ON THE DIVERGENCE OF THE ROGERS-RAMANUJAN
CONTINUED FRACTION ON THE UNIT CIRCLE

D. BOWMAN AND J. MC LAUGHLIN

ABSTRACT. Let the continued fraction expansion of any irrational num-
ber ¢t € (0,1) be denoted by [0,a1(t),az(t),---] and let the i-th conver-
gent of this continued fraction expansion be denoted by c¢;(t)/d;(t). Let

S={te(0,1):a;41(t) > ¢%® infinitely often},

where ¢ = (v/5+1)/2. Let Ys = {exp(2mit) : t € S}. It is shown that if
y € Ys then the Rogers-Ramanujan continued fraction, R(y), diverges
at y. S is an uncountable set of measure zero. Moreover it is shown
that there is an uncountable set of points, G C Ys, such that if y € G,
then R(y) does not converge generally.

It is further shown that R(y) does not converge generally for |y| > 1.
However we show that R(y) does converge generally if y is a primitive
5m-th root of unity, m € N, so that by a theorem of I. Schur, the
Rogers-Ramanujan continued fraction converges generally at all roots
of unity.

1. INTRODUCTION

The Rogers-Ramanujan continued fraction, R(z), is defined as follows:

8
S

R(z) :=
It

1+

14 .

Put K(z) = s /R(x). This continued fraction seems to have been first
investigated by L.J. Rogers in 1894 ([8]) and rediscovered by Ramanujan,
sometime before 1913.

It is an easy consequence of Worpitsky’s theorem (see [5]) that R(z) con-
verges to values in C for any z inside the unit circle. In fact, many explicit
evaluations of R(e~™V™) and R(—e~"V™) have been given for n € Q1 (see,
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for example, [2], [3], [6] and [10]), some of which were asserted by Ramanujan
without proof.

It was stated by Ramanujan, and proved in [1], that if |z| > 1 then the
odd and even convergents tend to different limits.

This leaves the question of convergence on the unit circle. Issai Schur
showed in [9] that if z is a primitive m-th root of unity, where m = 0
(mod 5), then K(z) diverges and if z is a primitive m-th root of unity,
m #Z 0(mod 5), then K (z) converges and

(1.1) K(z) =Mz 37 K(\),
where A = (%) (the Legendre symbol) and o is the least positive residue of

m (mod 5). Note that K(1) = ¢ = (v/5+1)/2, and K(—1) = 1/¢. It follows
that R(z) takes only ten possible values at roots of unity. For later use we
define

—¢exp (27mij/5), 1<j <5,
(1.2) R; = M 6 < j < 10.

Remark: {Rj}}gl consists of the ten values taken by R(z) at roots of
unity.

Since Schur’s paper it has been an open problem whether K (z) converges
or diverges at any point z on the unit circle which is not a root of unity.

Let the regular continued fraction expansion of any irrational ¢t € (0,1)
be denoted by [0, a;(t),az2(t), - -]. Let the i-th convergent of this continued
fraction expansion be denoted by ¢;(t)/d;(t). Occasionally for brevity when
there is no danger of confusion we write a; for a;(t), d; for d;(t) etc. In this
paper we prove the following theorem.

Theorem 1. Let
(1.3) S={te(0,1): aip1(t) > ¢%D infinitely often}.

Then S is an uncountable set of measure zero and, if t € S and y =
exp(2mit), then K(y) diverges.

As an example of a point in S, we give the following corollary to Theorem
1.

Corollary 1. Let t be the number with continued fraction expansion equal
[0,a1,aq,---], where a; is the integer consisting of a tower of i twos with an
1 an top.

2 23
t= [0,2’22 ’22 o] =
0.484848484848484848484848484848484848484848484848484848484
84848484848484848484849277885083112437522992318812011 - - -

If y = exp(27it) then K(y) diverges.
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In [4], Jacobson introduced the concept of general convergence for con-
tinued fractions. General convergence is defined in [5] as follows.
Let the n-th convergent of the continued fraction

ai
M = by +
ag
b +
as
bo +
bs + -
be denoted by A,,/B,, and let
ai Ap+wA, 1
n(w) o+ as B, +wB,_1
b1 +
as
by +
bs+ .
0
b, +w
Define
(1.4) d(w, z) |z — vl

IV RN TR

if w and z are both finite, and

d(w,00) = !

VIt
Definition: M is said to converge generally to f € C if there exist sequences
{vn}, {wn} C C such that lim inf d(v,, wy,) > 0 and

lim Sp(v,) = lim Sp(wy) = f.
n—oo n—o0
If a continued fraction converges generally, then it does, in a certain sense,
to the “right” value. More precisely, for n =0,1,2,---, let

by, = —8,, }(00).
We use the following theorem from [5].

Theorem 2. The continued fraction by + K (ay/by,) converges generally to
[ if and only if im Sy, (uy,) = f for every sequence {uy,} from C such that

lim inf d(up, —hy) > 0 if f# o0,
n—oo
lim inf d(uy, —Ap/Apn—1) >0 if f = o0.
n—oo
This theorem in turn has the following important corollary ( also from
[5])-

Corollary 2. Let by + K(a,/bp) converge generally to f and to g. Then
f=g



4 D. BOWMAN AND J. MC LAUGHLIN

Classical convergence implies general convergence (take u, = 0 and v, =
oo, for all n), but not conversely. Thus general convergence is a natural
extension of classical covergence.

