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� CEDGF�HJI!KAL!M1NPO�LQHRKJSUTPM1I!KJOWVYX[Z	\&]!^G_a`/bdc�e	fhg	fai�L!M1Nje	fhg	fhe+k�l

� m&n+DoFpShLQqrO�LsHJKRShFpDoVYXtZu\&]Q^G_v`+bwe	fyxzk�l

� {|I!M1N3SyHRS}I!M~M&•BO•€/D‚K:VƒLQM+NPnBKJI!n/D‚KRHRS}DGVYX[Z	\&]!^G_a`/bdc�x„fhg3…Jx„fh†+k�l

� m&I!q}•3HRS}I!M+V‡IQˆuHJKRShLQM1‰!•BqhLQKƒVRŠ&V<HRDGO�VYXtZu\8]!^G_v`+bdcWxufvi+fh‹3…:xufvi+f}x/kpl

� Œu•ŽˆaL!FpHRI!KJS}•GLsHJSyI(M1V‡LQM1NjV<HJL!€BSyq}SyH•Š‘nBKJI!n/D‚KRHRS}DGV’XtZu\&]Q^G_v`+bdcPg	fhe“LQM1N”g	f}‹/k�l

�–•�— ˜�™Y�E
8š~›”œ••‡�Ežvšj™

Ÿ

M~HR BShVAF: 1L!n3HRDGK‡¡|D’¡ƒS}qyquNBS}VJFp•1VJV‡OWDpHJ BI3NBV‡ˆ¢I!KƒM&•BOWDGKRShF‚L!qyq}ŠPVRI!q}£8S}MB‰�HR BDYq}S}MBDGL!KAV<Š3V<HRD‚O

Ax = b;

¡ƒ BDGKRD A ShVAL!M n � n O�LQHRKJSUTjLQM1N x L!M1N b L!KRD n ¤[£!DoF�HRI(KJVGl A L!M1N b L!KRD’‰(Sy£(D‚M–LQM1N x ShV

•BMB¥&MBIs¡ƒMul§¦‡ BD�nBKJI!€Bq}D‚O¨L!KRShV<DoVAS}M©LP£!D‚KJŠj¡ƒS}NBD•£sLQKJSyD‚H•ŠjIQˆ$LQn1nBqyShF‚LQHRS}I!M1VGl�ª§«�¬~­�¬s®t®[¯‚°

±•²E²

¬(³p®v´¶µ·®¸­�µU¹»º&®‡¼J¯�«‚¬sµa½‘®·º1¬s®$¾+¿3­W¯‚°�µa³:¬sÀr«

±

ÀÁ¿3®vµ

±

¾B«

±•²

¬QÀÁ­

±

«�®‡¬QÀ·À&Â/°R¬(³p®tµa³:¬sÀ„¯‚¾8¹!µ·¾/¯:¯‚°�µ·¾8¹

¬s¾z½j¬JÂ!ÂzÀÁµa¯:½“«‚³pµa¯‚¾/³:¯�Â/°

±

¼‚Ày¯p­�«•°

±

¿3®vµ·¾z¯pÀUÃ‘°R¯:Äp¿3µ·°J¯�«

±

ÀÁ¿3®vµ

±

¾

±<²

¬“ÀÁµ·¾z¯J¬Q°�«�Ã»«�®[¯‚­ÅÂ/°

±

¼pÀy¯‚­�Æ

Xvm3D‚D�Zu\8]!^G_v`+bdc�Ç	fh‹jLQM1NjÇ	fvi3e	l=k

È

¯�«RºB¬sÀ·À@½sµh«‚³‚¿&«J«�­�¯‚®·º

±

½s«

²p±

°�¾

±

¾B«�µ·¾8¹!¿3Ày¬Q°YÀÁµ·¾/¯:¬s°�«:Ã»«�®-¯p­�«

±

¾+ÀÁÃ�µ·¾6®¢º&µh«�³:ºB¬:Â/®-¯p°�l

¦‡ BDƒF‚L(V<D¸¡ƒ BDGKRD¸HR 1D¸O�LQHRKJSUT A ShV@MBIQH¶VJÉ8•1LQKJD$I(K„HJ BDAVRŠ&V<HRDGOÊ 1L!V@OWI(KRD|HR 1L!M�I(MBDƒV<I(qy•BHRS}I!M

ShV¸HRKJDGLsHJDGN~S}M–Ë�ÌdÍ3Î„^o\8Ï Ð<Ñ‚Ò

Ó

l

Ô

O�D‚HR BI3NÕF‚L!qyq}DGNÕË•Ï»Í1Ö×\8Ï8Ø}cÚÙPÛdÜa\/ÝEHJL!•B‰! 8H�S}MÞL!MßD‚q}D‚OWDGM(H:LQKJŠà•BM1N3DGKR‰(KJL(N3•1LQHRD

q}SyMBDoLQKAL!qy‰(D‚€BK:L�F‚I!•BK:VRD!Ý&S}V‡I!ˆd 1Sy‰( ~VRSy‰(MBSyá+F‚L!M1FpD§ˆ¢KJI!OâL�HR 1D‚I!KJDpHJS}FGLQqrn/I!S}M8HAIQˆ„£&S}D‚¡Yl

ã

°R¬s­�¯p°Bä «‘åæ¿3Ày¯jµh«:´’º

±sç

¯‚è»¯‚°:´�¾

±

®�¬Q®�¬sÀ·ÀdÂz°R¬!³‚®vµa³:¬QÀ

²

°

±

­é¬à³

±

­AÂz¿3®[¬Q®vµ

±

¾/¬QÀƒèGµa¯

çEê

Â

±

µ·¾1®-Æ¶ë1I!K‡DpTBL!O�n1qyD(Ý&VRI!q}£&SyM1‰�L�qyS}MBDoLQKƒV<Š3V<HRDGOì¡ƒSUHJ jí!î�DGÉ8•1LQHRS}I!M1V‡L!M1N“í!î••BM1¥8M1Is¡ƒM1V$€&Š

{|K:LQOWD‚Koï V@KJ•Bq}D!Ý8•1VRSyMB‰’HJ BD�•+V<•1L!q1N3D‚á1MBSyHRS}I!M‘I!ˆrNBDpHRDGKROWS}M1LQM8HoÝ!¡¸I!•BqhN�KRDoÉ(•1SyKJDƒOWI!KJD‡HR 1L!M‘L

OWSyq}q}SyI(MPŠ!DoLQK:V¶DG£!D‚M“I!M~LYˆaL!V<HƒFpI!OWnB•BHRD‚KYXvëBI!K:VRŠ(HJ BD!Ý3ð”L!q}F‚I!OìLQM+NPð–I(qyDGK§X<ñGò8ó(óQkpÝ(n	lBô(î(kpl

ëBI(KALQM n � n VRŠ3V•HJD‚OjÝ3SyHA¡ƒSyq}q	KJDGÉ8•BS}KRDYLQ€/I!•BH O(n!) õ+I!n1VGl
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¦u¡¸I�H•Š&n+DoV‡IQˆ@O�D‚HR BI3NBVƒL!KRD’MBI(KRO�L!qyq}Š�•1VRDGN“ˆ¢I!KƒM&•BOWD‚KJShF‚LQq	F‚I!OWnB•3H:LsHJSyI(M1V"!

X•ñ»k�#“_aÏ»\&]!^WÖß\(^oÌ„`%$„c

Xví(k�&�^G\8ÏsÍ3^G_('+\©Ö×\8^GÌd`�$„c

¦‡ BD$N3S}KJDGF�H	OWD‚HR BI3NBVdFpI(M1V<ShV<H	IQˆBL¸á1MBSyHRD|M8•1O•€/D‚K	I!ˆ3V<HRDGn1VuL!M1N§I!MBD$MBD‚DoNBVrHJIƒn+DGK<ˆ¢I(KRO

LQq}q/HR BDYV<HRDGn1V¸SyMjL•‰(Sy£(D‚M‘OWD‚HR BI3N“€+D‚ˆ¢I!KJD�HJ BDYV<I(qy•3HJSyI(MPShV‡I!€3H:LQS}MBDGN	l*)æMPHR BD’I!HR BDGK¸ +LQM1NrÝ

SyHRD‚K:LsHJSy£(D–OWDpHR 1I&N1V“L!KRD–€1L(V<DoNÕI!MwF‚I!OWnB•3HJSyM1‰ßL×VRDGÉ8•BD‚M+FpD”I!ˆ•LQnBnBKJI»T3SyO�LQHRS}I!M1V�HJIàHR BD

VRI!q}•3HRS}I!M x LQM1N6L‘•1VRD‚K§F‚LQM©V•HJI!n”¡ƒ BDGMBD‚£(D‚K§LPFpDGK<H:LQS}M6N3DoV<S}KRDoN–L!FGFp•BK:L!F‚Š“ShV�I(€3HJL!SyM1DGN–I(K

L�FpDGK<H:LQS}M“M&•BO�€+DGKAIQˆ@SyHRD‚K:LsHJSyI(M1VAL!KRDYFpI(OWnBqyD‚HRDoNrl�+�Ìd\6_a^G\8ÏsÍ3^G_('+\©Ö×\8^GÌd`�$„c�Í3Ïs\6Ûdco\,$

ÎdÏ»_vÖ×Í3Ïs_aÜ(-/.[`+Ï�ÜaÍ3Ï10/\~Í1b�$Þc‚Î@Í3Ïsco\~c2-	cG^G\&Ö×c(f43©D’¡ƒS}qyqrFpI(M1VRS}N3DGK$SyHRDGKJLQHRS}£!D�OWD‚HR BI3NBV¸S}M

Ë�Ì„ÍBÎ„^o\(Ï Ð<Ñ

576

i3e	l

¦‡ BD’I!KJ‰(L!MBSy•oLsHJSyI(MPIQˆ„HR BShVAF: 1L!n3HRDGKƒS}VƒL(V¸ˆ¢I!q}qyIs¡AV2!

Ÿ

M6Z	\&]Q^o_a`/b Ç	f·e“¡|D�V<HJLQHRD’HJ BD�€1L(V<ShFæHR BDGI!KJDpHRShF‚L!q	KJDGVR•BqUH:VYX¢¡ƒSyHR BI(•3H�nBKJI&IQˆaV:k|I!M~HR BD

DpT3ShV•HJD‚M1F‚DYLQM1N“•BMBShÉ8•BD‚MBDoVRV‡I!ˆ@VRI!q}•3HJSyI(M1V¸ˆ¢I!Kƒq}SyM1DGLQKAVRŠ3V•HJD‚O�VGl

Ÿ

M�Zu\&]Q^o_a`/b©Çuf}‹�¡|DƒN3ShVJFp•1VJV@V<DG£!D‚K:LQq8D‚M1‰!S}MBD‚DGKRS}MB‰æL!nBnBq}S}FGLsHJSyI(M1Vd‰!S}£8S}MB‰§KRShVRD$HJIæq}SyM1DGLQK

VRŠ&V<HRDGO�V‡nBKRI(€Bq}D‚O�V¸¡ƒSUHJ BI!•3H�L!M&ŠPV<n/DGF‚S}L!q	V•HJKR•+F�HR•1KRDoV‚l

Ÿ

M Zu\8]!^G_v`+b Ç	f}x ¡¸D6N3ShVRF‚•1VRV“Œu• ˆaL!F�HJI!KJSy•oLsHJSyI(MÞOWD‚HR BI3NBVPˆ¢I!KPVRI!q}£&SyM1‰ßLQKJ€BSyHRK:LQKJŠ

q}SyMBDoLQKƒVRŠ&V<HRDGO�V‚l

Ÿ

MWZu\&]Q^G_v`+b5Ç	f·gY¡¸D‡FpI!M+V<ShN3D‚K„HR 1D|D"8/DoF�HJVdI!ˆ+VRFGLQq}SyM1‰�I!M�V<I(qy•BHRS}I!M1V„IQˆ1q}S}MBDGL!KdVRŠ3V•HJD‚O�V‚l

Z	\&]!^G_a`/b Ç	fhÇÕnBKJDGVRD‚M8HJV“LÚHJL!€BqyD6IQˆ�FpI(O�n+LQKJS}VRI!M1V‘IQˆ’õ1I!nB¤[F‚I!•BM8HJVPLQM1N M&•BOWDGKRShF‚L!q

V<HJLQ€1Syq}SUH•ŠPIQˆdNBS98zD‚KJD‚M8HAq}SyMBDoLQKAVRŠ3V•HJD‚O�VƒV<I(qy£(D‚K:V‚l

{|I!OWnB•3H:LsHJSyI(M1V�I!ˆƒHR BD~SyM&£(D‚K:V<DPL!M1NÚHJ BD“N3D‚HRDGKROWS}M1LQM8H�L!KRD“N3S}VJFp•+VRVRDGNàS}MÞZu\&]Q^G_v`+b

Çufh†	l

Z	\&]!^G_a`/b Ç	f

Ó

N3ShVRF‚•1VRVRDGV¸HJ BDYD:8zDGFpHJV‡I!ˆ„HJ BD�FpI(M1N3SyHRS}I!M~M8•1O•€/D‚KAI(MPHJ BD�L!FGFp•BK:L!F‚Š�IQˆ

HR 1D�V<I(qy•3HJSyI(M	l

Ÿ

MßZ	\&]Q^o_a`/b Ç	f<;5¡|D�N3ShVJFp•1VJVYFpI(O�n1•3HRS}MB‰”LQM+N6DoV•HJSyO�LsHJSyM1‰jHR BD‘F‚I!M1N3SyHRS}I!M5M&•BO•€/D‚K

IQˆ@L�OWLQHRKJSUTrl

Ÿ

HRDGKJLQHRS}£!D§KRD‚á1MBDGO�DGM8H‡ShVAN3ShVJFp•1VJV<DoNPS}M6Z	\&]!^G_a`/b Ç	fvi+i/f

Z	\&]!^G_a`/b ÇufaiBe~S}V�N3D‚£(IQHRDoN“HRI�HJ BD•V<HR•1N3Š~IQˆ@M&•BOWD‚KJS}FGLQquVRI!q}•3HJSyI(M1VƒIQˆEVRn+DoFpShLQq	q}SyM1DGLQK

VRŠ&V<HRDGO�V"!æÂ

±

«�µ·®vµ·ès¯~½!¯>=¶¾1µ·®-¯p´�?•¯p«:«p¯‚¾/¼:¯‚°v¹Q´æ½sµa¬‚¹

±

¾z¬sÀ·ÀÁÃÚ½

±

­�µ·¾z¬s¾1®v´æ®t°�µa½sµa¬G¹

±

¾/¬QÀ¸¬s¾z½6¼‚À

±

³A@

®t°�µa½sµa¬‚¹

±

¾z¬sÀÁlCB

±

­�¯�Â/°R¬(³p®tµa³:¬sÀ¸¬:Â!ÂzÀÁµa³:¬s®tµ

±

¾B«�¹Qµ·èoµ·¾8¹©°�µh«‚¯“®

±

®·º1¯�«‚¯P«�Ã»«�®[¯‚­•«P¬Q°R¯j¬sÀ=«

±

½sµh«

ê

³‚¿&«J«‚¯:½•º1¯p°R¯oÆ

�–•7D E �GF|žt•IH×��F|œKJv��F šj™MLON�žPFu�	��™••ƒ� �‘™•›RQ ™‘žPS–œ���™���F�F

{|I!M+V<ShN3D‚K¸HJ BD�V<Š3V<HRDGO IQˆ m DGÉ8•1LQHRS}I!M1V‡S}M n •BMB¥&MBIs¡ƒM+V"!

a11x1 + a12x2 + � � � + a1n xn = b1

a12x1 + a22x2 + � � � + a2n xn = b2

l

l

l

am 1x1 + am 2x2 + � � � + amn xn = bm :

Ÿ

M~OWLQHRKJSUTPˆ¢I!KJO~ÝBHR BD�VRŠ3V•HJD‚O ShV‡¡ƒKRSyH<HJD‚M–L!V

Ax = b;
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X [Rÿ§þ`T	�aX9Z»ÿGüb���,c\[•þ•ÿbUd[fe%�<TVg,W ÿ�Uh[ öG÷ai

¡ƒ BDGKRD

A =

0

B
B
B
@

a11 a12 � � � a1n

a21 a22 � � � a2n
l

l

l

am 1 am 2 � � � amn

1

C
C
C
A

; x =

0

B
B
B
@

x1

x2
l

l

l

xn

1

C
C
C
A

; b =

0

B
B
B
@

b1

b2
l

l

l

bm

1

C
C
C
A

:

j

S}£!D‚M5LQM m � n O�LsHRKJSyT A L!M1N6L!M m ¤[£!DGFpHRI(K bÝ	Syˆ$HJ BD‚KJD�D‚T3S}V<HJV’L“£!DGFpHRI(K x VJLsHJS}V<ˆ¢Š&SyMB‰

Ax = bÝ&HR 1D‚MP¡¸D’VRL»Š�HR +LsH‡HR BDYVRŠ3V•HJD‚OìShV¸](`+bdco_acG^G\&bz^!lk)�HR 1D‚KJ¡ƒS}VRD!Ý8SUHƒShV‡_abd]!`/b„co_acG^G\&bz^!l

Ÿ

H�ShVƒM1LQHR•BK:LQqrHJI‘L!VR¥PSyˆ¶LW‰!S}£!D‚M–VRŠ3V•HJD‚O Ax = b _ac�]!`/bdcG_vc‚^o\8bz^�L!M1NrÝBSyˆESUHæS}VæFpI!M+V<ShV•HJD‚M8HGÝ

 BIs¡ O�L!M8Š”VRI!q}•3HJSyI(M1V’LQKJD•HJ BD‚KJD!ÝuL!M1N”¡ƒ 1D‚M5S}V§HJ BD�V<I(qy•3HJSyI(M6•BM1S}É8•BDjlW¦uI“HR BShV’D‚M+NrÝ	¡¸D

V<HJLsHJD§HR BD’ˆ¢I(qyq}Is¡ƒSyM1‰�HJ BD‚I(KRDGOjl
l$KRI&IQˆ@F‚L!M~€/D’ˆ¢I!•1M1NPS}M–LQM&Š‘q}SyM1DGLQKAL!qy‰(D‚€BK:L•HRDpT&HJ€+I&I!¥zl

+�Ìd\&`1Ïs\&Ö Çufai/fnm7odp	_vc‚^o\&b„](\ßÍBb
$rq~b„_>srÛ„\&bd\&cGc�+�Ìd\&`1Ïs\&ÖM.t`+ÏCtvu–`+bdÌ„`/Ö×`w0+\(…

x

 �y{z|y~}

bd\8`/Ûdc�Z�-	cG^G\&Ö€•

•

Æƒ‚/º1¯~«�Ã»«�®[¯‚­ Ax = b µh«–³

±

¾B«�µh«�®[¯‚¾1®Yµ

²

¬Q¾/½

±

¾+ÀÁÃÚµ

² b 2 R(A) „Wµ·¾

±

®¢ºB¯‚°

ç$±

°R½»«:´

°R¬s¾…@ (A) = °J¬s¾�@ (A; b) Æ

†

Æ�‡

²

®¢ºB¯‡«�Ã»«�®-¯p­ µh«�³

±

¾B«�µh«�®[¯‚¾1®@¬s¾z½Y®¢ºB¯�³

±

ÀÁ¿3­�¾1«

±•² A ¬Q°R¯�ÀÁµ·¾/¯:¬s°�ÀUÃ�µ·¾/½(¯[Â1¯p¾z½!¯‚¾1®v´u®¢ºB¯‚¾

®·º1¯’«

±

ÀÁ¿3®tµ

±

¾©µh«Y¿3¾1µaÄ‚¿1¯GÆ

ˆ

Æ�‡

²

®¢ºB¯•«�Ã»«:®-¯‚­ µh«•³

±

¾1«:µh«�®-¯p¾+®‡¬Q¾/½‘®·º1¯�³

±

ÀÁ¿3­�¾1«

±<² A ¬s°R¯�ÀÁµ·¾z¯J¬Q°�ÀÁÃ“½(¯[Â1¯p¾z½!¯‚¾1®v´$®¢ºB¯‚¾

®·º1¯’«�Ã»«�®[¯‚­ìº1¬»«•¬s¾©µ·¾2=$¾1µ·®-¯�¾+¿3­W¼:¯‚°

±<²

«

±

ÀÁ¿3®tµ

±

¾1«pÆ

�–•7‰ Š~šƒ‹ �•Œì�P�ŽJ<ž[•ƒ�Y�Ežvšj™GF••Åž>‘�žJ™G’“HÕžPF„� �	š“”‘žR™��§��


ŠO•�F„�	��‹–F˜—Õ
8š	™ŽJv��‹–F

Ÿ

H|ShV¶n1KRI(€1LQ€Bq}Š•M1IQH¸L!M�Is£!DGKJV<HJLQHRD‚OWDGM(H@HJ 1LsH¸qyS}MBDGL!K$VRŠ&V<HRDGO�V¶nBKJI!€Bq}D‚O�V|LQKJS}VRDƒSyM“LQq}O�I8V•H$L!qyq

nBK:L!FpHRShF‚LQq@LQn1nBqyShF‚LQHRS}I!M1VGlf35D�¡ƒS}q}qE‰!S}£!D•D‚TBLQOWnBq}DGV§ BD‚KJD�ˆ¢KRI(O \8Üv\&]Q^‚Ïs_v]!ÍBÜ7š¸Ö×\&]»ÌdÍBb„_v]!ÍBÜ7š

]»Ì„\&Ö×_v]!ÍBÜæLQM1Nß]!_›'	_vÜ•\&b
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Ÿ  ›¡d ›¡ ÷�¯>¥Ùª�Ø4®²ø�Ú�Ûa­�ª4ºùÛß¤¦®2¯�Û�¯>¥ÙÝàÜ\®A· º úû®¸â ¯>¥ÙØ4®¸Úýü/¯�þGª4®Aª*¥�­�¯<Ø�©

§hÿ ´ÙØ
­�¯�·�¥ÙÛ���� ¯P¥k¯�­�ªýü/¯�þGª4®¸ª4¥Ù¬|ª ø ¬��Ùª4ºùª��

¤I°¶Ø
Û,ª±ø�­…´4âkÚ ·�¥àØýø	�4®"¯P¥
Ý�

�±ØÙÛ,Ûùµ¶®A· ¹�©�ª4º

{|I!M+V<ShN3D‚K�L”V<Š3V<HRDGO IQˆ‡HJ BKRDGD‘O�L!VJV<DoV�VR•1V<n/D‚M+N3DGNÚ£(D‚KRHRShF‚LQq}q}Š6€&Š5L–VRD‚KJS}DGVYI!ˆƒVRnBKJSyM1‰(VGÝdL(V

VR BIs¡ƒM‘€/D‚q}Is¡YÝ8¡ƒ 1D‚KJD k1; k2 ÝBL!M1N k3 LQKJDAHR 1D’VRnBKJSyM1‰�FpI(M1V<HJLQM8H:V‚Ý&LQM1N x1; x2 Ý3LQM1N x3 LQKJD

HR 1D�N3S}VRnBqhL!F‚D‚OWD‚M8HJV‡I!ˆ„DoL!F: jV<nBKJS}MB‰�ˆ¢KRI(O SUH:VƒDGÉ8•BS}q}Sy€BKJS}•BO n/I(VRSUHJSyI(M	l

m3

m2

m1

k3

k2

k1

x3

x2

x1

ò

Dpˆ¢DGKRKJS}MB‰�HRIWHR 1D•LQ€/Is£!D’N3ShLQ‰!K:LQOjÝ&HJ BD�DGÉ8•1LQHRS}I!M1V‡I!ˆdOWI!HRS}I!M	ÝB€&Š	u–\��W^o`+b|Øyc�cG\&]Q…

`/b�$ ÜaÍ��jÝƒ¡ƒ BS}F: ŽV•H:LsHRDoVWHR +LsHPHJ BD–ˆ¢I(KJF‚D6L!FpHRS}MB‰àI!M LàO�L(VRV m ShV‘DGÉ8•1L!qAHJI m HJSyOWDGV
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�

L!FGFpDGqyDGKJLQHRS}I!M	Ý&LQKJDb!

m1
d2x1

dt2 = k2(x2 � x1) + m1g � k1x1

m2
d2x2

dt2 = k3(x3 � x2) + m2g � k2(x2 � x1)

m3
d2x3

dt2 = m3g � k3(x3 � x2)

m&•BnBn/I(VRDA¡¸DALQKJDƒSyM8HJD‚KJDGV<HRDGN�S}M�¥&MBIs¡ƒSyM1‰’HR BD�NBS}VRnBqhL!FpDGOWD‚M8HJVEI!ˆzHR BDoV<D�VRnBKJSyM1‰(VE¡ƒ BDGM

HR 1D‡VRŠ3V•HJD‚O DG£!DGM(HJ•1LQq}q}ŠYKRD‚HR•BKJM1VdHRI§HJ BDƒV•HJDGL!NBŠ•V•H:LsHJD!ÝsHJ 1LsHEShV‚Ý(¡ƒ BD‚M�HR BDƒVRŠ3V•HJD‚OÅF‚I!OWDGVdHJI

KJDGV<HGlE¦‡ BD‚MuÝ3€8Š‘VRDpHRHRS}MB‰�HR BDYVRDGF‚I!M1N&¤[I!K:N3DGK|N3DGKRS}£sLsHRS}£!DoV|HRI�•‚D‚KJI1Ý&¡¸DæI(€3HJL!SyM“HR 1Dæˆ¢I(qyq}Is¡ƒS}MB‰

VRŠ&V<HRDGO IQˆ„HR BKJD‚DYDoÉ8•1LsHJSyI(M1V¸SyM~HR 1KRDGDY•BMB¥&MBIs¡ƒM1VGÝ x1; x2 ÝBLQM1N x3 ÝBS}MjOWLQHRKJSUTPˆ¢I!KJO	!

0

B
B
B
B
@

k1 + k2 � k2 0

� k2 k2 + k3 � k3

0 � k3 k3

1

C
C
C
C
A

0

B
B
B
B
@

x1

x2

x3

1

C
C
C
C
A

=

0

B
B
B
B
@

m1g

m2g

m3g

1

C
C
C
C
A

I!K

K x = w:

¦‡ BD’O�LsHJKRSyT K S}VƒFGLQq}qyDoN‘HJ BDW«�®vµ �A¾/¯p«J«’­�¬s®t°�µ��!l

Ô

VƒS}MPHJ BS}V�F‚L!VRD!Ý3£(D‚KJŠ�IQˆ·HJD‚MjSyM~nBK:L!FpHRShFpD!Ý

HR 1S}V‡O�LsHJKRSyTPShV’«�Ãs­�­�¯‚®v°�µa³•®v°�µa½Qµa¬‚¹

±

¾z¬sÀyÆ

Ÿ  ›¡d �� ÷�¯>¥Ùª�Ø4®²ø�Ú�Ûa­�ª4ºùÛß¤¦®2¯�Û�¯>¥ÙÝàÜ\®A· º µhØ4®~­�¯<Ø�©�ü/¯�þGª4®¸ª4¥�­�¯<Ø�©

§hÿ ´ÙØ
­�¯�·�¥ÙÛ���¤I°¶Ø
Û,ª±ø�­…´4âkÚn·�¥��žª4º��kª4®¸Ø�­…´�®¸ªýü/¯<Ûb­…®2¯>¹�´�­�¯<·�¥

���‚ �yPÁ�y>Ã

ð”L!M8ŠæD‚MB‰(SyM1D‚D‚KJS}MB‰ƒnBKJI!€Bq}D‚O�VuL!KRDEOWI3N3DGqyDoNY€&Šæn1L!K<HJS}L!q!N3S«8/DGKRDGM8HRShLQq!DoÉ8•1LsHJSyI(M1V‚l

Ä

•BOWD‚KJShF‚LQq

LQn1nBKRI8L!F: BDoV	HJI§HR BDoV<D‡DGÉ8•1LQHRS}I!M1VdH•Š&nBShF‚L!qyq}Š�KJDGÉ8•BS}KRD‡N3ShVRF‚KRD‚HRS}•GLQHRS}I!M•€&Š�O�DoLQM1VdI!ˆzN3S«8zD‚KJD‚M1F‚D

DGÉ8•1LQHRS}I!M1VGÝ8HR 1LQHƒS}VGÝ3n1LQKRHRShLQqrN3DGKRS}£sLsHJSy£(DGV¸SyM“HR 1D§DoÉ8•1LsHJSyI(M1V‡LQKJDæKJD‚nBqhL!F‚DGNP€8Š‘L!nBnBKJI»T3SyO�LsHJD

N3S«8/DGKRDGM1FpDoV‚lE¦‡ BShV‡nBKJI3FpDGVJV|IQˆdNBS}VJFpKJDpHJSy•oLsHRS}I!M“SyM“HR•1KRM~‰!S}£!DoV$KJS}VRD§HRI�qyS}MBDoLQKƒV<Š3V<HRDGOWVƒVRI!OWD‚¤

HRS}OWDGV~¡ƒSyHR �V<n/DGF‚S}L!q§V<HRKJ•1F�HJ•BKJDGVGl 3©DÚV< +LQq}q§S}q}qy•1V<HRK:LsHJD6HJ BShV“¡ƒSyHR �L×n1KRI(€BqyDGO SyM Ì„\&Í3^

^‚ÏsÍBbdc».t\8Ï‘^oÌ„\&`+Ï\-El

ªì­�¬��

±

°

±

¼ �‚¯:³‚®vµ·ès¯Wµ·¾à¬Wº1¯:¬s®ƒ®t°R¬s¾1«

²

¯‚°‡Âz°

±

¼‚Ày¯‚­¨µh«•®

±

½!¯‚®-¯p°�­�µ·¾/¯�®¢ºB¯�®-¯p­�ÂB¯‚°R¬Q®v¿3°R¯

½sµh«�®t°�µa¼p¿3®tµ

±

¾ T(x; y; z; t) µ·¾j¬Y­�¯J½Qµ·¿3­ °J¯�«�¿3ÀÁ®tµ·¾8¹

²

°

±

­ µ·­�Â

±

«p¯:½�¼

±

¿3¾/½(¬s°�Ã�³

±

¾/½sµ·®tµ

±

¾1«

±

¾

®¢ºB¯�«�¿3°

²

¬!³:¯

±•²

®¢ºB¯�­�¯J½Qµ·¿3­�lf)æM1FpD�HR BShVAHJD‚OWn/D‚K:LsHR•1KRD�N3S}V<HRKJS}€B•3HRS}I!M6S}Væ¥&MBIs¡ƒM	Ý+HR BD� BDGLQH

HRK:LQM+V•ˆ¢DGKAKJLQHRD•LQH§L!M8Š~n/I!S}M(H§SyM”HR BD�O�DoN3S}•BO I!K�I(M–SUH:VæVR•BKRˆaL!F‚D�O�L»Š“€/D�F‚I!OWnB•3HJDGNjˆ¢KJI!O

ëBI(•BKJSyDGKGï V¸q}L»¡YÝ3¡ƒ BShF: ~S}VƒD‚T3nBKRDoVRVRDGN“L!V

qx = � K
@T
@x

; qy = � K
@T
@y

; LQM+N qz = � K
@T
@z

¡ƒ BDGKRD qx ShV’HJ BD‘Ì„\&Í3^–^GÏsÍBb„c».[\8Ï©ÏsÍ3^o\”S}MÚHR BD x N3S}KJDGF�HJSyI(M	Ý

@T
@x

S}VYHR BD�^o\8Ö×Î$\8Ï»ÍB^GÛ„Ï»\

0+Ï»Í�$„_v\8bz^~S}MàHR BD x N3S}KRDoF�HRS}I!MuÝ¶LQM1NÚHJ BD~n+I8V<SyHRS}£!D~FpI!M+V•H:LQM8H K S}VWF‚L!qyq}DGNàHR BD~^GÌd\8Ï»ÖßÍBÜ

]!`/b
$„Ûd]Q^o_›'	_¢^¸-Þ`í.ƒ^oÌ„\6Ö×Í3^G\8Ïs_aÍ1Ü•f¸m3SyOWS}q}L!KRq}Š�ˆ¢I!K‡HJ BD y L!M1N z N3S}KJDGF�HJSyI(M1VGl
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X [Rÿ§þ`T	�aX9Z»ÿGüb���,c\[•þ•ÿbUd[fe%�<TVg,W ÿ�Uh[ ö"å8÷

{|I!M1VRShN3D‚K�L– BI!OWI(‰!D‚M1D‚I!•+VYOWDGN3S}•BO SyMß¡ƒ BS}F: ÚHJD‚OWn/D‚K:LsHR•1KRD“‰!K:L!N3S}D‚M8HJV�DpT3S}V<H�L!M1N

HR 1D‡HRD‚OWn/D‚K:LsHJ•BKRDANBS}V<HRKJSy€1•3HRS}I!M T(x; y; z; t) ShVEDpT3nBKJDGVJV<DoN�S}M“{¸LQKRHRDoV<ShLQM�FpI&I!K:N3S}M1LsHJDGVGl„¦‡ BD

