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• IKJML%NPO/QGR/S7TVU�RWNXQPY[ZVS7O/QPU�\]R/S7TVNX^HJMY_QG`7QXO'`1JMQBNPY_Ja\cbed	f,g/hMikj5lnm	oqp1r
• s,`1JaLtYqRWuvU�RwNPQXYqLtJa\xbydzf,gWhMi{j1lnm	o_|}r
• ~"O/S7L�J�`9N@\zO/�7J�QPQXO'QP\M�a�7O'RWNXY�SH��`5O/Y�S>N�O'`1JMQPRWNXY�O/S7\M�wRWS7T�\�N@RW�HY�u�Y[N���bed	f,gWhaikj5l��zoqm	�'d	f,gW�hMikj5l���|�oqm��Hl���|zoq�1r

�<�%� � ���������x�	�x�K�{�������V ¡�¢�����{�x�	���P�¤£¥���¦��
7�y§G���
¨ �P���c��
©�ª�{«���¬­
'�

® O>\�N�L�O/U�`H¯9N@RwNXY�O/S1RWu	RWu��/O'QXY_NX^7U�\�NPO��1Jx`7QXJa\BJMS'NPJMT�Y�S�NP^HYq\G�5O>O'°�^7R²±'J³R�L�O/U�U�O/S��7R'\BYqL\BNXQP¯7L%NP¯HQXJcNP^7RwN�LMRWS��1J�T9Ja\XL�QXY��5JMT�Y_S�NX^7J³�´O/u�u_Owµ]Y�SH��NX^HQPJ�J�\BNXJM`7\�¶
d	hMf>·¹¸5o"º»^HJG`7QXO'�Hu_JMU¼Yq\K½1QP\BNKNXQ@RWS7\B�´O/QPU�JMT�NXO�RWS­¾BJMR/\XY�J�QX¿{NPOW¿3\BO'u_±'J>ÀK`7QXO'�Hu_JMU��/�,�­NPQPR/S7\B¿�´O/QPU�Y_S7��NP^HJ�R/\P\XO,L�Y�RWNXJaT�U�RwNPQXYqLtJa\�NXO�¾BL�O/S7THJ�S7\XJMTzÀG�´O/QPU�\»µ]Y[NP^Á\B`5JML�Y�R/uz\�NPQX¯1L%NX¯7QXJa\�Â
d	hMf>·;m	o*º»^HJÃNPQPR/S7\B�´O/QPU¢JaT³`HQPO/�Hu�J�U�Yq\	NP^HJ�S¢\BO'u_±'JMT³�,�³JtZ9`Hu�O/Y_NXY�SH�]NX^7J�\X`1JaLtYqRWu,\�NPQX¯1L%NX¯7QXJa\OW��NX^7JM\XJ³L�O/S7THJ�S7\XJMTV�´O/QPU�\�Â
d	hMf>·��zo"Ä�Y�S7RWu�u��/�>NX^HJx\XO/u�¯9NXY�O/SVOW�	NP^HJÅO'QXY��/Y�S7R/u7`HQPO/�Hu�J�UÆYq\�QXJaLtOw±/JMQXJaT��´QXO'U¼NP^HJx\BO'u_¯HNXY�O/SOW��NX^7JÅNPQPR/S7\B�´O/QPU¢JaTV`7QXO'�Hu_JMU�Â

º»^HJ³N��,`HYqL�RWu	g'j1l���f>l��af>�;�´O'QXU�\]R/QXJ'¶

ºzQPYqRWSH�'¯Hu�R/QM¶

Ç `H`5J�Q È	Owµ�J�Q
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æ Ja\X\XJ�S,�5J�QP�7¶

