Lecture notes: 7.5: Inverse Trigonometric Functions

From 7.1, we know that continuous one-to-one functions have inverses
but none of the trig functions are one-to-one so none of them have inverses.
What then are the inverse trig functions?

The inverse sine function: The range of the sine function is the closed
interval [—1, 1]. Although not one-to-one on its full domain, the sine functin

. . ™ T . .
is one-to-one on the closed interval [—=, =], and on that interval it takes on
as a value every number in [—1,1]. Thus, if x € [—1, 1], there is one and only

T
one number in the interval [—5, 5] at which the sine function takes on the

value . This number is called the inverse sine of x and is written sin™! z or

arcsin . The inverse sine function

y=sin"'z x € [-1,1]

is the inverse of the funtion
y=sinz r€[—, =]

The graphs of each function is the reflection of the other about the line y = x.
Because they are inverses, for all z € [—1,1],

1

sin(sin™" x) = x

- T
and for all z € [—, =],
=)
sin~!(sinz) = x
Also, being an inverse of an odd function, sine inverse is also an odd function
1 1 - T
and so sin” (—z) = —sin™ z for all x € [7,

Calculate if defined:
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7T
1. sin~(sin —
sin” " (sin 16)

since 1_7T6 is within the interval [%ﬁ, g], we know that sin™!(sin 17T_6) =

16



5
2. sin~*(sin g)

. om, o : —-T T
since - is not within the interval [7, 5], we cannot apply our formula

directly, but 57” - g + 2. Thus
5
sin~ ' (sin §> = sin_l(sin(g + 27)) = sin~* (sin g) = g

9
3. sin™!(sin %)

: .9, oy : —-T
since sin — is not within the interval [7, 5], we cannot apply our

formula directly, but g =27 — g Thus
9

sin~! (sin g) = sin ™! (sin(27 — g)) = sin_l(sin(—g)) = ——

D
4. sin(sin™'2)

The expression doesn’t make sense since 2 is not within the domain of
the inverse sine. The inverse sine is defined only on [—1, 1].

Let y = sin"'2 = siny = =, —7m/2 < y < 7/2 and we use

implicit differentiation to get

dy dy 1
cosy—=1= — =
Y dx dxr  cosy

—m2<y<7m/2=y>0=cosy=4/1—sin’y=+1—22

remember the trig identity sin®y + cos?y = 1 and that z = siny

d, . 4
thus we get %(sm ) = Nk -l<z<l1

Examples

d
1. Find %[sin_l(?)xz)]
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2. Show that for a > 0 /\/ﬁ =gin~! (2) +c
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d
In general, from the chain rule we get —[sin™



We change variables so that the a? becomes 1 and we can use our for-
adu

mula Wesetau—x:adu—dx:/dix—/i—
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3. Evaluate /

P | -1 X
=8ln "~ u -+ c=8In -] +c
a

dx

Vi

act ()] -
2)1o

d
/74x2:sin_1<2)+c:>/ x2
Vi —zx Vi —z
sin_lg—sin_IO:%—O:g

The inverse tangent function: although not one-to-one on its full domain,
T T
the tangent function is one-to-one on the open interval ( —5 5) and on that
interval it takes on as a value every real number. Thus, if x is real, there is
. . T T .
one and only one number in the open interval (——, =) at whihc the tangent

function takes on the value x. This number is called the inverse tangent of
x and is written tan~! x or arctan z. The inverse tangent function

y=tan 'z, z€R

is the inverse of the function

tanz, 1z € ( u W)

= 1n _—  —

y ) 2 ) 2

The graphs of these two functions are the reflection of each other about the
line y = x. While the tangent has vertical asymptotes, the inverse tangent

has horizontal asymptotes. Both functions are odd functions. Because they

are inverses for every real number z, tan(tan~'z) = z and for all z €

(— 2 5 ) tan"'(tan ) = x. It is hard to make a mistake with the first relation

since it applies for all real numbers. The second relation requires the usual
1 T _1 2m 2m 2m

care: tan~!(tan —) = tan"!(tan(— + 7)) = tan"'(tan ?) =%

We find the derivative as we did ford the inverse Scllne: .
y =tan 'z = tany = 1 = seczy—y 1= Y- - cos?y =
dx dr  sec?y

11
1 +tan?y 1+ 22




1. caluculate di [tan™" (az® + bx + ¢)]

T

d 1 d d
By chain rule V\;e have %[;an_l u] = T dz SO %[tan b Y(ax? +bx +
o) = —(az® +bx +¢) = o

1+ (az? + bz + ¢)? dx 1+ (az? + bx + ¢)?
d 1
2. Showthat/ix:—tanl< )—I—c
a?+22  a a

We change variables so that a? is replaced by 1 and we can use our

d
formula. Wesetau-z:adu-dxﬁ/i—/ aau =
a® + x? a? + a?u?
- = —tan u+c= —tan (—)—l—c
1+42 «a a a
2 dx
3. luat
evaluate ; 4—i—x2
- /57 (G)re= L e =[s (5
=5 tan~ c = | = tan -
4—|—x2 22 + g2 2 4+x2 2 2
§tan_11—§

Derivatives of Inverse Trig Functions:

d 1
1. —(sin™ 1:l:):17f01"—1<$<1

dz — 22
2. di(cos 13:)——1_1x2 for -1 <z <1
3. di(tan L) = 1+1x2
4 dx(csc lx):—x ;2_1
5 di(sec lx)—x ::2_1
6. %(cot_lx):—ﬁ

More Examples



1. Find the exact value of the following:

(a) csc™t2
™ ™., . . . -1
csc 6= 2 and 3 is in the appropriate interval so csc™ 2 = —
(b) tan=!(—1)
T s 1 s
tan— =1 — tan—z =—1=tan (—1) = ~1 (remember to

check the interval.
(c) sec™' /2

sec% =2 = sec V2= % (remember to check the interval)
(d) sin"t1

sing =l=sin""'1= g (remember to check the interval)
(e) tan(cos™'1/2)

cos™11/2 = g :>tan% =3

(f) sin™!(sin 1)
= 1 because —7/2 <1< 7/2

2. Differentiate the following:

(a) y = sin~(?)
1 d ,  2x

1 — ($2)2%x V1=t

() y=(1+2%)tan' o

:}y,:

y =2xtan'z+ (1+ x2)1 mpohe 1+ 2rtan'z
(c) y = tan=*(cos )
, 1 (= sinz) sin
=——(—sing) = —————
(cosx)? 1+ cos?x
3. Integrate the following:
V36
]
(&) /1 11220
= [6tan™! x]I/g =6(tan"'v/3 —tan"'1) =6 (% — g) = g



1 — 24 v

Let u = 22 :>dU—2xdx:>2/

1
3 sin~'(z?) + ¢
1/2 gin~!yg
/ dx
0 1—22

Letu=sin"'2 = du =

dx
Vi

7T2
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/7xmdx
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Letu:§:>du:—x

1,_1
=—-sIn u+c=

\/1—u2 2

1 1
= /udu = §u2 = {i(sin_l x)z}

:>/ dx _/ dx B
a2 =4 oop Jwj22 -1

1 - 1 (T
= —sec " u-+c= —=sec (§>+c

2du
/4ux/u2 2/uVu2 2 2
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Let ©w = ¢ = du = mdx:>/ = tan'u + ¢ =

tan"'(e*) + ¢

w2+ 1

1/2

0