As Schur showed in [9], K(z) does not converge in the classical sense
when z is an m-th root of unity, where m = 0(mod 5). However K(z)
can be shown to converge generally in this case. We have the following
proposition.

Proposition 1. If z is an m-th root of unity, where m = 0(mod 5), then
K (z) converges generally.

Taking Proposition 1 along with Schur’s theorem shows that K(z) con-
verges generally at any root of unity.

This suggests the question of general convergence at points on the unit
circle which are not roots of unity. We have the following theorem.

Theorem 3. Let t be any irrational in (0,1) for which there exist two
subsequences of convergents {cy, /dy,} and {cg,/dy,} and integers r, u €
{0,1,2,3,4}, integers s, v € {1,2,3,4} such that

(1.5) ¢y, = r(mod 5), cg, = u(mod 5),
dy, = s(mod 5), dg,, = v(mod 5).

and

(1.6) an, 41 > 2m(dp, + 1)2¢%n T2

for all n, where hy, = fr, or gn.
Suppose further that

(1.7) R(exp(2mir/s)) = R, # Ry = R(exp(2miu/v)),

for some a, b€ {1,2,--- ,10}.
Let S° denote the set of all t € (0,1) satisfying (1.5), (1.6) and (1.7) and
set

(1.8) G = {exp(2mit) : t € S°}.

Then G is an uncountable set of measure zero such that if y € G, then K (y)
does not converge generally.

Remark: It follows from (1.6) that S® C S. Once again it is possible to
give explicit examples of points y for which K (y) does not converge generally
and in Corollary 4 we show that K(y) does not converge generally for the
the point y in Corollary 1.

An interesting question is what forms can divergence take. In fact there
are uncountably many points y on the unit circle such that R(y) has subse-
quences of convergents tending to all ten of the R;’s defined by (1.2). We
prove the following proposition.
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Proposition 2. There ezxists an uncountable subset G* C Yg such that if
y € G* then there ezist ten sequences of positive integers, {ni,j}zip 1<j5<
10, say, such that lim; 00 Ry, ;(y) = R;.

This proposition is not strictly necessary for the proof of Theorem 3 but
we find the existence of the set G* to be of interest. It is possible to give
explicit examples of such points in G*. We have the following corollary to
Proposition 2.

Corollary 3. Let the sequence of integers {a;}5°, be defined by
{ala az,--- } = {07 2’ 17 2a ]-7 Oa 07 17 27 ]-a Oa 2a 2’4}7

where the bar indicates that the terms under it repeat infinitely often. Let t
be the number with continued fraction expansion given by

t=100,91 +a1,92 +az,93+as, -],

where g; is the integer consisting of a tower of i sizteens with an i an top
and the a;’s are as above.

2 163
t=10,16,1616" + 2,1616 +1,...]=

0.06249999999999999999999999999999999999999999999999999999999
9999999999999999999999999999999999999999999999999999999999999
9999999999999999999999999999999999999999999999999999999999999
9999999999999999999999999999999999999999999999999999999999999
9999999999999999999999999999999999999999999999999999999999999
9999999782707631005156114932594461198007415603592189407975407

1725266194446089419127033011861051603999 - - - .

If y = exp(2mit) then R(y) has subsequences of convergents tending to all

ten values taken by the Rogers-Ramanujan continued fraction at roots of
unity.

We also consider the question of general convergence outside the unit
circle. It was proved in [1] that if 0 < |z| < 1 then the odd convergents of
1/K(1/z) tend to

z 22 23
(1.9) B i SR 1C)
while the even convergents tend to
4 8 12
x z* ° x
1.1 A = Fy(z).
(1.10) T+ T+ 1+ 1 4 2@
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Worpitsky’s theorem gives that each continued fraction converges inside the
unit circle to values in C. It is not clear that F) (z) # Fy(x) for all = inside
the unit circle but Worpitsky’s theorem again gives that Fy(z) # Fa(x) for
|z| < 1/4 and for such z we have the following proposition which implies
that the Rogers-Ramanujan continued fraction does not converge generally
at 1/z.

Proposition 3. Let C = by + K2 a,/b, be such that the odd and even
convergents tend to different limits. Further suppose that there exist positive
constants c1, co and c3 such that, fori > 1,

(111) C1 S |bz‘ S Co,

and

(1.12) Lill < ¢y,
az;

Then C does not converge generally.

2. DIVERGENCE IN THE CLASSICAL SENSE
Let

J P,

denote the n-th convergent of K(z) and let R,(z) = s J/Kn(z). It is ele-
mentary that

(2.1) Qn+1(7) = Qn(z) + "En—Hanl(I)'

It can also easily be checked that if |z| = 1, then for n > 1,

(2.2) |P()Quot (&) — Qu(@) Pacs ()] = 1.

It follows easily from the triangle inequality that, for n > 2,

(2.3) |Qn(2)] < Fry1.

where {F;}52, denotes the Fibonacci sequence defined by F; = F, =1 and
Fip1 =F+ Fi.