Ìd\8ÍB^¶$d_ !|Û„co_a`/bß\�srÛdÍ3^G_v`+bà¡ƒ 1S}F: ~‰!Is£(D‚KJM1V¶HJ BShV¸HRD‚OWn/D‚K:LsHJ•BKRDYN3ShV<HRKJSy€B•BHRS}I!M~S}V‡I(€3HJL!SyMBDoN

€&Š•LQn1nBqyŠ&S}MB‰’FpI!M+V<DGKR£sLsHJSyI(M�IQˆ/D‚MBDGKR‰(Š’Is£!D‚K@LQM�S}M3á1MBSyHRDoV<S}O�LQq}qyŠ•VRO�LQq}q3N3S98zD‚KJD‚M8HJS}L!q3D‚q}D‚OWD‚M8HGÝ

ˆ¢KJI!O ¡ƒ BShF: j¡|D’I(€3HJL!SyM“HR BDYKJD‚qhLsHJSyI(M

@
@x

(K
@T
@x

) +
@
@y

(K
@T
@y

) +
@
@z

(K
@T
@z

) + _q = � Cp
@T
@t

; X(ÀBl=í3ñ»k

 �yPÁ�yPza}

¡ƒ BDGKRD � ShV’HR 1D²$„\&bdcG_a^¸-EÝ Cp ShV§HR BD“c‚Î$\&](_ "@]5Ìd\&Í3^!Ý@LQM+N _q ShV’HR BD‘\&bd\8Ï\0í-Õ‰!DGMBD‚K:LsHJDGN

n/D‚Kƒ•BMBSyH�£(I!q}•BOWD!l

¦‡ BShV|DoÉ8•1LsHJSyI(M	Ý&•1V<•+LQq}qyŠ�¥&MBIs¡ƒMPL(V¶HJ BD•ºB¯:¬s®‡¯:Äp¿1¬Q®vµ

±

¾1Ý&nBKJIs£8ShN3DoV¶HJ BDæ€+L!VRS}F�HRI&I!q/ˆ¢I(K

VRI!q}£8S}MB‰� BDGLQH�FpI(M1N3•1FpHRS}I!M~nBKRI(€Bq}D‚O�V‚l

Ÿ

H‘S}VWI!ˆ·HRDGMÞn/I(VJVRSy€Bq}D“HRIà¡¸I!KJ¥5¡ƒSyHR  LÚVRSyOWnBq}SUá+DGN ˆ¢I!KJO IQˆ§DGÉ8•1LQHRS}I!M�X
É…ÊÌË…Ê

6»5

ÀBl=í3ñ»k�lÕëBI(K

DpTBL!O�n1qyD(Ý3SUˆdHR BD’HJ BD‚KJO�LQq	F‚I!M1N3•+F�HRS}I!MjShVƒLWFpI!M+V•H:LQM8HGÝ&HJ BDY BDGLQHƒDGÉ8•1LsHJSyI(M“ShV

@2T
@x2 +

@2T
@y2 +

@2T
@z2 +

_q
K

=
1
�

@T
@t

X(ÀBl=í!í(k

 �yPÁ�yPz\z

¡ƒ BDGKRD � = K =(�C p) S}V|L’HR BDGKROWI(nB &Š&VRShF‚LQq1nBKRI(n+DGK<H•Š�¥&MBIs¡ƒM�L!VEHJ BD�®¢ºB¯‚°�­W¬QÀ	½sµ �ƒ¿&«�µ·èoµ·®vÃsl

•AM1NBD‚K‡V•HJDGL!NBŠ�V<HJLQHRD�F‚I!M1N3SyHRS}I!M+V‚Ý(HR BDGKRD§F‚L!M�€+DæMBI•F: 1L!MB‰!DoVEIQˆ	DGMBD‚KJ‰!ŠWV•HJI!K:LQ‰(D!ÝQStl D(lyÝ

HR 1D‘•BM1V<HRDoL!N3Š5V•H:LsHRD‘HRD‚KJO

@T
@t

F‚L!Mà€+D‘N3KJI!n1n+DoNrÝdL!M1NÚDGÉ8•1LQHRS}I!M X
É…ÊÌË…Ê

6³6

À1l í(í!kæKJDGN3•1F‚DGV’HJI–HR 1D

ôs¤�#%$�`/_acoco`+b|Øyc�ohsrÛdÍ3^o_a`/b

@2T
@x2 +

@2T
@y2 +

@2T
@z2 +

_q
K

= 0 X>ÀBl=íQô8k

 �yPÁ|y{z»Á

‡

²

®¢ºB¯�ºB¯:¬s®§®t°R¬s¾1«

²

¯‚°Wµh«�®

ç$±Qê

½sµ·­�¯p¾1«:µ

±

¾/¬QÀ'&•¯GÆ=¹8Æy´æµ·¾ ®·º1¯ x ¬s¾/½ y ½Qµ·°R¯:³p®tµ

±

¾1«)(6¬Q¾/½–®¢ºB¯‚°R¯

µh«�¾

±

¯p¾z¯p°t¹QÃ‘¹8¯p¾z¯p°R¬Q®vµ

±

¾1ÝzHJ BD‚M©HR BDW BDoLsH’DGÉ8•1LQHRS}I!M”KJDGN3•+FpDGVæHJIPHJ BD•ˆaL!OWI!•1V+*$ÍBÎdÜvÍB]!\/Øyc

\�srÛ„ÍB^G_a`/b

@2T
@x2 +

@2T
@y2 = 0 X>ÀBl=í1Â&k

 �yPÁ|y{z2Ã

Ÿ

ˆ§HR BD– BDoLsHWHRK:LQM+V•ˆ¢DGK�S}VW•BM+V•HJDGL!NBŠßLQM1N I!M1Dp¤-N3SyOWDGM1V<S}I!M+LQq‡¡ƒSUHJ BI!•BH‘D‚MBDGKR‰(Š×‰!DGMBD‚K:LsHJSyI(M	Ý

HR 1D‚M~HR BDY 1DGLsHƒDoÉ(•+LsHRS}I!M~KJDGN3•1F‚DGV¸HJI

@2T
@x2 =

1
�

@T
@t

X(ÀBl=íbÅ(k

 �yPÁ�yPz\Ç

�d¯>¥�¯«­�ª ü/¯«þGª4®¸ª4¥4¬|ªnød¬��
ª4ºùª

Ô

¡|DGqyqy¤t¥&MBIs¡ƒM VRF: BDGOWD‘ˆ¢I!KWM&•BOWD‚KJShF‚LQq}q}ŠÚVRI!q}£&SyM1‰©L”n+LQKRHRShLQq‡N3S98zD‚KJD‚M8HJS}L!q¸DoÉ8•1LsHJSyI(M×S}V�HJI

•1VRD,"@b„_a^G\²$d_ !|\(Ïs\&bd]!\&c!l@¦‡ BDAShN3DoLYS}V$HRI�N3S}VJFpKJDpHJSy•GDƒHR 1D�n1L!K<HJS}L!q1N3S«8/DGKRDGM(HJS}L!q+DoÉ8•1LsHJSyI(M�€&Š

KJD‚nBqhL!F‚SyMB‰~HJ BD‘n1L!K<HJS}L!q¶N3D‚KJSy£sLQHRS}£!DGV�¡ƒSUHJ ©HJ BD‚S}K�L!nBnBKJI»T3SyO�LsHJSyI(M1VGÝrSvl D!l}Ýdá1MBSyHRD‘N3S«8/DGKRDGM1FpDoV‚l

35DY¡ƒSyq}q	S}qyq}•1V<HRK:LsHRD§HJ BD�VRF: 1D‚OWD’¡ƒSUHJ jŒ„LQnBqhL!F‚D!ï V¸DGÉ8•1LsHJSyI(M“S}M~HR BD’ˆ¢I(qyq}Is¡ƒS}MB‰1l

Œ	D‚Hæ•1V§N3S}£8ShN3D•L‘H•¡|I!¤[NBSyOWD‚M+V<S}I!M1L!q	KJD‚‰!S}I!MjS}M8HRIPVRO�LQq}q„KJD‚‰(SyI(M1Vƒ¡ƒSyHR ”S}M1FpKJD‚OWDGM(H:VAS}M

HR 1D x LQM1N y N3S}KJDGF�HJSyI(M1V‡‰!S}£!DGM“L(V � x L!M1N � y Ý1L(V‡V< BIs¡ƒM~S}M“HJ BD’á1‰(•BKRD’€/D‚q}Is¡Yl
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�����

� ���

�

Ä

I3NBL!q�l@I!S}M(H:V

� x

� y

ô

L(F: ‘MBI3NBLQqzn/I!S}M8H¸ShV‡N3DGVRSy‰(M1LsHJDGN�€&Š‘L•M8•1O•€/D‚KJSyMB‰�VRF: 1D‚OWD i L!M1N j Ý3¡ƒ BDGKRD i S}M1N3ShF‚LQHRDoV x
S}M1FpKJD‚OWD‚M8HALQM+N j SyM1NBS}FGLsHRDoV y S}M1FpKJD‚OWD‚M8H»!

(i; j + 1)

(i � 1; j )

(i; j )

(i + 1; j )

(i; j � 1)

(i � 1
2 ; j )

(i; j + 1
2 )

(i + 1
2 ; j )

¦‡ BD�HRDGO�n/D‚K:LsHJ•BKJD�N3ShV<HRKJSy€B•BHRS}I!M6S}M”HJ BDWOWDGN3S}•BO¨ShV§L(VRVR•BOWDGN”HRI~€+DWKJD‚nBKJDGVRD‚M8HJDGNj€&ŠjHR BD

MBI3NBL!q$n/I!S}M(H:V�HJD‚OWn/D‚K:LsHR•1KRD(l©¦‡ BDPHRD‚OWn/D‚K:LsHJ•BKRD Ti;j = T(x i ; yj ) LsH�DGL!F:  ¾

±

½(¬sÀuÂ

±

µ·¾1®

(x i ; yj ) Xa¡ƒ BShF: wShV~VRŠ&O•€/I!q}S}FGLQq}qyŠÕN3DGMBIQHJDGN €&Š X¢StÝ -RkPL(VPS}M HJ BD5NBS}L!‰!K:LQOéLQ€/Is£!Dok�S}VPHR BD

L»£!DGKJL!‰!D�HRDGO�n/D‚K:LsHJ•BKJD‘IQˆƒHJ BD“VR•BKJKRI(•BM1N3S}MB‰– 1LQHJF: BDoNÚKRDG‰!S}I!M	l©ª’«‘®·º1¯P¾+¿3­W¼:¯‚°

±•²

¾

±

½!¬QÀ

Â

±

µ·¾1®v«�µ·¾/³‚°R¯:¬»«‚¯p«:´E¹!°R¯:¬s®-¯p°�¬!³:³p¿3°J¬!³‚ÃPµ·¾5°R¯[Âz°R¯p«p¯‚¾1®-¬s®tµ

±

¾

±<²

®¢ºB¯�®[¯‚­�ÂB¯‚°R¬s®t¿3°R¯W½sµh«�®t°�µa¼p¿3®tµ

±

¾

µh«

±

¼‚®[¬Qµ·¾/¯:½!Æ

Ô

á+MBSUHJD–N3S98zD‚KJD‚M+FpD~DGÉ8•1LsHJSyI(MßVR•BSUH:LQ€Bq}D“ˆ¢I!K�HR BD~SyM8HJD‚KJSyI(K�MBI3N3DoV�IQˆæL©V•HJDGL!NBŠÚH•¡|I!¤

N3S}OWD‚M1VRSyI(M1LQq/V<Š3V<HRDGO FGLQM�€/D�I!€BHJLQS}MBDoNW€8ŠWFpI(M1VRS}N3DGKRS}MB‰•Œ„LQnBqhL!F‚D!ï VEDGÉ8•1LQHRS}I!M‘LQH¶HR BDæMBI3NBLQq

n/I!S}M(H i; j L!V

@2T
@x2

�
�
�
i;j

+
@2T
@y2

�
�
�
i;j

= 0 X>ÀBl=í�À(k

 �yPÁ|y{zo 
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X [Rÿ§þ`T	�aX9Z»ÿGüb���,c\[•þ•ÿbUd[fe%�<TVg,W ÿ�Uh[ ö"å8ø

¦‡ BD�VRDGF‚I!M1N~N3D‚KJS}£»LQHRS}£!DoV¸LQH‡HR BDYMBI3NBL!q	n/I!S}M(H (i; j ) FGLQM~€+DYD‚T3nBKRDoVRVRDGN“L!V

@2T
@x2

�
�
�
i;j

�

@T
@x

�
�
�
i + 1

2 ;j
�

@T
@x

�
�
�
i � 1

2 ;j

� x
X(ÀBl=í(ó!k

 �yPÁ�yPz»È

@2T
@y2

�
�
�
i;j

�

@T
@y

�
�
�
i;j + 1

2

�
@T
@y

�
�
�
i;j � 1

2

� x
X(ÀBl=í�Ñ8k

 �yPÁ�yPz»Ò

Ô

V�VR BIs¡ƒMÚS}M©HJ BDWá1‰(•BKRD(Ý	HJ BDWHRDGO�n/D‚K:LsHJ•BKJD�‰!K:L!N3S}D‚M8HJV’FGLQMÚ€+D‘L!nBnBKJI»T3SyO�LsHJDGN XaL!V

N3DGKRS}£!DoN‘ˆ¢KJI!OìHJ BD�¦dL»Š8q}I!KƒVRD‚KJSyDoVJk|L!VƒL�q}SyM1DGLQK‡ˆ¢•1M1F�HJSyI(M~I!ˆ„HJ BDYMBI3NBL!qzHRD‚OWn/D‚K:LsHJ•BKRDoVƒL!V

@T
@x

�
�
�
i + 1

2 ;j
�

Ti +1 ;j � Ti;j

� x
X(ÀBl=íQò8k

 �yPÁ�yPz»Ó

@T
@x

�
�
�
i � 1

2 ;j
�

Ti;j � Ti � 1;j

� x
X(ÀBl ô!î8k

 �yPÁ�y>Á\Ô

@T
@y

�
�
�
i;j + 1

2

�
Ti;j +1 � Ti;j

� y
X(ÀBl ôBñ»k

 �yPÁ�y>Á,}

@T
@y

�
�
�
i;j � 1

2

�
Ti;j � Ti;j � 1

� y
X(ÀBl ô(í(k

 �yPÁ�y>Á1z

¡ƒ BDGKRD(Ý Ti;j = T(x i ; yj ) l¸m&•B€1V<HRSyHR•3HJSyM1‰”X É…ÊÌË…Ê

6³ö

ÀBl=íQò8kPÖrX É…ÊÌË…ÊÌË

6

ÀBl ô(í(k¶S}M8HRI–X É…ÊÌË…Ê

6

ÎÀ1l í8óQk{ÖzX É…ÊÌË…Ê

6

Ò

À1l íbÑ(kpÝ(¡¸D’‰!DpH

@2T
@x2

�
�
�
i;j

�=
Ti +1 ;j � 2Ti;j + Ti � 1;j

(� x)2 X(ÀBl ô!ô8k

 �yPÁ�y>Á\Á

@2T
@y2

�
�
�
i;j

�=
Ti;j +1 � 2Ti;j + Ti;j � 1

(� y)2 X(ÀBl ô�Â&k

 �yPÁ�y>Á»Ã

¦‡ BDYDoÉ(•+LsHRS}I!MÚX É…ÊÌË…Ê

6

ÉÀ1l íbÀ(k¶HR BDGMj‰!S}£!DGV

Ti +1 ;j � 2Ti;j + Ti � 1;j

(� x)2 +
Ti;j +1 � 2Ti;j + Ti;j � 1

(� y)2 = 0

ª§«:«�¿3­�¯ � x = � y lÞ¦‡ BDGMßHJ BD."dbd_¢^o\ $d_ !$\8Ïs\&b„](\ Í3Î„ÎdÏs`�p	_aÖ×ÍB^G_a`/bì`w./*$Í3Î@ÜaÍ1]!\/Øyc

\�srÛ„ÍB^G_a`/bù.[`1Ï“_abz^G\8Ïs_a`+Ï�Ïs\�0+_v`+bdcYF‚L!M“€/DYDpT3nBKJDGVJV<DoNPL(V

Ti;j +1 + Ti;j � 1 + Ti +1 ;j + Ti � 1;j � 4Ti;j = 0 X>ÀBl ôaÅ(k

 �yPÁ|yPÁ1Ç

0

S}‰! 1D‚K�I!K:N3D‚K•L!nBnBKJI»T3SyO�LsHJSyI(M1V’ˆ¢I(K�S}M8HRD‚KJS}I!K•M1I&NBDGV�LQM1Nà€/I!•1M1NBLQKJŠ5MBI3N3DGV�LQKJD“L!q}VRI”I!€B¤

HJL!SyM1DGN~SyMjL�VRSyOWS}q}L!K¸O�L!MBMBD‚Kol

ohp	ÍBÖàÎ@Üa\–Ç	f·e m`t“bùodp	Í1ÖàÎdÜv\–`+b21–\&Í3^K#~_acG^‚Ïs_ 3@Ûu^o_a`/bÕ_abÕÍ54Å\,$d_aÛdÖ€•

6

 �y{z

Ô

H•¡¸IQ¤-N3S}OWD‚M1VRSyI(M1LQq|KRDoF�H:LQMB‰(•Bq}L!K•nBqhLsHJD (0 � x � 1; 0 � y � 1) S}VWVR•B€
-•DoF�HRDoN

HRI~HJ BD�•BMBSyˆ¢I!KJO¨HRDGOWn+DGKJLQHR•BKJDW€+I(•BM1NBL!KRŠ”F‚I!M1N3SyHRS}I!M+V�X¢¡ƒSyHR 5HRI(n5VR•BKRˆaL!FpD�O�LQS}M8HJLQS}MBDoN©LQH



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

ö"å8ù ú@ûsü8ýoþ•ÿ��„ù

�

�����	��

�

ú����������

�����

�

�

�������

�����

�




�����

� ���

�

1000C L!M1N‘L!qyq/IQHJ BD‚K‡V<•1K<ˆaL(FpDGV|LsH 00C k|VR BIs¡ƒM�SyMPHR BD�á1‰!•1KRDæ€+DGqyIs¡YÝ(HR 1LQH|ShV T(0; y) = 0 Ý

T(1; y) = 0 Ý T(x; 0) = 0 Ý¸LQM1N T(x; 1) = 1000C Ý¸m&•Bn1n+I8V<Dj¡¸DjL!KRD~S}M(HJD‚KJDGV<HRDoN×I!M1qyŠ

S}MàHR BD“£sLQq}•BDGV•IQˆ‡HR BDPHRDGO�n/D‚K:LsHJ•BKJD“LsH•HR BD“MBSyM1DPS}M(HJD‚KJSyI(K�MBI3NBL!q|n/I!S}M8HJV (x i ; yj ); ¡ƒ 1D‚KJD

x i = i � x L!M1N yj = j � y Ý i; j = 1::3 Ý3¡ƒSUHJ  � x = � y =
1
4

l

0� C 0� C

0� C

100� C

(0; 4) (1; 4) (2; 4) (3; 4) (4; 4)

(0; 3) (1; 3) (2; 3) (3; 3) (4; 3)

(0; 2) (1; 2) (2; 2) (3; 2) (4; 2)

(0; 1) (1; 1) (2; 1) (3; 1) (4; 1)

(0; 0) (1; 0) (2; 0) (3; 0) (4; 0)

0

Is¡¸D‚£(D‚KoÝu¡¸D“L(VRVR•BOWDPVRŠ8OWOWDpHJKRŠ5ˆ¢I(K�VRSyOWnBq}SUˆ¢Š&S}MB‰”HJ BD~nBKRI(€Bq}D‚Ojl6¦‡ 1LQH�ShV‚ÝE¡¸DPL!VJVR•BOWD

HR +LsH T33 = T13 Ý T32 = T12 Ý‡L!M1N T31 = T11 l 35D–HR &•1V‘ 1L»£!DjI!M1qyŠÞV<SyT •BM1¥8M1Is¡ƒM1V"!

(T11; T12; T13) LQM1N (T21; T22; T23) VRLQHRShV•ˆ¢Š&S}MB‰�HR BD’ˆ¢I(qyq}Is¡ƒSyM1‰�VRSUT~DGÉ8•1LQHRS}I!M1V2!

4T1;1 � 0 � 100� T2;1 � T1;2 = 0

4T1;2 � 0 � T1;1 � T2;2 � T1;3 = 0

4T1;3 � 0 � T1;2 � T2;3 � 0 = 0

4T2;1 � T1;1 � 100� T1;1 � T2;2 = 0

4T2;2 � T1;2 � T2;1 � T1;2 � T2;3 = 0

4T2;3 � T1;3 � T2;2 � T1;3 � 0 = 0

X>ÀBl ôbÀ8k
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X [Rÿ§þ`T	�aX9Z»ÿGüb���,c\[•þ•ÿbUd[fe%�<TVg,W ÿ�Uh[ ö"å,i

Ô

ˆ·HJD‚K�VR•BSyHJLQ€1qyDYKJDGL!KRK:LQMB‰(D‚OWD‚M8HoÝQHR 1DGVRDYDGÉ8•1LsHJSyI(M1VƒF‚L!M“€/DY¡ƒKJSUHRHRD‚M–L(V$ˆ¢I(qyq}Is¡AV2!

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

4 � 1 � 1 0 0 0

� 2 4 0 � 1 0 0

1 0 4 � 1 � 1 0

0 � 1 � 2 4 0 � 1

0 0 � 1 0 4 � 1

0 0 0 � 1 � 2 4

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

T1;1

T2;1

T1;2

T2;2

T1;3

T2;3

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

100

100

0

0

0

0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

X(ÀBl ô8ó!k

¦‡ BD�VRI!q}•3HRS}I!M�IQˆ/HR 1S}V|V<Š3V<HRD‚O ¡ƒSyq}qB‰(Sy£(D¸•+VEHRDGOWn+DGKJLQHR•BKJDGVELQHEHR BDAM1I&N1LQqBn/I!S}M8HJVGl

Ÿ  ›¡d 87 ¤5�9�4®A·;:4¯PºûØ
­�¯<·�¥±·4ÜOØ<��´�¥4¬w­�¯�·�¥ ¹�Ú Ø¨µh·�©«Ú4¥Ù·�ºn¯�Ø�©��5=ï¯>©>¹kª4®A­

ø Ú�Ûa­�ª4º

Ÿ

MÞË�ÌdÍ3Î„^o\8Ï Ð<Ñ

õ

xnmJZ	\&]Q^o_a`/b xufhÇw•�¡¸D“F‚SUHJDGN×L!M×S}qyqy¤[F‚I!M1NBSUHJSyI(MBDGNàq}S}MBDGL!K�VRŠ&V<HRDGO ¡ƒSUHJ ×HR 1D

0

S}q}€+DGK<H’O�LsHRKJSyTzl

Ÿ

M–HR 1S}V’VRDGF�HJSyI(M”¡¸D�VR BIs¡� BIs¡ V<•+F: ”LPVRŠ&V<HRDGO¨LQKJS}VRDGVGlæ¦‡ BD�N3ShVRF‚•1VRVRS}I!M

 BDGKRD’ 1L(V‡€+DGD‚M~HJL!¥!D‚M“ˆ¢KJI!O XvëBI!K:VRŠ(HJ BDYLQM1Njð–I(qyDGKYX•ñGòaÀ8ó!k�Ý3nBn	líÑ!î\Ö…ÑBñ»k�l

m&•BnBn/I(VRD’L�F‚I!M8HRS}M&•BI!•1V$ˆ¢•BM1FpHRS}I!M f (x) N3D‚á1MBDGN“I!MPHR BD§S}M(HJD‚KJ£sLQq 0 � x � 1 ShV$HJI�€/D

LQn1nBKRI»T3S}O�LsHRDoN‘€&ŠPL�n/I!q}Š8M1I!OWS}L!q

nX

i =1

pi x i � 1; IQˆEN3D‚‰(KRDGD n � 1 VR•1F: “HR 1LQHƒHR BDYDGKRKJI!K

E =
Z 1

0

"
nX

i =1

pi x i � 1 � f (x)

#2

dx

ShV$OWS}MBSyOWS}•‚DoNrlE¦‡ BDæF‚I8D?>‘FpS}D‚M8HJV pi I!ˆrHR BDæn+I(qyŠ&MBI(OWS}L!q+LQKJDADoL!VRSyq}Š�NBDpHRDGKROWS}MBDGN‘€8ŠWVRDpH<HJSyM1‰

@E
@pi

= 0; i = 1; : : : ; n:

X

Ä

IQHJD–HR 1LQHPHJ BD”D‚KJKJI!K�ShVPLàN3S«8/DGKRDGM8HRShLQ€Bq}D–ˆ¢•BM1FpHRS}I!M I!ˆ§HJ BD6•1MB¥&MBIs¡ƒM1V pi LQM1NÞHJ 1LsH~L

OWSyM1SyO�•BOâI3F‚F‚•BK:V‡¡ƒ BD‚M–LQq}qzHR 1DYn1LQKRHRShLQqrN3DGKRS}£sLsHRS}£!DoVƒLQKJDæ•GD‚KJI1l=k•¦‡ &•1VA¡|D’ 1L»£(D

@E
@pi

= 2
Z 1

0

2

4
nX

j =1

pj x j � 1 � f (x)

3

5 x i � 1 dx = 0; i = 1; : : : ; n

I!K

nX

j =1

� Z 1

0
x i + j � 2 dx

�
pj =

Z 1

0
f (x)x i � 1 dx; i = 1; : : : ; n:

Xa¦„IWI!€3H:LQS}M~HR BDYqhLsHRHRD‚K‡ˆ¢I(KROâ¡|D’ 1L»£(D§S}M8HRDGKJF: 1L!MB‰!DoN�HJ BD�V<•1O�O�LQHRS}I!MjLQM1N“SyM8HJD‚‰!K:LsHJSyI(M	l=k
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�����

� ���

�

Œ	D‚H<HRS}MB‰

hij =
Z 1

0
x i + j � 2 dx =

1
i + j � 1

LQM+N

bi =
Z 1

0
f (x)x i � 1 dx (i = 1; 2; : : : ; n);

¡¸D§ +L»£!D

nX

j =1

hij pj = bi ; i = 1; : : : ; n:

¦‡ 1LQH’ShVGÝ„¡¸DWI!€3H:LQS}M©HJ BD�q}SyMBDoLQK�VRŠ3V•HJD‚O H p = b; ¡ƒ BD‚KJD H = (hij ); b =

0

B
B
B
@

b1

b2
l

l

l

bn

1

C
C
C
A

lP¦‡ 1D

O�LsHJKRSyT H S}V‡DoL!VRSyq}Š‘ShN3D‚M8HRSyá1DoN~L(V¸HR BD@1–_vÜ 3$\8Ï»^�ÖßÍ3^‚Ïs_›pEl

�–•BA ”ƒQ C•�••ƒ�	šW
1žEDƒ���Ežvšj™GF �æ�¶��š~›ŽF

Ô

M&Š§ˆaL!FpHRI(KRS}•GLQHRS}I!MYIQˆ3HJ BD¸OWLQHRKJSUT A SyOWOWDGN3ShLsHJD‚q}ŠYV<•B‰(‰!DoV•H:VuLAOWD‚HR BI3NYˆ¢I(K„VRI!q}£&SyMB‰ Ax = b
I!K Ax = B m•Ö5ÛdÜ¢^G_aÎdÜv\~Ï»_>0+Ìz^�ÌdÍBb
$ cG_>$„\&c1•»f

Ÿ

MPHJ BShVƒV<DoF�HRS}I!MuÝ8¡¸DYN3ShVRF‚•1VRVH*�q˜.[ÍB]!^G`+Ïs_JI!ÍB^G_a`/b Ö×\8^GÌd`�$dc!f|¦‡ BDæOWD‚HR BI3NBV‡€1L(V<DoN

I!MLK�Ù .[ÍB]Q^o`1Ïs_JI(Í3^G_v`+bwLQM1NàZ	_vb�0/ÛdÜaÍ3ÏNMYÍBÜvÛ„\œ#~\&]!`/ÖàÎ$`/cG_a^G_v`+bŽXvm&CO#§k§¡ƒS}qyq$€+D�N3ShV•¤

Fp•+VRVRDGN“SyM6Ë�ÌdÍ3Î„^o\8Ï

Ð<Ñ

Î

†rl

Ÿ  ��� £¢ ø ·�©(´
­�¯�· ¥ ·*Ü²­
�Ùª ø Ú�Ûb­�ª*º

Ax = b P

ÛV¯P¥
Ý ÷

P

�4Ø4¬w­�·k®2¯RQ|Ø
­�¯�· ¥

35D• 1L»£(D•V<DGD‚M”S}MÚË�ÌdÍ3Îd^G\8Ï

Ð<Ñ

Ð

g–HJ 1LsH

j

LQ•1VJVRS}L!M–D‚q}SyOWS}M1LsHJSyI(M6q}DGL!N1VƒHRIPHR BD�ˆ¢I!q}q}Is¡ƒSyMB‰‘ˆaL!F�¤

HRI(KRS}•GLQHRS}I!M1V2!

� A = LU XBS~ÍBÛ„coco_aÍBbÕ\&Üa_vÖ×_abdÍ3^G_v`+bT��_¢^GÌd`/Ûu^�Îd_('+`+^G_vb�0rk X(À1l ôaÑ(k

� PA = LU XBS~ÍBÛ„coco_aÍBbÕ\&Üa_vÖ×_abdÍ3^G_v`+bT��_¢^GÌÞÎ@Í3Ï»^G_vÍBÜ¸Îd_('+`+^G_ab
0rk X(À1l ô(ò(k

� PAQ = LU X)S~Í1Û„cocG_vÍBbÕ\&Üa_aÖß_abdÍ3^G_v`+bT�W_a^GÌÕ]!`/ÖàÎ@Üa\8^G\~Î@_›'/`1^o_ab
0zk ; X(À1l Â8î(k

¦‡ BDGVRD§ˆaL!FpHRI!KJS}•GLsHJSyI(M1V‡F‚L!MPHJ BD‚MjS}O�OWDoN3S}LQHRDGqyŠ“€+DY•1VRDGNPHRI‘VRI!q}£!D Ax = b:
¦‡ &•1V‚Ý1SUˆ A = LU Ý3HR 1D‚M”VRI!q}£8S}MB‰ Ax = b ShVADoÉ(•1Sy£sLQq}D‚M8HƒHJI‘V<I(qy£&S}MB‰WH•¡|I�HJKRShLQMB‰(•BqhLQK

VRŠ&V<HRDGO�V"! �
Ly = b XaqyIs¡¸D‚K‡HJKRShLQM1‰!•BqhLQK�k

Ux = y Xa•BnBn/D‚KƒHJKRShLQM1‰!•BqhLQK�k :
X>ÀBl Â1ñ»k

Ÿ

ˆ PA = LU Ý&HJ BD‚M~HR 1D�V<Š3V<HRD‚O Ax = b €/DGF‚I!OWDGV

�
Ly = Pb = b0

XaqyIs¡¸D‚K¸HJKRShLQMB‰(•BqhLQK�k

Ux = y Xa•BnBn/D‚KƒHJKRShLQMB‰(•BqhLQK�k

X>ÀBl Â8í(k
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Ÿ

ˆ PAQ = LU Ý&HJ BD‚M Ax = b S}VƒDoÉ8•BSy£sL!qyDGM(H‡HJI

8
<

:

Lz = Pb = b0
XaqyIs¡¸D‚K¸HJKRShLQMB‰(•BqhLQK�k

Uy = z X¢•1nBn+DGKƒHRKJShLQMB‰(•Bq}L!K:k

x = Qy
X(ÀBl Â(ô8k

m&S}M1FpD

j

L!•1VRVRShLQMwDGqyS}OWSyM+LsHRS}I!M ¡ƒSyHR �n1LQKRHRShLQq’nBS}£!I!HRS}MB‰ÞS}V–V<HJL!€BqyDÚS}M�nBKJL(F�HJS}F‚D5L!M1N

¡ƒShN3D‚q}ŠP•1VRDGN	Ý3¡|D’¡ƒS}qyq	I(MBq}ŠPV•H:LsHJD’HR BShV‡OWDpHR 1I&N“ˆ¢I(KAqyS}MBDoLQKƒV<Š3V<HRDGOWV‡ 1D‚KJD!l

WYX[Z]\_^a`cb;d'egf�h�ijh

Z	`/Ü›'	_vb�0 Ax = b q~cG_vb�0kS~ÍBÛdcGco_aÍ1b o§Üa_vÖ×_abdÍ3^o_a`/b

l

_¢^oÌ2$�Í3Ï»^G_vÍBÜ]$Y_›'/`1^o_ab
0uf

m

 |y>Ã�y~}

&pb„Î@Ûu^ocbó A 2 Rn � n
Ý b 2 Rn � 1

l

n

Ûu^GÎdÛ„^bó x 2 Rn � 1
VR•1F: “HR 1LQH Ax = bl

Z	^G\8Îìi/fPëdSyM1N6HR 1DWˆaL!F�HJI!KJSy•oLsHJSyI(M PA = LU €8Š”HR BD�HRKJShLQMB‰(•Bq}L!KRS}•GLQHRS}I!M6L!qy‰(IQ¤

KJSUHJ BOâ•+V<S}MB‰Wn1LQKRHRShLQqrn1Sy£(IQHRS}MB‰jX(t“Ü(0/`1Ïs_¢^oÌ„Ö o

Ð…Ê

6

ÊÌË

grf·e1kpl

Z	^G\8ÎŽe	f�)æ€3H:LQS}MPHJ BD�VRI!q}•3HRS}I!M x HRI Ax = b L!V¸ˆ¢I!q}q}Is¡AV"!

e	fai m&I!q}£!DæHR 1DYqyIs¡¸D‚K¸HRKJShLQMB‰(•Bq}L!KƒV<Š3V<HRD‚Oƒ! Ly = Pb = b0
l

e	fhe m&I!q}£!DæHR 1DY•BnBn/D‚KƒHJKRShLQMB‰(•BqhLQKƒV<Š3V<HRDGO	! Ux = y l

Ë�`+Ö×ÎdÛ„^G_vb�0 b0
óP¦„I”FpI(O�n1•3HRD b0

ÝELQq}qEHJ 1LsH�S}VYM1D‚DGNBDGNÚShVYHRI6n+DGKRO�•3HRD�HJ BD‘DGM(HJKRS}DGV�IQˆ b
L!FGFpI(KJN3S}MB‰�HRI�HR 1DYn+DGKRO�•3HJLQHRS}I!M~SyM1NBS}F‚DGVƒI!ˆuHR 1DYOWLQHRKJSUT P l

ëBI(K„D‚T3L!OWnBqyD(Ý»SUˆ P =

0

@
0 0 1
0 1 0
1 0 0

1

A
ÝsLQM+N b =

0

@
b1

b2

b3

1

A
Ý»HJ BD‚M b0 = Pb =

0

@
b3

b2

b1

1

A

ShV‡I!€3H:LQS}MBDGNp-••1V<HA€&Š‘n+DGKRO�•3HRS}MB‰WHJ BD§á1KJV<H�LQM+N‘HJ BSyK:NjFpI(O�n/I!M1D‚M8HJV‡I!ˆ bl

q

>=,íî

é

%Q,+.+0&7

ñ

¦uKJS}L!MB‰!•1q}L!KRS}•GLQHRS}I!M‘nBKJI3FpDoVRV2!