Ç `H`5J�Q È	Owµ�J�Q
0

∗

∗

0

ºzQPYqT9Y�R/�/O'S7RWuy¶
0

0

ç Y�T9YqRW�'O/S7R/u{¶

Ç `H`5J�Q È	Owµ�J�Q
0

0

0

0

è JMR/uzs9L@^,¯HQa¶
Ç `H`5J�Q È	Owµ�J�Q

0

∗

∗

0

−→ é�`1O>\X\XY��Hu_JcN�µ�O��>��N�µ"O��Hu�O9L@°5Â
• º»^7JG\B�9\BNXJ�U¼OW�}u_Y�SHJaRWQKJMê>¯7RWNXY�O/S Ax = b Yq\Ã\XO/u�±/JaT­�,��NPQPR/S7\B�´O/QPU¢Y�SH� A NXO�R/S�¯H`H`5J�QNPQXYqRWS7�/¯HuqRWQÅU�RWNXQPY[Z¡byë³RW¯7\P\BYqRWS<J�u�Y_U�Y�S7RwNPY_O'S1r%�5�´O/u�u�Owµ"JaTÁ�,��\XO/u�±,Y_S7��N�µ�O�NXQPY�R/SH�/¯7u�R/Q\X�9\�NPJ�U�\M¶�¯7`H`1JMQ�RWS1T�u�Owµ�J�Qxbyì�í��9·�haf>î ïBð�ñò rtÂ
• º»^7JVJ�Y��/JMS,±²R/u_¯7JM\xO/�]RóU�RWNXQPY[Z A R/QXJVL�O/U�`H¯9NPJMTô�,�;NXQ@RWS7\B�´O/QPU�Y_S7� A ½7Q@\�N�NXO<R/S¯7`H`1JMQ æ Ja\X\XJ�S,�5J�QP��U�RWNXQPY[Z H �9�´O'u_u�Owµ"JaTV�,��QXJaT9¯7LtY�SH� H �´¯HQXNX^HJMQ]NXO�R è JaRWuzs9L@^,¯HQU�RWNXQPY[ZVY_NXJMQPRWNXY�±/JMu_�<beì�í��9·�hMf>î ïBð�õö r%Â
• º»^7JG\BY�SH�/¯7u�R/QK±²R/u_¯7JM\KO/� A RWQPJ]LtO'U¢`7¯9NXJaT��>�­NXQ@RWS7\B�´O/QPU�Y_S7� A ½1QP\BNFNXO�R³�HYqT9YqRW�/O'S7RWuU�RWNXQPY[Zó�´O'u_u�Owµ�JMT��>�ó�´¯HQBNP^HJ�QxQPJMTH¯7L%NPY_O'S�O/�"NP^HJ��HYqT9Y�R/�/O'S7RWuFU�RwNPQXY_ZóNXOÁR�T9YqRW�'O/S7R/uU�RWNXQPY[Z�beì�í��9·�hMf>îw� ïBð�÷ø �Hl�� ïBðwùBú¸,û5r%Â

�<�Bü ¨�ý þ �­§]�	��
7�{ÿ]���K�{��� ý�� �P��«��
��� ��� �{�����;�B�X���P���x�K�y���
º»^HJcNXO,O'u�\»O/�Kë³R/¯7\X\XYqRWSVJMu_Y�U�Y_S1RwNXY�O/SÁR/QXJ³f��kf�	¡f,l}hM�9î�
�	á�9h�îwikg'f,�/Â
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& f('Fl�i´hMi{j1l p	ok¸5o*),+.-0/1-023-0+%465�7�89/1:�;<-0734=7�>�5?+�@BAC/15�7D2E5�4F7�>�GH:�I3:�7�JB-07 n :�ID4F8�K�- k >MLE5N &BO�P
2E5�4F7�>�G9: I$4RQ%-<IS:?7�2

Mk =




1 0 · · · · · · · · · 0 0 0
0 1 0 · · · · · · · · · 0 0
0 0 1 0 0TTT TTT T T T T T T T T T TTTTTT TTT 0 1

T T T TTT
0

TTT mk+1,k

T T T 0
TTT

0 0
TTT T T T T T T 0

0 0 0 · · · mn,k · · · 0 1




b=UHÂ1V²r W�X &ZYF[ZY\P

º»^,¯7\��">R4]>ML^5�+_>�J(-S+`4=>R4F8a2E5�4F7�>�GE-\G�bc-6K"4"K%:�LcL�>�dS/e8fIS:�7$5gIS-S;h+":�+Ci�-S7\:3-0/1-023-0+%4=L,dc-S/1:?;4jQ�-kJ�>�5l@(:?+"5?/%:�Im4jQ�- kth b�:?/eAC2D+ T º»^HJÃU�RwNPQXY_Z Mk LMRWSx�5JÃµ]QPY[NXNXJ�SxY�S³NX^7JÃ�´O/QPUonqpsr	f>îwg/i{�Mfp	ok¸ut��`v�wB¶
Mk = I + mkeT