Suppose limy, o0 Py (y)/Qn(y) = L € C for some y on the unit circle.
Then, by (2.2),
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1 _ ‘Pn(y) _ Piay) ‘
Pn(y) Pnfl(y)
: ‘Qn(y) _L‘ o) _L"

Thus lim, o |Qn(y)Qn-1(y)| = 00. We will exhibit an uncountable set
of points, of measure zero, on the unit circle such that if y is one of these
points then limy, o |Qn(y)Qn-1(y)| # oo so that K (y) does not converge.

Lemma 1. With the notation of Theoreml, for t € S, we have
ci(t) ‘ 1

TS G20

for infinitely many .

Proof. Let i be one of the infinitely many integers for which a;,(t) > ¢% ()
and let t;11 = [ait+1(t), ai42(t), -] denote the i-th tail of the continued
fraction expansion for ¢. Then

. ci(t) ‘ _ tiv1ci(t) + ci—1(t) B ci(t) ‘
d;(t) tiv1di(t) +di—1(t)  di(2)
1
T () (tis1di(t) + dimi(0))
< 1 < 1

di(t)(ait1(£)di(t) +dim1(t)) ~ di(t)29%®)
O

Lemma 2. Let x and y be two points on the unit circle. Then, for all
integers n > 0,

(2.4) |Qn(z) — Qn(y)| < n’¢"|z —y|.
and
(2.5) |Pa(z) = Po(y)| < (n+1)%¢" |z —y).

Proof. The assertions of the lemma can easily be checked for n = 0, 1.
Let 8; = |Qi(z) — Qi(y)| and é; = (i + 1)F;|z — y|. Using (2.1) and (2.3)
it easily follows that

(2.6) Bn < Bn-1+ Bn—2 + dn—1.

Iterating this last inequality downwards gives that, for r =2,--- ,n — 1,
r—1

(2'7) /Bn < Frﬂn—r—l—l + Fr—lﬁn—r + Z Fi(sn—z'-

i=1
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The claim is true for r = 2 by (2.6). Suppose it is true for r = 2,--- ,s.
Then
s—1
;Bn < Fs/ans—H + stlﬂnfs + Z Eé‘nfz

i=1
s—1

S Fs(ﬁn—s + ﬁn—s—l + 5n—s) + Fs—l,Bn—s + Z F’zan—z
i=1

S
= s+1/8n—s + Fsﬁn—s—l + Z Fi6pn—;
i=1
and (2.7) is true by induction for 2<r <n—1.

Recall that 8, = 0 and B2 = |(1 +22) — (1 +4?)| < 2|z — y|. Now in (2.7)
let » = n — 1. This gives

n—2 n—1
B <2F_ilz—y|+ Y Fidpi=> Fi(ln—i+1)F_ilz —yl
=1 =1

n—1
<Y ¢t n—i+ 1)z -y,
i=1

using the bound F; < @J. This last expression simplifies to

n
¢z —y| Y i <n’¢"|z —yl.

1=2

(2.5) follows similarly.

To show our set has measure zero, we use the following lemma.

Lemma 3. ([7]) Let f(n) >1 forn=1,2,--- and suppose Y oo 1/f(n) <
0o. Then the set S* = {t € (0,1) : ag(t) > f(k) infinitely often } has
measure zero.

Suppose z is a primitive m-th root of unity. In proving the lemma we
will use Table 1 which gives values for P, _s(z), Pn-1(z), Qm-2(z) and
Qm-—1(x). These values are from [9].

Proof of Theorem 1: Let t € S with convergents {c,/d,}°2,. Let y =
exp(2wit) and let x, = exp(2mic,/d,). By Table 1,

(2.8) max{ |Q,-1(zn)|, |Qa,—2(za)| } <2.
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m Pm—2 Pm—l Qm—2 Qm—l
2m —2m 2m —2m
S 0 —Ir's —x 5 | —x5 —x 5 0
1-m —14+m
ou+1| = 5 1 0 T 5
Su—1| z 5" 1 0 T
142m —1-2m
ou+2 | —x s 0 1 -z 3
1-2m —142m
Su—2 | —x s 0 1 -z 5
TABLE 1

Using in turn, Lemma 2, the fact that chord length is shorter than arc
length, and Lemma 1, it follows that, for infinitely many n,

(2.9) |Qdn—1(2n) = Qup—1(y)| < (dn — 1)¢% "z —y|

< (dy — 1)2¢% 27 2—” - t‘

dn—1)227r
< — < 4.
(%) %

dn —2\?
(2.10) |Qd,—2(Zn) — Qa,—2(y)| < ( d, 2) jﬁ_g <

n

Similarly,

4.

Applying the triangle inequality to (2.9) and (2.10) and using (2.8) gives
|Qa,,—1(y)] < 6 and |Qq,—2(y)| < 6. Finally, we have that

|Qd,—1(¥)Qa,—2(y)| < 36.

Since this holds for infinitely many terms of the sequence {dy }52 it follows
that limy, 0 Qn(y)Qn_1(y) # oo and thus K(y) does not converge.

We next show that S has measure zero (it is clearly an uncountable set).
Let f(i) = ¢'%,i=1,2,---. Then it follows that Y 5>, 1/f(i) < co. Let

S* = {t € (0,1) : a;;1(t) > ¢F*+1 infinitely often}

so by Lemma(3) S* has measure zero.