2

3
n 3

m&I!q}•3HRS}I!M+V“I!ˆ•H•¡¸IßHJKRShLQM1‰!•BqhLQKjV<Š3V<HRDGOWV2! 2n 2
X

ô

L(F:  VRŠ3V•HJD‚O KJDGÉ8•BS}KRDoV n 2

õ1I!n1V:k�l

ëBI!KJOWSyM1‰YHR BDæ£!DoF�HRI(K b0
!Eb„`Nrd`+Îdc(f X

Ä

I!HRD�HR 1LQH b0
ShV$I(€3HJL!SyMBDoN�ˆ¢KRI(O b -••1V<H

€8ŠPKRD‚¤[VR &•
s�SyMB‰�HR 1DYD‚M8HRKJSyDoV‡IQˆ bkpl

¦uI!HJLQq	ëdq}I!n1V2!

2

3
n 3 + 2n 2

l

ëB•BKRHR BDGKROWI(KRD(Ý O(n 2 ) ]!`/ÖàÎ@Í3Ïs_aco`+bdcA¡ƒS}qyqz€/DæKJDGÉ8•BS}KJDGNWHJI•ShN3D‚M8HRSyˆ¢Š�HJ BDæn1Sy£8¤

IQHJVGl

ohp	ÍBÖàÎ@Üa\–Ç	fh‹ m&I(qy£(D Ax = b •1VRSyM1‰�lEL!K<HJS}L!q�l¶Sy£(IQHJSyMB‰í!

6

 �yPÁ

A =

0

@
1 2 4
4 5 6
7 8 9

1

A b =

0

@
7
18
24

1

A :



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

öGøaæ ú@ûsü8ýoþ•ÿ��„ù

�

�����	��

�

ú����������

�����

�

�

�������

�����

�




�����

� ���

�

Z	^G\8Î�i+f

½

ÍB]!^G`+Ïs_JI!ÍB^G_a`/b P A = LU !E•1VRS}MB‰WHR BD’KJDGVR•BqyHJV‡IQˆ ohp	ÍBÖàÎ@Üa\ t

Ð…Ê

6

ÊÌÎ

grfvi8x„Ý&¡|D’ 1L»£(D

L =

0

@
1 0 0
1
7 1 0
4
7

1
2 1

1

A ; U =

0

@
7 8 9
0 6

7
19
7

0 0 � 1
2

1

A ; P =

0

@
0 0 1
1 0 0
0 1 0

1

A

Z	^G\8Îwerf

erfvi Zu`/ÜaÛ„^G_a`/bÕ`í. Ly = b0 ) y =

0

@
24
3:5

� 0:5

1

A
l

erf·eŽZu`/ÜaÛ„^G_a`/bÕ`í. U x = y ) x =

0

@
1
1
1

1

A
l

u–Û„Öß\(Ïs_v]!ÍBÜ‡Zr^oÍ
3d_vÜa_a^A-Þ`í.A^GÌd\u$�Í3Ï»^G_vÍBÜ]$Y_›'/`1^o_ab
0×Z	]»Ìd\8Öß\�.t`+Ï Ax = b f

3©D’á+KJV<H�V•H:LsHJDY BIs¡ HJ BD�MBI(KRO I!ˆ„HJ BDYD‚KJKJI!K‡O�LsHRKJSyT~F‚L!Mj€+DYD‚T&n1KRDoVRVRDGN“SyM~HJD‚KJOWVAIQˆ

HR 1D‘MBI!KJO�VYIQˆ L L!M1N U Ý@L!M1N©HR BDGMàSyMÚHJD‚KJO�V�IQˆ‡HJ BD‘‰!KJIs¡‡HR ©ˆaL!FpHRI(KGljëBI(K•LjnBKJI8I!ˆ•ÝdVRD‚D

{| 1L!n3HRDGKYñGôBl

+�Ìd\&`1Ïs\&Ö Çufyx„fv&¢å

±

¿3¾/½

ê<±

�xw¸°

±

ÂB¯‚°�®tÃ!Æ (

‚zºB¯�³

±

­AÂz¿3®[¯:½�«

±

ÀÁ¿3®tµ

±

¾ x̂ ±<²

®¢ºB¯YÀUµ·¾/¯:¬s°Y«�Ã»«�®-¯p­ Ax = b ¿&«�µ·¾&¹ LU ²

¬(³p®

±

°�µ«¿o¬Q®vµ

±

¾B´

±

¼‚®-¬sµ·¾/¯:½“¼pÃNyA¬Q¿&«J«�µa¬Q¾5¯‚ÀÁµ·­�µ·¾z¬s®tµ

±

¾

ç

µ·®·º�ÂB¬Q°�®vµa¬QÀ3Âzµ·è

±

®vµ·¾&¹s´|«p¬Q®vµh«›=¸¯�«

(A + E)x̂ = b;
ç

ºB¯‚°R¯ jE j � 3n� jL jjUj Æ

z

«�µ·¾8¹‘µ·¾2=$¾1µ·®tÃ

ê

¾

±

°�­�´

ç

¯•®·º1¯p¾–ºB¬sès¯oÆ

kEk1 � 3n� kLk1 kUk1 :

Ù“`+Ûdb
$	…:`[!{$’Ï»`+Î$\8Ï»^¸- _abù+¸\8ÏsÖ×c�`w.ƒ^oÌ„\5S“Ïs`��W^GÌ

½

ÍB]Q^o`1Ï

Ÿ

MÚË�ÌdÍ3Î„^o\8Ï Ð<Ñ

Ð

grÝr¡¸D� 1L»£!D�N3S}VJFp•+VRVRDGN©V•H:LQ€BS}qySyH•Š–IQˆ

j

LQ•1VJV<ShLQM6D‚q}SyOWS}M1LsHJSyI(M6S}M6HJD‚KJOWV

IQˆæHR BDj‰(KRIs¡‡HJ ×ˆaL!FpHRI(KGlÕŒ	D‚HGï V�HR BDGKRD‚ˆ¢I!KJD!Ý¶S}M8HRD‚KJnBKJDpHWHR 1DjL!€+Is£(D“KJDGVR•BqyH�SyM HRDGKRO�VWIQˆæHR BD

‰!KJIs¡‡HR ~ˆaL(F�HRI(KAˆ¢I(K�HJ BD•n1L!K<HJS}L!qunBS}£!I!HRS}MB‰1l§ëBI(KAHR 1S}VænBS}£!IQHJSyM1‰“VJF: BD‚OWD!Ý/¡¸D� 1L»£!D kLk1 �
n XaMBIQHJD’HR 1LQH jl ij j � 1) LQM1N kUk1 � n� kAk1 ; ¡ƒ BD‚KJD � ShV�HJ BD�‰!KJIs¡‡HR –ˆaL(F�HRI(KGlY¦‡ BDGM

ˆ¢KJI!OìHJ BD�LQ€/Is£!DæHR BDGI!KJD‚OjÝ3¡¸D§I(€3HJL!SyM

kEk1 � 3�n 3� kAk1 :

ÙP\&Ö×Í3Ï�|4ó ‚zºB¯”Ä‚¿1¬s¾+®vµ·®tÃ 3n3
è»¯‚°�Ã

±<²

®[¯‚¾ß¹!°

±

«:«�ÀÁÃ

±

ès¯p°R¯p«�®vµ·­�¬s®-¯p«“®¢ºB¯j®t°�¿1¯j¯p°�°

±

°

kEk1 Æ¶¦‡ BD’D‚T&n/D‚KJS}O�DGM8HJV‡ 1L»£(D§VR BIs¡ƒM©X>#“`/-/`+Û„ÏP`���bÕ\aprÎ|\(Ïs_vÖ×\&bz^Gc•Ûdco_ab
0}4rt�+Y…

*ktv~�k|HJ 1LsH kEk1 S}V‡•+V<•1L!qyq}Š O(� )kAk1 l

ëB•BKRHR 1D‚KJO�I(KRD(Ý+VRSyM+FpDYHJ BD�É8•1L!M(HJSUH•Š � S}V�MBD‚£(D‚KƒHJI8I“q}L!KR‰(DYSyM”n1KJL(F�HRShFpD(Ý1¡¸D•FpI(M1Fpq}•1N3D

HR +LsHuyA¬s¿&«:«�µa¬s¾Þ¯‚ÀÁµ·­�µ·¾/¬Q®vµ

±

¾

ç

µ·®¢º“Â1¬s°�®tµa¬sÀzÂzµ·è

±

®vµ·¾&¹

²p±

° Ax = b µh«‘¼:¬(³A@

ç

¬s°R½–«�®[¬(¼pÀy¯�ˆ¢I!K

LQq}qrnBK:L!FpHRShF‚LQqznB•1KRn/I(VRDGVGl
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Ÿ  ��� ›× ø ·�©�•*¯>¥ÙÝ

Ax = b
´
Û�¯>¥ÙÝà­
�Ùª Ü¸Ø4¬w­�·�®"¯�Q|Ø�­�¯<·�¥

M A = U
 

Ÿ

MjË�ÌdÍ3Îd^G\8Ï

Ð<Ñ

Ð

grÝ&¡¸D§VJL»¡ÞHR 1LQHAL!V¸L�á1K:V<H¸V<HRD‚n“IQˆ„L(F: BS}D‚£&SyM1‰�HR 1D�ˆaL(F�HRI(KRS}•GLQHRS}I!M PA = LU Ý

I!M1D§I(€3HJL!SyM+V¸HR BD’ˆaL(F�HRI(KRS}•GLQHRS}I!M M A = U l

¦‡ BShV‡ˆaL!FpHRI!KJS}•GLsHJSyI(M‘HJ BD‚M–F‚L!M~NBSyKJDGFpHRq}Š‘€+DY•+V<DoNPHJI�V<I(qy£(D Ax = bl

¦‡ &•1V‚Ý1SUˆ PA = LU Ý

HR BDGM Ax = b €/DGF‚I!OWDGV M Ax = M b I(K Lx = M b = b0
l

3©D’HJ BD‚Mj 1L»£(D§HR BD’ˆ¢I(qyq}Is¡ƒSyM1‰�L!qy‰(I!KJSUHJ BOƒ!

� )æ€3HJL!SyM“HR BD’ˆaL(F�HJI!KJSy•oLsHRS}I!M M A = U

� {|I!OWnB•3HJD M b = b0
S}O�n1qyShFpSyHRq}Š

� m&I!q}£!DæHR BDY•1nBn+DGKƒHRKJShLQMB‰(•Bq}L!KƒV<Š3V<HRD‚O Ux = b0
l

ÙP\&Ö×Í3Ï�|	caó5XaShk�ð”LQHR BDGO�LsHRShF‚L!qyq}ŠÚLQM1N FpI!OWnB•BHJLsHJSyI(M1LQq}q}Š

Ô

qy‰(I!KJSUHJ BO

o

É…Ê

õ

Ê

5

ÀBl}ñPLQM+NàHR 1D

LQ€/Is£!D§nBKJI3FpDGVJVƒLQKJD§DGÉ8•BS}£»L!qyDGM8HGl

XaSyS·kd)æMBDYFGLQM~DGL!VRS}qyŠ‘I(€3HJL!SyMjLWV<S}OWSyqhLQKAL!qy‰(I!KJSUHJ BOì¡ƒSyHR –FpI(O�n1qyD‚HRDYnBS}£!I!HRS}MB‰1l

Ÿ  ��� ›¡ ø ·�©(´
­�¯�· ¥à·4Ü

Ax = b €

¯«­
�Ù·�´
­ §]:•��©(¯<¬�¯«­2�4Ø4¬w­�·k®2¯RQ|Ø
­�¯�· ¥

Ÿ

H�ShV�n+I8VRVRSy€1qyD�HJ 1LsH�H•¡|I©V•HJD‚n1V•IQˆ�VRI!q}£8S}MB‰ Ax = b £&S}L6Œu•ìˆaL(F�HJI!KJSy•oLsHRS}I!MÚI!ˆ A F‚LQMß€+D

FpI(O•€BS}MBDoN~VRIWHR +LsHAI!M1qyŠ“I!MBD’HJKRShLQMB‰(•BqhLQKYX¢•Bn1n+DGK:kƒVRŠ3V•HJD‚O MBD‚DoNBV‡HRIP€+D�VRI!q}£!DoNrl$¦‡ BShVAF‚L!M

€/D•N3I!M1DY€8ŠPHRKJS}L!MB‰!•1q}L!KRS}•‚S}MB‰�HR BD�LQ•B‰(O�DGM8HRDGN~O�LsHJKRSyT (A; b) KJLQHR BDGK‡HR 1L!MjHR BD•OWLQHRKJSUT A Ý

L!VƒVR BIs¡ƒM~€+DGqyIs¡Yl
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WYX[Z]\_^a`cb;d'e‚f_h)ƒ�h

Zu`/ÜaÛ„^G_a`/bj`í. Ax = b ÛdcG_vb�0„$�ÍBÏo^o_aÍBÜ…$Y_('+`+^G_vb�0„��_¢^oÌ	…

`/Ûu^¶ohprÎdÜv_a]!_a^

½

ÍB]Q^o`1Ïs_EI!Í3^o_a`/b$f

m

 |y>Ã�y{z

t6f
+|Ïs_aÍBb
0+ÛdÜaÍBÏ»_EI!Í3^o_a`/b `í. (A; b)
&pb„Î@Ûu^ocbó

Ô

M n � n OWLQHRKJSUT A LQM1N~LQM n ¤[£!DGFpHRI(K bl

n

Ûu^GÎdÛ„^bó�XaShk@¦‡ 1D‡HRK:LQM1V<ˆ¢I!KJOWDGN�•1nBn+DGKEHRKJShLQMB‰(•Bq}L!K@OWLQHRKJSUT�V•HJI!KJDGN�SyM�HR 1DA•BnBn/D‚K

HJKRShLQMB‰(•BqhLQKƒn1L!K<H�I!ˆ A Ý@X¢S}ShkAHR 1D�HRK:LQM+V•ˆ¢I(KROWDGN~£(DGF�HJI!K�V<HRI(KRDoNjSyM bÝ/L!M1NàX¢S}SyS·k‡HJ BD

O�•BqUHJSyn1qyS}D‚K:VƒV•HJI!KJDGN“SyM~HJ BDYqyIs¡¸D‚KR¤[ 1LQqyˆ	n1LQKRHƒIQˆ A l

ë1I!K k = 1; 2; : : : ; n � 1 N3I

i+fYË•Ìd`	`/cG\×^GÌd\×ÜaÍ3Ï10/\&c‚^”\&Üa\&Ö×\&bz^~_ab Ö×Í�0+bd_¢^oÛ�$d\à_ab�^oÌ„\ ]!`/ÜaÛdÖ×b k
3$\&Üa`��¨^GÌd\ (k ; k ) \&bz^GÏ»-�†	FGLQq}qrSUH ar k ;k :

ar k ;k = max f jaik j : i � kg;
Ÿ

ˆ ar k ;k = 0 Ý1m8HRI(n	l

erf�&pbz^G\8Ïs]»Ì„ÍBb
0/\w^oÌ„\wÏ»`���c k ÍBb
$ r k `í. A Í1b�$ì^oÌ„\ k th
ÍBb
$ r th

k
\8bz^GÏs_a\&cW`í. b ó

ëBI(K j = k; k + 1; : : : ; n N3I

ar k ;j $ ak j

br k $ bk :
ô

M1N

‹	f

½

`+Ï»Ö ^GÌd\–Ö©ÛdÜ¢^o_¢Î@Üa_v\(Ïscaó

ëBI(K i = k + 1; : : : ; n

aik � m ik = �
aik

akk
ô

M1N

xuf�qPÎk$dÍ3^o\w^oÌ„\ \&bz^‚Ïs_a\&c×`w. A _vbì^GÌd\ŽÏ»`���c×Í1b�$ ]!`/ÜaÛdÖ×b„c (k + 1)
^GÌ„Ï»`/Û
0+Ì n ó

ëBI!K i = k + 1; : : : ; n N3I

ëBI(K j = k + 1; : : : ; n N3I

aij � aij + m ik ak j
ô

M1N

ô

M1N
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D‚O�LQHRShF‚LQq}q}Š!Ý|HR BShV‘ShV‘DoÉ(•1Sy£sLQq}D‚M8H�HJIÚá1M1N3S}MB‰ßN3ShLQ‰(I!M1L!qƒO�LsHRKJShFpDGV D1 L!M1N D2 V<•+F:  HJ 1LsH

HR 1D“qhLQKJ‰!DoV•H“XaSyMÞO�LQ‰(MBSUHJ•1N3D»k�DGqyDGO�DGM8H�S}MßDoL!F: ×KJIs¡ LQM1N FpI(qy•BOWM IQˆ D � 1
1 AD 2 q}SyDoV�€/Dp¤

H•¡¸D‚D‚M“H•¡¸I•áBT3DoNPM&•BO�€+DGKJVGÝBVRL»Š(Ý

1
�

L!M1N5ñ!Ý3¡ƒ BDGKRD � S}V¸HJ BDY€1L(V<D’IQˆ„HR BDYM&•BO�€+DGKAV<Š3V<HRDGO~l

)æM1F‚DWVR•1F:  D1 LQM1N D2 LQKJD�ˆ¢I(•BM1NrÝuHR BD‘VRI!q}•3HJSyI(M©I!ˆ|HJ BD‘V<Š3V<HRDGO	! Ax = b ShVYI!€BHJLQS}MBDoN
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6
4

Lz1 = Pe1 = (0; 1; 0)T ) z1 = (0; 1; � 0:5000)T

Lz2 = Pe2 = (0; 0; 1)T ) z2 = (0; 0; 1)T

Lz3 = Pe3 = (1; 0; 0)T ) z3 = (1; � 0:1429; � 0:50000)T

2

6
6
6
4

Ux1 = z1 ) x1 = (1; � 2; 1)T

Ux2 = z2 ) x2 = (� 4:6670; 6:3333; � 2:0000)T

Ux3 = z3 ) x3 = (2:6667; � 3:3333; 1:0000)T :

¦‡ &•1V A � 1 = X = (x1; x2; x3) =

0

@
1 � 4:6670 2:6667

� 2 6:3333 � 3:3333
1 � 2 1:0000

1

A
l

Ÿ   ²d �� °¶·�º���´
­�¯>¥ÙÝà­
�Ùª ü�ª�­�ª4®»ºn¯>¥ÙØ�¥
­ ·4Ü	Ø»�±Ø
­…®2¯¤:

‚zºB¯§½!¯‚®[¯‚°�­�µ·¾/¬s¾+®

±<²

¬Y­�¬s®t°�µ�� A µh«¸«‚¯pÀ}½

±

­ ¾/¯:¯:½!¯:½�µ·¾’Â/°R¬(³p®tµa³:¯GÆ

0

Is¡¸D‚£!DGKGÝ»Syˆ+SyHE 1L!VuHRI’€/D

FpI(OWnB•3HRDoNrÝ1Œ„• ˆaL!F�HJI!KJSy•oLsHJSyI(M“I!ˆ A L!‰(LQS}MjF‚LQMj€/DY•1VRDGNrl$¦‡ &•1VGÝBSyˆ

j

L!•1VJV<ShLQM~D‚q}SyOWS}M1LsHJSyI(M

¡ƒSyHR Yn1L!K<HJS}L!q!nBS}£!I!HRS}MB‰ƒS}Vu•1VRDGN’‰!S}£&SyM1‰ PA = LU; HR BDGM	Ý det(A) = det(P)�det(L )�det(U) l
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�����

� ���

�

Ä

Is¡YÝ det(P) = (� 1)r
ÝB¡ƒ BD‚KJD r S}V‡HJ BD�M&•BO�€+DGKAIQˆ@KRIs¡ŽSyM8HJD‚K:F: 1LQMB‰(DGVGÝ det(L ) = 1 Ý+LQM1N

det(U) = a11a(1)
22 : : : a(n � 1)

nn l¶¦‡ &•1V‚Ý

det(A) = (� 1)r a11a(1)
22 � � � a(n � 1)

nn ;

¡ƒ BDGKRD r ShV‡HJ BD’M8•1O•€/D‚KAI!ˆ„S}M(HJD‚K:F: 1LQM1‰!DGVGl

ohp	ÍBÖàÎ@Üa\–Ç	fvi�ž

A =

0

@
0 1 1
1 2 3
1 1 1

1

A

j

LQ•+VRVRS}L!MPDGqyS}OWSyM1LQHRS}I!Mj¡ƒSyHR jn1LQKRHRShLQqznBS}£!I!HRS}MB‰W‰!S}£!DoV

U =

0

@
1 2 3
0 1 1
0 0 � 1

1

A :

¦‡ BDGKRD¸¡¸L(VuI(MBq}Š�I!MBD¸S}M(HJD‚K:F: 1LQM1‰!D

‘

HJ BD‚KJDpˆ¢I(KRD r = 1 l det(A) = (� 1) det(U) = (� 1)(� 1)
= 1 l

�–•­¼ LŒ½×�§•‡� šp©�¾â�•� �Õšj™•›jža�Ežtšj™À¿ œ²‹ ™‘�•
 šj™ Œ •A•Yœ�
8�••�•

š„© �¶��� �Õšƒ‹é�PœY�	�’› Š~š	JRœY�Ežtš~™

Ÿ

MwË�Ì„Í3Îd^G\8Ï

Ð<Ñ

õ

x„Ý¸¡¸D– 1L»£(D~ShN3DGM(HJSUá+DGNÞHR 1D6FpI(M1N3SyHRS}I!MÕM&•BO•€/D‚K‘I!ˆ’HR BD”VRŠ3V•HJD‚O Ax = b
€&Š6OWDGL!M1V�I!ˆ¸n/D‚KRHR•1KR€1LQHRS}I!M×L!M1LQq}Š3V<ShVŽm`+�Ìd\&`1Ïs\&Ö×c Á

É…ÊÌÉ…Ê

5

x„fai…;B… Á

É…ÊÌÉ…ÊÌË

x„fhe/gí•sl

0

DGKRD�¡¸DPN3ShVRF‚•1VJV’HR BD

KJI!q}D•IQˆ$HR BDWFpI(M1N3SyHRS}I!M6M&•BO�€+DGK’SyM6HR BD�HR 1D�L(F‚Fp•1KJL(FpŠ~IQˆ$HJ BDWV<I(qy•3HJSyI(M	lž)æM1F‚D�L“V<I(qy•3HJSyI(M

x̂ IQˆ§HR BD”VRŠ3V•HJD‚O Ax = b  1L(VW€+DGD‚M FpI(O�n1•3HRDoNrÝ‡SUH‘ShV�M1LQHR•BK:LQq‡HJIÚHRDGV<H‘ BIs¡ L!F‚F‚•BK:LsHRD

HR 1DPFpI(O�n1•3HRDoNàV<I(qy•3HJSyI(M x̂ S}VGl

Ÿ

ˆ‡HR BDPDpTBL!FpH�V<I(qy•BHRS}I!M x ShV�¥&MBIs¡ƒM	Ý„HR 1D‚M×I(MBD‘FpI(•Bq}N	ÝdI!ˆ

FpI(•BK:V<D(Ý$FpI(O�n1•3HRD~HR 1D~KJD‚qhLsHJSy£(D“DGKRKJI!K

kx � x̂k
kxk

HJI5HRDGV<HWHR BD”L(F‚F‚•BKJL(FpŠÚIQˆ x̂ l

0

Is¡¸D‚£(D‚KoÝ

S}M×OWI(V<H�nBK:L!FpHRShF‚LQq¸V<SyHR•+LsHRS}I!M+V‚ÝdHR 1D“D‚T3L(F�H�VRI!q}•3HJSyI(M×S}V�MBI!H�¥&MBIs¡ƒM	l

Ÿ

MÞV<•+F: ×F‚L!VRDGVGÝdHR BD

OWI(V<H“I(€8£&S}I!•1V�HR BS}MB‰ HRI NBIßShV‘HJI FpI(OWnB•3HRD6HR BD5KJDGVRS}N3•+LQq r = b � Ax̂ L!M1N VRD‚D” 1Is¡

VROWL!qyq@ShV§HR BDWKJD‚qhLsHJSy£(D�KJDGVRS}NB•1LQq

krk
kbk

l¶‡p¾1®-¯p°J¯�«�®tµ·¾8¹!ÀÁÃ»´

ç

¯W«Rº

±

¿3Ày½j¾

±

®-¯�®¢ºB¬s®æ®·º1¯�«

±

ÀÁ¿3®tµ

±

¾

±

¼‚®-¬sµ·¾/¯:½–¼‚ÃP®¢ºB¯ŒyA¬s¿&«:«�µa¬s¾×¯‚ÀÁµ·­�µ·¾/¬s®tµ

±

¾~Âz°

±

³J¯p«:«�µ·¾”¹8¯p¾z¯p°R¬QÀBÂz°

±

½s¿1³:¯�«W¬‘«�­�¬sÀ·À@°R¯p«�µa½s¿1¬sÀ}Æ

&°Â�ÃÅÄ_ÆE(Ê•�M3ˆ¢I!KRHR•1M1LsHJD‚q}Š!Ý¸¬–«�­W¬QÀ·À¶°R¯‚Ày¬s®tµ·è»¯“°R¯p«�µa½s¿1¬QÀ|½

±

¯�«�¾

±

®¸¹!¿1¬s°J¬s¾1®-¯:¯�®¢ºB¯~¬!³:³‚¿3°R¬!³‚Ã

±•²

®¢ºB¯�«

±

ÀÁ¿3®tµ

±

¾zÆ$¦‡ 1Dæˆ¢I(qyq}Is¡ƒS}MB‰WDpTBLQOWnBq}D’Syq}qy•+V•HJKJLQHRDGV¸HJ BShV‡ˆaL!FpHGl

ohp	ÍBÖàÎ@Üa\–Ç	fvi+i Œ	DpH

A =
�

1:0001 1
1 1

�
; b =

�
2:0001

2

�
:

Œ	D‚H x̂ =
�

0
2

�
: ¦‡ BDGM r = b� Ax̂ =

�
0:0001

0

�
:

Ç

±

®[¯”®·º1¬s® r µh«j«�­W¬QÀ·ÀyÆn?

±sç

¯‚ès¯p°:´W®·º1¯”ès¯:³p®

±

° x̂ µh«–¾

±sç

ºB¯‚°R¯5³pÀ

±

«‚¯”®

±

®¢ºB¯5¯È�&¬(³p®

«

±

ÀÁ¿3®tµ

±

¾ x =
�

1
1

�
l



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

ù

�

¼

�

��É

ÿ»Y�þ�TËÊ

�

ûoÿ�ú�TVZ°V…X þAX TVZ

�aÌ

UGgQÿb��TVZG�ÙY"Y

Ì

�·ü1Y³c TÍÊ„þ�û»ÿ•ú�T�U�ý

Ì

þ•ÿÎVŽ��TVW

Ì

þAX TVZ öGù1ö

¦‡ BDWLQ€/Is£!DYnB BDGMBI!OWDGMBI!M6FGLQM”€/D�DpT3nBqhLQS}MBDGN–O�LQHR BDGOWLQHRShF‚L!qyq}Š~ˆ¢KRI(O HJ BD�ˆ¢I(qyq}Is¡ƒS}MB‰

HR 1D‚I!KJD‚Ojl$¦‡ 1D�nBKJI8I!ˆdFGLQMj€+D•DGL!VRS}qyŠ“¡|I(KR¥(DGN‘I(•3HGl¸¦‡ BD‚I(KRDGO

Á

É…ÊÌÉ…Ê

õ

ÀBl}ñoí�€/D‚q}Is¡Ž‰(Sy£(DGVƒLWÎ$`/cG^G\(…

Ïs_a`+ÏP\8Ï»Ï»`+Ï/3$`/Ûdb�$5ˆ¢I(K‡HR BD�F‚I!OWnB•3HJDGNjV<I(qy•BHRS}I!M	l

+�Ìd\&`1Ïs\&Ö ÇufaiBe€m<ÙP\&co_($dÛ„ÍBÜ�+�Ìd\8`+Ïs\&Ö€•»f

x

 �yt �y>Ã

kx̂ � xk
kxk

� Cond(A)
kr k
kbk

:

&pbz^o\(Ï»ÎdÏs\(^oÍ3^G_v`+b `w.h+�Ìd\&`1Ïs\&Ö Á

É…ÊÌÉ…Ê

õ

Ç	fvi3e�óæ¦‡ 1D‚I!KJD‚O

Á

É…ÊÌÉ…Ê

õ

ÀBl}ñoí�HJD‚q}q}Væ•1V�HR 1LQH�HJ BD•KJD‚qhLsHJSy£(D�D‚KJKRI(K

S}M x N3I&DGV$MBIQH|NBD‚n/D‚M1NWI(MBqyŠ�I!M�HJ BDAKJD‚qhLsHRS}£!DƒKJDGVRShN3•1LQq1€B•3H|L!q}VRIYI!MWHJ BD�FpI(M1N3SyHRS}I!MWM&•BO•€/D‚K

IQˆ¸HR 1D‘O�LsHRKJSyT A L!V’¡¸D‚q}qtl ‚zºB¯j³

±

­�Â/¿3®-¯J½–«

±

ÀÁ¿3®tµ

±

¾Õ³J¬Q¾Þ¼:¯�¹Q¿1¬Q°R¬s¾+®[¯:¯:½j®

±

¼:¯“¬(³:³p¿3°R¬Q®[¯

±

¾+ÀÁÃ

ç

ºB¯‚¾6®¢ºB¯ƒÂ/°

±

½Q¿1³p®

±•²

¼

±

®·º Cond(A) ¬Q¾/½�®¢ºB¯•°R¯‚Ày¬s®tµ·ès¯•°J¯�«�µa½s¿1¬QÀ	µh«’«�­W¬QÀ·ÀyÆ

Ä

I!HRDjHR +LsH‘S}M HJ BD”LQ€/Is£!DjD‚T3L!OWnBqyD(Ý Cond(A) = 4:0002� 104: XaÜvÍ3Ï10+\ÅÏ·k ‚zº&¿&«:´

®¢º

±

¿!¹»ºw®·º1¯5°R¯‚Ày¬s®tµ·è»¯à°R¯�«�µa½Q¿1¬sÀ

ç

¬»«”«�­�¬sÀ·À=´~®·º1¯à³

±

­�Â/¿3®-¯J½ß«

±

ÀU¿3®vµ

±

¾ x̂ ç

¬»«©µ·¾/¬!³:³‚¿3°R¬s®-¯p´

¼:¯:³J¬Q¿&«‚¯ Cond(A) µh«Y°R¯pÀ}¬s®tµ·è»¯‚ÀÁÃ‘Ày¬Q°v¹8¯GÆ

Ÿ   Ðd £¢ °¶·�¥4â�¯�­�¯�·�¥�¯>¥ÙÝàØ�¥Ùâ µ�¯R•%·4­�¯P¥
Ý

���‚ �yPÒ�y~}

Ÿ

HuShVrM1LQHR•BK:LQqsHJIƒ¡|I(M1N3DGKrSUˆ3S}qyqy¤[F‚I!M1NBSUHJSyI(MBSyM1‰AF‚LQM’€/D$N3D‚HRDGFpHRDoNYN3•BKJSyMB‰‡HJ BD@HRKJShLQMB‰(•Bq}L!KRS}•GLQHRS}I!M

nBKJI3FpDGVJV�•+V<S}MB‰©HR BD

j

LQ•1VJVRS}L!M×D‚q}SyOWS}M1LsHJSyI(M×¡ƒSyHR ßn+LQKRHRShLQq¸nBSy£(IQHJSyMB‰+l ÑƒÃà¬5¾

±

°�­W¬QÀÁµ«¿o¯J½

­�¬s®t°�µ��‘ºB¯‚°R¯

ç

¯�­W¯:¬s¾5®¢ºB¬s® kAk2 = 1 l�B/¿oÂ!Â

±

«‚¯�®·º1¬s® A; ¬Q¾/½ b ºB¬Qè»¯�¼:¯:¯‚¾©¾

±

°�­�¬sÀÁµ«¿o¯:½!Æ

¦‡ BDGM“HJ BD‚KJDYLQKJDYFpD‚KRHJL!SyMjVRŠ8OWn3HJI!O�V¸ˆ¢I!KƒS}q}qU¤-FpI(M1N3SyHRS}I!MBS}MB‰1lE¦‡ BDoV<D’S}M1Fpq}•1N3Da!