k ,

µ]^HJMQXJ I Yq\�NX^HJ]YqT9JMS'NPY[N���U�RwNXQPY_Z­OW�5O/Q@T9J�Q n � mk = (0, 0, . . . , 0, mk+1,k, . . . , mn,k)T �/R/S7T
ek Y�\GNX^HJ kth ¯HSHY_NB¿e±/JaL%NPO/Qa�9NX^7RWN�Yq\�� eT

k = (0, 0, . . . , 0, 1, 0, · · · , 0) �7µ]^HJMQXJ3xMVBy1Y�\�RwNGNP^HJ
kth J�S>NPQX�'Â
zs{j|s{6} ~9���������F�����������<���=���������"�?�<�����������C�l�1���]���F�������1�m���m���?���c�

�����C�0�q�
� f�	.	á�<pvo mvo¡ �-04

a1 =




a11

a21TTT
an1


 .

¢ Q�-0+�4jQ�-£-S/1-02E-S+`4¤5?7�8�235?4=7�>�G

M1 =




1 0 0 · · · · · · 0
−a21

a11
1 0 · · · · · · 0

−a31

a11
0 1 0 · · · 0

TTT TTT T T T T T T TTT
−an1

a11
0 · · · 0 0 1




b=UHÂ ¥'r &ZY¤[ZYF[

>ML$L�A%b�Q¦4RQ%5�4
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M1a1 =




a11

0
0TTT
0




b=UHÂ ©>r &ZY¤[ZY=ª

«¡¬�­�­�®�¯ nqpsr	f>îwg/i{�Mf<p	ok¸ut�g�vcwXo
p,r	��	 ·]�kfópvoq� È	J�N° &ZY¤[ZY\P

a =




2
5
1
2


 .

º»^HJ�S
M1 =




1 0 0 0
− 5

2 1 0 0
− 1

2 0 1 0
−1 0 0 1




Y�\]\X¯7L@^�NX^1RwN
M1a =




2
0
0
0


 .

zs{j|s{j| ±��l�q�g���²���q���0�M³Z�����M�k�µ´E�%�=�]��¶����]�����M���·�����=�¸�=�]�����q�k�
º»^HJGJMu_JMU�J�S>NPR/QX�¢U�RwNXQPYqLtJM\"L�R/S��1JcLtO/S,±'J�SHY�J�S>NXu��¢¯7\BJaT�Y_S�NXQPY�R/SH�/¯HuqRWQPYq¹�Y�SH��RxU�RwNPQXY_ZvÂFº»^7J`HQPO9LtJM\P\�Y�\FL�R/u_u�JMT*ºk5?A�LcLc>�5?+3»g/�>R2£>R+Z5�4F>�:�+�¼�5�Ic46-S7f4jQ�-²+"5�2E-s: If4RQ%-½IS5?23:?A�L^º²-07�235?+�2E5�4jQ�¾-0235?4=>�b0>�5�+¿5�+ZJ�5�L�4F7\:�+Z:�2E-S7c¼�À35?7�/"Áu7�>�-cJ?7�>�b�Q�º²5�A�LcL Â T

ëcY_±'J�SVR/S n×n U�RwNXQPY_Z A �Hë³RW¯7\P\BYqRWS�JMu_Y�U�Y_S1RwNXY�O/S�`7QXO9LtJa\X\"LtO'S7\BYq\BNP\ÃO/�v½7S7T9Y�SH�­NX^HJJ�u�J�U�JMS'N@RWQP��U�RwNXQPYqLtJM\ M1, · · · , Mn−1 \X¯7L@^�NX^7RWN
• A(1) = M1A ^1R/\f¹�JMQXO>\�Y_S�NX^7J³½7QP\BNGLtO'u_¯HU�S��5J�u�Owµ¹NX^7J�b�V/�qVar"JMS'NPQX�'Â
• A(2) = M2A

(1) ^7R'\f¹�JMQXO>\"Y�S�NX^HJ�\XJML�O/S7T�LtO'u_¯7U¢S��5J�u�Owµ¼bF¥9�Ã¥/r"J�S>NXQP�/Â
• A(n−1) = Mn−1A