Recall S = {t € (0,1) : a;41(t) > ¢%®) infinitely often}. S C S*, since
d;(t) > Fj11, and thus S, being a subset of a set of measure zero, has measure
Z€ero.

O
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Proof of Corollary 1: Denote the i-th convergent of the continued fraction
expansion of ¢ by ¢;/d;. We will show that, for i =1,2,---,
(2.11) aiy1 > 2% > ¢di.
Then K (y) will diverge by Theorem 1.

oi + 1

(2.12) 2% < g = d; <2 ,

7 twos

where the notation indicates that the last integer consists of a tower of ¢ twos
with an 7 + 1 on top. It can be easily checked that the second inequality
holds for i = 1,2. Suppose it holds for for : = 1,2,--- ,# — 1. Then

27' 27" 27' — 1
dr =a,dp_1 +dp_o <2 x 2 +2
T twos  (r—1) twos  (r—2) twos
2?" + 1
< 2'. .
- —_——
7 twos

Thus the first inequality in (2.12) holds for all positive integers i and the
result follows.
a

We will in fact show later that K(y) does not converge generally when y
has the value stated in the corollary above. Note that the convergents of the
continued fraction expansion converge very fast to ¢ — the third convergent
agrees with ¢ to over 101979 decimal places!

Remark: It is possible to replace the set S by a similar set, say

Se={t € (0,1) : ajy1(t) > & ¢%® infinitely often},

where k is a positive constant and Theorem 1 will still hold for all ¢ in Sj.
However |J,.cr+ Sk will still have measure zero.

3. DIVERGENCE IN THE GENERALIZED SENSE

For ease of notation later, define Yg = {exp(2mit) : t € S}. We first prove
the general convergence of K (y) when y is a primitive 5m-th root of unity,
some m € N.

Proof of Proposition 1: From [9], for 0 < r < m,
(3-1) qu—|—r = PrPgL,l, qu+r = Qngnfz-
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From Table 1,

2m 2m

Pyp1=—-25 —27 5, Qnao=-—=

— X

o3
o3

Let {un}3° ; be a sequence in C. Tt is convenient to split n € Z into residue
classes modulo m. We put n = gm + r. From (3.1),
(3.2)

1<r<m-1,

(Pm—l >q P +unPr
P, +upP,_1 Qm—2 Qr +unQr_1

Qn"‘unQn—l (Pm—1>qpm1 -I—Uan,l

Qm—2 Qm-2 + unQm—1 ’

Suppose that zs is in the second or third quadrants. Then

2
| Pr—1| = 2 cos (g) < |Qm—2| = 2cos (%) .
Hence
Pm—l
3.3 <1
( ) Qm—2

We now construct two sequences {v, } and {w, } which satisfy the conditions
for general convergence at z. Let

M = max
1<r<m

Qr
Qrfl
Put vy, =M +1and w, = M + 2, forn =1,2,---. Hence

Qe #0}.

lim inf d(v,,, w,) > 0,
and by (3.2) and (3.3),
. P, + v, Py P, + w, Py
llm —_ = llm D U —
n—00 Qn + 'UnQn—l n—00 Qn + ann—l

Thus K (z) converges generally to 0 in this case.
Next suppose that 25 is in the first or fourth quadrants so that

T 2r
| Pr—1| = 2 cos (g) > |Qm—2| = 2cos (—) .

=0.

5

Then

Pm—l
3.4 > 1.
( ) Qm72
In this case let .

—_— T .
M—lrsrias)%b{ 7‘—1‘ : P #O}.

As before, let v, = M +1 and w, = M + 2, for n = 1,2,---. Hence
lim inf d(vy,, w,) > 0,
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and by (3.2) and (3.4),
. P, +v, P, . P, + wy Py
llm -_—— = llm —_—_ =
n—00 Qn + 'UnQn—l n—00 Qn + ann—l

Thus K(z) converges generally to oo in second case.

Proof of Proposition 3 Let the i-th convergent of C = by + K:°,a, /by
be denoted A;/B;. Suppose the odd convergents tend to f; and that the
even convergents tend to fo. Further suppose that C' converges generally to
f € C and that {v,}, {w,} C C are two sequences such that

. Apt v Ap . Ap+wpAp
llm —_ = ].lm —_
n—o0 By + v, By 1 n—o0 By +wp By

=f

and

lim inf d(vy,, wy) > 0.
n—oQ

It will be shown that these two conditions lead to a contradiction. Suppose
first that |f| < oo and, without loss of generality, that f # f1. (If f = f1
then f # fo and we proceed similarly). We write

An + wpAp— An + v Ap— /
"—”nl:f'+fyn’ M:f_kfym
By, + wpBp—1 By, + vpBp1

where 7y, — 0 and 'y;l — 0 as n — oo. By assumption we have, for n > 0,
that A9, = Ban(f2 + a2n), A2nt1 = Bony1(f1 + @ony1), where a; — 0 as
1 — 00. Then

Aoy, + wopAon—1 _ Bon(f2 + agn) + wanBon—1(f1 + agn—_1)

Bay, + wap Bap—1 By, + wap Bop—1
= f+7on.