Z�-	ÖàÎ„^o`+Ößc .[`1ÏO&pÜaÜ¢…�Ë�`+b
$d_¢^G_v`+bd_ab
0

� t coÖ×ÍBÜvÜ¶Î@_›'/`1^(l

� t ÜvÍ3Ï10+\6]!`/ÖàÎdÛ„^G\�$ÞcG`/ÜaÛ„^G_v`+b|l

� t ÜvÍ3Ï10+\”Ï»\&co_($dÛ„Í1Ük'/\8]!^G`+Ï&l

Ò

Û„cG^G_J"d](Í3^G_v`+b�ó‡m3•BnBn/I(VRD�HJ BD‚KJDæShV‡L•VRO�LQq}q/n1Sy£(IQHGÝ8HJ BD‚MPHR BShV‡¡ƒSyq}qzO�LQ¥!D A � 1
qhLQKJ‰!D(l

X

Ä

IQHJD“HJ 1LsH�Syˆæn1L!K<HJS}L!q‡nBSy£(IQHJSyMB‰5ShVW•1V<DoNrÝ¶HJ BD‚M A � 1 = U � 1L � 1P k�l m&S}O�S}qhLQKJqyŠ(Ý¶SUˆ§HR 1D

FpI(OWnB•3HRDoN VRI!q}•3HRS}I!M x̂ ShV”qhLQKJ‰!D(Ý’HR BDGMÊˆ¢KJI!O Ax̂ = b̂; ¡|Dß 1L»£!D kx̂k = kA � 1b̂k �
kA � 1k kb̂k; V< BIs¡ƒS}MB‰“HR 1LQH kA � 1k S}V’n/I(VJVRSy€Bq}Š–qhLQKJ‰!D!l�Œ„LQKJ‰!D kA � 1k ÝrIQˆ|F‚I!•BK:V<D(ÝrOWDGLQM+V

S}qyqy¤[F‚I!M1NBSUHJSyI(MBSyM1‰1Ý3€/DGF‚L!•1VRD Cond(A) = kAk kA � 1k ¡ƒSyq}qrHR 1D‚Mj€+DYqhLQKJ‰!D(l

Ó

9…ì‘#(*<'[›

¦‡ BDGKRDYL!KRD§O�LsHRKJShFpDGV¸¡ƒ BShF: jN3IWMBIQHƒ 1L»£(DæLQM&Š‘I!ˆuHJ BDGVRDYV<Š&OWn3HRI(O�V‚Ý&€B•3H

V<HRS}qyqrHJ BD‚Š~LQKJDæS}q}qU¤-FpI(M1N3SyHRS}I!MBDoN©XvV<DGDf3 Syq}¥&SyM1VRI!MÚX•ñoòbÀ,Å!k�Ý&nBnul+íbÅ�Â1Ö3íaÅbÅBl k

ohp	ÍBÖàÎ@Üa\–Ç	fvi&‹ {|I!M1VRS}NBD‚K‡HR 1D§q}S}MBDGL!KAV<Š3V<HRD‚Oƒ! Ax = b ¡ƒSUHJ 

A =

0

@
1 0 0
0 0:00001 0
0 0 0:00001

1

A ; b =

0

@
0:1
0:1
0:1

1

A :

¦‡ BDGM

x = 104

0

@
0:00001

1
1

1

A ; ¡ƒ BShF: “ShV srÛd_¢^G\–ÜvÍ3Ï10+\/l
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� ���

�

A � 1 = 105

0

@
0:00001 0 0

0 1 0
0 0 1

1

A ; ¡ƒ BShF: jS}VƒÜvÍ3Ï10+\/l

¦‡ &•1VGÝ	ˆ¢I!K’HJ BShV�DpTBL!O�n1qyD–X¢S·k§HJ BD6³

±

­�Â/¿3®-¯J½–«

±

ÀÁ¿3®tµ

±

¾ µh«WÀ}¬s°v¹8¯�´§X¢S}Shk A � 1
µh«�Ày¬Q°v¹8¯GÆ A ShV‚Ý

®¢ºB¯‚°R¯

²p±

°R¯p´$ÀÁµ«@(¯pÀÁÃP®

±

¼J¯�µ·À·À

ê

³

±

¾z½sµ·®tµ

±

¾/¯:½(Æ

Ÿ

HAS}V‡S}M1N3DGDGN“HRKJ•BDb! Cond(A) = 105:

Ÿ   Ðd ›× °¶·�¥4â�¯�­�¯�·�¥�¯>¥ÙÝàØ�¥Ùâ ød¬|Ø�©(¯>¥ÙÝ

Ÿ

M‘m&DGFpHRS}I!M Ô É…Ê

õ

Ê

Ò

ÀBlÆÅæ¡|DANBS}VJFp•1VJVRDGN�cG](ÍBÜa_vb�0‘L!M1N•HR BDAOWDoVRVJLQ‰(D$HJ BD‚KJDƒ¡¸L(VOÕ·«‚³J¬QÀÁµ·¾8¹�µh«Aµ·¾�¹(¯‚¾/¯‚°R¬QÀ

°R¯:³

±

­�­W¯‚¾/½(¯:½5µ

²

®¢ºB¯6¯p¾+®v°�µa¯p«

±<²

®¢ºB¯–­W¬Q®v°�µ�� A è»¬Q°�Ã

ç

µa½(¯pÀUÃjÖ-l m3F‚L!qyS}MB‰©ˆ¢I!q}qyIs¡¸DGNß€&Š×L

V<HRK:LsHRDG‰!Š5IQˆAnBS}£!I!HRS}MB‰”ShV� BD‚q}n3ˆ¢•BqtlC3©D“MBIQHJDGNàHJ BD‚KJD‘HJ 1LsH~«‚³:¬sÀÁµ·¾&¹”ºB¬»«–¬s¾ ¯E��¯:³p®

±

¾Õ®¢ºB¯

³

±

¾z½sµ·®tµ

±

¾6¾+¿3­W¼:¯‚°

±•²

®¢ºB¯•­W¬Q®v°�µ��(lEëBI(KƒDpTBLQOWnBq}D!Ý+FpI!M+V<ShN3D‚K

A =
�

10 106

1 1

�
; Cond(A) = 106:

0

Is¡¸D‚£(D‚KoÝGSyˆ1HJ BD¸á1K:V•H@KRIs¡àI!ˆ A S}V@VJF‚L!qyDoNYHRI§I!€BHJLQS}M

~A =
�

0:0001 1
1 1

�
ÝsHR BDGM Cond( ~A) =

2:
¦‡ BD�É8•BDGV<HRS}I!MjM1LQHR•BK:LQq}q}Š“LQKJShV<DoV‚Ý�Õcy‡µ·ès¯p¾à¬‘­�¬s®t°�µ�� A º

±sç

³J¬Q¾

±

¾/¯�³Jº

±G±

«‚¯�®·º1¯�½Qµ

ê

¬‚¹

±

¾z¬sÀ+­W¬Q®v°�µa³:¯p« D1 ¬s¾z½ D2 «�¿1³:º�®¢ºB¬Q® Cond(D � 1
1 AD 2) ç

µ·À·À/¼:¯æ¬s«ƒ«�­W¬QÀ·À/¬»«dÂ

±

«:«�µa¼pÀ}¯
Æ
Ö

¦‡ BShVƒS}VASyM1NBD‚DGN–LW£(D‚KJŠPN3S¤>‘Fp•BqyH�O�LsHJ BD‚O�LsHJS}FGLQq	n1KRI(€BqyDGOjl|¦‡ BDGKRD�L!KRD’KJDGVR•BqUH:V�X¢D(l ‰+lyÝ

’

LQ•BDGKƒX•ñGòaÀ!ô8k<ku¡ƒ BS}F: WLQKJD¸MBIQHE£!DGKRŠ’nBK:L!FpHRShF‚L!qvl@m&D‚DƒëBI(KJVRŠ8HR BD(Ý!ð”L!q}F‚I!O LQM+N�ð–I(qyDGKƒX•ñGòaÀ8ó3Ý

{| 1L!n3HRDGKYñ!ñokpl¶m&D‚DYLQqhVRI�C¶L!M~NBD‚Kæm&q}•BShVYX•ñoòbÀ!ò8k�Ý	X<ñGò8óQî(kpÝ&L!M1N

’

•+V<S}MB‰!DGK�X•ñoòbÀbÑ8k�l

�–•­× �Õšƒ‹é�PœY�EžJ™G’ �‘™�›RL	F„�Ež~‹ �Y�EžJ™G’ �¶�•� �Õšj™•›jža�Ežtšj™

¿ìœŽ‹ ™‘��


¦‡ BD�I!€&£&SyI(•1VA¡‡L»ŠPHJI“F‚I!OWnB•3HJD�HR 1D�F‚I!M1N3SyHRS}I!M6M8•1O•€/D‚K§¡ƒSyq}q@€+D•HRIjFpI!OWnB•BHRD•SyH§ˆ¢KRI(O SyHJV

N3D‚á1MBSyHRS}I!M�!

i/fY{|I(OWnB•3HRD A � 1

e	fY{|I(OWnB•3HRD kAk LQM1N kA � 1k LQM1N~O••1qUHJSynBq}Š‘HJ BD‚Ojl

35D– 1L»£!D–VRD‚D‚M HR +LsHPFpI(OWnB•3HRS}MB‰ÚHJ BD–SyM&£(D‚K:V<DjIQˆ A KJDGÉ8•BS}KRDoV�L!€+I(•3H 2n3
õ+I!n1VGl ¦‡ &•1V‚Ý

á1M1NBSyMB‰×HR BD6F‚I!M1NBSUHJSyI(MÞM&•BO�€+DGKP€&ŠÞDpT3nBq}S}F‚SUHJqyŠ á1M1N3S}MB‰ A � 1
ShV‘O�•1F: ÕOWI!KJD–DpT3n+DGM1VRSy£(D

HR +LQM�á1M1N3S}MB‰YHJ BD�VRI!q}•3HRS}I!MWI!ˆ Ax = b SyHJVRD‚qyˆ•l*)æM�HJ BDAIQHJ BD‚K$ 1LQM1N	ÝQHRI�F‚I!OWnB•3HJD Cond(A) Ý

¡¸DAI!MBq}Š�MBD‚DoN�HRI�¥&MBIs¡ kA � 1k Ý8MBIQH¶HJ BD�S}M&£!DGKJVRDƒSUH:V<DGqUˆ•l•Ø	¿3°�®·º1¯p°�­

±

°J¯�´@®·º1¯Y¯È�&¬(³p®@ès¬sÀÁ¿1¯

±<²

Cond(A) µ·®a«‚¯‚À

²

µh«’«p¯‚Ày½

±

­ ¾/¯:¯:½!¯:½\„|¬Q¾©¯p«:®tµ·­�¬s®-¯�µh«’«�¿´ÙÞ³‚µa¯‚¾1®-Æ¶¦‡ BD�É8•BDoV•HJSyI(M	Ý&HR BDGKRD‚ˆ¢I!KJD!Ý

LQKJShV<DoVA¡ƒ BD‚HR BDGK§¡¸DWF‚LQM©‰!D‚H§L“KRDoL!VRI!M1L!€BqyD•DGV<HRS}OWLQHRD�IQˆ kA � 1k ¡ƒSUHJ BI!•3HYFpI(OWnB•3HRS}MB‰“HR BD

S}M8£(D‚K:V<D§IQˆ A DpT3nBq}S}F‚SUHJqyŠ(l43©DYn1KRDoV<DGM(HAL!M“I(n3HRS}OWSy•oLsHRS}I!MB¤t€1L(V<DoNPL!qy‰(I!KJSUHJ BO €/D‚q}Is¡Yl

t“b

n

Îd^G_vÖ×_JI(Í3^G_v`+b€+|\&]»Ì„bd_(srÛd\ .[`+Ï²o§c‚^o_aÖ×Í3^o_ab
0 kA � 1k1
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[•þAX9U§üoþAX9Z»_�þ�ûoÿ•ú�TVZ°V�X þAX T�Z

�•Ì

UGgQÿb� öGù(÷

0

L!‰!D‚K�X<ñGòaÑ�Â8k$ 1L(V‡nBKRI(n+I8V<DoNPL�OWDpHJ BI3NPˆ¢I(KƒDGV<HRS}O�LsHRS}MB‰ kA � 1k €1L!VRDGN“I!MjLQM~I!n3HJSU¤

OWSy•oLsHJSyI(MPHJDGF: BMBShÉ8•BD!l¶¦‡ 1S}V‡HJDGF: BM1S}É8•BDYVRD‚D‚O�V¸HJI�€+D�É8•BSyHRD�VR•BSyHJLQ€1qyD§ˆ¢I!KƒK:LQM+N3I!OWq}Š�‰!D‚M1D‚KR¤

LsHJDGN“O�LsHRKJShFpDGVGlEŒ	D‚H A � 1 = B = (bij ) l

#�D‚á1MBD�L�ˆ¢•BM1FpHRS}I!M f (x ) ! f (x ) = kB xk1 =
nX

i =1

�
�
�
�
�
�

nX

j =1

bij x j

�
�
�
�
�
�
: ¦‡ BDGM

kB k1 = kA � 1k1 = maxf f (x ) : kx k1 = 1g:

¦‡ &•1VGÝ!HJ BD�nBKJI!€1qyDGO ShVEHJI�á1M1N‘OWLQT3SyO�•BO I!ˆrHR BD§FpI(M8£(DpT�ˆ¢•BM1F�HJSyI(M f Is£!DGKEHR BD§FpI(M8£(DpTWV<D‚H

S = f x 2 Rn : kx k1 � 1g:
Ÿ

HAShV‡¡|DGqyqr¥&MBIs¡ƒMPHR 1LQHƒHR BD’O�LsT3S}O••BO I!ˆdLWFpI(M&£!DpT�ˆ¢•1M1F�HJSyI(M~ShV‡I!€BHJLQS}MBDoN“LQHƒL!M“D‚T&HRKJD‚OWD

n/I!S}M(Hol

0

LQ‰(D‚Koï VWOWDpHJ BI3NÕFpI!M+V<ShV•H:V�S}MÕá1M1N3S}MB‰ÚHR 1S}VPOWLQT3SyO�•BO VRŠ3V•HJD‚O�LsHJS}FGLQq}qyŠ(ln?•¬G¹(¯‚°

&

•ËÚ�Û?Ü

(j°R¯‚­W¬Q°~@»«�®·º1¬s®A®¢ºB¯P¬sÀ ¹

±

°�µ·®¢º&­ ¿&«:¿1¬QÀ·ÀÁÃ“«:®

±

Â/«W¬

²

®[¯‚°�®

ç$±

µ·®-¯p°R¬Q®vµ

±

¾B«‚Æ

Ô

M6D‚T3F‚D‚q}qyDGM8H

VR•BKR£(D‚Š�I!ˆ	N3S98zD‚KJD‚M8H|F‚I!M1NBSUHJSyI(M�M&•BO�€+DGK$DoV•HJSyO�LsHJI!K:V@SyM+Fpq}•1N3S}MB‰

0

L!‰!DGKGï V‚Ý(LQM1N�HR 1D‚S}K$n/D‚KRˆ¢I!KR¤

O�LQM1F‚DGV‡ 1L(V‡€+DGD‚Mj‰!S}£!DGM“€&Š

0

Sy‰( 1LQO X•ñGò(òbÀ8k�l

WYX[Z]\_^a`cb;d'eªf�h)Ý�h

1–ÍV0/\8Ï&Øyc¶u–`1ÏsÖÚ…oi–Ë�`/b�$d_¢^o_a`/b€u–ÛdÖ53$\8Ï¶o§cG^G_aÖßÍ3^G`+Ï

m

 |yPÓ�y~}

&pb„Î@Ûu^ocbó

Ô

M n � n OWLQHRKJSUT A LQM1NjLQM n ¤[£!DGFpHRI(K bl

n

Ûu^GÎdÛ„^bó

Ô

M”L!nBnBKJI»T&S}O�LsHJSyI(M‘IQˆ kA � 1k1 l

Z	^G\8Îxžuf’m&D‚H � = kA � 1k1 = 0; b =
�

1
n ; 1

n ; � � � ; 1
n

� T
:

Z	^G\8ÎÊi/f’m&I(qy£(D Ax = bl

Z	^G\8ÎŽe	f§¦„DGV<HASUˆ kxk � � l

Ÿ

ˆ¶VRI1ÝB‰(IWHRIPV<HRDGnïÀBl )�HR BDGKR¡ƒShVRD�V<D‚H � = kxk1 LQM+N

‰!I�HRI‘V<HRDGn~ô1l

Z	^G\8Îw‹uf’m&I(qy£(D AT z = y; ¡ƒ BD‚KJD

yi = 1 Syˆ x i � 0; yi = � 1 Syˆ x i < 0:

Z	^G\8Î x„f’m&D‚H j = argmaxfj zi j; i = 1 HJI ng l

Z	^G\8ÎŽg	f

Ÿ

ˆ jzj j > zT bÝ1•BnzNBLQHRD b � ej Ý1¡ƒ BDGKRD ej S}VAHR BD j HJ –•BMBSyH�£!DoF�HJI!KALQM+N

KRD‚HR•BKJM“HRI‘m8HRDGnÚñ!l

ô

qhV<D’‰(I�HJIPm8HRDGn�ÀBl

Z	^G\8ÎwÇuf’m&D‚H kA � 1k1 � � l¶¦‡ BD‚MjFpI(O�n1•3HRD Cond1(A) = � kAk1 l

4àt�+�Ë

n

4 š�4àt�+@*�tº~OšEÍBb�$�*�tº$�t�ËpÞ u–`1^o\&cbó

Ô

q}‰!I(KRSyHR BO

o

É…Ê

ö

Ê

5

ÀBlÆÅ� 1L!Vƒ€/D‚DGM–SyOWnBq}D‚OWDGM(HJDGN~S}M”ð

Ô

¦�{�)§ð nBKRI(‰!K:LQO‡1�t/S–Ë

n

u�#©i+l

Ô

VRq}Sy‰( (HJqyŠjS}OWnBKRIs£(DGN~£!DGKJVRS}I!M–IQˆ@HJ BD�L!qy‰(I!KJSUHJ BOâ€&Š

0

S}‰! +LQO  1L!V�€+DGD‚M”S}OWnBq}D‚OWD‚M8HRDoN”S}M

Œ

Ô

l

Ô

{�¾ VR•B€BKJI!•3HJSyM1D�Zj*kt‘Ë

n

uÚl

Ÿ

HJVƒKJDGF‚SynBKJI3F‚L!q+ShVAN3DGMBIQHJDGN“€8ŠjÙ‘Ë

n

u�#©l

m&D‚DYL!q}VRI�ð

Ô

¦ƒŒ

Ô

’

n1KRI(‰!K:LQO Ë•`/b
$„\&cG^!Ý8HR 1LQH¸DoV•HJSyO�LQHRDGV|HJ BD’qyIs¡¸D‚K¸€+I(•BM1NPˆ¢I!K§ñ�¤

MBI(KROâF‚I!M1NBSUHJSyI(M“M&•BO�€+DGKGl
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�����

� ���

�

ohp	ÍBÖàÎ@Üa\–Ç	fvi8x Œ	DpH

A =

0

@
1 2 3
3 4 5
6 7 8

1

A ; Cond1(A) = 2:9575� 1017
Ý

ò

{�)

Ä

# = 3:469447� 10� 18

X A _acW]!Üv`+co\j^G`àÍ5cG_vb�0/ÛdÜaÍ3Ï‘Ö×ÍB^‚Ïs_›pukpl

Zr^o\8Îxž	f b =
�

1
3

;
1
3

;
1
3

� T

l

&�^G\8ÏsÍ3^o_a`/b©iwó x = (1:0895; � 2:5123; 1:4228)T ;
� = 5:0245; y = (1; � 1; 1)T ; z = 106(2:0271; � 3:3785; 1:3514)T

j = 2 Ý jzj2 = 1016(3:3785)> zT b = � 1:3340:

&�^G\8ÏsÍ3^o_a`/bwerf x = 1017(� 1:3564; 2:7128; � 1:3564)T ; jjxjj1 = 5:4255� 1017
l

m&SyM+FpD jj xjj1 > � Ý3¡¸DæH:LQ¥(D jjA � 1 jj1 = 5:4255� 1017
l

¦‡ BS}VAS}VƒL!M“D‚T3F‚D‚q}qyDGM8HADGV<HRS}OWLQHRD’IQˆ jjA � 1jj1 l

Ä

IQHJD’HR 1LQH2! Cond1(A) = � � jjAjj1 = 8:6808� 1018
Ý

jjA � 1jj1 = 1:8014� 1016; L!M1N–Ë•`/b
$„\&cG^ (A) = 2:8823� 1017
l

�–•�—+ß �Õšƒ‹é�‘š~™•��™Y�áàáâ žPF„�•—6��
!�¶œ�
í™•�Y�Ežtš~™ F �‘™�› �¶��� L©
+
(šW
aF

Ÿ

ˆ$HJ BDWFpI!OWn/I!MBDGM8H<¤[¡ƒS}VRD�€/I!•1M1NBV’IQˆ$HR BDWn/D‚KRHR•BKJ€1LsHJSyI(M1V’LQKJD•¥&MBIs¡ƒM	ÝzHJ BD‚M©HR 1D�ˆ¢I(qyq}Is¡ƒS}MB‰

n/D‚KRHR•BKJ€1LsHJSyI(M“KJDGVR•BqyHƒI!€3H:LQS}MBDGN“€&Š“m&¥!DGD‚q¶X<ñGò8óQò(k| BI(q}NBVGl

+�Ìd\&`1Ïs\&Ö Ç	fvi3g	fäã„¯‚® Ax = b ¬Q¾/½ (A + � A)(x + � x) = b+ � bÆ@ã„¯‚® j� Aj � � jAj;x

 |yt �y>Ã°å

¬s¾z½ j� bj � � jbj ‚zºB¯‚¾B´

k� xk
kxk

� �
kjA � 1jjAjjxj + jA � 1jjbjk

(1 � � kjA � 1jjAjk)kxk

#~\�"@bd_¢^G_v`+b×Çufai3Çuf	‚zºB¯’¾+¿3­W¼:¯‚°?æ Cond(A; x) =
kjA � 1jjAjjxjk

kxk
; ç

µ·À·À	¼:¯Y³:¬sÀ·Ày¯:½�Z‰|+\&\&Ü•Ø}c

]!`/b
$„_a^G_a`/bÞbrÛ„Ö53$\8Ï~¬Q¾/½ Conds(A) = kjA � 1jjAjk ®¢ºB¯•¿oÂ!Â1¯p°�¼

±

¿3¾z½

±•²

BV@!¯:¯‚À<ä «•³

±

¾/½Qµ

ê

®tµ

±

¾”¾+¿3­W¼:¯‚°‚Æ

Ô

M©SyOWn/I!KRHJLQM8H’nBKJI!n/D‚KRH•Š~I!ˆ Cond(A; x) !Ym&¥(D‚D‚qtï VæF‚I!M1N3SyHRS}I!M©M&•BO•€/D‚K’ShVæS}M&£sLQKJS}L!M(H

•BM1NBD‚K‘KJIs¡‡¤[VJF‚L!qyS}MB‰+l

Ÿ

H“F‚L!M	Ý‡HR 1D‚KJDpˆ¢I!KJD!Ý‡€/D”O••+F: ÕVRO�LQq}qyDGK�HR +LQMÕHR 1D6•1VR•1LQqæFpI!M+N3SUHJSyI(M

M&•BO•€/D‚K Cond(A) l Cond(A; x) S}VE•+V<D‚ˆ¢•Bq+¡ƒ 1D‚M�HR BDæFpI!q}•BOWM�MBI(KRO�VEI!ˆ A � 1
£sLQKJŠ•¡ƒShN3D‚q}Š!l

�–•�—W— ˜-�	�•
8�Y�Ež(‘’� Hà�¹ç5™•�ž‹ ��™Y�

m&•Bn1n+I8V<D•LPFpI!OWnB•BHRDGN–VRI!q}•3HJSyI(M x̂ IQˆ@HR 1D�VRŠ&V<HRDGO Ax = b ShVAM1IQHæL(F‚FpDGn3HJL!€Bq}D!l

Ÿ

HæShVƒHJ BD‚M

M1LQHR•BK:LQq!HRI�¡¸I!M+N3D‚K„SUˆ x̂ F‚L!MY€+D¸KRD‚á1MBDoN�]»Ì„\&Í3Î@Ü›-‘€&Š’O�LQ¥&S}MB‰A•1VRD$I!ˆBHR BD$HRKJS}L!MB‰!•1q}L!KRS}•GLQHRS}I!M

IQˆ„HR BDYO�LQHRKJSUT A L!qyKJDGL(N3Š‘L»£sLQS}q}L!€Bq}D§LQHA 1LQM1N	l

¦‡ BDAˆ¢I(qyq}Is¡ƒS}MB‰�nBKJI3FpDGVJVGÝ!¥&MBIs¡ƒMPL(V$_¢^o\8Ï»ÍB^G_›'/\PÏs\�"@b„\&Ö×\&bz^!Ý&F‚L!M‘€/D�•1VRDGNWHJI•KJDpá1M1D

x̂ SUHJD‚K:LsHJSy£(D‚q}Š�•Bn~HRI‘VRI!OWDYN3DGVRSyK:LQ€1qyD’L!FGFp•BK:L!F‚Š!l
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ÿ´è|Z»ÿ�U�ÿbZGþ öGù(ø

&�^o\8Ï»ÍB^G_›'/\6Ù“\�"@bd\8Öß\8bz^�tPÜ>0+`+Ïs_¢^GÌdÖ

¦‡ BDYnBKJI3FpDGVJV¸S}VA€1L!VRDGN“I!M“HR BD’ˆ¢I(qyq}Is¡ƒS}MB‰�VRS}O�n1qyDYShN3DGL�!