(n−2) ^7R/\�¹�JMQXO>\	Y�SxNX^HJ (n−1)th LtO/u�¯HU�S��5J�u�OwµôNX^HJ (n−1, n−1)JMS>NXQP�/Â
Ä�Å,Æ?Ç�ÈCÉ�Ç�ÊeË�ÌCÇcÊ1Í�Î£Ï,ÆBÐ�Ñ\Ñ�Ò�Ó\Ô�Ô�Ô\Õ¤Ó Ö�×�×SØ`Ù½ÚcÛuÚ<Ü�Ý�Þ=ß²Úcàkß²Ú�á=â�Ý�ß²Ú�á=ãÃä ãeÚcàfÚcà�å²ÚcÛ=á=Þ=æ�à�æ�ßkÝ Þ�çlà�æcáFÝ�åkè1æ�Þå�Ý6éSÝ�êÃæ�ë�ßkÝ�à0á�æcèZß²ÚcàSì^ä�êeÚcÛ=ÛFãÃä ÚcêCß²Ú�áFâ�Ý ß²Ú�á=ãÃä Úcê�áFâ�Ý æ�Þ�ãÃÝ�Û\ç�Úcà�å$è1æ�Þ�â�ãÃÛ�ä\ÚcêÃä�í�êeÚ�á=ãÃæ�à¡æcè`á=â�Ý�æ�Þ=î�ã á=Û]æcè`áFâ�ÝÚcÛ=á=Ý�Þ=æ�ãÃå�Û½ïZÝ Þ�Ý�ÛZÚcà�å²ð�ÚcêÃêeÚcÛ ñ%Ü]Úcí�ÛFÛ`ãÃÛ"Û�áFãÃêÃê�Þ�Ý�òSÚcÞ=å�Ý åsÚcÛ`æ�à�Ý½æcè(á=â�Ý�ò�Þ=Ý Ú�á=Ý Û�áuß²Ú�á=â�Ý�ß²Ú�áFãÃä�ãeÚcà�Û�áFâ�Ý�Ùuæ�Þ�êÃåâ�ÚcÛ½Ý6éSÝ�Þ�ë�Þ�æ0å�í�ä�Ý�å�ñ
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §l¨%§
¢ Q�-�óm+"5?/u235?4=7�>�G A(n−1) >ML^A�K(K�-07$4=7�>�5?+�@BAC/15�7 T ¢ Q�-$ô(-S8�:(d�L0-07�õ�5?4=>�:?+�>ML$4RQ%5�4f-�5(b�Q:�I²4RQ%-²2E5�4F7�>�bc-�L A(k) >MLk4RQ%-²7�-�L�AC/e4]:�Ik4jQ�-�K"7\-02DAC/e4=> KZ/e>�bc5�4F>�:�+*:�I A(k−1) d08a5�+_-S/q-S2E-S+`4¤5?7�82E5�4F7�>�G T
º»^HJ³�´O/u�u�Owµ]Y_SH�¢Yq\GRWS�Y_u�u�¯7\�NPQPRWNXY�±/JxT9YqRW�'QPR/U¥Y_SÁL�R'\BJ n = 4 Â

dvhaf>· ¸1o A
M1−→M1A =




a11 a12 a13 a14

0 a
(1)
22 a

(1)
23 a

(1)
24

0 a
(1)
32 a

(1)
33 a

(1)
34

0 a
(1)
42 a

(1)
43 a

(1)
44




= A(1)

dvhaf>·
mvo A(1) M2−→M2A
(1) =




a11 a12 a13 a14

0 a
(1)
22 a

(1)
23 a

(1)
24

0 0 a
(2)
33 a

(2)
34

0 0 a
(2)
43 a

(2)
44




= A(2)

dvhaf>·n�	o A(2) M3−→M3A
(2) =




a11 a12 a13 a14

0 a
(1)
22 a

(1)
23 a

(1)
24

0 0 a
(2)
33 a

(2)
34

0 0 0 a
(3)
44




= A(3)

ö i=÷`ø�îwf<pvo{¸ ù0����ø��Mh�îw�9hMi{j1l�j"ú,û���ø��M�aik�7lüp^�ki=	¡ikl��9haikj5l
ý j1hMf,�Bþ
b´Y r�º»^HJ³U�RWNXQPY[Z A(1) Y�Sós>NXJM`ÿV³LMRWS��1J³�´O'QXU�JaT�R'\�¶

