z.

PRrROOF. Since

F n
(2d") _ o ¢z = lim ¢"z” =0, if |¢| < 1, while
n—oo Iy (an) n—oo n—00
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. Fy(zq) o
nh—?gom —0, if |C| > ].7
Theorem 2.46(C) of [7] gives our theorem. Alternatively the |¢| > 1 case follows
from the |¢| < 1 case by putting ¢ = 1/c, @ — a/c, b = b/c and using the

standard equivalence transformation for continued fractions. [

4 Conclusion

Note that the two solutions of (14) are obtained from the same function by
a simple change of variables. This phenomenon persists for even more general
g-difference equations, so proving ordinary convergence for g-continued fractions
of ¢g-period one is easy. For g-period greater than one, this technique can be
extended by considering various contractions to continued fractions with ¢g-period
one. If these have the same limit, one expects this to be the limit of the original
fraction. Thus we expect to obtain convergence proofs in these cases as well. This
theory has applications for instance to proving many of the continued fraction
theorems left behind by Ramanujan without proof.

Our method shows a natural relation between the two values of the fraction
in (8) and (9); they correspond to the basis elements in the solution space of
the g-difference equation which generates the fraction. In the extension (15) this
relationship persists. Notice that the two values of (15) as an analytic fraction
are precisely the different formal limits in Theorem 2. Since the phenomenon of
different solutions of g-difference equations being obtained from each other by a
simple change of variables holds for even more general equations, it follows that
the relationship between the formal limits and the analytic limits holds even
more generally.

We believe that our method is sufficiently general to be of use not only for
g-continued fractions, but also for limit periodic continued fractions in general.
Taking K = C and using the ordinary absolute value may allow our theory to
be applied to the study of analytic continued fractions. Our formal version of
Alladi’s first example shows that even when Perron’s theorem fails, A\ may exist.
Thus it is an interesting problem to determine more general conditions under
which A exists.
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