Lecture notes 7.7: Indeterminate Forms and L’Hospital’s Rule

Recall:
Defintion: We write lim f(x) = k if we can make the values of f(z) arbitrarily
close to k by taking x sufficiently close to a, but not equal to a.
If lim f(x) = k and lim g(x) = m then

r—a

L lim[f(z) +g(z)]=k+m

r—a

2. lim[af(x)] = ak for each real «

r—a

3. im[f(x)g(z)] = km

r—a

1 1
4. If lim g(x) = m with m # 0 then lim — = —
This section deals with indeterminate forms of limits. What are the indeter-
minate forms?

. flx) 0
L f(x)_)079(517)_>0:>gl01£%@—6
2. f(x)—>oo,g(x)—>oo:>h£nM:E

3. f(x) = 0,9(2) — 00 = lim f(@)g(w) = 000

4. f(z) = 00,9(z) — oo = lim[f(z) — g(2)] = 00 — 0

5. f(x) = 0,9(z) = 0= iil%f(f)g(x) — 0

6. f(z) — 00, g(z) — 0= lim f(z)’® = o’

r—a

7. f(z) = 1,g9(x) — oo = lim f(z)9@ = 1=

r—a

For (1) we consider the special case when f(a) = g(a) = 0:
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f(x) = f(a)
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The general version of I’Hospital’s Rule for the indeterminate form 0 is some-

what more difficult.
Suppose that the function f and g are continuous on [a, b] and differentiable
on (a,b), and ¢'(x) # 0 for every = € (a,b). Then there is a number ¢ € (a, b)
such that

f'(c) _ f(b) — f(a)

g g(b) —g(a)
This is a Cauchy’s Mean Value Theorem.

/
We assume lim f(z) = 0, lim g(z) = 0. Let L = lim ;/Eg
We must show that lim @ = L.
v—a g(x)
Define @)
) flz) z#a
Fe) = { 0 r=a
_Jgl@) z#a
Glz) = { 0 r=a

Then F' is continuous on [ since f is continuous on {z € I|z # a} and
lim F(z) = lim f(z) = 0= F(a). Likewise, G is continuous on I. Let = € I,

and z > a. Then F and G are continuous on la, z] and differentiable on (a, z)
and G'(z) # 0 there (since F' = f" and G’ = ¢'). Therefore, by Cauchy’s
Mean Value Theorem ther is a number y such that a < y < x and

F'ly) _ F(z) = F(a) _ F(x)

G'y)  Gx)-Gla) Glo)

(F(a) = G(a) = 0).

let x — a®,y — a* since a < y < x, SO

lim f) _ lim F(z) _ li Fl(y) _ i f'(y)

v—at g(x)  e—at G(z)  y—at G'y)  y—at ¢'(y)

A similar argument shows that the left-hand limit is also L. Therefore

f(x)

lim ﬂ = L. This proves L’Hospital’s Rule for the case where a is finite.
r—a g €T



L’hospital’s Rule: Suppose f and g are differentiable and ¢'(x) # 0 near
a (except possible at a). Suppose that:
lim f(x) =0, lim g(x) = 0

r—a

or that
lim /() = oo, lim g(x) = oo

r—a

in other words, we have an indeterminate form of (1) or (2), then

lim /(@) = lim f'(z)

rag(x)  ==ag(x)

if the limit on the right side exits (or is oo or —o0).
Remarks:

1. LR says that the limit of a quotient of functions is equal to the limit of
the quotient of their derivatives, provided that the given conditions are
satisfied. It is especially important to verify the conditions regarding
the limits of f and g before using LR.

2. LR is also valid for one-sided limits and for limits at oo or —oo.

Examples:

1. Find lim —>2%
r—T/2 T — 22

as x — m/2,cosx — 0,7 — 2z — 0 so the conditions are met.

f(z) =cosx = f'(z) = —sinx
g(x)=m -2 = ¢'(z) = -2
. F(z) _ —sinz_ sinz _ 1 N
g —2 2 2
cosT . sinz 1

im = lim =—

z—7/2 T — 2T z—7m/2 2 2
2. Find lim —

20+ sin \/x

as r — 0% both riumerator an<12 denominator tend to 0
fle) _ _ 2 —0asz — 0"

g'(x)  (cosvr)(1/2Vx)  cosyx

LR:>Sin\/E—>Oasyc—>OJr




. Find lim & —% =1

z—0t 2
as x — 0, both numerator and denominator tend to O.
flla) e —1
g(@) 2z
differentiate again:
ff(x) e 1 e’ —1 e —x—1 1

L i

g"(z) 2 2 2z x?

. Since both numerator and denominator tend to 0, we

. Show that lim IH—I =0

r—00 x
both the numerator and denominator tend to oo with .
. Inzx .
IR=— lim — = lim — =0

. Find lim zlnz
z—0t

In
We rewrite this as lim xlnx = lim Tx so that we satisfy the condi-

z—0t z—0t
x
tions for LR. | )
— lim zlnz = lim —— = lim e = lim (—2) =0
z—0+ em0t 1/x a0t —1/22 20t
The way we handle Ooco is to rewrite it in the form of 0 or e
00
. find l(ir?z)i(secx — tan ) which has the form oo — oo
: . 1 sin x : 1 —sinx
lim (secz—tanz) = lim ( - ) = lim —=
z—(m/2)~ x—(m/2)~ \COSXT COS T x—(m/2)~ COSXT
, —cos T
lim - =0
z—(m/2)” —SINx
1 —sinz — 0,cosx — 0 as v — (7/2)"
. calculate lirgl+(1 + sin 42)°t*
asx — 07,1 +sindr — 1,cotz — oo
let y = (1 + sindx)®?
In(1 +sin4
= Iny = cotxIn(1 + sindz) = In(1 + sin 4z)
tanx
4 cos4x
In(1 + sin4 i
LR — lim Iny = Lim US040 Tisinde _
20+ 20+ tan z z—0+  (secx)?
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so far we have computed the limit of In ¢, but what we want is the limit
of y. To do this we use the fact that y = ¥
lim (1 +sin42)®* = lim y = lim ™Y = ¢*

z—0t z—0t z—0t
. find lim 2"
z—0t
2 ="M — lim 2% = lim """ = ¢’ =1 (from (5))

z—0t z—0t+