By simple algebra we have

Wy = BQn (_f+f2+a2n _7277,)
" Bon-1 (f — fi — a2n—1 +72n)
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Similarly,

BQn (—f+f2+a2n _7’271)
C Bona (f—fi—0on_1+7,)

V2n

If f # fo then

lim d(vep,ws,) < lim w =

0.

Hence f = fo,
o B2n (04271_'7271)
Won =
Bon_1 (f — fi —a2n—1+72n)
and
BQn (a2n - ’)én)
V2n

- Bop_1 (f - fl —02np—1 +7'2n) '

Now we show that

B2n
2n—1
For iff not, then there is a sequence {n;} and a positive constant M such
that |Bap,/Baon;—1| < M for all n; and then

lim
n—oo

= Q.

lim d(vop,, wop,) < lim |vo,, — way,|
1— 00 71— 00

=0.

’
< lim M A2n; — ’727” _ Aon; — V2n,
>~ 7
100 f_fl_OQnifl +72”z f_fl_a2nq;—1+72ni

Similarly,
I Bont1 (fl — fo+ aopy1 — 72n+1)
1=
" By, Y2n+1 — Q2p
and
S Bont1 [ J1— fo+ a2nt1 — Yopia
1=
" B 7’271—1—1 — Q2n
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We now show that

2n
If not, then there is a sequence {n;} and some M > 0 such that |Bay,1/Bop, |
> M for all n;. Then lim; o wop;+1 = lim;_00 V2,41 = 00 and lim;_,
d(v2n;+1, Won;+1) = 0.

Finally, we show that it is impossible to have both lim,, o |Bop+1/Bon| =
0 and lim,_, o |Bop/B2,—1] = oo. For ease of notation let B, /B, 1 be
denoted by r,, so that ro, — oo and ropy1 — 0, as n — oco. From the
recurrence relations for the B;’s we have

Ton(ron+1 — bont1) = Gon+1.

and

Ton—1(Ten — bon) = a2n.

Thus
Ton A2n4+1T2n—1

Ton = bon  Gon(Tons1 — bont1)’
and by (1.11) and (1.12) the left side tends to 1 and the right side tends to

0, as n — oo, giving the required contradiction.

If f = oo then we write
Ap +wpAp 1 . i

By, +wp By 1 B 'Yn’
where lim,, 7, = 0. With the «@;’s as above we find that

__ Ban (=14 foyven t @20 720)
Byn—1 (=14 fiven + a2n+172n)

won =

and
B2n (_1 + f27’2n + agy ’YIQH)
Bon—1 (-1+ f1 Yo + Q21 7’2n) '

Von =

In this case it follows easily that lim,_,o d(wap, v2,) = 0.
O

Before proving Theorem 3 and Proposition 2, it is necessary to prove some
technical lemmas. In what follows, z is a primitive m-th root of unity, where
m # 0(mod 5). ¢ = (—V/5+1)/2, K; = K;(z), P; = Pj(z) and Q; = Q; (=),
for 5 =0,1,2,---. Frequent use will be made of Binet’s formula for Fj.

¢k — ¢
Vs

Fy,

Recall also that limy_, oo Fit1/Ff = .
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We also use the following facts, which can be found in [9] or deduced from
Table 1.

(35) Pn = m—an—m + Pm—QQn—m;

Qn = Qm—lpn—m + Qm—?Qn—m-

(36) qu—H‘ = P(q—l)m—i—r + P(q—2)m+r
qu—H‘ = Q(q—l)m—i—r + Q(q—Z)m—l—r-

For 0 < r < m, there exist constants b, and b; such that

(3'7) qu—|—r = br¢? + b;ng.
(3.8) Qom—1 = Qm—1, Py = Pp_1+1,
P9 = Py and Qom—2 =14+ Qm—2.

Lemma 4. For q > 2,

(3.9) ¢7" < |Qqmim—1] < 6%

(3.10) m=1,-1(mod 5) = ¢772 < |Qgm+m—2| < ¢77%;

(3.11) m =2, -2(mod 5) = ¢? < |Qemim—2| < ¢71;
1 Q -1

3.12 < | Xamdmel) o 2

(3.12) 7 = | Qumims| =7
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Proof. Using (3.7) and (3.8) it follows that

_ —1)etl
Qgm+m—1 = %(Qﬁqﬂ - ¢q+1) = ¢q+1% (1 o %) :

From Table 1, |@Qm—1| = 1 and since g > 2, it follows that

¢t ( _ i) i ( i)
\/g 1 ¢6 < |qu+m—1| < \/g 1+ ¢2 ;

and (3.9) follows easily.
Applying (3.7) with r = 2m — 2 and using the values from (3.8) one finds
similarly that

15 (¢q - (/J;q)a m= 17 _1(m0d 5)7

Sl

qu+m—2 =
%(qﬁ’hL2 — ¢7t2),  m =2,-2(mod 5).