Œ	D‚H bx €+D’L•F‚I!OWnB•3HJDGN‘VRI!q}•3HRS}I!MPIQˆrHR 1D§VRŠ3V•HJD‚Oƒ! Ax = b:
Ÿ

ˆ bx ¡|DGKRD�DpTBL!FpH¸VRI!q}•3HRS}I!M	Ý

HR 1D‚M r = b � Abx ¡|I(•Bq}N×€+D‘•GD‚KJI1l

’

•3H�SyM×n1KJL(F�HRShFpD�¡¸D“FGLQMBM1IQH•D‚T&n/DGFpH�HR +LsHGl©Œ	DpH�•1V

MBIs¡wHRKJŠ�HRI�VRI!q}£!DæHR BDYVRŠ&V<HRDGOâLQ‰8LQS}MP¡ƒSyHR ~HR 1D�FpI!OWnB•BHRDGN“KJDGVRS}N3•+LQq r (6= 0) Ý3HJ 1LsHƒShV‚Ý3q}DpH c
VJLsHRShV<ˆ¢Š

Ac = r:

¦‡ BDGM	Ý y = bx + c ShV@HJ BDƒDpTBL!FpH¶V<I(qy•3HJSyI(M�I!ˆ Ax = bÝ(nBKJIs£8ShN3DoN�HJ 1LsH c ShVdHR BDƒD‚T3L(F�H$VRI!q}•3HRS}I!M

IQˆ Ac = r Ý1€/DGFGLQ•1VRD

Ay = A(bx + c) = Abx + Ac = b� r + r = b:

Ÿ

HAShV‡HRKJ•BD§HR 1LQH c LQ‰(L!SyM“¡ƒSyq}q	MBI!HA€+D�L!M“D‚TBL!F�H�VRI!q}•3HJSyI(M“I!ˆ Ac = r S}M~n1KJL(F�HRShFpD

‘

 BIs¡¸D‚£!DGKGÝ

HR 1DæLQ€/Is£!DANBS}VJFp•1VJVRSyI(MWVR•B‰(‰!DGV<HJVEHR 1LQH y O�S}‰! 8H$€/D�LY€/DpHRHRDGK¸L!nBnBKJI»T&S}O�LsHJSyI(M•HJ 1LQM bx l

Ÿ

ˆuVRI1Ý

¡¸D’FGLQMjFpI(M(HJSyM&•BD§HJ BDYnBKJI&F‚DGVJV‡•BM8HRS}quLWN3DGVRS}KRDoN“L(F‚Fp•1KJL(FpŠ�ShVƒL!F: BS}D‚£(DGNrl

WYX[Z]\_^a`cb;d'eªf�hJf�h

&�^G\8ÏsÍ3^G_('+\©ÙP\�"dbd\&Ö×\&bz^!f

m

 �y7}\}Vy~}

m&D‚H x(0) = x̂ l

&pb„Î@Ûu^ocbó A 2 Rn � n
Ý b 2 Rn � 1

ÝuLQM5S}MBSUHJS}L!q¶LQnBn1KRI»T3S}OWLQHRDWV<I(qy•BHRS}I!M x(0)
ÝuLQM+N

HJI!q}D‚K:LQM1F‚D � l

n

Ûu^GÎdÛ„^bó

Ô

KRD‚á1MBDoN~VRI!q}•3HJSyI(M	l

ë1I!K k = 0; 1; 2; : : : N3I

ñ(læ{|I!OWnB•3HJD§HR BDYÏs\&cG_>$„ÛdÍBÜ�'+\&]Q^o`1Ï r (k )
! r (k ) = b� Ax (k ) :

íBlæ{¸LQqhFp•BqhLsHJDEHR 1D|]!`+Ï»Ïs\8]!^G_v`+b�'/\&]Q^G`+Ï c(k )
€8Š’VRI!q}£8S}MB‰ƒHJ BD|VRŠ3V•HJD‚Oƒ! Ac(k ) =

r (k ) ; •1VRSyM1‰�HR 1D§VJLQOWDæHRKJS}L!MB‰!•BqhLQKJS}•GLsHJSyI(MWIQˆ A HR +LsH‡¡¸L(V$•1VRDGN‘HRI�I!€3H:LQS}M

x(0)
l

ô1l qPÎ�$„Í3^o\–^GÌd\”co`+ÜvÛu^o_a`/bkó x(k+1) = x(k ) + c(k )
l

Â+l +|\&cG^�.[`+Ï‘^GÌd\”](`+b|'/\(Ï10/\&b„](\íó

Ÿ

ˆ

kx(k+1) � x(k ) k2

kx(k ) k2
< � Ý1V<HRI!nul

ô

M+Nrl

Ó

9…ì‘#(*<'[›

Ÿ

ˆrHJ BD�VRŠ&V<HRDGO ShV¶M1IQH¶HJI8I•Syq}qU¤-FpI(M1N3SyHRS}I!MBDoNWLQM1N�N3I(•B€Bq}DAnBKJDGF‚S}VRSyI(MWS}V$•1V<DoN

S}MÚF‚I!OWnB•3HJSyM1‰“HJ BD�KJDGVRS}N3•+LQqhV‚ÝrHJ BD‚M5HJ BD�SUHJD‚K:LsHJSy£(D�KJDpá+MBD‚OWD‚M8H�•1VRS}MB‰

j

LQ•1VJV<ShLQM©D‚q}SyOWS}M1Ls¤

HRS}I!Mß¡ƒSUHJ ßnBS}£!I!HRS}MB‰”¡ƒS}qyq‡•BqyHRS}O�LsHRDGqyŠÚnBKJI3N3•1F‚D“L”£(D‚KJŠ5L(F‚F‚•BKJLQHRDPVRI!q}•3HJSyI(M	l©¦‡ BD~K:LsHRDPIQˆ

FpI(M&£!D‚KJ‰!DGM1FpD‡N3DGn+DGM1NBV|•Bn+I(MWHR BDæFpI!M+N3SUHJSyI(M�M&•BO•€/D‚Kol@m3D‚D

0

Sy‰( 1LQO X•ñoò!òbÀ1Ý(m&DoF�HRS}I!M–ñ(ñ!l}ñokpl
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4 u–`+^G\wó

Ô

q}‰!I(KRSyHR BO

o

É…Ê

5³5

Ê

5

ÀBl Àj 1L!V�€+DGD‚MàS}O�n1qyDGO�DGM8HRDGNÚS}Màð

Ô

¦�{�)§ðénBKJI!‰(KJL!O

&:+Go§ÙPÙOo

½

ÝBL!M1N“SyM–Œ

Ô

l

Ô

{�¾ÅKJI!•3HJSyM1DYm

j

ô

m&C'é XaVRSyMB‰(qyD’nBKJDGF‚S}VRS}I!M+kpl

ohp	ÍBÖàÎ@Üa\–Ç	fvi3†

A =

0

@
1 1 0
0 2 1
0 0 3

1

A ; b =

0

@
0:0001
0:0001
� 1:666

1

A :

¦‡ BD’DpTBL(F�HAV<I(qy•BHRS}I!M x =

0

@
� 0:2777
0:2778

� 0:5555

1

A
XaF‚I!KJKRDoF�H‡•Bn~HRI�ˆ¢I!•1K‡á1‰!•BKJDGV:k�l

x(0) =

0

@
1
1
1

1

A :

|;êŒž�ó

r (0) = b� Ax (0) =

0

@
� 1:9999
� 2:9999
� 4:6666

1

A :

¦‡ 1D�V<I(qy•3HJSyI(M“I!ˆ Ac(0) = r (0)
! c(0) =

0

@
� 1:2777
� 0:7222
� 1:5555

1

A

x(1) = x(0) + c(0) =

0

@
� 0:2777
0:2778

� 0:5555

1

A :

Ä

I!HRD§HR +LsH Cond(A) = 3:8078l A ShVH�•\&ÜaÜ¢…J](`+b
$„_a^G_v`+bd\�$$l

t�](]!Û„ÏsÍB]�-

n

3d^GÍ1_abd\,$23�- &�^G\8ÏsÍ3^o_›'+\©ÙP\�"@b„\&Ö×\&bz^

m&•BnBn/I(VRDæHR 1LQH¸HJ BD§SUHJD‚K:LsHRS}I!M~FpI(M8£(D‚KJ‰!DoV‚lu¦‡ 1D‚M“HR BD’D‚KJKJI!K|LQH (k + 1)th
V•HJD‚n~¡ƒSyq}qz€+D

q}DGVJV¸HR 1L!MPHJ BDYD‚KJKRI(KƒLsH‡HR BD kth
V•HJD‚n	l

Œ	D‚H

kx̂ � x(k+1) k
kx̂k

� c
kx̂ � x(k ) k

kx̂k
:

¦‡ BDGM“Syˆ c � 10� s
Ý	®¢ºB¯‚°R¯

ç

µ·À·À@¼:¯�¬�¹(¬Qµ·¾

±•²

¬JÂ!Âz°

±

�(µ·­�¬s®-¯pÀUÃ s =„¹!¿3°R¯�«|Â1¯p°Yµ·®-¯p°J¬s®tµ

±

¾1l

q

>=,íî

é

%Q,+.+0&7

ñ

¦‡ BD�n1KRI3FpDoN3•BKJD�ShV�É8•BSyHRD�F: 1DGLQnul�m&SyM+FpD A  1L!VæLQq}KRDoL!N3Š“€+DGD‚MjHJKRShLQM3¤

‰!•1q}L!KRS}•‚DoN~HRIjV<I(qy£(D�HR 1D�I(KRS}‰!S}M1L!q„VRŠ&V<HRDGO Ax = b; DGL(F: 6SyHRD‚K:LsHJSyI(M”KJDGÉ8•BS}KRDoV�I(MBqyŠ O(n 2 )
õ1I(n1V‚l

Ó

9…ì‘#(*<'

ê

›

Ÿ

HJD‚K:LsHRS}£!D“KRD‚á1MBDGO�DGM8H�ShV�L”£(D‚KJŠà•1V<D‚ˆ¢•Bq¸HRDoF: BMBShÉ(•1D!l

j

L!•1VRVRShLQMßDGqyS}OWSU¤

M1LQHRS}I!M6¡ƒSyHR 5n1L!K<HJS}L!qdn1Sy£(IQHRS}MB‰“ˆ¢I!q}qyIs¡¸DGN6€&Š”SUHJD‚K:LsHJSy£(D�KJDpá1M1D‚OWD‚M8H’S}V§HJ BDWO�I8V•HYnBK:L!FpHRShF‚L!q

LQn1nBKRI8L!F: Úˆ¢I(K�VRI!q}£&SyMB‰5L”q}SyM1DGLQKWVRŠ&V<HRDGO L!FGFp•BK:LsHJD‚q}Š!l×m&¥!DGD‚q’X•ñoò8ósò8kY 1L(V�VR BIs¡ƒMàHJ 1LsHWS}M

OWI(V<HAF‚L!VRDGV¸DG£!D‚M~I!M1D�V•HJD‚n~IQˆ@SUHJD‚K:LsHRS}£!D§KJDpá1MBDGOWD‚M8HAS}VƒVR•
>‘FpS}D‚M8Hol
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oæcG^G_vÖ×Í3^o_ab
0•^oÌ„\�Ë�`/b�$d_¢^o_a`/bƒu–Û„Ö53$\8Ïk.tÏs`+Ö•&�^G\8ÏsÍ3^G_('+\�ÙP\�"@b„\&Ö×\&bz^bó

Ô

£!DGKRŠ

FpKJ•1N3D�DGV<HRS}O�LsHRD�IQˆEHJ BD�F‚I!M1N3SyHRS}I!M6M8•1O•€/D‚K§IQˆEHR 1D•O�LsHJKRSyT A ShV 10t (1 � 1
k ) ; X

ò

S}F‚D“X<ñGòbÑ1ñokpÝ

n	l¶òaÑ(k�l

¡ƒ BD‚KJD t ShV�HJ BDWM&•BO•€/D‚KYI!ˆ|N3S}‰!SyHJVYLQM+N k ShVæHR BDWM&•BO�€+DGK§I!ˆ|SyHRDGKJLQHRS}I!M1V§n/D‚KRˆ¢I!KJO�DoN

ˆ¢I!K‡HJ BDYnBKJI3FpDGNB•BKRDæHRI‘F‚I!M&£!DGKR‰(D!l

ohp	ÍBÖàÎ@Üa\–Ç	fvi

Ó

mRZ	^G\��•ÍBÏo^Cm�i…;/†/ew•\šEÎdÎ|f¸e¨žzgí•’F‚I!M1VRShN3D‚K�VRI!q}£&SyM1‰�HR BD�Syq}qy¤[F‚I!M1N3SyHRS}I!M1DGN

VRŠ&V<HRDGO ¡ƒSyHR 

A =
�

7 6:990
4 4

�
; b =

�
34:97
20:00

�

Xa¦‡ BD�VRŠ3V•HJD‚O ShVƒS}qyqy¤-FpI!M+N3SUHJSyI(MBDGN	Ý3€+DoF‚LQ•+V<D•{|I!M+N 2(A) = 3:2465� 103:)

¦‡ BDYD‚T3L(F�HAVRI!q}•3HRS}I!M~S}V x =
�

2
3

�
l

Œ	D‚H x(0) =
�

1:667
3:333

�
X¢I(€3HJL!SyMBDoN~€8Š

j

LQ•1VJV<ShLQM~D‚q}S}O�S}M1LQHRS}I!M~¡ƒSUHJ BI!•3HAn1Sy£(IQHRS}MB‰+l k

|;êŒž�ó

r (0) = b� Ax (0) =
�

0:333� 10� 2

0

�

¦‡ BD�VRI!q}•3HRS}I!M~IQˆ Ac(0) = r (0) : c(0) =
�

0:3167
� 0:3167

�

x(1) = x(0) + c(0) =
�

1:9837
3:0163

�
:

|;ê6iíó

r (1) = b� Ax (1) =
�

� 0:0292
� 0:0168

�

¦‡ BD�VRI!q}•3HRS}I!M~IQˆ Ac(1) = r (1)
! c(1) =

�
0:0108

� 0:0150

�

x(2) = x(1) + c(1) =
�

1:9992
3:0008

�

�–•�—GD Š©�‘�’•’žt�KJïŠ	•�F„�	�ž‹–F'ì —6š¶F|ža�Ež(‘’�í®Å�'çÚ™�ža�	�ºî

® žv� ’�šj™��ŽJ7J(•G®Åšƒ‹éžR™•�‘™Y�HîLï �hF
Fd��™K™‘��
a’ �‘™•›

¾ 
1žt›–žv�G’Wšj™��KJ

Ÿ

M�HR BShV¶VR•B€1VRDGF�HJSyI(M�¡¸D¸¡ƒSyq}q1V<HR•1N3Š•M8•1O�DGKRShF‚L!q3V<I(qy•3HJSyI(M1V@IQˆ+HR BD‡ˆ¢I(qyq}Is¡ƒS}MB‰§VRn/DGFpShLQqBVRŠ3V•HJD‚O�V2!

� Z�-	Ö×Öß\(^GÏs_a]/$æ`+co_¢^o_›'+\�#~\�"dbd_¢^o\©Z�-	c‚^o\8Ößc!l

� 1–\8coco\8bÅ3|\(Ï10àZ�-	cG^G\&Ö×c(l
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� #~_aÍ�0+`/b„Í1ÜaÜ›-€#“`/Ö×_abdÍBbz^‘Z�-	cG^G\&Ö×c(l

� +|Ïs_($d_aÍV0/`/b„ÍBÜ‡ÍBb
$�~�Üa`	]Î|€+|Ïs_($d_aÍV0/`/b„ÍBÜƒZ�-	c‚^o\8Ößc!l

‡�¾z½!¯:¯:½»´|µ·®‡µh«•ès¯‚°�Ã

±•²

®-¯p¾5«‚¬sµa½j¼‚Ã’Â/°J¬!³‚®vµa³‚µ·¾8¹”¯‚¾8¹!µ·¾/¯:¯‚°:«�®·º1¬s®‡®¢ºB¯‚°R¯W¬s°R¯YºB¬Q°R½&ÀÁÃ–¬s¾+Ã

«�Ã»«�®[¯‚­•«¶µ·¾æÂz°R¬!³‚®vµa³:¬QÀ1¬JÂ!ÂzÀÁµa³:¬s®tµ

±

¾1«

ç

º3µa³Jº�¬Q°R¯¸¾

±

®

±

¾/¯

±•²

®·º1¯ƒ¬!¼

±

ès¯‡®tÃJÂB¯p«‚Æ„¦‡ 1DGVRD$V<Š3V<HRDGOWV

HR 1D‚KJDpˆ¢I!KJD‘N3DoV<DGKR£(DPL”VRn+DoFpShLQq¶HJKRDoLsHJO�DGM8HGlï35DPá+KJV<H•‰!S}£!D“V<I(O�DPDpTBLQOWnBq}DGV�HRI©VR BIs¡  BIs¡

HR 1DGVRD’VRŠ3V•HJD‚O�VƒLQKJShV<D’S}M“nBK:L!FpHRShF‚L!q	LQnBnBq}ShF‚LsHJSyI(M1VGl

Ÿ  £¢�×  £¢ ø+�kª%¬�¯<Ø�©�÷�¯P¥
ª%Ø4®²ø�Ú�Ûa­�ª4ºùÛß¤¦®"¯<ÛV¯P¥
Ýð��®¸·�º �d¯>¥�¯«­�ª ü/¯«þGª4®¸ª4¥4¬|ª

�±ª�­
�Ù·�âkÛ

35DP 1L»£(D‘V<DGD‚MàS}MàHR BD“q}L(V•H�V<DoF�HRS}I!Mß BIs¡ á1MBSyHRD“NBS98zD‚KJD‚M1F‚DPVJF: BD‚OWDGV�ˆ¢I!K�V<I(qy£&S}MB‰”n1L!K<HJS}L!q

N3S«8/DGKRDGM8HRShLQq$DoÉ8•1LsHJSyI(M1V�q}DGL(NÚHRI”q}S}MBDGL!K�VRŠ&V<HRDGO�V•nBKJI!€1qyDGOWVGl6ð”L!M&Š6HJSyOWDGV�VR•1F: ×V<Š3V<HRDGOWV

 1L»£(D�V<n/DGF‚S}L!q+n1KRI(n+DGK<HJSyDoV|L!M1NPV<HRKJ•1F�HJ•BKJDGV2!dVRI!OWD�¡¸D‚q}qy¤t¥&MBIs¡ƒM‘V<HRKJ•1F�HJ•BKJDGN�O�LsHJKRShFpD§LQKJS}VRS}MB‰

¡ƒShN3D‚q}Š�S}MPL!nBnBq}S}FGLsHRS}I!M+VESyM+Fpq}•1N3Db!@^GÏ»_>$„_vÍV0/`+bdÍBÜ•Ý,$„_vÍV0/`+bdÍBÜaÜ(-/$d`/Ö×_abdÍBbz^!Ý8LQM1NWÎ|`+co_¢^o_›'+\

$d\�"@bd_¢^G\ LQM1N.3@Üa`u]ë|Õ^GÏ»_>$„_vÍV0/`+bdÍBÜ•ld3©D•á1KJV<HæN3ShVJFp•1VJV�L“V<SyHR•1LQHRS}I!M–¡ƒ BShF: –‰!S}£!DoVAKJS}VRDYHJI

L�HRKJS}NBS}L!‰!I!M+LQqrV<Š3V<HRDGO~l

t”f4+$Ïs_>$„_vÍV0+`/bdÍBÜ‡Z�-	cG^G\&Ö×c

{|I!M1VRShN3D‚Ku`/bd\!…¸$„_vÖ×\&b„co_a`/bdÍBÜ!V<HRDoL!N3Š§FpI!M+N3•1F�HJSyI(MYIQˆ3 BDoLsHuVR•1F: �L!Vr 1DGLsHdFpI!M+N3•1F�HJSyI(M

HR 1KRI(•B‰! ”LP¡ƒSyKJD!l

Ÿ

M5V<•+F: ”LPF‚L(V<D(Ý1HJ BD�HJD‚OWn/D‚K:LsHR•1KRD�KRDGOWL!SyM+V�FpI(M1V<HJLQM8H�¡ƒSyHR ©KRDoV<n/DGFpH�HJI

HRS}OWD!l¶¦‡ BDYDoÉ8•1LsHJSyI(MP BDGKRDYShV"!

@2T
@x2 = 0 ¦‡ BD�NBS98zD‚KJD‚M1F‚DYLQM1L!qyI(‰�I!ˆuHR 1S}VƒDoÉ8•1LsHJSyI(M“ShV"!

T (x + � x) � 2 T (x) + T (x � � x) = 0

¡ƒ BDGKRD � x S}V¸HJ BDYS}M1FpKJD‚OWD‚M8HAS}M x Ý+L(VƒV< BIs¡ƒM“€+DGqyIs¡Yl

jx i +1 � x i j = � x; i = 0; 1; 2; 3:

•�VRS}MB‰–L~VRS}O�S}qhLQKYM&•BO•€/D‚KJS}MB‰–VRF: BDGOWDWL(V’SyM×m&DoF�HJSyI(M ñ•ñ
É…ÊÌË…Ê

õ

À1l ô1l Â+ÝrHR BDWHJD‚OWn/D‚K:LsHR•1KRD Ti LsH�LQM&Š

n/I!S}M(H x i S}VA‰!S}£!D‚M“€&Š

Ti +1 � 2 Ti + Ti � 1 = 0;

HR +LsHæShVGÝd®¢ºB¯�®-¯‚­AÂ1¯p°J¬s®t¿3°R¯�¬s®�¬Q¾1ÃYÂ

±

µ·¾+®Aµh«•��¿&«�®ƒ®¢ºB¯�¬sès¯‚°R¬‚¹8¯

±<²

®¢ºB¯�®-¯p­�Â1¯p°R¬Q®v¿3°J¯�«

±<²

®¢ºB¯

®

ç$±

¾/¯:¬s°J¯�«�®¸¾/¯‚µU¹oº1¼

±

°�µ·¾8¹�Â

±

µ·¾1®v«‚Æ

m&•BnBn/I(VRD�HJ BD“N3I(O�LQS}MàIQˆ‡HR BD“nBKJI!€Bq}D‚O S}V 0 � x � 1 lN#æSy£&ShN3DPMBIs¡ HR 1D“N3I(OWL!SyM

S}M(HJI~ˆ¢I!•BK�VRD‚‰(O�DGM8HJV’IQˆ‡DGÉ8•1L!qEqyDGMB‰QHJ 	lP¦‡ &•1V � x = 0:25l�m3•BnBn/I(VRDWHR 1LQH�¡|DW¥&MBIs¡ HJ BD

HRDGOWn+DGKJLQHR•BKJDYLsH‡HR BDYDGM1N~n+I(SyM8H:V x0 = 0 L!M1N x4 = 1 Ý&HJ 1LsHAShV‚Ý

T0 = � 1; LQM+N T4 = � 2:

¦‡ BDoV<DYLQKJDæHR BDGM“HJ BDY€/I!•BM1N1LQKJŠPFpI(M1N3SyHRS}I!M1V‡I!ˆ„HJ BDYnBKJI!€Bq}D‚Ojl

ëBKJI!O HJ BD�L!€+Is£(D•DoÉ(•+LsHRS}I!M+V‚Ý/HR 1D�HJD‚OWn/D‚K:LsHR•1KRDWLsH’DGL(F: ”MBI3N3D!Ý x0 = 0; x1 = � x Ý

x2 = 2� x; x3 = 3� x; x4 = 1 ShVAFGLQqhFp•BqhLsHJDGNPL(V¸ˆ¢I!q}qyIs¡AV2!
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Ô

H x0 = 0 Ý T0 = � 1 X¢‰!S}£!DGM+k

Ô

H x1 = � x Ý T0 � 2T1 + T2 = 0
Ô

H x2 = 2� x Ý T1 � 2T2 + T3 = 0
Ô

H x3 = 3� x Ý T2 � 2T3 + T4 = 0
Ô

H x4 = 1 Ý T4 = � 2 X¢‰!S}£!DGM+k

Ÿ

MjO�LsHRKJSyT‘ˆ¢I!KJOìHR 1DGVRDYDGÉ8•1LsHJSyI(M1V‡F‚L!M“€/DY¡ƒKRSyH<HJD‚M–L!V2!

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1 0 0 0 0

1 � 2 1 0 0

0 1 � 2 1 0

0 0 1 � 2 1

0 0 0 0 1

1

C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
B
B
B
@

T0

T1

T2

T3

T4

1

C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
@

�

0

0

0

�

1

C
C
C
C
C
C
C
C
C
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X(ÀBl ÂbÂ&k

 �y>Ã\Ã?µ

¦‡ BShV‡L•^GÏ»_>$„_vÍV0/`+bdÍBÜ$c2-	cG^G\&Ö f$¦‡ BDYVRI!q}•3HRS}I!MPIQˆuHJ BShV¸VRŠ3V•HJD‚O ¡ƒS}q}q/‰(Sy£(D�HJD‚OWn/D‚K:LsHR•1KRDoV|LQH

HR 1DYMBI3N3DGV x1; x2 LQM+N x3 l

~“fEZ�-	Ö×Ö×\8^GÏ»_v]Ž+|Ï»_>$„_vÍV0/`+bdÍBÜ‡ÍBb
$ù#“_vÍV0+`/bdÍBÜaÜ(-ß#“`/Ö×_vb„ÍBbz^‘Z�-	c‚^o\8Ößc

Ÿ

M“I(KJNBD‚K|HRI�V<DGDæ 1Is¡wV<•+F: ~VRŠ3V•HJD‚O�V‡LQKJS}VRD!Ý3FpI(M1VRS}N3DGK|M1Is¡ HR BDYÛdb„cG^G\&ÍV$�- ](`+b
$dÛ„]Q…

^G_v`+b©IQˆ	 1DGLsHolE¦‡ BS}V¸FpI(M1N3SyHRS}I!M‘S}OWnBq}SyDoV$HJ 1LsH|HR BDæHRDGOWn+DGKJLQHR•BKJD T £sLQKJS}DGV|¡ƒSUHJ �HR BDæHRS}OWD t l

¦‡ BD�Ìd\&Í3^�\,srÛdÍ3^o_a`/bÚSyM~HR 1S}VAFGL!VRD’S}V

1
�

@T
@t

=
@2T
@x2 ;

3  BDGKRD � ShV|^oÌ„\8ÏsÖ×ÍBÜ�$„_J!$ÛdcG_('	_¢^¸-©L(V¸NBDpá1MBDoN~SyMjV<DoF�HJSyI(MOÀBl ôBl Â1l@Œ	D‚Hƒ•1VƒN3S}£8ShN3D§HR 1D§‰(KRShN

S}M“HJ BD (x; t) nBqhLQMBDY¡ƒSyHR –VRn1L!F‚SyM1‰ � x S}MPHJ BD x ¤-N3S}KRDoF�HJSyI(MjL!M1N � t S}M“HJ BD t ¤-N3SyKJDGFpHRS}I!M	l

t1

t2

t i +1 � t i = � t x i +1 � x i = � x

ò x1 x2 x3 xn ó
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Œ	D‚H�HR BDjHJD‚OWn/D‚K:LsHR•1KRD”LQH�HR BD–MBI3NBL!qAn/I!S}M(H x i = i � x L!M1N t j = j � t ÝƒL!V‘€+D‚ˆ¢I!KJD!Ý¸€+D

N3DGMBIQHJDGN“€8Š Tij l

Ô

n1nBKRI»T3S}O�LsHRS}MB‰

@T
@t

L!M1N

@2T
@x2 €&Š�HJ BD’á1MBSyHRD�N3S«8zD‚KJD‚M1F‚DGV

@T
@t

�
1

� t
(Ti;j +1 � Ti;j )

@2T
@x2 �

1
(� x)2 (Ti +1 ;j +1 � 2Ti;j +1 + Ti � 1;j +1 );

¡¸D§I(€3HJL!SyM“HR 1D’ˆ¢I!q}qyIs¡ƒS}MB‰WN3S98zD‚KJD‚M+FpD�LQM+LQq}I!‰�IQˆuHJ BDY BDoLsHADGÉ8•1LQHRS}I!M�!

(1 + 2C)Ti;j +1 � C(Ti +1 ;j +1 + Ti � 1;j +1 ) = Ti;j ; i = 1; 2; : : : ; n

¡ƒ BDGKRD C = �
� t

(� x)2 l

¦‡ BDGVRD�DGÉ8•1LsHJSyI(M1V§D‚M1L!€Bq}D�•+V�HJI–N3DpHJD‚KJO�S}MBD�HR 1D�HJD‚OWn/D‚K:LsHR•1KRDWLsH�LPHRS}O�D�V<HRDGn j =
k + 1 ÝB¥&MBIs¡ƒS}MB‰WHR BD’HJD‚OWn/D‚K:LsHR•1KRD�LQHAHR BDYn1KRDG£8S}I!•+V‡HRS}OWD�V•HJD‚n j = k l¸C¶LQKJŠ&SyMB‰ i ˆ¢KRI(O ñ

HRI n Ý3HJ BDGVRD’DGÉ8•1LQHRS}I!M1V‡€/DGF‚I!OWD

½

`+Ï i = 1; j = k ó (1 + 2C)T1;k +1 � CT2;k +1 = CT0;k +1 + T1;k

½

`+Ï i = 2; j = k ó (1 + 2C)T2;k +1 � CT3;k +1 � CT1;k +1 = T2;k

f

f

f

½

`+Ï i = n; j = k ó (1 + 2C)Tn;k +1 � CTn � 1;k +1 = Tn;k + Tn +1 ;k +1

m&•BnBn/I(VRD’MBIs¡ HJ BD’HRDGOWn+DGKJLQHR•BKJDGVƒLQHƒHR BD’H•¡¸I�£(D‚KRHRShF‚L!q	V<ShN3DGVƒL!KRD§¥&MBIs¡ƒM	Ý&HJ 1LsHAShV‚Ý

T0;t = Tw1 LQM+N Tn +1 ;t = Tw2 :

¦‡ BDGMPHJ BD�LQ€/Is£!D§DGÉ8•1LQHRS}I!M1VƒFGLQM~€+DY¡ƒKJSUHRHRDGM~S}MjO�LsHRKJSyTPMBIQH:LsHJSyI(M~L(V

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

(1 + 2C) � C 0 � � � � � � 0

� C (1 + 2C) � C 0 � � � 0

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l � C

0 � � � � � � � C (1 + 2C)

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

T1;k +1

T2;k +1

l

l

l

l

l

l

Tn;k +1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

T1;k + CTw1

T2;k

l

l

l

l

l

l

Tn;k + CTw2

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

¦‡ BDEO�LsHJKRSyT’IQˆ8HR BD¸LQ€/Is£!DEV<Š3V<HRDGOŽShV	Fpq}DGL!KRq}Šæc2-	Ö×Ö×\8^GÏ»_v]Vš8^‚Ïs_($d_aÍ�0+`/b„Í1Ü3LQM1N�$d_aÍV0/`+bdÍBÜvÜ›-

$d`+Ö×_vb„Í1bz^�XaMBIQHJD’HR 1LQH C > 0k�l
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ëBI(KƒDpTBLQOWnBq}D!Ý3¡ƒ BDGM C = 1 ÝBLQM+N“¡¸D’ 1L»£!D

0

B
B
B
B
B
B
@

3 � 1 0 � � � 0
� 1 3 � 1 � � � 0

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l � 1
0 � � � � � � � 1 3

1

C
C
C
C
C
C
A

0

B
B
B
B
B
B
@

T1;k +1

T2;k +1
l

l

l

l

l

l

Tn;k +1

1

C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
@

T1;k + Tw1

T2;k
l

l

l

l

l

l

Tn;k + Tw2

1

C
C
C
C
C
C
A

X(ÀBl Â,Å(k

 �y>Ã�Ç•µ

¡ƒ BShF: “ShVƒI!ˆuHR 1D’ˆ¢I!KJO

Ax = b;

¡ƒ BDGKRD A ShVƒV<Š&OWOWDpHRKJShFQÝ3HJKRShN3ShLQ‰!I(M1LQqzLQM+N~NBS}L!‰!I!M+LQq}qyŠ‘N3I(OWSyM1L!M8HGl

~�Üa`	]Î|€+|Ïs_($d_aÍV0/`/b„ÍBÜAZ�-	c‚^o\&Ö×c

¦uI V<DGD” BIs¡ð3dÜv`	]Î|ì^‚Ïs_($d_aÍV0/`/b„ÍBÜYVRŠ3V•HJD‚O�VPL!KRShVRD–SyM L!nBnBq}S}FGLsHRS}I!M+V‚ÝƒFpI(M1VRS}N3DGK�HR 1D

H•¡¸IQ¤-N3SyOWDGM1V<S}I!M+LQq…$�`/_acocG`/b|Øyc�\,srÛdÍ3^o_a`/bk!