• Ä�Y_S1T M1 \B¯7L@^�NX^1RwN M1




a11

a12

a13

a14


 =




a11

0
0
0




• Ç `}THRWNXJ/¶ A(1) = M1A

b´Y�Y r�º»^HJ³U�RWNXQPY[Z A(2) Y�Sós>NXJM`*¥�LMRWS��1J³�´O'QXU�JaT�Y�S�N�µ"O�\XU�R/u_u�J�QG\BNXJM`7\]R/\��´O'u_u�OwµG\M¶

• Ä�Y_S1T M̂2 \B¯7L@^�NX^1RwN M̂2




a
(1)
22

a
(1)
32

a
(1)
42




=




a
(2)
22

0
0



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Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ

• ÄHO'QXU M2 =




1 0

0 M̂2




• Ç `}THRWNXJ A(2) = M2A
(1)

R/S7T�\BO¢O/SzÂ
bkY_Y�Y r��3Sá`HQPR'L%NPY�L�J/�g+"-0>R4RQ%-S7�4jQ�- 2E5�4F7�>�bc-�L Mk +":?7�4RQ%-¡K"7\:�J�A%b04�L MkA(k−1) +"-c-cJ*46:Hdc--�GSK"/e>�b0>R4F/e8sIS:�7�2E-cJw�5R/\]\X^HOwµ]S��5J�u�Owµnµ]Y_NX^ÁR 4× 4 +`AC23-07�>�bc5�/�-�G�5�2sK"/1-�Â

p,r	��	 ·]�kfópvo�| ~"O/S1\BYqT9J�Q° &ZY¤[ZY¤[

A =




1 2 3 4
5 6 7 8
1 1 3 3
2 1 1 1


 .

d	hMf>·á¸5o,t�p^�ki=	¡ikl��9hafxhMí�f�f,l}hMî²i{f,��j"úzhaí�f�¸>�Mh�g'j`�=ø�	¡l<j`ú A �*f��{j�� hMí�f���i{��÷5j1l����Fvwo® ¯Hu_NXY�`Hu���NX^HJ9VM\BN�QPOwµ©�,� −5,−1,−2 �1RWS7TóR'THT�QPJM\X`1JaL%NXY�±/JMu_�'�7NPO�NP^HJ3¥WS7T�NX^7QXO'¯H�/^��/NX^QPOwµG\�ÂFé�N]NX^HJxJMS7T�OW��NX^HYq\G\BNXJ�`z�Hµ"J³^7R²±'J

A(1) =




1 2 3 4
0 −4 −8 −12
0 −1 0 −1
0 −3 −5 −7


 .

� O/NXJcNX^1RwNGY�S�NPJ�QPU�\»OW��NX^HJxU�RwNPQXY_ZVU�¯Hu[NPY_`7u_YqL�RWNXY�O/S	�9µ�J³^7R²±/J

A(1) =




1 0 0 0
−5 1 0 0
−1 0 1 0
−2 0 0 1







1 2 3 4
5 6 7 8
1 1 3 3
2 1 1 1


 = M1A.

M1 Ad	hMf>·nmvo�t�p^�ki=	¡ikl��9hMfVhMí�fóf,l}h�îwikf,�¢j`úGhMí�f<mHl���g/j"��ø�	¡l j"ú A(1) �*f��kj�� hMí�fÁ��i{��÷7�
j5l����¤v²o ® ¯Hu_NXY�`Hu_�óNX^HJE¥wS7T<QXOwµ�O/� A(1) �,� −1

4
R/S7T −3

4
RWS7TóR'THTóQPJM\X`5JML%NPY_±'J�u��/�5NXOVNX^HJ

©WQ@TVR/S7T��WNP^�QPOwµG\�ÂKé�N]NP^HJxJ�S7T�OW��NX^7Y�\G\BNXJM`	�9µ�Jx^7R²±/J

A(2) =




1 2 3 4
0 −4 −8 −12
0 0 2 2
0 0 1 2


 .