If m =1,—1(mod 5), then

¢* 1 ¢* 1
7 (- 3) <0 < 5 (14 55)

and (3.10) follows. If m = 2, —2(mod 5), then

¢q+2 1 ¢q+2 1
W (1 - ﬁ) < |Qgm+m—2| < W (1 + ﬁ)

and (3.11) follows. (3.12) is an immediate consequence of the preceding
inequalities. . (]

Lemma 5. For g > 2,

1 1
(3'13) W < |qu+m—1($) - K(.”L')| < @;
(3.14) # < |Kgmtm-—2(z) — K(z)] < ¢212,
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1
(3.15)  max{|Rymin-1(a) = R, |Rgnion-a(e) = @I} <
Proof. (3.6) implies that
qu—H" = Fqu+r + qulpr

and

qu—l—r = Fqu—H‘ + qulQr-
Using (3.8) it follows that
qu+m—1 . Fq+1Pm—1 + Fq

Koo 4 = _
amem Qgmtm—1 Fi1Qm—1
Let ¢ = oo to get
Py, _ 1
K(z) = Pn1p+1
Qm—1¢

Since |Qm—1| = 1 we have that

F, 1] V5
For1 ¢ $Ra+2 (1 _ (—1)‘1+1) '

p2a+2

K 1 — K(2)] = \

The last equality follows from Binet’s formula. Thus for ¢ > 2,

V5 V5
Y <Kyt — () € ——
12 (14 55) 12 (1 35)
(3.13) now follows.
Similarly,
qu—l—mf? - Pm72Fq—|—1 — K(:L‘) - Pm72¢

qu+m—2 B Qm—2Fq—|—1 + Fq B Qm—Q(]S +1 .

We consider the cases m = 1, —1(mod 5) and m = 2, —2(mod 5) separately.
In the first case it can be seen from Table 1 that Qn—2 = 0 and |Pp,_o| = 1.
In this case

Py ‘: V5
F, p(1- )

|qu+m—2 - K(z)| =
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(3.14) follows. For the second case it can be seen from Table 1 that Q,,—2 = 1
and again | Py, 2| = 1. In this case

F, 1 V5
| Kgm+m—2 — K(z)| = ‘Fqﬂ - g T onra (—1)a+2\ "
q+2 ¢2at (1 - W_)
and (3.14) again follows. (3.15) follows from (3.13) and (3.14). O

Lemma 6. Let g > 2 and let n = gm+m—1 or gm+m—2. Let y be another
point on the unit circle. Suppose P,(y) = Pp(z) + €1, Qn(y) = Qn(x) + €2,
with € = max{|e1],|e2|} < 1/2. Then

10e
(3.16) |Kn(y) — Kn(z)| < F.
If ¢ > 3 and the angle between x and y (measured from the origin) is less
than 5m/3 and € < 1/(204%), then

60
(3.17) |Ru(y) — Ru(2)| < 3¢|z —y| + W
and
60 1
(3.18) Baly) = R < 3¢le —yl+ 255+
Proof.

Puly)  Pa(z)

Qn(y) Qn(w)

len($) - €2Pn($)
Qn(7)(Qn(z) + €2)

|Kn(y) — Kn(z)| =

< _la—el |€2||Pn(z) — Qn(z)]
T |@Qn(2) +e2]  |Qn(2)]|Qn(z) + €

__le—e |e2|[Kn(z) — 1]
|Qn(x) +€2| ‘Qn(m) +62|

2 e||K(z)| +1/¢*7% +1|
STan@—d '~ Q@) —¢

Here we have used (3.13), (3.14) and the bounds on ¢; and €. Since
|K(z)| < ¢ and € < 1/2, it follows that

< 2€ n 3e
~@n(x)| =172 [[@n(2)] —1/2]
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_ Se
1Qn ()] = 1/2]
10e
< prEh
The last inequality follows from (3.9), (3.10), (3.11). Similarily,
1/5 /5

|Ra(y) — Ru(2)] = |2 —

Ky () (yl/s - -7;1/5) +z!/° (Kn(z) — Kn(y))

|z =yl | |Kn(z) - (y)l

|z -y 10¢/¢7°
< q—2 q—2
|| K ()| — 10e/¢77| )| || Kn ()| — 10e/¢7|

Here we have used (3.16) and the fact that the bound on the angle between
z and y implies that |y'/® — z1/5| < |z — y|. Using (3.13), (3.14) and the
bound on e it follows that

e |z —y]
|Bn(y) — Bn(2)] < K (2)] — 1/¢%0 2 —1/(2¢7)|

10€
TS [K (@) — 17672 [[K (@)] — 1/ — 1/27]

Since |K(z)| = ¢ or 1/¢ it follows that

[z —yl
|Rn(y) - Rn("I")| S 1 - 1/¢2q_3 - 1/(2¢q_1)
10e

T ) (L 1/ 1247 )

< lz — 1yl
T 1-1/¢ - 1/(2¢%)
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10¢
T A1) (- 18 — 1/

60¢
<3glz —y|l+ P
Finally, (3.18) follows from (3.15) and (3.17). O

Lemma 7. There exists an uncountable set of points on the unit circle such
that if y is one of these points, then there exists two increasing sequences of
integers, {n;}32, and {m;}2, say, such that,

lim R, (y) = lim Ry, 1(y) = Ra,

1— 00 1—00

lim Rmi (y) = lim Rmi—l(y) = Ry,

71— 00 1—00
for some a, b€ {1,2,--- ,10}, where a # b.
Proof. With the notation of Theorem 3, let t € S°® and set y = exp(2mit).