@2T
@x2 +

@2T
@y2 = f (x; y); 0 � x � 1; 0 � y � 1: X>ÀBl ÂaÀ8k ôÎõ�öÈ÷�ø°ù

���

ø

µ

Ô

N3ShVRF‚KRD‚HRDYLQM+LQq}I!‰�HRI�HR BShVƒDoÉ(•+LsHRS}I!MuÝBV<S}OWSyqhLQK‡HJIWŒ„LQnBqhL!F‚D!ï V‡DGÉ8•1LQHRS}I!M“NBD‚KJSy£(DGN“DGLQKJq}SyDGKGÝ&ShV

Ti +1 ;j + Ti � 1;j + Ti;j +1 + Ti;j � 1 � 4Tij = (� x)2 f ij ;

i = 1; 2; : : : ; n j = 1; 2; : : : ; n
X(ÀBl Â&ó!k

 �y>Ã1È´µ

¦‡ BShVƒ¡ƒSyq}q	‰(Sy£(DæKJS}VRD§HRI�LWq}SyMBDoLQKƒVRŠ&V<HRDGOâI!ˆ (n + 2)2
£»L!KRShLQ€1qyDoV‚l

Ô

VJV<•1O�D�M1Is¡ÅHJ BD�£sLQq}•BDGVYI!ˆ T LsH•HR BDWˆ¢I(•BK•VRS}N3DoVYIQˆ¸HR 1D�•BMBSyH�VRÉ8•1L!KRD�L!KRDW¥&MBIs¡ƒM

LQM+NP¡¸D�LQKJDæS}M8HRDGKRDoV•HJDGN“SyM~HR 1DY£»L!qy•1DGV‡IQˆ T LQHƒHR BDYS}M8HRDGKRS}I!K‡‰!KJShNPn/I!S}M8HJVGÝ&HR 1LQHAS}VGÝB‰!S}£!DGM

T0;j ; Tn +1 ;j L!M1N Ti; 0 ; Ti;n +1 ; j = 0; 1; : : : ; n + 1; i = 0; 1; : : : ; n + 1; X(ÀBl ÂaÑ8k

¡¸D�MBD‚DoNjHRIPá1M1N T11; : : : ; Tn 1; T12; : : : ; Tn 2; T1n ; : : : ; Tnn LQKJDYHJI‘€+D•ˆ¢I!•BM+Nrlæ¦‡ BDGM

¡¸Dæ 1L»£(D§L (n2 � n2) VRŠ&V<HRDGOì¡ƒSUHJ  n2
•BM1¥8M1Is¡ƒM1V¸¡ƒ BS}F: jF‚L!MP€/D’¡ƒKRSyH<HJD‚MjLsˆ·HRDGKƒV<•BSyHJL!€Bq}D

KJDGLQKJK:LQMB‰(D‚OWD‚M8H¸L(V
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B
B
B
B
B
B
B
B
B
B
B
B
B
B
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An � I n

� I n
l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l � I n

� I n An

1
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C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

T11

T21
l

l

l

Tn 1

T12
l

l

l

Tn 2
l

l

l

Tnn

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

T01 + T10 � (� x)2f 11

T20 � (� x)2f 21
l

l

l

l

l

l

Tn � 1;0 � (� x)2f n � 1;1

Tn +1 ;1 + Tn; 0 � (� x)2f n; 1

T02 � (� x)2f 12
l

l

l

1

C
C
C
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C
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C
C
C
A

X(ÀBl Â(ò8k
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¡ƒ BD‚KJD

An =

0

B
B
B
B
@

4 � 1 � � � 0

� 1
l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l � 1
0 � � � � 1 4

1

C
C
C
C
A

X>ÀBlÆÅQî8k

 �yPÁ�y>Á\È

¦‡ BD�VRŠ3V•HJD‚O O�LsHRKJSyT�LQ€/Is£!DƒShV_3@Üa`u]ë|5^‚Ïs_>$„_vÍV0+`/bdÍBÜ	LQM+NWDGL!F: W€Bq}I3F:¥�NBS}L!‰!I!M+LQqBO�LsHJKRSyT An

ShV�c"-	ÖßÖ×\8^‚Ïs_a]�š¸^GÏs_($d_aÍV0/`+bdÍBÜƒL!M1NÚÎ$`/cG_a^G_›'/\ $d\�"@bd_¢^G\/ljëBI(K•N3DpH:LQS}q}VGÝ@V<DGDO)æK<HJD‚‰(LjL!M1N

l@I&I!q}DWXanBn	l+íbÀbÑ1Ö3í(ó!í!kpl

Ÿ  £¢�×  ›× ø+�kª%¬�¯<Ø�©�÷�¯P¥
ª%Ø4®²ø�Ú�Ûa­�ª4ºùÛß¤¦®"¯<ÛV¯P¥
Ýð��®¸·�º �d¯>¥�¯«­�ª §f©«ª*ºûª*¥�­

�±ª�­
�Ù·�âkÛ

35DP 1L»£(DPV<DGD‚M×S}MàHJ BDPqhL!V<H•ˆ¢DG¡ V<DoF�HRS}I!M+V• BIs¡ìN3ShVJFpKJDpHRS}•GLQHRS}I!MàI!ˆ�N3S98zD‚KJD‚M8HJS}L!q|DoÉ(•+LsHRS}I!M+V

•1VRSyM1‰Yá1MBSyHRD§N3S98zD‚KJD‚M+FpDGV|‰!S}£!DoVEKJS}VRDƒHRI�£sLQKJSyI(•1V@H•Š&n+DoV$I!ˆ	qyS}MBDoLQK|VRŠ3V•HJD‚O�V¶n1KRI(€BqyDGO�V‚l@ëdSyMBSyHRD

D‚q}D‚OWDGM(H•HRDGF: 1MBS}É8•BD“S}V�LQMBI!HR BDGK•n/I!nB•1q}L!K�¡¸L»Š©HRI©N3S}VJFpKJDpHJSy•GDPN3S«8/DGKRDGM8HRShLQq$DoÉ8•1LsHJSyI(M1V•L!M1N

HR 1S}V�KJDGVR•BqUH:V�L!q}VRI6S}Mßq}S}MBDGL!K�VRŠ3V•HJD‚O�V•n1KRI(€BqyDGO�V‚lŠú!•+V•H�HRI5‰!S}£!D~L–HJL(V•HJDPHJI”HJ BD“KJDGL(N3D‚K:VGÝ

¡¸D�Syq}q}•1V•HJKJLQHRDYHJ BShV�€/D‚q}Is¡�€8Š~OWDGL!M1VAI!ˆ$L‘V<S}OWnBq}D•N3S«8/DGKRDGM(HJS}L!q„DoÉ8•1LsHJSyI(M	lA¦‡ BD�S}M8HRD‚KJDGV<HRDoN

KJDGL!NBD‚K:VdL!KRD‡KJDpˆ¢DGKRKJDGN�HRI�VRI!OWD‡IQˆ/HR BDA¡¸D‚q}qy¤t¥&MBIs¡ƒM�€+I&I!¥3V@I(M�HJ BDAVR•B€
-•DGFpH2!¶{|S}L!KRq}DpHAX<ñGòbÑ1ñokpÝ

m8HJKJL!MB‰�L!M1NjëdSUT©X<ñGò&ósô(kpÝ

’

DGF:¥!DGKGÝ1{¸L!KRDGŠ‘LQM1N�)§N3D‚MàX<ñGòbÑ1ñokpÝ

ò

DoNBN3ŠrX•ñoò!ò(ô(k�l

ñ!l�MYÍ3Ïs_aÍ3^o_a`/b„Í1Ü�.[`+ÏsÖ©ÛdÜaÍ3^o_a`/bÕ`í.ƒÍ©^Ÿ�•`B…JÎ$`/_abz^û3$`/Û„b
$„ÍBÏ»-€'BÍBÜaÛd\–ÎdÏs`[3@Üa\&Ö f

Œ	D‚HA•1VƒFpI(M1V<ShN3DGK‡HR BD’ˆ¢I(qyq}Is¡ƒSyM1‰•H•¡¸IQ¤[n+I(SyM8H‡€+I(•BM1NBL!KRŠP£»L!qy•1DYnBKRI(€Bq}D‚O

� u00+ u = f (x) 0 < x < 1 X(ÀBlÆÅ3ñ»k

 �yPÁ�yPÁ»Ò�å

u(0) = u(1) = 0 X(À1l Å(í!k

 |yPÁ�yPÁ\Ò

¡ƒ BDGKRD u0 =
du
dx

L!M1N f S}V§L‘F‚I!M8HRS}M&•BI!•1VAˆ¢•BM1FpHRS}I!M”I(M˜ü î1Ýyñ?ýtl�35D�ˆ¢•1K<HJ BD‚K’L!VJV<•1O�D�HR 1LQH f

ShVƒV<•1F: “HR +LsHƒHR 1DYnBKRI(€Bq}D‚OâN3D‚á1MBDoN“€&Š6X É…ÊÌË…ÊÌË

Ò

œ

ÀBlÆÅ3ñ»k[¤�X É…ÊÌË…ÊÌË

Ò

ÀBlÆÅ!í(k¶ +L!VƒL�•BMBShÉ8•BD�V<I(qy•BHRS}I!M	l

3©DYS}M8HRKJI3N3•1FpD§HJ BD�V<n+L!FpD

V = f v : v S}VƒL�FpI(M(HJSyM&•BI(•1V$ˆ¢•BM1F�HJSyI(MjI!MYü îBÝ}ñ´ý	L!M1N v0
ShV‡nBS}DGFpD‚¤t¡ƒShVRD§F‚I!M8HRS}M3¤

•1I!•1VƒL!M1N~€+I(•BM1N3DoN“I(M5ü îBÝ}ñ´ý[ÝBLQM+N v(0) = v(1) = 0 þ

Ä

Is¡YÝdSUˆƒ¡¸D�O••BqyHRS}nBq}Š6HJ BD‘DoÉ(•+LsHRS}I!M � u00+ u = f (x) €8Š5LQM×L!KR€BSyHRK:LQKJŠjˆ¢•BM1FpHRS}I!M

v 2 V X v S}VYFGLQq}qyDoN5L“HJDGV<HYˆ¢•BM1F�HJSyI(M+k’LQM+N©S}M8HRDG‰!K:LsHRD�HR 1D�qyD‚ˆ·H� 1LQM1NÚVRS}NBD�€&Š©n1LQKRHJVGÝuLQM+N

•1VRSyM1‰�HJ BD�LQ€/Is£!D§€/I!•BM1N1LQKJŠPFpI(M1N3SyHRS}I!M1VGÝ3¡|D’‰(DpH

Z 1

0
(� u00(x) + u(x))v(x)dx =

Z 1

0
f (x)v(x)dx

HR +LsHƒS}VGÝ Z 1

0
(u0v0+ uv)dx =

Z 1

0
f (x)v(x)dx X(À1l Å!ô(k

 �y>Á�yPÁ\Ó

ô

É8•1LsHJSyI(M5X
É…ÊÌË…ÊÌË

ö

ÀBlÆÅQô8k|FGLQM~€+DY¡ƒKJSyH<HRDGM–L!V

a(u; v) = (f ; v) ˆ¢I!KƒDG£!DGKRŠ u 2 V
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¡ƒ BDGKRD

a(u; v) =
Z 1

0
(u0v0+ uv)dx

LQM+N

(f ; v) =
Z 1

0
f (x)v(x)dx

X

Ä

IQHJS}F‚D–HR 1LQH‘HR 1D”ˆ¢I!KJO a(�; �) ShVPVRŠ&OWO�D‚HRKJS}FàXaSvl D!l a(u; v) = a(v; u)) LQM+N €1Syq}SyM1DGLQKol=k

¦‡ BDoV<DWH•¡¸I–nBKJI!n/D‚KRHRS}DGVGÝu¡ƒS}qyq|€+D‘•+V<DoN©qhLsHJD‚Kol

Ÿ

H�FGLQMÚ€/DPV< 1Is¡ƒM©HJ 1LsH u S}V•L–V<I(qy•3HJSyI(MÚIQˆ

X É…ÊÌË…ÊÌË

ö

À1l Å!ô(k|Syˆ@L!M1NPI(MBq}Š‘SUˆ u ShVƒLWV<I(qy•3HJSyI(MPHJI”X É…ÊÌË…ÊÌË

Ò

œ

À1l ÅBñok[¤�X É…ÊÌË…ÊÌË

Ò

À1l Å(í!kpl

í3l*+�Ìd\ï#~_aco]QÏs\8^G\u$’Ïs`¨3dÜv\8Ö

3©D�M1Is¡ N3ShVRF‚KRD‚HRS}•‚D�nBKJI!€Bq}D‚O X É…ÊÌË…ÊÌË

ö

ÀBlÆÅQô8k�l�3©D‘V<HJL!K<HY€&Š6FpI(M1V<HRKJ•1F�HJSyMB‰jL“á1MBSyHRD‘N3S}OWD‚M3¤

VRSyI(M1LQq	VR•B€1VRn1L!F‚D Vn IQˆ„HR BD�VRn1L!F‚D V l

0

DGKRD(Ý„¡¸D�¡ƒSyq}q¶I(MBqyŠ5FpI(M1V<ShN3DGK’HR BDPVRS}O�n1qyD‘FGL!VRD�¡ƒ BD‚KJD Vn FpI(M1VRS}V<HJVYI!ˆ‡F‚I!M8HRS}M&•BI!•+V

nBS}DGF‚D‚¡ƒShV<D�qyS}MBDoLQK§ˆ¢•BM1FpHRS}I!M1VGl�ë1I!K§HR BShV’nB•BKJn/I(VRD!Ýr¡¸D�q}DpH 0 = x0 < x1 < x2 : : : < xn <
xn +1 = 1 €+D¸LAn1L!K<HJSUHJSyI(MYIQˆ3HR 1D|S}M8HRD‚KJ£sLQq¨ü î1Ýyñ?ý(S}M(HJIæVR•B€BS}M8HRD‚KJ£sLQqhV I j = [x j � 1; x j ] I!ˆBqyDGMB‰QHJ 

hj = x j � x j � 1; j = 1; 2; : : : ; n + 1 l43 SyHR jHJ BShVƒn1LQKRHRSyHRS}I!MuÝB¡|DYL(VRVRI3FpShLsHRDæHR 1D•V<D‚H Vn IQˆ

LQq}q&ˆ¢•BM1FpHRS}I!M1V v(x) HR +LsH$LQKJDƒFpI(M(HJSyM&•BI(•1V@I!M�HR 1DƒSyM8HRDGKR£sL!q…ü î1Ýyñ?ýtÝQq}S}MBDGL!KESyMWDGL(F: �VR•B€BS}M8HRDGKR£sLQq

I j Ý j = 1; : : : ; n + 1 ÝBLQM1NjVJLsHJS}V<ˆ¢Š�HR 1DY€+I(•BM1NBL!KRŠPF‚I!M1NBSUHJSyI(M1V v(0) = v(1) = 0 l

3©DYM1Is¡wS}M(HJKRI3N3•+FpD§HR BDY€+L!VRS}V¸ˆ¢•BM+F�HRS}I!M+V f � 1; � 2; : : : ; � n g Ý3I!ˆ Vn l

3©D�NBDpá1MBD � j (x) €&Š

X¢S·k � j (x i ) =
�

1 Syˆ i = j
0 Syˆ i 6= j

X¢S}S·k � j (x) ShVƒLWFpI!M8HJSyM&•BI(•1V‡nBS}DGFpDG¡ƒS}VRD’qyS}MBDoLQK‡ˆ¢•BM1FpHRS}I!M	l

� j (x) F‚LQM~€/D�FpI!OWnB•BHRDGN~D‚T&n1qyShFpSyHRq}Š‘HJI�Š&S}D‚qhN�!

0

1
� j (x)

x j 1

� j (x) =

8
><

>:

x � x j � 1

hj
; ¡ƒ BD‚M x j � 1 � x � x j

x j +1 � x
hj +1

; ¡ƒ BD‚M x j � x � x j +1 :

m&S}M1FpD � 1; : : : ; � n LQKJDEHJ BD|€+L!VRS}V	ˆ¢•BM1F�HJSyI(M1VGÝQLQM&Š�ˆ¢•1M1F�HJSyI(M v 2 Vn F‚LQMY€/D¸¡ƒKRSyH<HJD‚M�•BM1S}É8•BDGqyŠ

L!V2!

v(x) =
nX

i =1

vi � i (x); ¡ƒ 1D‚KJD vi = v(x i ):
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+�Ìd\ï$„_vcG]!Ïs\(^o\–ÍBbdÍBÜa`w0à`í.'$’Ï»`¨3@Üa\&Ö m

É…ÊÌË…ÊÌË

ö

Çufhg+‹w•�^GÌd\&bÕÏs\8Í�$„ca!

ëdSyM+N un 2 Vn VR•1F: “HR 1LQH

a(un ; v) = (f ; v) 8v 2 Vn X>ÀBlÆÅ1Â&k

 �yPÁ�y(Ã1Ô

Ä

Is¡YÝ@SyˆA¡|D“qyD‚H un =
nX

i =1

ui � i (x) L!M1NàMBIQHJS}F‚D‘HJ 1LsH�DGÉ8•1LsHJSyI(M X(À1l ô1l Â+ñok§ShV•n1L!K<HJS}F‚•BqhLQKJqyŠ

HRKJ•BD§ˆ¢I!KƒDG£!DGKRŠWˆ¢•BM+F�HRS}I!M � j (x); j = 1; : : : ; n ÝB¡¸D’‰!D‚H n DGÉ8•1LQHRS}I!M1VGÝ&M1LQOWDGqyŠ(l

a(
X

ui � i ; � j ) = (f ; � j ) 8j = 1; 2; : : : ; n
Ä

Is¡Ž•1VRSyMB‰�HJ BDYqyS}MBDoLQKJSUH•Š�I!ˆ@L (�; � j ) q}DGL(NBV¸HRI n qyS}MBDoLQK‡DGÉ8•1LQHRS}I!M1V‡S}M n •BMB¥&MBIs¡ƒM+V"!

nX

i =1

ui a(� i ; � j ) = (f ; � j ) 8j = 1; 2; : : : ; n:

¡ƒ BShF: ~FGLQM~€+DY¡ƒKJSyH<HRDGMjSyM~HR 1DYOWLQHRKJSUTPˆ¢I!KJOâL!V

Aun = (f n ) i X>ÀBlÆÅbÅ(k

 �yPÁ�y(Ã�}

¡ƒ BDGKRD (f n ) i = (f ; � i ) LQM+N A = (aij ) S}VƒLWVRŠ&O�OWD‚HRKJS}F§O�LsHJKRSyTP‰!S}£!DGM“€&Š

aij = aj i = a(� i ; � j ); LQM+N un = (u1; : : : ; un )T :

¦‡ BD’D‚M8HJKRS}DGV‡I!ˆ„HJ BDYO�LsHRKJSyT A F‚LQMj€/D�FpI(O�n1•3HRDoNPD‚T&n1qyShFpSyHRq}Š|!43©D’á1K:V<HAMBIQHJS}F‚DæHJ 1LsH

aij = aj i = a(� i ; � j ) = 0 SUˆ ji � j j � 2

Xa¦‡ 1S}V‡ShVƒN3•BD§HRI�HJ BD’qyI3F‚L!qrV<•Bn1n+I(K<HƒIQˆ„HR BD§ˆ¢•BM+F�HRS}I!M � i (x)) l

Ô

N3S}KRDoF�HAFpI(OWnB•3HJLQHRS}I!M“MBIs¡

q}DGL!N1V¸HRI

aj;j = a(� j ; � j ) =
Z x j

x j � 1

"
1
h2

j
+

(x � x j � 1)2

h2
j

#

dx +
Z x j +1

x j

"
1

h2
j +1

+
(x j +1 � x)

h2
j +1

#2

dx

=
�

1
hj

+
1

hj +1

�
+

1
3

[hj + hj +1 ] :

aj;j � 1 =
Z x j

x j � 1

"

�
1
h2

j
+

(x j � x)
hj

(x � x j � 1

hj

#

dx =
� 1
hj

+
hj

6

m&D‚H aj =
1
hj

+
1

hj +1
+

1
3

[hj + hj +1 ] L!M1N bj = �
1
hj

+
hj

6
l

¦‡ BD‚MuÝ3HR BD�VRŠ3V•HJD‚O X É…ÊÌË…Ê

õ\5

ÀBlÆÅbÅ(k|FGLQM~€+DY¡ƒKJSyH<HRDGM–L!V2!

2

6
6
6
6
6
6
6
6
4

a1 b1

b1 a2 0

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l bn � 1

0 bn � 1 an

3

7
7
7
7
7
7
7
7
5

2

6
6
6
6
6
6
6
6
6
4

u1

u2
l

l

l

l

l

l

l

l

l

un

3

7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
4

(f n )1

(f n )2
l

l

l

l

l

l

l

l

l

(f n )n

3

7
7
7
7
7
7
7
7
7
5

X>ÀBlÆÅ�À8k
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M–HR 1D�VRn+DoFpShLQq„FGL!VRD�IQˆ¶•1MBSUˆ¢I(KRO ‰!KJShN hj = h =
1

n + 1
Ý+HR 1D•O�LsHJKRSyT

Ô

HR BDGM–HJL!¥!DoV

HR 1D’ˆ¢I!KJO

A =
1
h

2

6
6
6
6
6
6
6
4

2 � 1 0

� 1 2
l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l

l � 1
0 � 1 2

3

7
7
7
7
7
7
7
5

+
h
6

2

6
6
6
6
4

4 1 0

1
l

l

l

l

l

l

l

l

l

l

l

l 1
0 1 4

3

7
7
7
7
5

X(ÀBlÆÅ(ó!k

 �yPÁ�y(Ã�z

Ä

I!HRD‘HJ 1LsH A  1L(V•L–£(D‚KJŠ5VRn+DoFpShLQq¸V•HJKR•1FpHR•BKJDb!�SyH�ShV�^‚Ïs_>$„_vÍV0+`/bdÍBÜALQM+NàV<Š&OWOWDpHRKJShF

Î$`/cG_a^G_('+\ƒ$„\�"@b„_a^G\/l

Ÿ  £¢�×  ›¡ ø�Ú4º ºùª�­…®2¯<¬ µd·*Û�¯«­�¯R•%ª ü�ª…ÿf¥�¯«­�ªnø Ú�Ûa­�ª4ºùÛ

#~\�"@bd_¢^G_v`+b Ç	fvi�;uf w

±

«�µ·®tµ·è»¯

�

¯>=¶¾1µ·®-¯��”¬Q®v°�µ���� ª «�Ãs­�­�¯‚®v°�µa³“­�¬s®t°�µ�� A µh«’Â

±

«�µ·®tµ·è»¯

½!¯>=¶¾+µ·®[¯�µ

²¶²p±

°�¯‚è»¯‚°�Ã‘ès¯:³p®

±

° x ´ xT Ax > 0 Æ'ã„¯p® x = (x1; x2; : : : ; xn )T
Æ²‚zºB¯‚¾ xT Ax =

nX

i;j =1

aij x i x j µh«•³:¬sÀ·À}¯J½P®¢ºB¯hsrÛ„ÍV$„ÏsÍ3^G_v]�.[`1ÏsÖ ¬»«:«

±

³‚µa¬s®-¯:½

ç

µ·®·º A Æ

ª Â

±

«�µ·®vµ·ès¯•«p¯‚­�µa½!¯>=¶¾1µ·®-¯•­W¬Q®v°�µ��jShVƒVRSyOWS}q}L!KRq}Š‘N3Dpá+MBDGNrl

Ô

VRŠ&OWO�D‚HRKJS}FæO�LsHJKRSyT A S}V

Â

±

«�µ·®vµ·ès¯•«‚¯p­�µa½!¯>=¶¾+µ·®[¯•SUˆ xT Ax � 0 ˆ¢I!KƒD‚£(D‚KJŠ�MBIQ¤[•‚DGKRI�£!DoF�HJI!K x l

ª�³

±

­�­

±

¾+ÀÁÃY¿&«‚¯:½’¾

±

®[¬Q®vµ

±

¾

²p±

°A¬§«�Ãs­�­W¯‚®v°�µa³EÂ

±

«�µ·®vµ·ès¯§½!¯>=¶¾1µ·®-¯	&yÂ

±

«�µ·®tµ·è»¯A«‚¯p­�µa½!¯

²:ê

µ·¾1µ·®-¯•­W¬Q®v°�µ��?(Wµh« A > 0(� 0) l

Zu`+Ö×\”Ë�ÌdÍ3ÏsÍB]Q^o\(Ïs_EI!Í3^o_a`/b„c‘Í1b�$�$’Ïs`+Î$\8Ïo^o_a\&cW`í.'$�`/cG_a^G_›'/\�#“\�"@b„_a^G\u4 ÍB^‚Ïs_a](\8c

ñ(l

Ô

VRŠ&O�OWD‚HRKJS}F§O�LsHJKRSyT A S}V¸n/I(VRSUHJSy£(D§N3D‚á1MBSyHRD’SyˆdLQM+NPI(MBqyŠ�SyˆdL!qyqzSyHJV‡DGSy‰(D‚M&£sLQq}•BDGV¸LQKJD

n+I8V<SyHRS}£!D(l

íBl

Ô

VRŠ&OWO�D‚HRKJS}F|O�LsHJKRSyT A S}V@n/I(VRSyHRS}£!DƒN3Dpá+MBSUHJD‡SUˆrLQM1N•I!MBq}Š�Syˆ/L!qyq3SyHJV@q}DGL(N3SyM1‰§n1KRS}M1FpS}n1L!q

O�S}MBI(KJV‡LQKJD’n+I8V<SyHRS}£!D(l

ô1l

Ÿ

ˆ A = (aij ) S}VAVRŠ&OWO�D‚HRKJS}F§n/I(VRSUHJSy£(DYN3Dpá1M1SUHJD!Ý3HJ BD‚M aii > 0 ˆ¢I!KAL!qyq i l

Â+l

Ÿ

ˆ A = (aij ) S}VAVRŠ&OWO�D‚HRKJS}F’n/I(VRSyHRS}£!D�N3D‚á1MBSyHRD!Ý+HR 1D‚MjHR 1D�q}L!KR‰(DGV<HƒD‚q}D‚OWD‚M8H•X¢S}M–O�LQ‰!¤

MBSUHJ•1N3D»k¸IQˆdHR BDY¡ƒ BI(qyD’O�LsHJKRSyTPO�•1V•Hƒq}SyDYI(MPHJ BD�N3ShLQ‰(I!M1L!qvl

ÅBlA¦‡ BD~VR•BO I!ˆAH•¡¸I5VRŠ&O�OWD‚HRKJS}F“n+I8V<SyHRS}£!DjN3D‚á1MBSyHRDjO�LsHRKJShFpDGV�ShV�V<Š&OWOWDpHRKJShFPn/I(VRSUHJSy£(D

N3Dpá1M1SUHJD!l

ò

D‚O�L!KR¥3V2!

Ä

IQHRDæHR +LsH¸HR BD�l¶KJI!n/D‚KRHRS}DGV¸ô�L!M1NŽÂ�‰!S}£!DæI!MBq}Š�MBDGF‚DGVJVRL!KRŠWFpI(M1N3SyHRS}I!M1V|ˆ¢I(K

L�VRŠ8OWOWDpHJKRShF’O�LsHJKRSyTPHJI‘€+DYn/I(VRSyHRS}£!D•N3D‚á1MBSyHRD(l¸¦‡ BDGŠ“FGLQM–V<DGKR£(D’I!MBq}Š~L(V‡SyM1SUHJS}L!q	HRDoV•H:Vƒˆ¢I(K

n/I(VRSUHJSy£(D’NBDpá1MBSyHRDGMBDGVJVGl¶ëBI!KƒD‚TBLQOWnBq}D!Ý&HR 1DYOWLQHRKJS}F‚DGV

A =

0

B
B
@

4 1 1 1
1 0 1 2
1 1 2 3
1 2 3 4

1

C
C
A ; B =

0

@
20 12 25
12 15 2
25 2 5

1

A
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F‚L!MBMBI!H‘€+D”n/I(VRSyHRS}£!D6N3D‚á1MBSyHRD(ÝAV<S}M1FpD6SyMÕHJ BD”O�LsHJKRSyT A Ý‡HR BDGKRD–ShVPL×•‚D‚KJIÚD‚M8HRKJŠÞI!MÞHR BD

N3ShLQ‰(I!M1L!qzL!M1N“SyM B ÝBHR BDYqhLQKJ‰!DoV•H‡D‚M8HRKJŠ“íaÅ�ShVƒMBI!H‡I(M~HR BD�N3ShLQ‰(I!M1L!qvl

+�Ìd\©Ë�Ì„`/Üa\&cë|�-

½

Í1]Q^G`+Ïs_JI(Í3^G_v`+b

Ô

OWI!KJD’M8•1O�DGKRShF‚L!qyq}ŠPD"8/DoF�HJSy£(DY¡¸L»Š�HJI‘F: BDGF:¥‘HR BDYn/I(VRSUHJSy£(D�N3Dpá+MBSUHJD‚MBDoVRVAIQˆEL�V<Š&OWOWDpHRKJShF
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‹1Ï\$ ](`+ÜvÛ„Ößbkó¶m�|;ê~‹w•

h33 =
q

a33 � h2
31 � h2

32 = 3:

¦‡ 8•+V‚Ý H =

0

@
1 0 0
1 2 0
1 2 3

1

A

’

l�B

±

ÀÁ¿3®vµ

±

¾

±•²

®·º1¯OãEµ·¾/¯:¬s°�B/Ã»«:®-¯‚­ Ax = b

X<ñokjm&I!q}•3HJSyI(M“I!ˆ H y = b ) y = (3; 4; 3)T
l

Xtí!kjm&I!q}•3HJSyI(M“I!ˆ H T x = y ) x = (1; 1; 1)T
l
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�����

� ���

�

q

>=,íî

éš™

,/.10&7

ñ

XaShk’¦‡ 1D�{| BI(qyDoV<¥&Š”L!qy‰(I!KJSUHJ BO KRDoÉ(•1SyKJDGV

n 3

3
r@`1Î@c�HRI–FpI(OWnB•3HRD H;

X

±

¾/¯

ê

ºB¬QÀ

²§±<²

®¢ºB¯§¾+¿3­W¼:¯‚°

±•²‚•ƒ±

Â+«æ°R¯:Äp¿3µ·°R¯:½�®

±

½

±

®·º1¯æ«p¬Q­W¯��

±

¼’¿&«�µ·¾8¹@ã

z

²

¬(³p®

±

°�µ«¿o¬s®tµ

±

¾rk

LQM+N n VRÉ8•1L!KRD�KRI&IQH:V‚l‡X¢S}S·k$¦‡ BD§V<I(qy•BHRS}I!M‘I!ˆ	DGL!F: ‘HRKJS}L!MB‰!•BqhLQK|V<Š3V<HRD‚O H y = b L!M1N H T x =
y Ý3KRDoÉ8•BSyKJDGV n2

õ1I(n1V‚l¶¦‡ &•1V¸HJ BDYV<I(qy•BHRS}I!M~IQˆuHJ BDYn/I(VRSUHJSy£(D’NBDpá1MBSyHRD�VRŠ3V•HJD‚O Ax = b •1VRSyMB‰

HR 1D�{| BI!q}DGVR¥&Š‘LQq}‰!I!KJSyHR BOìKJDGÉ8•BS}KRDoV 2
�

n3

3
+ n2

�
õ1I!n+VALQM1N n VJÉ8•1LQKJD’KRI&I!HJVGl

Ó

,/.1032

é

,�d¨î(*•,íî+98*[77è

ñ

Ÿ

ˆ x̂ ShV�HR BD”F‚I!OWnB•3HJDGNÞV<I(qy•BHRS}I!MÞIQˆ�HJ BD”VRŠ&V<HRDGO Ax = b
•1VRSyM1‰�HJ BD�{| BI(qyDoV<¥&Š‘LQq}‰!I(KRSyHR 1O~Ý&HJ BD‚MjSyH�F‚L!M“€/D�V< 1Is¡ƒMPHJ 1LsH x̂ VJLsHRShV<á1DGV

(A + E)x̂ = b

¡ƒ BDGKRD kEk2 � c� kAk2; L!M1N c ShV‘LàVROWL!qyqAF‚I!M1V<HJL!M8H�NBD‚n/D‚M1N3S}MB‰à•Bn/I!M n lÞ‚zº3¿&«~®¢ºB¯

ã

º

±

Ày¯�«~@QÃ“¬sÀ ¹

±

°�µ·®·º3­

²p±

°’«

±

ÀÁèoµ·¾8¹j¬�«:Ãs­�­�¯p®t°�µa³‡Â

±

«�µ·®tµ·è»¯W½(¯(=$¾1µ·®-¯Y«�Ã»«�®[¯‚­ µh«§«�®-¬!¼‚Ày¯oÆ

Ù“\8ÜvÍ3^G_('+\�oæÏ»Ï»`+ÏP_vbÕ^GÌd\©Z	`/ÜaÛ„^G_v`+b 3�-Þ^GÌd\6Ë•Ìd`/Üa\&c?|�-€tPÜ(0/`+Ï»_a^GÌdÖ

Œ	D‚H x̂ €+D�HR BDWFpI(OWnB•3HRDoN6VRI!q}•3HRS}I!M6IQˆ¶HJ BD�VRŠ&OWO�D‚HRKJS}F�n/I(VRSUHJSy£(D�N3D‚á1MBSyHRDWV<Š3V<HRD‚O¨I!ˆ

Ax = bÝr•1VRS}MB‰PHJ BD‘{| BI!q}DGVR¥&ŠjL!qy‰(I!KJSUHJ BO ˆ¢I!q}qyIs¡¸DGN”€8Š~HJKRShLQMB‰(•BqhLQK’V<Š3V<HRD‚O�V§V<I(qy•BHRS}I!M1V§L!V

N3DoVRF‚KRS}€+DoN“L!€+Is£(D!Ý8HR 1D‚MjSUH�FGLQM~€+D�VR BIs¡ƒM“HR 1LQH

kx � x̂k2

kx̂k2
� � Cond(A):

ò

D‚O�L!KR¥|!�#�DGO�OWDGq@X<ñGòaÑ!ò(kE 1L!V¸V< 1Is¡ƒM�HR 1LQH|HJ BD’LQ€/Is£!DA€/I!•BM+NPF‚L!M‘€/DæKJD‚nBqhL!F‚DGN�€&Š

O(� ) Cond( ~A) Ý1¡ƒ BDGKRD

~A = D � 1AD � 1; D = diag(
p

a11; : : : ;
p

ann ) l‡¦‡ BDYqhLsH<HJD‚KAO�L»Š

€/D�O�•1F: 5€+D‚H<HRDGK’HR 1L!M6HJ BDWnBKJD‚£&SyI(•1V§I!MBD(ÝuVRSyM1F‚D Cond( ~A) O�L»Š”€+DWO�•1F: 5VRO�LQq}qyDGK§HR 1L!M

Cond(A) l

ƒ

4àt�+�Ë

n

4 u–`1^o\w!