éG�>RWY�S	�9Y�S�NPJ�QPU�\»OW��U�RWNXQPY[ZVU�¯Hu_NXY�`Hu_YqL�RWNXY�O/S	�7µ"J³^7R²±'J

A(2) =




1 0 0 0
0 1 0 0
0 − 1

4 1 0
0 − 3

4 0 1







1 2 3 4
0 −4 −8 −12
0 −1 0 −1
0 −3 −5 −7


 = M2A

(1).
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §l¨
	
d	hMf>· �zo�t p,�{i�	¡i{l��HhMf�haí�f©f,l}h�îwikf,�áj"ú�hMí�f©hMí�i´îw� g'j`�=ø�	álªj`ú A(2) �*f��{j�� haí�f
��ik��÷5j1l����¤v²o ® ¯Hu_NXY�`Hu�� NX^HJ�NP^HY_Q@T�LtO'u_¯7U¢S�O/� A(2) �,� −1

2
R/S7T�R/T7T Y_N�NPOôNX^HJÁNP^HY�QPTv��/Y�±,Y_S7�7¶

A(3) =




1 2 3 4
0 −4 −8 −12
0 0 2 2
0 0 0 1


 =

Ç `H`5J�Q]NPQXYqRWSH�'¯HuqRWQaÂ
éG�>RWY�S	�

A(3) =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 − 1

2 1







1 2 3 4
0 −4 −8 −12
0 0 2 2
0 0 1 2


 = M3A

(2).

� f�	¡�9î
��þ �a:?4¤-£4jQ�5?4k4¤:,IS:�7�2 A(k) Ic7\:�2 A(k−1), k = 1, 2, 3 ¼<+"-0>R4RQ%-S7a4RQ%-D235?¾4F7�>�b�-SL Mk +":?7�4RQ%-fKZ7\:�J�A%b04�L MkA(k−1) +"-c-cJE46:�dc-fK�-07jIS:�7�2E-cJ9-�GSK"/e>�b0>R4F/e8 Tº»^HJx�/JMSHJ�Q@RWu}`HQPO9LtJa\X\�Yq\]SHOwµ
ê>¯HY_NXJ�L�u_JaRWQaÂs>NPR/QBNPY_S7��µ]Y_NX^ A �vNP^HJ�`HQPO,L�JM\P\³LtO/S1\�NPQX¯7LtNP\³\X¯7L�L�JM\P\BY�±/JMu_��NX^7J¢U�RWNXQPY�L�JM\ A(1) � A(2) �Â�ÂMÂ�� A(n−1) \X¯7L@^�NP^7RwN A(1) ^7R/\�¹MJ�QPO'\KO'S�NX^HJaVM\BN"LtO'u_¯HU�S��5J�u�OwµáNP^HJÅTHY�R/�/O/S1RWuy� A(2) ^7R'\¹�JMQXO>\»O/S�NX^7J­\BJaLtO'S7T�L�O/u�¯HU�SÁ�1JMu_Owµ©Y_NP\GT9YqRW�'O/S7R/u	RWS7T�\XO�O/S	Â"º»^HJx½7S7R/u	U�RwNPQXY_Z A(n−1)

Yq\"R/S�¯H`H`5J�Q�NXQPYqRWSH�'¯Hu�R/QÃU�RwNPQXY_ZvÂ ¢ Q�-^ôB-08E:BdSLS-07�õ�5�4F>�:�+*>ML^4RQ%5�4�-c5BbcQ_:�I^4jQ�-SL0-$235?4=7�>�bc-SL,>ML5 7\-SLcAC/�4f: IfK"7�-S2DAC/e4F> K"/e>�bc5�4F>�:�+�: I¡4jQ�-sKZ7\-Sõ�>�:�A�L3:�+"-3d0895?+ÿ-0/1-023-0+%465�7�8 /1:�;<-07£4F7�>�5�+�@?AC/q5�72E5�4F7�>�G Tû�f,l�f>îw����·�îwj	g'f,�M�'o"º»^HJMQXJxR/QXJ (n− 1) \�NPJ�`7\MÂÃÈ	J�N A(k) = (a
(k)
ij ), k ≥ 1 Â