Let cy,/dyf, be one of the infinitely many convergents satisfying (1.5) and
(1.6) and set x,, = exp(2micy, /df,). Then R(z,) = R, and

1

(3.19) |zn, —y| < . )
& (dy, +1)2g%m tm

For the last inequality we have used the condition on the ap,41’s in (1.6)
in the same way that the condition on the a;1;(¢)’s in (1.3) was used in
Lemma 1 and the fact that chord length is shorter than arc length. Let
k= d?cn +ds, —1or d?‘n +dj, —2. By (2.4), (2.5) and (3.19) it follows that

Pele) = Bw)] < o5
and
(3.20) Qo) - Qulo)] < -

By (3.18), with k as above, ¢ = m = dj, and € = 1/¢%n , it follows that
(3.21)  [Ry(y) — Ral = |Ri(y) — R(zn)|
3¢ 60 1
< + +
= a2 +2d 2d;, —4 2d;, —3
& (dyf, +1)2¢"m 2 7Y s

500
S ¢2dfn
Thus
(3.22) Jim Rpp yq, 1(y) = lim Rp 4q, 2(y) = Ra
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Similarily,

(3.23) lim Ry g, —1(y) = Im Rgz 4q, _2(y) = R

n—0Q

It is not difficult to show that S°® is an uncountable set and from the
remark following Theorem 3, it follows that it has measure zero. Thus
G = {exp(2mit) : t € S°} is an uncountable set of measure zero. O

Proof of Proposition 2: The proof is similar to that of Lemma 7. Let
W = {Wz}zlil = {Rﬁa R77 RS) R97 RlOa RQa R37 R47 R57 R17 R87 R?}

Note that W contains all ten of the values taken by the Rogers-Ramanujan
continued fraction at roots of unity. Consider the following continued frac-
tion:

(324) o = [0’ 17 37 27 37 27 ]-a ]-a 23 33 27 ]-a 3a 37 5] = [07 a1,a2," - ]

Modulo 5, the convergents are

(3.25)

{0132404420223}

where the bar indicates that, modulo 5, the convergents repeat in this order.
Let ¢ be any irrational in (0, 1) such that, for ¢ > 1, the i-th partial quo-
tient, b;, and the i-th convergent, ¢;/d;, in its continued fraction expansion,

[0, b1, b, - - -], satisfy the following conditions.
(3.26) (i) b; = a;(mod 5),
.. c; 1
11) |t — — ,
U1~ G| < anaias 5 1y2goa

where the a;’s are as in equation (3.24).
Set y = exp(2wit) and let z,, = exp(2mic,/d,), so that
1
B (d + 1)2H0T20
Here we once again have used the fact that chord length is less than arc
length. Set r = n(mod12), for n > 0. Then it can be easily checked, using

(3.27) |z —y| <
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(1.1) and (3.25), that

W., r#0
(3.28) R(zy,) = {W; . i 0
Let k = d2 +d, — 1 or d2 +d, —2. By (2.4), (2.5) and (3.27) it follows that
|Ps(n) — Prly)] < ¢§n
and
(3.29) Qi) — Qk(y)] < (;in-

By (3.18), with k as above, ¢ = m = d,, and € = 1/¢% it follows that

3¢ 60 1
(3.30)  [Ri(y) — R(zn)| < Z(d. T )igarea o gai T g
500
— ¢2dn )
Next, for each j € {1,2,---,12}, define a sequence of integers {si,j}zl, by

setting Sij — d%Q(i*l)—}—j + d12(i—1)+j' By (328), R($12(i—1)+j) = W] and 80,
from (3.30),
500
¢2d12(i—1)+j ’
500
¢2d12(i_1)+j '

|R(si,j*1) (y) - W]| <
|R(si,j—2) (y) - W]| <

It follows that
lim R, —1)(y) = lim R, _2)(y) = Wj.

1—00 1—00

Both results hold for 1 < j < 12. Since the set W contains all ten of the
R;’s the result is proved for this particular ¢.
Let S' denote the set of all such ¢ € (0,1) and set G* = {exp(2wit) : t €
5" }. Clearly G* C Yy and is also uncountable.
O

Proof of Theorem 3: Let y be any point in G, where G is as defined
in the proof of Lemma 7, and let ¢ be the irrational in (0,1) for which
y = exp(2mit).
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Suppose R(y) converges generally to f € C and that {v,}, {wn} are two
sequences such that

. P, + v, Py . P, + w, P, yé
llm - = llm —:—:g

n—00 Qp + v Qn 1 n—00 Qp + wpQp -1 f

Suppose first that |g| < oco. By construction there exists two infinite
strictly increasing sequences of positive integers {n;}$2,, {m;}2; C N such
that

1
R, =00 Qn, (y) 1—00 Qm——l(y)
and
1
Ly := LA lim Py (y) = lim —Pmi_l(y),
Ry i=00 Qm, (y) i—00 Qm;—1(y)

for some a # b, a,b € {1,2,--- ,10}. Also by construction each n; has the

form d%,- +di, —1, where dj,; is some denominator convergent in the continued
fraction expansion of ¢, and likewise for each m;. It can be further assumed
that L, # g, since L, # Ly. For ease of notation write

Pm(y) = Py, Qm(y) = Qn;»
Pm—l(y) = Pni—la Qm‘—l(y) = Qm—l'
Write P, = Qn;(Lq + €n;) and Pp,_1 = Qn;—1(Lq + 0p;), where €, — 0
and d,, — 0 as ¢ — oco. Thus
Qni (La + eni) + wniQnifl(La + (5n1)
Qni + wni Q'm;fl
where 7,, — 0 as © — oco. This last equation implies that

W, + = .
Qnifl Qnifl g— La + Yn; — 5’!17,
Because of (3.12), the fact that each n; has the form dii + di; — 1, where
dy, is some denominator convergent in the continued fraction expansion of ¢

and (3.20), it follows that Qy,/Qn,—1 is absolutely bounded. Therefore the
right hand side of the last equality tends to 0 as ¢ — oo and thus

=g+ Yn;,

(3.31) Wn; + Qn;/Qn;—1 — 0 as n; — .