Ô

q}‰!I!KJSyHR BO ÀBl Ñ× 1L(V‘€/D‚DGMwS}O�n1qyDGO�DGM8HRDGN SyM ð

Ô

¦�{�)§ð

nBKJI!‰(KJL!O Ëp1

n

*koYZEl

Ÿ  £¢�×  �� =²ª�Û,Û,ª4¥�¹�ª4®AÝ ø�Ú%Ûb­�ª4º

{|I!M+V<ShN3D‚K¸HJ BDYqyS}MBDoLQKAVRŠ&V<HRDGO

Ax = b;

¡ƒ BDGKRD A ShV¶LQMW•BnBn/D‚K

0

DGVJVRD‚M&€+DGKR‰’O�LsHJKRSyT•I!ˆ/I(KJN3DGK n l@m&I(qy•BHRS}I!MWIQˆrL

0

DGVJVRD‚M&€+DGKR‰YVRŠ3V•HJD‚O

LQKJShV<DoV�S}MÕV<DG£!D‚K:LQq‡nBK:L!FpHRShF‚L!qALQnBnBq}ShF‚LsHJSyI(M1VGÝ$S}M1Fpq}•1N3S}MB‰5HR BD–DGSy‰(D‚M&£!DoF�HJI!K�FpI(O�n1•3HJLQHRS}I!MÞIQˆ

L”O�LQHRKJSUTwXvV<DGD	t“Ü(0/`1Ïs_¢^oÌ„Ö o
Ò

Ê

5(„

Ê

5

;uf

Ó

k�lûB

±

ÀÁèoµ·¾8¹ß¬�?•¯p«J«‚¯‚¾/¼:¯‚°v¹©«�Ã»«:®-¯‚­ °R¯:Äp¿3µ·°J¯�«P­�¿1³:º×À}¯�«:«

³

±

­�Â/¿3®-¬s®tµ

±

¾z¬sÀ+¯E��¯:³p®v«‡®·º1¬s¾�«

±

ÀUèGµ·¾&¹�¬Q¾“¬s°‚¼‚µ·®t°R¬s°�Ã’«�Ã»«�®[¯‚­�Æ@¦‡ BS}V@ShV@€/DGF‚L!•1VRD!ÝQLsHEDoL!F: �V<HRDGn

IQˆ@D‚q}S}O�S}M1LQHRS}I!M	Ý+I!MBq}ŠPI(MBDYD‚M8HRKJŠPM1D‚DGN1VƒHRI�€/D�•BnzNBLQHRDGN	Ý+N3•BD�HRI�HJ BD•VRn+DoFpShLQquV<HRKJ•1F�HJ•BKJDYIQˆ

L

0

DoVRVRD‚M&€/D‚KJ‰–O�LsHRKJSyTzl–ë1•BK<HJ BD‚KJOWI!KJD!ÝdSUˆ

j

L!•1VRVRShLQMàD‚q}S}O�S}M1LQHRS}I!Mà¡ƒSyHR àn1L!K<HJS}L!q¶nBS}£!IQHJSyM1‰

ShVA•1VRDGNjHJI�HRKJShLQMB‰(•Bq}L!KRS}•‚D A; L!M1NjSyˆ jaij j � 1; HR BDGM ja(k )
ij j � k + 1; X(3 Syq}¥&SyM+V<I(MßX•ñoòbÀaÅ(k�Ý

n	lrí3ñ»Ñ(k�lA¦‡ &•1VGÝ+HR BD�‰!KJIs¡‡HR jˆaL!FpHRI(K � S}M–HJ BS}V§F‚L(V<D•S}VæqyDoVRVAHR 1L!M”I!KæDGÉ8•1LQquHRI n X

0

S}‰! +LQO

X•ñoò!òaÀ(k�Ý&n	l}ñ2Ñ8í!kpl

� S“Ïs`���^oÌ

½

ÍB]!^G`+Ï“ÍBb
$wZ	^GÍ
3@_aÜv_¢^¸- `w.¹S~ÍBÛdcGco_aÍ1b o§Üa_vÖ×_abdÍ3^o_a`/bß.[`1Ï“Í

1–\&cocG\&bÅ3$\8Ï10ÚZ�-	cG^G\&Ö
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¦‡ BDW‰!KJIs¡‡HR 6ˆaL!F�HJI!K’ˆ¢I(K’L

0

DGVJV<DGM8€/D‚KJ‰~OWLQHRKJSUT©•1V<S}MB‰

j

LQ•1VJVRS}L!M©DGqyS}OWSyM1LQHRS}I!M5¡ƒSUHJ 

n1L!K<HJS}L!q¶nBS}£!IQHJSyM1‰–S}VY€/I!•1M1N3DGNÚ€&Š n lù‚zº&¿&«“¬O?•¯p«:«p¯‚¾/¼:¯‚°v¹”«:Ã»«�®-¯p­ ³:¬s¾ ¼:¯�«‚¬

²

¯‚ÀÁÃ6«

±

ÀÁès¯J½

¿&«�µ·¾8¹’ÂB¬Q°�®vµa¬QÀ3Â/µ·è

±

®tµ·¾8¹8Æ

q

>=,íî

é

%Q,+.+0&7�›

Ÿ

H�KJDGÉ8•BS}KJDGV�I(MBq}Š 3n 2
r@`1Î@c‘HJI©VRI!q}£!D‘L

0

DGVJVRD‚M&€+DGKR‰”VRŠ3V•HJD‚OjÝ¶VRSy‰!¤

MBSyá+F‚L!M8HRq}Š~q}DGVJV�HR 1L!M 2
n3

3
õ1I!n1VæKJDGÉ8•BS}KRDoN~HRI“VRI!q}£!D�LQM n � n VRŠ&V<HRDGO ¡ƒSUHJ ©LQM©LQKJ€BSUHJKJL!KRŠ

O�LsHJKRSyTrl@¦‡ 1S}VAFGLQM~€+D�VRD‚DGM~L(V¸ˆ¢I!q}qyIs¡AV2!

¦uKJShLQMB‰(•Bq}L!KRS}•GLQHRS}I!M�! n 2
õ1I!n1VGl

m&I!q}•3HJSyI(M~I!ˆuHJ BDYqyIs¡¸D‚K¸HJKRShLQMB‰(•BqhLQKƒV<Š3V<HRDGO	! n 2
õ1I(n1V

m&I!q}•3HJSyI(M~I!ˆuHJ BDY•BnBn/D‚KƒHJKRShLQM1‰!•BqhLQKƒVRŠ&V<HRDGOƒ! n 2
õ1I(n1V

¦uI!HJL!q>! 3n 2
õ+I!n1V

‚zº&¿&«P¬²?�¯�«:«‚¯p¾z¼:¯p°v¹–«�Ã»«:®-¯‚­ ³:¬s¾Þ¼J¯‘«

±

ÀÁès¯:½

ç

µ·®¢º

±

¾1ÀÁÃ 3n2 •ƒ±

Â/«Wµ·¾Õ¬j«�®-¬!¼‚Ày¯

ç

¬QÃ

¿&«�µ·¾8¹Nyƒ¬Q¿&«:«:µa¬Q¾Ú¯‚ÀÁµ·­�µ·¾/¬Q®vµ

±

¾

ç

µ·®¢º�Â1¬s°�®tµa¬sÀBÂ/µ·è

±

®tµ·¾8¹8Æ

ohp	ÍBÖàÎ@Üa\–Ç	f·e+e m&I!q}£!D§HR 1D

0

DGVJVRD‚M&€+DGKR‰WVRŠ&V<HRDGO Ax = b ¡ƒSUHJ 

A =

0

@
1 2 3

í 3 4
0 5 6

1

A ; b = (6; 9; 11)T

•1VRSyM1‰�ÎdÍ3Ï»^o_aÍBÜ¸Î@_›'+`+^G_vb�0©LQM1N~FpI(OWnB•3HRD’HJ BDG0+Ï»`��W^oÌù.tÍ1]Q^G`+Ï&l

ç

7:9�îŠ•

ñ

¦‡ 1DYnBSy£(IQHAI(M“HJ BD’á1K:V•H�F‚I!q}•BOWMjS}VƒShN3DGM(HJSUá+DGNjL!V¸HJ BDPXvíBÝyñ»k|D‚M8HRKJŠ!l

Ÿ

M8HJD‚KR¤

F: 1L!MB‰!DæHR BDYKJIs¡ í�¡ƒSyHR jKJIs¡ ñYLQM1N~Is£!DGKR¡ƒKJSyHRD�SyHA¡ƒSyHR  A l

A � A =

0

@
2 3 4
1 2 3
0 5 6

1

A

Ä

Is¡YÝ3O�•BqyHRS}nBqyŠPHR BD’á+KJV<HƒKRIs¡

� 1
2 LQM+N~L(NBN“SUHƒHJIWHR BDYVRDGFpI(M1N“KRIs¡Yl

A �

0

@
2 3 4
0 1

2 1
0 Å 6

1

A ;

O••1qUHJSynBq}S}D‚K m12 =
� 1
2

l4l@D‚KJO••BHJLsHJSyI(MPKJIs¡wS}M1N3D‚T r4 = 2 l

ç

7:9�îŠ•

ñ

¦‡ BD�nBS}£!IQH§I!M–HJ BDWV<DoFpI!M+N”FpI(qy•BOWM©S}VæS}NBD‚M8HRSyá1DGN©L!V�HR BDjXaô1Ýuí!kAD‚M8HRKJŠjIQˆ

HR 1D�Fp•BKJKRDGM8H‡O�LQHRKJSUT A l

Ÿ

M8HRD‚K:F: 1L!MB‰!DæHR BD�VRDGF‚I!M1N~LQM+N‘HJ BSyK:N~KRIs¡ HRI�I!€BHJLQS}M

A � A =

0

@
2 3 4
0 5 6
0 1

2 1

1

A :
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�����

� ���

�

ð–•BqyHRS}nBq}Š‘HR 1D�V<DoFpI!M+NPKJIs¡ €&Š

� 1
10 LQM1NjL!N1NPSyHƒHRI�HR 1D’HR BS}KJN~KJIs¡ HRI�I(€3HJL!SyM

A � A =

0

@
2 3 4
0 5 6
0 0 2

5

1

A :

ð–•BqyHRS}nBq}SyDGK m21 = � 1
10 l4ldDGKRO�•3HJLQHRS}I!M~KRIs¡ŽSyM+N3DpT r2 = 3 l

m&I1Ý U =

0

@
2 3 4
0 5 6
0 0 2

5

1

A ; L =

0

@
1 0 0
0 1 0
1
2

1
10 1

1

A
LQM1N P =

0

@
0 1 0
0 0 1
1 0 0

1

A
l

Ë�`+ÖàÎ@Û„^GÍ3^o_a`/b `w.ƒ^GÌd\YS“Ïs`��W^GÌ

½

ÍB]Q^o`1Ï�ó � =
max(6; 6; 6)

6
= 1

Z	`/ÜaÛ„^G_v`+bÞ`w.ƒ^GÌd\”c2-	c‚^o\8Ö ó

m&I!q}£!D Ly = b0 = Pb ) y = (9; 11; 2
5 )T ; m&I!q}£!D Ux = y ) x = (1; 1; 1)T

l

Ÿ  £¢�×  87 ü/¯�ØÙÝ*·�¥ÙØ�©(©�Úrü�·�ºn¯>¥ÙØ�¥�­Cø�Ú�Ûa­�ª4ºùÛ

Ô

O�LsHJKRSyT A = (aij ) ShVA](`+ÜvÛ„Ö×b $d_aÍV0/`+bdÍBÜvÜ›-ß$d`+Öß_abdÍBbz^æSyˆ

ja11j � ja21j + ja31j + � � � + jan 1j
ja22j � ja12j + ja32j + � � � + jan 2j

l

l

l

jann j � ja1n j + ja2n j + � � � + jan � 1;n j

X>ÀBlÆÅ�Ñ8k

Ÿ

ˆ	HJ BDYV•HJKRShF�H‡SyM1DGÉ8•1LQq}SyHRS}DGV¸ BI!qhNrÝ8HR 1D‚M A ShV‡F‚L!qyq}DGN“c‚^GÏ»_v]Q^oÜ›-×]!`/ÜaÛdÖ×b€$„_vÍV0+`/bdÍBÜaÜ(-C$d`/ÖÚ…

_abdÍBbz^�Ö×Í3^GÏs_›pEf

Ô

Ïs`��˜$„_vÍV0+`/bdÍBÜaÜ(-ß$„`/Ö×_vb„ÍBbz^§O�LsHJKRSyT“F‚L!M“€/D�VRSyOWS}q}L!KRq}ŠPN3D‚á1MBDGN	l

ªÊ³

±

ÀÁ¿3­�¾P½sµa¬G¹

±

¾/¬QÀ·ÀÁÃ�½

±

­�µ·¾/¬s¾+®„­�¬s®t°�µ��ƒÂ

±

«J«‚¯p«:«p¯p«‡®·º1¯�¬s®t®t°R¬!³‚®vµ·ès¯EÂ/°

±

ÂB¯‚°�®vÃY®¢ºB¬Q®u¾

±

°

±QçEê

µ·¾1®-¯p°R³:ºB¬Q¾8¹8¯�«“¬Q°R¯~¾/¯:³:¯p«J«‚¬Q°�Ã©¬s®�¬s¾+Ã–«�®[¯-ÂŽ½s¿3°�µ·¾&¹6®¢ºB¯“®t°�µa¬s¾&¹Q¿3Ày¬Q°�µ«¿o¬s®tµ

±

¾©Â/°

±

³:¯:½s¿3°R¯

¿&«�µ·¾8¹ûyA¬Q¿&«J«�µa¬Q¾~¯‚ÀÁµ·­�µ·¾z¬s®tµ

±

¾

ç

µ·®·º§ÂB¬Q°�®vµa¬QÀ»Â/µ·è

±

®tµ·¾8¹8ÆE¦‡ BD‡nBS}£!I!HdDGqyDGO�DGM8HdShV@LQq}KRDoL!N3Š§HR 1D‚KJD

S}MPHJ BDYKRS}‰! 8HƒnBqhL!F‚D!l

Ÿ

HAS}V‡DoL!VRŠ�HRI�VRD‚D§HR 1S}Vƒ¡ƒSyHR –L!M 3 � 3 DpTBLQOWnBq}D!l

Œ	D‚H

A =

0

@
a11 a12 a13

a21 a22 a23

a31 a32 a33

1

A :

€/D’V<HRKJShF�HRq}Š‘FpI(qy•1O�M~N3ShLQ‰!I(M1LQq}q}ŠWNBI!OWSyM+LQM8HGlE¦‡ BDGM a11 FGLQM“€+D§HJL!¥!DGM“L!V|HJ BD’nBSy£(IQHƒLsH¸HR BD

á1K:V•HAV<HRDGn	ÝBMBIWS}M(HJD‚K:F: 1LQM1‰!D§IQˆ„KJIs¡AV¸S}VAMBDGF‚DGVJVRL!KRŠ(l

Ô

HƒHJ BDYD‚M1N~I!ˆ@m8HJD‚nÚñ!Ý3¡¸DY 1L»£!D

A (1) =

0

B
@

a11 a12 a13

0 a(1)
22 a(1)

23

0 a(1)
32 a(1)

33

1

C
A :

35DY¡ƒSyq}qrMBIs¡ŽVR BIs¡wHR 1LQH

ja(1)
22 j � ja(1)

32 j
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ja11 j > ja21 j + ja31 j X(ÀBl À!î8k
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�
a12

a11
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�
� ja21j

� ja22j �

�
�
�
�
a12

a11

�
�
�
� ja21j
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ohp	ÍBÖàÎ@Üa\–Ç	f·e1‹ Œ	DpH A =
�

5 � 8
1 10

�
l@¦‡ 1D‚M A (1) =

�
5 � 8
0 58

5

�
l

¦‡ BDY‰!KJIs¡‡HR PˆaL!FpHRI!K � =
max(10; 58

5 )
10

=
58
5

10
= 1:16l
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a1 = u1; ci = ` i ui � 1; i = 2; : : : ; n; ai = ui + ` i bi � 1; i = 2; : : : ; n;

WYX[Z]\_^a`cb;d'e f�h-†_h

Ë�`+Ö×ÎdÛ„^G_vb�0L*�q

½

ÍB]Q^o`1Ïs_JI(Í3^G_v`+b `w.æÍ +|Ïs_($d_aÍV0/`/b„ÍBÜ

4 ÍB^‚Ïs_›pEf
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 �yPÓ?µ

&pb„Î@Ûu^aó¸¦‡ BD’HJKRShN3ShLQ‰(I!M1L!q/O�LQHRKJSUT T L!V‡‰(Sy£(D‚M~LQ€/Is£!D

n
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m&D‚H u1 = a1

ëBI(K i = 2; : : : ; n N3I

` i =
ci

ui � 1
ui = ai � ` i bi � 1
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)æM1FpD§¡¸D§ +L»£!DæHR BDYLQ€/Is£!D’VRSyOWnBq}D§ˆaL!F�HJI!KJSy•oLsHJSyI(MPIQˆ T; HR 1D’VRI!q}•3HJSyI(MPIQˆ„HR BD’HJKRShN3ShLQ‰!¤

I!M+LQquVRŠ3V•HJD‚O Tx = b F‚L!M–€+D�ˆ¢I!•BM1Nj€&ŠjV<I(qy£&S}MB‰WHR 1D�ˆ¢I!q}q}Is¡ƒSyMB‰WH•¡¸I‘VRn+DoFpShLQqj3@_($d_aÍ�0+`/b„Í1Ü

VRŠ&V<HRDGO�V‡SyM“HR BDYI(KJNBD‚K»!‡XaShk Ly = b; X¢S}S·k Ux = y:
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>=,íî

é

%Q,+.+0&7�›

¦‡ BD~V<I(qy•3HJSyI(M1V�I!ˆƒHR BDoV<DPH•¡|I©€BShN3S}L!‰!I(M1LQq$VRŠ3V•HJD‚O�V�KRDoÉ(•1SyKJD¦m•x/bu…Jx�•

r@`1Î@c!lÊ¦‡ &•1VGÝ•¬×®t°�µa½sµa¬G¹

±

¾/¬QÀæ«�Ã»«�®-¯p­ ³:¬s¾ ¼:¯6«

±

ÀÁès¯:½Õ¼pÃ×®¢ºB¯5¬!¼

±

è»¯PÂz°

±

³:¯:½s¿3°J¯”µ·¾

±

¾+ÀÁÃ

10( n � 1) •ƒ±
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¾

ç
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Â/µ·è

±

®tµ·¾8¹P«Rº

±

¿3Ày½~¼J¯•¿&«‚¯:½!Æ
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F‚L!Mà€+D“V< BIs¡ƒM X(3 Syq}¥&SyM1VRI!MŽX•ñGòaÀaÅ(k�Ýunuldí3ñoò(kæHJ 1LsH�HR BD‘DGM8HRKJSyDoV�IQˆ A (k )
LsH�DGL!F: àV<HRDGnàIQˆ

j

ô

l*lŽ¡ƒSyq}qd€+D�€+I(•BM1N3DoN–€&ŠjíBÝ/VR BIs¡ƒS}MB‰�HJ BD�¹!°

±sç
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HRKJShLQMB‰(•Bq}L!KƒV<Š3V<HRD‚O�V:k�Ý3€B•BH�V•HJSyq}quLQM O(n) n1KRI3FpDoN3•BKJD!l

Ÿ
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ç
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V1 = 200V

6 = 50V

m3DpHA•Bn–L�qyS}MBDoLQKAVRŠ&V<HRDGOìHRI‘NBDpHRDGKROWS}MBD§HR BD�F‚•BKJKRDGM(Hƒ€/DpH•¡¸D‚DGM“MBI3N3DoV‚l

Ç	f}xŽ•æV<S}MB‰�HR 1D�N3S98zD‚KJD‚M+FpD’DGÉ8•1LQHRS}I!MÚX
É…Ê

õ

Î�”
ÀBl Â&ó!k�Ý3VRDpHA•BnjL�qyS}MBDGL!KAV<Š3V<HRDGOìˆ¢I!Kƒ BDoLsHAN3ShV•HJKRS}€B•3¤

HJSyI(MàLsH’HR BDWˆ¢I(qyq}Is¡ƒS}MB‰jSyM8HRDGKRS}I!K’n/I!S}M8HJVYI!ˆ¸Lj BDoLsHRDoN6n1q}LQHRD�¡ƒ BI8V<DW€/I!•BM1N1LQKJŠ–HRDGO�¤

n/D‚K:LsHJ•BKJDGVƒLQKJD§ BD‚qhNjFpI!M+V•H:LQM8H2!
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Ç	f·g�#æD‚KJS}£!DæHR BDYq}SyM1DGLQKƒVRŠ3V•HJD‚O ˆ¢I!K‡HJ BD§á1MBSyHRDYN3S«8/DGKRDGM1FpDYL!nBnBKJI»T&S}O�LsHJSyI(M‘IQˆ„HR BD’D‚q}q}Syn3HJS}F

DoÉ8•1LsHJSyI(M

@2T
@x2 +

@2T
@y2 = f (x; y):

¦‡ 1D’NBI!O�LQS}M“ShV‡S}MPHJ BDY•BMBSyH�VRÉ8•1L!KRD(Ý � x = � y = 0:01Ý3LQM1N‘HR BDY€/I!•1M1NBLQKJŠ‘FpI(M1N3Sy¤

HJSyI(M1VAL!KRD§‰!S}£!DGM“€&Š

T(x; 0) = 1 � x; T (1; y) = y; T(0; y) = 1; T(x; 1) = 1:

Ç	fhÇwë1I!K�l¶KJI!€1qyDGO¨ÀBlÆÅ3Ý3Syˆ

f (x; y) = � � 2 sin(� x) sin(� y);
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@2T
@x2 +

@2T
@y2 = f (x; y);

¡ƒSUHJ “HJ BD�VJLQOWD’€+I(•BM1NBL!KRŠ‘F‚I!M1N3SyHRS}I!M+VƒL!V‡S}Mƒohp	\8Ïs]!_aco\”Çufhg	Ý3S}V‡‰(Sy£(D‚M~€8Š

T(x; y) = 1 � x + xy +
�

1
2

�
sin(� x) sin(� y)

Xt{|D‚q}ShLàLQM1N

j
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l¶KRDGM8HRShFpD
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XaL(k“•�VRD¶HJ BD¶á+MBSUHJD|N3S«8zD‚KJD‚M1F‚D|VJF: BD‚OWD¶I!ˆBm3DGF�HJSyI(M ñ•ñ É…ÊÌË…Ê

õ

ÀBl ôBl Â‡HRI§LQnBn1KRI»T3S}OWLQHRDdHR 1D|£sLQq}•BDoV

IQˆE¦wLQHƒHR BDYS}M8HRDGKRS}I!K‡n/I!S}M(H:V‡¡ƒSUHJ  � x = � y = 1
n ; n = 4; 8; 16:

X¢€+k–{|I!OWn1L!KRDæHR 1DY£»L!qy•1DGVƒI(€3HJL!SyMBDoNPS}MàXaL8k$¡ƒSyHR ~HJ BDYDpTBL!FpHAV<I(qy•3HJSyI(M	l

Çufh† 35KRSyHRD•NBIs¡ƒMjHR BD�q}S}MBDGL!KæVRŠ&V<HRDGO L!KRShV<S}MB‰Wˆ¢KJI!O á1MBSyHRD�DGqyDGOWD‚M8H�OWDpHJ BI3N–IQˆ@HR 1D

VRI!q}•3HRS}I!MÕIQˆ§HR 1D–H•¡|I!¤tn/I!S}M8H�€+I(•BM1NBL!KRŠ £»L!qy•1D–nBKRI(€Bq}D‚Oƒ! � 2u00+ 3u = x2
Ý

0 � x � 1; y(0) = y(1) = 0 Ý/•1VRSyMB‰PHR BD�VRL!OWD�€1L!VRShF’ˆ¢•BM1FpHRS}I!M1V � j (x) L(VAS}M

HR 1DY€+I&I!¥“LQM1N~•BMBSyˆ¢I!KJO ‰(KRShN/mJZ	\&]!^G_a`/b ÇufaiBerf·eí•sl
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Ç	f·†Im•Íí•5m&I(qy£(DæHJ BD�q}SyM1DGLQKAVRŠ3V•HJD‚O�V Ax = b ¡ƒSUHJ –DGL(F: “O�LsHJKRSyT A I!ˆ�ohp	\8Ïs]!_aco\&c‘grfvi&‹

LQM+N6grfvi8xjI!ˆ§Ë•ÌdÍ3Îd^G\8Ï

Ð<Ñ

Ð

g–LQM1N~H:LQ¥&SyM1‰ b = (1; 1; � � � ; 1)T
Ý1•1VRSyM1‰WHR BDYˆaL(F�HJI!KR¤

S}•GLsHJSyI(M1VYX¢S·k A = LU Ý	X¢S}S·k M A = U Ý1L!M1N PA = LU l

mc34•Ú{|I!OWnB•BHRD‡HR 1DAN3DpHJD‚KJO�S}M1L!M(H¶S}M&£!DGKJVRD§Xa¡ƒ BD‚M�SyH¶DpT3ShV•H:VJkpÝ(L!M1N�HJ BDƒ‰!KJIs¡‡HR �ˆaL!FpHRI(K

IQˆdHR 1D�LQ€/Is£!D§OWLQHRKJS}F‚DGVGÝ3•1VRSyMB‰�HJ BD�LQ€/Is£!DæˆaL!FpHRI!KJS}•GLsHJSyI(M1VGl

Ç	f

Ó

{|I!OWnB•3HJD•HJ BDWKRDoV<ShN3•1L!qdM1I!KJOWVæˆ¢I(K§DoL!F: ”I!ˆ$HJ BD�V<Š3V<HRD‚O�V§IQˆfohp	\(Ïs](_aco\×Ç	f·†×Xa¡ƒSUHJ 

LQq}qzHR BKJD‚D§ˆaL!FpHRI(KRS}•GLQHRS}I!M1V:k$L!M1N~nBq}IQH‡HR BDoV<DYKJDGVRShN3•1LQqhV¸•1VRSyMB‰�VRD‚n1L!KJLQHRD’‰!K:LQn1 1V‚l

Ç	f<;Ê{|I!M1VRS}NBD‚K 0

@
0:00001 1 1

3 1 1
1 2 3

1

A

0

@
x1

x2

x3

1

A =

0

@
2:0001

3
3

1

A

•1V<S}MB‰

j

L!•1VJV<ShLQM×DGqyS}OWSyM+LsHRS}I!Mß¡ƒSUHJ BI!•3H�LQM+Nà¡ƒSUHJ ×n1L!K<HJS}L!q|nBS}£!I!HRS}MB‰6L!M1N×FpI(OWn1LQKJD

HR BD�L!M1V<¡¸D‚K:VGl

Çufai
žÊ{|I!M1VRS}NBD‚K m q}SyMBDoLQKƒVRŠ&V<HRDGO�V

Ax i = bi ; i = 1; 2; : : : ; m:

XaL(kv#æD‚£!DGqyI(n�LQM�LQq}‰!I(KRSyHR BO�HJI�V<I(qy£(D¸HR BD�L!€+Is£(D¸VRŠ3V•HJD‚O�VE€1L(V<DoN�I!M

j

ô

{�lwX

j

L!•1V<¤

VRS}L!M

ô

q}SyOWS}M1LsHJSyI(M6¡ƒSyHR Ú{|I(OWnBqyD‚HRDžl¶Sy£(IQHJSyMB‰&k�lg›¶I!•1KæLQq}‰!I(KRSyHR 1O VR BI(•Bq}N–HJLQ¥(D

L!NB£»L!M8HJLQ‰(D¶IQˆ1HR BD|ˆaL!FpH„HJ 1LsHELQq}q!HJ BD m VRŠ3V•HJD‚O�V„ 1L»£!DEHJ BD‡VRL!O�D¸V<Š3V<HRDGOÊOWLQHRKJSUT

A l
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X¢€+k–{|I!OWnB•BHRD§õ1I!nB¤[F‚I!•BM8HƒIQˆdHR BShVAL!qy‰(I!KJSUHJ BOjl

XvFGk

Ô

n1nBqyŠ�Š!I(•BK¶LQq}‰!I(KRSyHR BO�HJI�FpI(O�n1•3HRD A � 1
L!M1N•¡¸I!KJ¥�I(•3H$Læõ1I!n3¤-FpI(•BM8H@ˆ¢I!K@HR 1S}V

FpI(OWnB•3HJLQHRS}I!M	l

XaN1k

Ô

n1nBqyŠ×HR BD–LQq}‰!I(KRSyHR 1O SyM�XaFok�HJIàFpI!OWnB•BHRD~HR BDjS}M&£!D‚K:VRDPIQˆ’L 5 � 5
0

S}q}€+DGK<H

O�LsHJKRSyTrl

Çufai/i {|I(M1VRS}N3DGK¶HJ BDæVRŠ3V•HJD‚O Ax = bÝ(¡ƒ 1D‚KJD�€/IQHR  A LQM1N b LQKJD�FpI(O�n1qyD‚Tzl¶m& 1Is¡Þ 1Is¡ HJ BD

VRŠ3V•HJD‚O¨F‚L!M6€/D�VRI!q}£!DoNj•1VRSyMB‰“KRDoLQq@LQKJSUHJ BOWDpHJS}F•I!MBq}Š!l•{|I!OWn1L!KRD�õ1I!n3¤-FpI(•BM8HæS}M–HR 1S}V

FGL!VRD‘¡ƒSyHR àHJ 1LsH�MBD‚DoN3DGNÚHJI©VRI!q}£!D�HJ BD“VRŠ3V•HJD‚O ¡ƒSUHJ 

j

L!•1VRVRShLQMÚD‚q}SyOWS}M1LsHJSyI(M×•1VRSyM1‰

F‚I!OWnBq}DpT“L!KRSyHR 1O�D‚HRShFQl

ÇufaiBermšS~ÍBÛdcGco_aÍBb oæÜv_aÖ×_vb„ÍB^G_a`/b ��_¢^GÌ�Ë�`+ÜvÛ„Ö×b�$Y_('+`+^G_vb�0�•»l'#æD‚£(D‚q}I!n”L!M6LQq}‰!I(KRSyHR BO

ˆ¢I(K LU ˆaL!FpHRI!KJS}•GLsHJSyI(M–IQˆ$LPOWLQHRKJSUT A €1L!VRDGN”I!M6F‚I!q}•BOWM6nBS}£!I!HRS}MB‰‘S}M1V•HJDGL(N”IQˆ¶KJIs¡

n1Sy£(IQHRS}MB‰+l_#�I&DGVƒHR BShVƒˆaL(F�HRI(KRS}•GLQHRS}I!M~LQq}¡¸L»Š3V¸DpT3ShV•H[²

j

S}£!DYKJDGL!VRI!M+V$ˆ¢I(KƒŠ!I(•BKALQM1VR¡¸D‚Kol

m3 BIs¡ HJ 1LsHA¡ƒ BDGM“SyHADpT3ShV•H:V‚Ý3SyHAq}DGL!N1V¸HRI�L�ˆaL!F�HJI!KJSy•oLsHJSyI(M�! AP = LU Ý3¡ƒ BDGKRD P S}VƒL

n/D‚KJO••1q}LQHRS}I!M–O�LsHJKRSyTrl

Ô

nBn1qyŠ~HR 1S}V�ˆaL!FpHRI!KJS}•GLsHJSyI(M~HRI“VRI!q}£!DYDoL!F: –I!ˆEHR BD�V<Š3V<HRD‚O�V�IQˆ

ohp	\8Ïs]!_aco\”Çufh†	l

Çufai3‹ XvL(k5XtË�`/ÖàÎ@Ûu^o_ab
0•^oÌ„\G&‚b|'+\8ÏscG\�`í.	Íû~�Üa`	]Î|Œ4 Í3^‚Ïs_(puk�l@Œ	DpH A =
�

A11 A12

A21 A22

�
l

Ô

VJVR•BOWD‡HR 1LQH A11 LQM1N A22 LQKJDƒVRÉ8•1L!KRD‡LQM+N�HJ 1LsH A11 L!M1N A22 � A21A � 1
11 A12

LQKJD§MBI!M1VRS}MB‰!•BqhLQKol

Œ	D‚H B =
�

B11 B12

B21 B22

�
€+D’HJ BD’SyM&£(D‚K:V<D’IQˆ A l¶¦‡ BDGM–V< BIs¡wHR 1LQH

B22 = (A22 � A21A � 1
11 A12)� 1; B12 = � A � 1

11 A12B22;
B21 = � B22A21A � 1

11 ; L!M1N B11 = A � 1
11 � B12A21A � 1

11 :

X¢€+k

0

Is¡ O�LQM&Š–õ1I(n1V�LQKJD�MBD‚DoN3DGN©HRI”F‚I!OWnB•3HJD A � 1
•1V<S}MB‰~HR 1D�KRDoV<•BqyHJV�IQˆ§XvL(k§Syˆ

A11 LQM+N A22 L!KRD(Ý&KRDoV<n/DGFpHRS}£!D‚q}Š!Ý m � m L!M1N p � p²

XvFGk~•�VRD’Š!I(•BKƒKRDoV<•1qUHƒIQˆ,$æÍ3Ï»^PÇ	fvi&‹
m•Íí•AHJI‘FpI!OWnB•BHRD A � 1
Ý3¡ƒ BDGKRD

A =

0

B
B
@

4 0 � 1 � 1
0 4 � 1 � 1

� 1 � 1 4 0
� 1 1 0 4

1

C
C
A :

Çufai&xŽŒuDpH A =

0

@
1 2 1
2 4:0001 2:0002
1 2:0002 2:0004

1

A
L!M1N B =

0

@
0 2 1
2 4:0001 2:0002
1 2:0002 2:0004

1

A
l

35KJSUHJD B SyM5HR 1DWˆ¢I!KJO B = A � uvT
ÝuHR BDGMàFpI!OWnB•BHRD B � 1

•1V<S}MB‰jHJ BDPm& BDGKRO�LQMB¤

ð”I!KJKRShV<I(M‘ˆ¢I(KRO�•Bq}L~X(+•Ì„\&`+Ï»\&Ö

É…ÊÌÎ�”

Ç	f·†1kpÝ3¥8M1Is¡ƒSyMB‰

A � 1 = 104

0

@
4:0010 � 2:0006 0:0003

� 2:0006 1:0004 � 0:0002
0:0003 � 0:0002 0:0001

1

A :
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ÿGü°V…X9Z»_ ö2Õai

ÇufaiBg m&•BnBn/I(VRD’Š!I!•~ 1L»£(D’VRI!q}£!DoN“L�q}SyM1DGLQKAVRŠ3V•HJD‚O ¡ƒSUHJ  A L(V¸HR BD�VRŠ3V•HJD‚O OWLQHRKJSUTrl¶¦‡ BDGM

V< BIs¡YÝ& BIs¡ŽŠ!I(•~FGLQMjV<I(qy£(D�HJ BD�LQ•B‰(OWD‚M8HRDoN“VRŠ3V•HJD‚O

�
A �
c �

� �
x

xn +1

�
=

�
b

bn +1

�
;

¡ƒ BD‚KJD A S}VdMBI(M1V<S}MB‰(•Bq}L!K„L!M1N n� n LQM1N a; bÝQLQM1N c LQKJD¶£(DGF�HJI!K:V‚Ý»•1VRS}MB‰AHJ BD¸VRI!q}•3HJSyI(M