Note that |wp,| < oo for all ¢ sufficiently large, since |Qp,/Q@n,—1| < oo.
Similarily,

(3.32) Un; + Qn; /Qn;—1 = 0 as n; — oo.
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By the (3.31), (3.32) and the triangle inequality

lim |v,, —wp,| = 0.

71— 00
Thus

lim inf d(vy,, wy) = 0.
Therefore R(y) does not converge generally. A similar argument holds in
the case where g is infinite.

Since G is uncountable and of measure zero, this proves the theorem.
O

Corollary 4. Let y be as in Corollary 1. Then K(y) does not converge
generally.

Proof. Let t € (0,1) be such that y = exp(2mit). Recall that ¢ = [0,a1, a2,
---], where a; is the integer consisting of a tower of 7 twos with an 7 an top.
Modulo 5, the convergents in the continued fraction expansion of ¢ are

(3.33)

where once again the bar indicates that the convergents repeat modulo 5 in
this order. In particular, there are two fractions, r/s and u/v say, such that
(1.5) and (1.7) holds. Thus it is sufficient to show that

1
2md? (d; + 1)2 % 207

Ci
3.34 t——| <
(334 o-o

for all 4 > 3, where ¢;/d; is the i-th convergent in the continued fraction

expansion of ¢t. In particular (3.19) will hold and likewise a similar inequality
when f,, is replaced by g,, where {cy,/ds,} and {cg,/d,,}, are the two
sequences of convergents corresponding to /s and u/v. This in turn will
ensure that y € G so that K (y) will not converge generally by Theorem 3.
We will show that, for ¢ > 3,

(3.35) aiy1 > 16%

This will be sufficient to prove the result. Indeed, let ;11 = [a;11, 0542, -]
denote the i-th tail of the continued fraction expansion for t. Then

2 2 2
ajt1 2 169 — 42-d; 5 4(di+1)

_ o(di +1)%5(d; + 1)
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2
> 2m(d; +1)2¢% +2di —

tivici +¢i-1 ¢

-3l
tividi +di1 d

d;

1
di(tis1d; + di—1)

1
<
di(ajy1d; + di—1)

1

< 55—
2
diaiiy

1

< 5 .
omd?(d; + 1)2¢% +2ds

Thus all that remains is to prove (3.35). The proof of this inequality is
similar to that of (2.11).

o + 1
2 s
(3.36) 16% < a4y =42 <2

i twos

where the notation indicates that the last integer consists of a tower of ¢
twos with an 2+ 1 on top. It can be easily checked that the second inequality
holds for ¢ = 3,4. Suppose it holds for for ¢ = 3,4,--- ,» — 1. Then

4d? = 4(apdpr_y + dr_3)? < 4(4a,d’_| +4d>_,)?

27" 27' 27' -1 2
<4 4><2" X 2" +4x2
—— ——
rX2’s (r—1) twos (r—2) twos

27' + 1
< 2'. .
- ———
r twos

Thus the first inequality in (3.36) holds for all positive integers i > 3 and
the result follows. O



26 D. BOWMAN AND J. MC LAUGHLIN

Proof of Corollary 3: Showing that the i-th partial quotient, b;, and the
i-th convergent, c;/d;, of the continued fraction expansion of ¢ satisfy the
conditions in (3.26), for ¢ = 1,2,---, will ensure that y € G*, where G* is
as defined in Proposition 2.

The b;’s satisfy the first of these conditions by construction and so all
that remains is to prove the second. By the same reasoning as used in the
proof of Corollary 4, it is sufficient to show that

2
Gi+1 2 16%

since bj+1 > gi+1. The details are omitted since the proof is almost identical,
the only real difference being that

2 N
16% < g;y1 < d? < 16 ,

1xX16’s

4. CONCLUDING REMARKS

The set of points on the unit circle for which we have shown that the
Rogers-Ramanujan continued fraction diverges has measure zero. On the
other hand, the only points for which we know that the continued fraction
converges generally are the roots of unity. This leaves open the question of
convergence at the remaining points. At present, the authors do not see how
to use the methods of the paper to tackle this question; we conjecture that
the set of points on the unit circle for which the continued fraction converges
has measure zero. Additionally, we do not know how to prove convergence
at any points other than the roots of unity, although it seems reasonable to
believe that there are such points.

In a later paper we will examine the question of convergence of other ¢-
continued fractions on the unit circle, such as the Géllnitz-Gordon continued
fraction and some other g-continued fractions of Ramanujan.
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