Š!I!•“ 1L»£!DYL!qyKJDGL(N3Š�I!€3H:LQS}MBDGN	l

Ô

nBnBq}ŠPŠ(I!•BKƒKJDGVR•BqyH¸HJI�V<I(qy£(D

0

B
B
@

1 2 3 1
4 5 6 1
1 1 1 1
0 0 1 2

1

C
C
A y =

�
6 15 3 1

� T
:

Çufai3ÇÊ{|I!M1VRS}NBD‚K¸HR BD�VRŠ&OWO�D‚HRKJS}F’VRŠ3V•HJD‚O Ax = bÝ3¡ƒ 1D‚KJD

A =

0

@
0:4445 0:4444 � 0:2222
0:4444 0:4445 � 0:2222

� 0:2222 � 0:2222 0:1112

1

A b =

0

@
0:6667
0:6667

� 0:3332

1

A :

¦‡ BD’DpTBL!FpHƒVRI!q}•3HJSyI(M“I!ˆ„HJ BD�V<Š3V<HRDGO x =

0

@
1
1
1

1

A
l

XaL(k“ð”L!¥!D$LAVRO�LQq}q!n/D‚KRHR•BKJ€1LQHRS}I!M � b SyM b ¥(D‚DGnBSyM1‰ A •BM+F: 1LQMB‰(DGNrldm&I!q}£!DEHJ BD$VRŠ3V•HJD‚O

Ax 0 = b+ � bld{|I!OWn1L!KRD x0
¡ƒSUHJ  x lE{|I!OWnB•3HJD Cond(A) LQM1N’£(D‚KJSUˆ¢ŠæHR 1D¶KRDoV<•1qUH

IQˆ +�Ìd\&`1Ïs\&Ö
Á

É…ÊÌÉ…Ê

5

x„fai…;ul

X¢€+k~ð”L!¥!D�LPV<O�LQq}qdn+DGK<HJ•BKR€+LsHRS}I!M � A S}M A VR•1F: –HJ 1LsH k� Ak �
1

kA � 1k
l’m&I(qy£(D

HR 1D�V<Š3V<HRD‚O (A + � A)x0 = bl|{|I(O�n+LQKJD x0
¡ƒSyHR  x L!M1N~£!D‚KJSyˆ¢Š�HR BDYKJDGVR•BqyHƒIQˆ

+�Ìd\&`1Ïs\&Ö Á

É…ÊÌÉ…Ê

6

x„fhe+‹	l‡X

0

SyM8H»! kA � 1k2 = 104
kpl

XvFGk–{|I!OWnB•BHRDæHR BD’KJDGVRS}N3•+LQqzLQM1NP£!D‚KJSyˆ¢Š�HJ BD’KRDoV<•1qUH¸IQˆ�+�Ì„\&`+Ïs\8Ö
Á

É…ÊÌÉ…Ê

õ

ÇufaiBe”X

ò

DGVRShN3•1LQq

¦‡ BDGI!KJD‚O‘k�l

ÇufaiB† l¶KRIs£(D

k� xk
kx + � xk

� Cond(A)
k� Ak
kAk

;

¡ƒ BD‚KJD Ax = b LQM+N (A + � A)(x + � x) = bl

CED‚KJSUˆ¢Š“HR BD�LQ€/Is£!D’SyM1DGÉ8•1LQq}SyH•ŠPˆ¢I(KƒHR BD�V<Š3V<HRD‚O

0

@
1 1

2
1
3

1
2

1
3

1
4

1
3

1
4

1
5

1

A

0

@
x1

x2

x3

1

A =

0

@
1
1
1

1

A
Ý/¡ƒSUHJ 

� A =

0

@
0 0 0:00003
0 0 0
0 0 0

1

A
l

Çufai

Ó

XaL(kj{|I!M+V•HJKR•1FpH“Š(I!•BK~Is¡ƒM DpTBL!O�n1qyD6HRIÕV< BIs¡ HJ 1LsH–L VRO�LQq}qæKJDGVRShN3•1LQq’N3I&DGV“MBI!H

MBDoFpDGVJVJLQKJSyq}Š�‰!•1L!KJL!M8HRD‚DæHR +LsHƒHR 1D’VRI!q}•3HJSyI(M~ShVƒL!FGFp•BK:LsHJD!l
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�

X¢€+k

j

S}£!DYL�nBKRI&I!ˆ„IQˆE¦‡ BDGI!KJD‚O

Á

É…ÊÌÉ…Ê

õ

ÀBl}ñoíBl

Çufai…; XvL(k–{|I!OWnB•BHRD–HJ BD©F‚I!M1N3SyHRS}I!MÕM&•BO�€+DGKJVPIQˆ’HR BD6ˆ¢I!q}qyIs¡ƒS}MB‰àO�LsHJKRShFpDoV�€/Dpˆ¢I!KJD6L!M1N

Lsˆ·HJD‚KƒKJIs¡‡¤[VJF‚L!qyS}MB‰�LQM1N~FpI(O�n+LQKJD�HJ BDYKRDoV<•1qUH:V‚l

(i ) A =
�

10 106

1 1

�
; (ii )

0

@
2 � 1 1

� 1 � 10 � 10
1 10� 10 10� 10

1

A :

X¢€+kjm&I(qy£(D Ax = b ¡ƒSyHR àDoL!F: 5IQˆ¸HR BD�O�LQHRKJS}F‚DGV’S}MÕXvL(k§€/Dpˆ¢I(KRD‘L!M1N©LQˆ·HRDGK•VRFGLQq}SyM1‰

XaF: 1I8I8V<D§€–V<I�HJ 1LsHAD‚T3L(F�HAVRI!q}•3HRS}I!M~SyMjDoL!F: jF‚L!VRD§ 1L!VƒL!qyq	DGM8HRKJSyDoV|DoÉ8•1LQqzHJI–ñok�l

Çufhe¨ž {|I(M1V<HRKJ•1F�HuL!M§D‚TBLQOWnBq}D@HRIƒS}qyq}•1V<HRK:LsHRD@HJ BD¶nB 1D‚MBI(O�DGMBI!M’I!ˆ(HJ BD$LQKRHRSyá+F‚S}L!qsSyq}qU¤-FpI(M1N3SyHRS}I!MBS}MB‰

‘

HJ 1LsHAShVGÝBSyq}qy¤[F‚I!M1N3SyHRS}I!M1SyMB‰WN3•BD’HJI�SyOWnBKJI!n/D‚KƒVJF‚L!qyS}MB‰1l

Ç	f·eri ŒuDpH A =
�

1 0
0 10� 5

�
:

LBl�{¸LQqhFp•1q}LQHRD A � 1
LQM1N–{|I!M1N 2(A) l

€	lAëdSyM+N b LQM+N x VR•1F: “HR 1LQH Ax = bl

FQlAëdSyM+N � b LQM1N � x V<•1F: jHJ 1LsH A(x + � x) = b+ � bÝ/L!M1N

jj � bjj1

jjbjj1
ShV§V<O�LQq}qtÝ1€B•3H

jj � xjj1

jj xjj1
ShVƒqhLQKJ‰!D(l�3  1LQHAS}VAŠ!I!•1K‡F‚I!M1F‚qy•+V<S}I!M¤²

Nrl

Ä

Is¡wO••BqyHRS}nBq}Š�Š!I!•1K¸VRDGF‚I!M1NPDGÉ8•1LsHJSyI(MP€&Š 105
lÙ3  1LsHƒShV|HR BDYFpI(M1N3SyHRS}I!M“M8•1O�¤

€/D‚KƒIQˆdHR 1S}VƒM1D‚¡wO�LQHRKJSUT®²ƒ3  1LQHAS}V‡Š(I!•BKƒF‚I!M1F‚qy•1VRS}I!M¤²

Çufhe/e

Ô

nBnBq}Š

0

LQ‰!DGKGï V�LQq}‰!I!KJSyHR BO m7tPÜ(0/`+Ï»_a^GÌdÖ o

É…Ê

ö

Ê

5

Çufhgw•WHJI5HR BD
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max ja(k )
ij j � max ja(k � 1)

ij j ; k = 1; 2 :

3  1LsHƒShV‡HR BDY‰(KRIs¡‡HJ ‘ˆaL(F�HRI(K2²
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¡ƒ BD‚KJD b =
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{| BI!q}DGVR¥&Š�LQq}‰!I(KRSyHR 1OÅO�L»Š�€/D�S}M1L(F‚Fp•1KJLQHRDƒSyˆrHR BDæn+I8V<SyHRS}£!D�NBDpá1MBSyHRDæO�LsHRKJSyT�ShV¶ BS}‰! 1qyŠ

Syq}qU¤-FpI(M1N3SyHRS}I!MBDoNrl

Çufheí; l¶KRIs£(DƒHR 1D�DpT3ShV•HJD‚M1F‚D�I!ˆ	HR BD�{| BI(qyDoV<¥&Š�ˆaL!F�HJI!KJSy•oLsHJSyI(M�IQˆuL•VRŠ&OWO�D‚HRKJS}F�n+I8V<SyHRS}£!D§N3Dpˆ·¤

SyMBSyHRDYO�LQHRKJSUT A £&ShL LU ˆaL(F�HRI(KRS}•GLQHRS}I!M	l

Çuf}‹áž Œ	DpH H = (hij ) €/D�HR 1DW{| BI(qyDoV<¥&Š‘ˆaL(F�HJI!KJSy•oLsHRS}I!MjI!ˆELPV<Š&OWOWDpHRKJShFYn+I8V<SyHRS}£!D�N3Dpá1M1SUHJD

OWLQHRKJSUT A = (aij ) l¶¦‡ 1D‚MjnBKJIs£!DæHR 1LQH h2
ij �

iX

k=1

h2
ik = aii l

Çuf}‹ui Œ	DpH A €/D”V<Š&OWOWDpHJKRShF~n+I8V<SyHRS}£!DjN3Dpá+MBSUHJD!l�#æD‚£(D‚q}I!nÕLQM1NÞV•H:LsHJDjL!MÞL!qy‰(I!KJSUHJ BO ˆ¢I(K

FpI!OWnB•BHRS}MB‰�LQM~•BnBn/D‚KƒHJKRShLQMB‰(•BqhLQK‡O�LsHRKJSyT R VR•1F: PHJ 1LsH A = RT R l

Çuf}‹ze l¶KRIs£(D�HJ 1LsH§HR BDW‰(KRIs¡‡HJ –ˆaL!FpHRI!K � IQˆ‡L“VRŠ&OWO�D‚HRKJS}F�n/I(VRSUHJSy£(D�N3D‚á1MBSyHRDWO�LsHRKJSyT”¡ƒSUHJ 
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LQ•1VJV<ShLQM“D‚q}SyOWS}M1LsHJSyI(Mj¡ƒSUHJ BI!•3HAn1Sy£(IQHRS}MB‰�S}VADGÉ8•1LQqzHJIjñ!l
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j

L!•1VRVRShLQM�D‚q}S}O�¤
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X¢€+kjm& BIs¡©HR +LsH	HJ BDE‰!KJIs¡‡HR æˆaL!FpHRI!KuSyM§HR 1S}V„F‚L!VRDEShVr€+I(•BM1N3DoN§€8ŠYí§XJ1–_vbz^bó max ja(1)
ij j �

2max jaij j kpl
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Çuf}‹+x XvL(kOl¶KJIs£!DdHR +LsH
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j

LQ•1VJV<ShLQM“D‚q}SyOWS}M1LsHJSyI(M

¡ƒSyHR BI(•3HAnBS}£!IQHJSyM1‰1l

X¢€+kjm& BIs¡ HJ 1LsH“HR BD5‰!KJIs¡‡HR ÕˆaL(F�HJI!KP•+V<S}MB‰

j

L!•1VJV<ShLQM DGqyS}OWSyM+LsHRS}I!Mw¡ƒSUHJ wn1L!K<HJS}L!q
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0

SyM8H2! max
k

max
i;j

ja(k )
ij j �

2max jaii j) l

XvFGk“CED‚KJSyˆ¢Š�HR BD�V<HJLQHRDGO�DGM8HAIQˆ„n+LQKRHYXvL(k¸¡ƒSyHR ~HR 1DYOWLQHRKJSUT“IQˆ
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€B•3HAq}DGVJV¸HR +LQMjI!K‡DGÉ8•1L!qzHRIPíBl

XaDok

ò
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À1l Å!î(k$ˆ¢I!K n = 3 ÝBF: 1I8I8V<S}MB‰ b = (1; 0; 0)T
l
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nBKJI!‰(KJL!O�V�F‚L!qyq}DGN×Üv_abdc"-	cë�WÎ|Ý¶Üv_abdc"-	cGÎdÎŽLQM+NßÜa_vb„c2-	co]QÎ¸Ý

HRI‘VRI!q}£!D Ax = b L!M1N“HRI‘FpI(OWnB•3HRD�HR BDY‰(KRIs¡‡HJ PˆaL(F�HRI(K (gf ) ÝB•1VRSyM1‰

j

LQ•1VJV<ShLQM

D‚q}S}O�S}M1LQHRS}I!MÕ¡ƒSUHJ BI!•BHGÝ‡LQM1N ¡ƒSUHJ Õn1LQKRHRShLQqAL!M1N F‚I!OWnBq}DpHJD~n1Sy£(IQHRS}MB‰8V‚Ý|KRDoV<n/DGFp¤

HRS}£!DGqyŠ“L!V¸ˆ¢I!q}q}Is¡AV"!

(x̂; gf ) = q}M1VRŠ3V<¡ƒn (A; b)

(x̂; gf ) = q}S}M1V<Š3VRnBn (A; b)

(x̂; gf ) = q}S}M1V<Š3VJFpn (A; b)

X¢€+k~•�VRS}MB‰’HR BDæFpI!OWnB•BHRDGN�VRI!q}•3HJSyI(MWL!M1N�HR BD�‰!KJIs¡‡HR �ˆaL!F�HJI!K¶I(€3HJL!SyM1DGN�SyM–XvL(k@O�LQ¥(D

HR 1D’ˆ¢I!q}qyIs¡ƒS}MB‰�HJL!€BqyD§ˆ¢I(KƒDGL!F: ~IQˆ„HR BDY‰(Sy£(D‚MjNBLsH:LWV<D‚HGl

+|\&cG^�#~Í3^GÍ/.[`1Ï/$’Ïs`¨3dÜv\&Ö 4ÅÇufaiwó

ô

L!F: ~IQˆ„HR BD§ˆ¢I(qyq}Is¡ƒSyM1‰�O�LsHJKRShFpDoV¸IQˆ„I(KJNBD‚KAíQî�!

?Yµ·Ày¼:¯‚°�®a´¹wƒ¯‚µh´h?•¬Q¾�@(¯pÀ=´�¬Q¾/½ÔÓ+¬Q¾/½(¯p°�­

±

¾z½!¯p´�¬6°J¬s¾/½

±

­�ÀÁÃ–¹(¯‚¾/¯‚°R¬s®-¯:½5­W¬Q®v°�µ��(Ý¶L!M1N

HRKJS}L!MB‰!•BqhLQK¸O�LsHJKRSyTP¡ƒSyHR –V<O�L!qyquNBS}L!‰!I!M+LQqzD‚M8HRKJS}DGVGl

{|KRDoLsHRD�HJ BD‘£!DoF�HJI!K b SyMàDoL!F: ÚF‚L(V<D‘VR•1F: 5HR 1LQH�HR 1D‘V<I(qy•3HJSyI(MÚ£!DGFpHRI(K x S}V•Lj£!DGFpHRI(K

¡ƒSUHJ jL!qyq	F‚I!OWn/I!MBDGM(H:V‡DGÉ8•1L!qzHRIjñ!l
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mJË�`+ÖàÎ@Í3Ïs_aco`/b `w. #~_ !$\8Ïs\&bz^„4 \8^oÌ„`�$dc

½

`+Ï‘^GÌd\u*$_vb„\&Í3Ï–Z�-	cG^G\&Ö $’Ïs`¨3dÜv\&Ö×c\•

ð–DpHJ BI3N

Ä

I!KJO I!ˆ

HR BD

{|I!OWnB•3HJDGN

m&I!q}•3HRS}I!M

jj x̂jj1

ò

D‚qhLsHRS}£!D

ô

KRKJI!K

jj x � x̂ jj2

jj xjj2

ò

DGVRS}N3•+LQq

jjb� Ax̂jj2

l@I8V•HJD‚KJSyI(K

ô

KRKJI!K

’

I(•BM1N

{|I(M1N 2(A)�
jjb� Ax jj2

jjbjj2

j

KJIs¡‡HR 

ë+L!F�HJI!K

Üa_vb„c2-	c?�WÎ

Üa_vb„c2-	c‚ÎdÎ

Üa_vb„c2-	cG]!Î

Üa_vb„c2-	c?�K.

A � 1b

4ÅÇ	f·erm­~�Í1]ë|…��Í3Ï1$ oæÏ»Ï»`+ÏP_vb�S~Í1Û„cocG_vÍBbùo§Üa_aÖß_abdÍ3^G_v`+bL��_a^GÌ�$�ÍBÏo^o_aÍBÜH$Y_('+`+^G_ab
0�•

l$qyI!H�HR 1D�€1L!F:¥&¡‡LQK:NPDGKRKJI!Kƒ€/I!•1M1NBV�X¢S·k 3n3�� jjAjj1 X¢S}S·k

jjAx̂ � bjj1

jjAjj1 jj x̂ jj1
ˆ¢I!K§V<I(qy£&S}MB‰

Ax = b ¡ƒSUHJ ”n1LQKRHRShLQq„nBS}£!IQHJSyM1‰Wˆ¢I!KAá+£!D�K:LQM1NBI!O OWLQHRKJS}F‚DGVƒI!ˆ$N3S}O�DGM1VRSyI(M1VA£sLQKJŠ&SyM1‰

ˆ¢KJI!O ñGîƒHRI•ñoî!î(îBÝ‚€&Š§‰!DGMBD‚K:LsHJSyMB‰ b LQqhV<IƒK:LQM1NBI!OWqyŠ(l�35KRSyHRD¸N3Is¡ƒMYŠ!I(•BK	I!€+V<DGKR£sLsHJSyI(M1VGl

4ÅÇ	fh‹

ò

D‚n/DGLsHAn1KRI(€BqyDGOâðïÀ1l í�•1VRSyM1‰

j

L!•1VJV<ShLQM“D‚q}SyOWS}M1LsHJSyI(M~¡ƒSyHR –F‚I!OWnBq}DpHRD’nBS}£!I!HRS}MB‰1l

4ÅÇ	f}x l@DGK<ˆ¢I(KROìLQM�D‚T3n+DGKRS}OWD‚M8HGÝ8ˆ¢I!K¸€/IQHR 

j

ô

l*lÕLQM1N
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ô

{�ldÝ3•+V<S}MB‰Yá1£(D�K:LQM1NBI!O OWLQHRKJSU¤

F‚DGVdIQˆ+I!K:N3D‚Kd£sLQKJŠ8S}MB‰æˆ¢KRI(OìñGîAHRI�ñGî!î1Ý»HRI§£!DGKRSyˆ¢Š§HR 1LQHdHJ BD�¯p°�°

±

°A¼

±

¿3¾/½ 3�n 3� jjAjj1

µh«¸Â1¯�«:«�µ·­�µh«:®tµa³W³

±

­�ÂB¬Q°R¯:½‘®

±

®¢ºB¯•®v°�¿1¯�¯p°�°

±

°�l*l¶KJDGVRD‚M8HƒŠ!I(•BK‡KRDoV<•BqyHJV‡¡ƒSyHR j‰(KJL!nB 1VGl

4ÅÇ	f·g •æV<S}MB‰Wð

Ô

¦�{�)§ð n1KRI(‰!K:LQO ]oÌd`/Üa\&c§I!K‡ð

Ô

¦ƒŒ

Ô

’

nBKJI!‰!K:LQO ]»Ì„`/Ü•Ý3¡ƒKJSyHRD’L�ð

Ô

¦¸¤

Œ

Ô

’

nBKJI!‰!K:LQOjÝ‚Üv_abdc"-	co]»Ì„`/Ü8HRIƒS}OWnBq}D‚OWD‚M8H

Ô

qy‰(I!KJSUHJ BO

o

É…Ê

Ò

”À1l Ñ‡S}M’HR BD¶ˆ¢I!q}qyIs¡ƒS}MB‰¸ˆ¢I!KJO�LsH2!

[x] = q}SyM1VRŠ3VRF: 1I!q (A; b):

#~Í3^oÍ�ó�{|KJDGLQHRDWL 200� 200 q}Is¡¸D‚KæHRKJS}L!MB‰!•BqhLQK§O�LsHJKRSyT L ¡ƒSUHJ ©n/I(VRSUHJSy£(D�NBS}L!‰!I!M+LQq

DGM8HRKJSyDoV�H:LQ¥&S}MB‰~VRI!OWDWIQˆ$HR BD‘N3ShLQ‰(I!M1L!q„DGM8HRKJSyDoV§VRO�LQq}q@D‚MBI(•B‰! 6HRIj€+DW£(D‚KJŠ”Fpq}I(VRD•HJI

•GD‚KJI1Ý&O••1qUHJSynBq}ŠPSyHƒ€&Š L T
LQM1NPHJL!¥!D A = LL T

L!V¸Š(I!•BK¸HRDoV•HƒO�LsHJKRSyT A l|{|KJDGLQHRDæHR BD

£(DGFpHRI!K b VR•1F: PHJ 1LsH x  +L!VƒLQq}qrSyHJVƒDGM(HJKRS}DGV‡DoÉ8•1LQqzHJI~ñ(l

4ÅÇ	fhÇ XvL(kO35KRSyHRD‡Læð

Ô

¦ƒŒ

Ô

’

n1KRI(‰!K:LQO�ÜaÛ„^‚Ï1$�0�HJIæS}OWnBq}D‚OWD‚M8H

Ô

q}‰!I(KRSyHR BO

o

É…Ê

ö

”À1l òæLQM1N�HR BDGM

•1VRSyM1‰�SyHA¡ƒKJSUHJD’LWn1KRI(‰!K:LQOjÝ8Üv_abdc"-	cG^‚Ï1$
0uÝ&HJI�V<I(qy£(D§L�HJKRShN3ShLQ‰!I(M1LQqzVRŠ&V<HRDGOjl

X¢€+kCmRZu`/ÜaÛ„^G_a`/b `w.æ`/bd\ $d_aÖ×\&bdcG_v`+bdÍBÜ91–\8ÍB^²ohsrÛdÍ3^o_a`/bÙ•sl

Ô

nBn1qyŠ”Üv_abdc"-	cG^‚Ï1$
0

HRI�VRI!q}£!DæHR BD’HJKRShN3ShLQ‰(I!M1L!q/VRŠ3V•HJD‚O I!ˆ„HJ BD§ˆ¢I!KJO X
É…Ê

õ³õ

”
À1l ÂaÂ8k|IQˆdI!K:N3D‚KAíQî(îBÝ3F: BI&I(VRS}MB‰

T0 = 0 LQM1N T199 = 100l

4ÅÇ	f·†·&"‚zºB¯•Âz¿3°tÂ
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±<²
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±

è»¯‚°�µ

²

Ã6®¢ºB¬Q®§®

±

«

±

ÀÁès¯~¬”«�Ãs­�­�¯‚®v°�µa³�Â

±

«�µ·®vµ·ès¯

½(¯(=$¾1µ·®-¯§«�Ã»«�®[¯‚­•´@¾

±

Âzµ·è

±

®vµ·¾&¹�µh«§¾/¯:¯:½!¯:½�®

±

¯‚¾B«�¿3°R¯æ«�®-¬!¼‚µ·ÀÁµ·®tÃ�µ·¾ŠyA¬s¿&«:«�µa¬s¾5¯pÀÁµ·­�µ·¾/¬

ê

®tµ

±

¾Í(!Æ

ò

•1MPHJ BDYnBKJI!‰!K:LQO Ü(-	b„c2-	cë��ÎÚHJI�HR BD�VRŠ&O�OWD‚HRKJS}F§n/I(VRSUHJSy£(D’NBDpá1MBSyHRDYO�LQHRKJSUT

I!ˆdn1KRI(€BqyDGOâðïÀ1l Å�LQM+N“F‚I!OWnB•3HJD’HR BDYVRI!q}•3HRS}I!MjLQM1N“HJ BDY‰!KJIs¡‡HR PˆaL!F�HJI!Kol
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ÿGü°V…X9Z»_ �bæ(÷

4ÅÇ	f

Ó

•�VRSyMB‰�ð

Ô

¦�{�)§ð¨nBKJI!‰!K:LQO Ì„ÍV0/]!`/b
$$i/Ý(DoV•HJSyO�LQHRDƒHJ BD�FpI(M1N3SyHRS}I!M�M&•BO�€+DGK$IQˆrDoL!F: 

IQˆ1HJ BD¸ˆ¢I!q}qyIs¡ƒS}MB‰§O�LsHRKJShFpDGV A IQˆ/I!K:N3D‚K¶í!îV!�?�µ·Ày¼:¯p°�®v´3Â1¯pµh´d°R¬s¾z½

±

­�ÀÁÃæ¹8¯‚¾/¯‚°R¬s®-¯:½»´VÓ+¬Q¾

ê

½!¯‚°�­

±

¾/½!¯p´�¬s¾z½K?•¬s¾…@!¯‚À¶LQM+NjHR BDGM©F‚I!OWn1LQKJD�Š(I!•BKæKRDoV<•BqyHJVæ¡ƒSyHR ©L(F�HJ•1LQqdFpI!M+N3SUHJSyI(M

M8•1O•€/D‚K�I(€3HJL!SyM1DGNj€&Š~ð

Ô

¦ƒŒ

Ô

’

nBKJI!‰(KJL!O F‚I!M1N (A; 1) l l¶KJDGVRD‚M8H§Š!I!•1KAKRDoV<•1qUH:VAS}M

HR BD’ˆ¢I(KRO I!ˆdL�HJL!€Bq}D!l

4ÅÇ	f<; XaL(k

ò

•BM HR 1D“nBKJI!‰(KJL!O Üv_abdc"-	cë�WÎŽ¡ƒSyHR  HR 1D~N3ShLQ‰(I!M1L!qyq}ŠàN3I!OWS}M1LQM8HoÝ¶V<Š&OWOWDpHRKJShF

HRKJShN3S}L!‰!I(M1LQq„OWLQHRKJSUT A SyMÞX É…Ê

õ

Ð�”ÀBl Â,Å(k‡IQˆ¶I(KJNBD‚K�Å!î!î1Ý+€&Š–F: BI&I(VRSyM1‰�HR BD�KRS}‰! 8HR¤t 1L!M1N

VRS}N3DW£(DGF�HJI!K b VRI~HR 1LQH’HR BD�VRI!q}•3HRS}I!M5£!DoF�HRI(K x ShV’¥&MBIs¡ƒM©L“nBKJSyI(KRStlW{|I(OWn1LQKJD

HR 1DYDpTBL!FpHƒVRI!q}•3HJSyI(M x ¡ƒSyHR ~HR 1D�FpI!OWnB•BHRDGNjVRI!q}•3HRS}I!M x̂ l

X¢€+k &›‡�­�Â/Ày¯‚­�¯p¾+®[¬Q®vµ

±

¾

±•²

‚

ç$±sê

�

µ·­W¯‚¾B«�µ

±

¾z¬sÀb?�¯J¬Q®¤�ƒÄ‚¿1¬s®tµ

±

¾Ë(‡•�VRSyM1‰AHR 1D$nBKJI!‰(KJL!O

Üa_vb„c2-	cë��Î¸Ý�VRI!q}£!D–HJ BDÚV<Š3V<HRD‚O X É…Ê

õ

Ð�”
ÀBl Â,Å!k‘¡ƒSUHJ  n = 300Ý�LQM1NwF: BI&I(VRSyMB‰ k =

0; Ti; 0 = 0 i = 1; : : : ; n Ý/LQM1N Tw1 = 0 Ý1LQM1N Tw2 = 100l@&

Ç

±

®[¯�®¢ºB¬Q®$«�Ã»«�®[¯‚­

& É…Ê

õ

Ð�”

ª

Æ

Ü

«Ÿ(‘µh«�¬sÀÁ«

±

«�Ãs­�­�¯p®t°�µa³ƒÂ

±

«:µ·®tµ·ès¯�½(¯(=$¾1µ·®-¯�¬Q¾/½‘®v°�µa½Qµa¬‚¹

±

¾/¬QÀ (!Æ

4ÅÇufai
ž 3©KJSUHJD§L�ð

Ô

¦ƒŒ

Ô

’

nBKJI!‰(KJL!OjÝ8FGLQq}qyDoNPÜ›-	bdcG^‚Ï1$�0+ÎdÎÚHRIWV<I(qy£(DæL�HRKJS}NBS}L!‰!I!M+LQq+VRŠ3V•HJD‚O

¡ƒSUHJ ~n+LQKRHRShLQqznBS}£!IQHJSyM1‰1l

Ô

nBn1qyŠPHR BD�L!qy‰(I!KJSUHJ BOìHRI�HJ BD�NBLsH:L�IQˆÙl¶KRI(€Bq}D‚OâðïÀ1l À1l

4ÅÇufai/i XaL(k

ò

•BM�HR 1D¸SyHRDGKJLQHRS}£!D|KRD‚á1MBD‚OWDGM(H@nBKJI!‰(KJL!O _a^G\8Ï»Ï»\�.|ˆ¢KJI!O ð

Ô

¦�{�)§ð I!M�DGL!F: •IQˆ

HR 1D 50� 50 VRŠ3V•HJD‚O�V"!�1–_aÜJ3$\8Ïo^ašá$æ\&_`šÅMYÍBb�$d\8ÏsÖ×`+b
$d\íšzÏsÍBb
$„`/Ö×Ü(- 0+\&bd\8ÏG…

Í3^o\,$�š�1–ÍBb;|+\&Ü•Ý+•1V<S}MB‰�HR 1D•V<I(qy•BHRS}I!M~I!€3H:LQS}MBDGNPˆ¢KRI(O HJ BDYnBKJI!‰!K:LQO Üv_abdc"-	cGÎdÎ

L!V¸HJ BDYS}MBSUHJS}L!quLQn1nBKRI»T3S}O�LsHRS}I!M x(0)
l

X¢€+k

ô

V<HRS}O�LsHRDWHJ BD‘FpI(M1N3SyHRS}I!M5M&•BO•€/D‚KYI!ˆ|DGL(F: ©I!ˆ$HJ BD‘LQ€/Is£!D�O�LsHRKJShFpDGV§I(€3HJL!SyMBDoN

ˆ¢KJI!O HR BD©SUHJD‚K:LsHJSy£(D6KJDpá1MBDGOWD‚M8HPnBKJI3FpDGNB•BKRD(Ý�LQM+N FpI(O�n+LQKJDjHR BDGO ¡ƒSUHJ  HR 1D

L!FpHR•1L!q	FpI(M1N3SyHRS}I!M~M8•1O•€/D‚K:V‚l

4ÅÇufaiBe XaL(k²35KRSyHRD~ð

Ô

¦ƒŒ

Ô

’

nBKRI(‰!K:LQO�VGÝj3�|	ÜaÛ„^‚Ï1$�0„Ý�3�|�.t`+Ïs\&ÜaÖ Ý�3�|…3dÍB]Î|	coÛj3¸ÝEHJI6S}O�¤

nBq}D‚OWD‚M8Hdt“Ü(0/`1Ïs_¢^oÌ„Ö o

É…Ê

5(„

”

Ç	fvi�žB…

Ò[Ò

Ô

ÇufaiBerÝ(KRDoV<n/DGFpHRS}£!DGqyŠ(l

X¢€+k &PB

±

ÀÁ¿3®vµ

±

¾

±•²

w

±

µh«J«

±

¾zä «B�ƒÄ‚¿1¬s®tµ

±

¾Í(¸•�VRS}MB‰AHJ BD|n1KRI(‰!K:LQO�VrS}M•ðïÀBl}ñoí1XaL8k�Ý»¡ƒKRSyHRD|L

ð

Ô

¦ƒŒ

Ô

’

nBKJI!‰!K:LQOjÝ´3@Ü¢^GÏ1$�0/Üac(Ý‚HJI�VRI!q}£!DdHR BD|€Bq}I&F:¥�HRKJS}NBS}L!‰!I!M+LQqsq}SyMBDoLQKuVRŠ3V•HJD‚O

Tx = bl

ò

•BMYŠ(I!•BKrn1KRI(‰!K:LQO ¡ƒSyHR ’HJ BDEqyS}MBDoLQKuVRŠ3V•HJD‚O X
É…ÊÌË…ÊÌË³É

ÀBl Â(òQ¤
É…ÊÌË…ÊÌË³Î

À1l Å!î(k1€&Š§F: BI&I8V<S}MB‰

HR 1DYKRS}‰! 8Hƒ 1LQM+N“VRS}NBD�LQnBnBKJI!n1KRShLsHJD‚q}Š!Ý&¡ƒSUHJ  n = 30l
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