� =@? ����� t�p^�ki=	¡ikl��9hMfôhaí�f f,l}h�îwikf,��j`ú�hMí�f�'�îw��h�g/j"��ø�	¡l j"ú A �"f��{j�� haí�f��ik��÷5j1l����¤v²Â ® ¯Hu_NXY�`Hu��VNP^HJxJ�S>NXQPY�JM\�OW��NX^HJEVa\�N]QPOwµ¹OW� A �,��NX^7JxS>¯7U­�5J�Q@\
mi1 = − ai1

a11
, i = 2, . . . , n

RWS1T�R/THT¢NP^HJ�U��>QXJa\B`5JMLtNXY�±/J�u��/�/NXOxNP^HO'\XJGO/�5NP^HJÅ\XJML�O/S7T�NP^HQXO'¯H�/^ nth QXOwµxÂ���J�^7R²±/JGRxS7J�µU�RwNPQXY_Z A(1) ¶

A(1) =




a11 a12 . . . . . . a1n

0 a
(1)
22 . . . . . . a

(1)
2n

0
ÂÂÂ Â Â Â ÂÂÂÂÂÂ Â Â Â ÂÂÂ

0 a
(1)
n2 . . . . . . a

(1)
nn




,

µ]^HYqL@^�LMRWS��5Jxµ]QXY_NBNPJ�S�R/\M¶

A(1) =




1 0 0 . . . 0
m21 1 0 . . . 0ÂÂÂ Â Â Â
mn1 0 . . . 0 1







a11 . . . a1n

a21 . . . a22ÂÂÂ
an1 . . . ann


 = M1A
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§l¨�� ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
� =@? ����� t p,�{i�	¡i{l��9haf<haí�f f,l}hMî²i{f,��j"ú³hMí�f¡�af,g/j5l���g/j"��ø�	¡l
j`ú A(1) �*f��kj��hMí�fÁ��ik��÷5j1l����¤v²Â ® ¯Hu_NXY�`Hu���NP^HJxJ�S>NXQPY�JM\»OW��¥wS7T�QPOwµ¹OW� A(1) �,��NX^HJxS,¯HU��1JMQP\

mi2 = −a
(1)
i2

a
(1)
22

, i = 3, . . . , n

RWS1T�R'THT�NP^HJ�U��1QXJa\B`5JMLtNXY�±/J�u��/�>NPO�NX^HO>\BJ³OW�]©WQ@T�NP^HQPO/¯H�'^ nth QPOwµxÂ
��JxS7Owµn^7R²±'JcR¢SHJMµ
U�RwNPQXY_Z A(2) ¶

A(2) =




a11 a12 a13 . . . a1n

0 a
(1)
22 a

(1)
23 . . . a

(1)
2n

0 0 a
(2)
32 . . . a

(2)
3nÂÂÂ ÂÂÂ Â Â Â ÂÂÂ

0 0 a
(2)
n3 . . . a

(2)
nn




,

µ]^HYqL@^�LMRWS��1Jxµ]QPY_NBNXJMSÁR/\M¶

A(2) =




1
0 1 0

0 m32
Â Â ÂÂÂÂ ÂÂÂ Â Â Â

0 mn2 . . . . . . 1







a11 a12 . . . a1n

0 a
(1)
22 . . . a

(1)
2n

0 a
(1)
32 . . . a

(1)
3nÂÂÂ ÂÂÂ

0 a
(1)
n2 . . . a

(1)
nn




= M2A
(1).

º»^HJÅ`HQXO9L�JM\P\*Yq\Ã�kR/Y_QPu����/J�S7J�Q@RWuyÂ�º»^HJc�/JMSHJ�Q@RWu kth \�NPJ�`�LMRWS�S7Owµ�JMR/\XY�u_���5JÅµ]QPY[NXNXJMS�T9Owµ]S	Â
� =@? � - (k > 1) � bkf��ki=	¡ikl��9haf�haí�f�f,l}h�îwikf,���*f��kj�� haí�f���i{��÷5j1l�����j`ú�hMí�f kth

g/j"��ø�	¡l j`ú A(k−1) o�r ® ¯Hu_NXY�`Hu���NP^HJ kth QPOwµ¹OW� A(k−1) �,��NP^HJxS,¯HU­�5J�Q@\
mik = −a

(k−1)
ik

a
(k−1)
kk

, i = k + 1, . . . , n

RWS1T�R'THTv�	QPJM\X`1JaL%NPY_±'J�u��/�vNPO�NX^HJ (k + 1)th NP^HQXO'¯H�/^ nth QPOwµxÂ�º»^7Y�\³µ]Y�u_u*�>Y�J�uqT;R�U�RWNXQPY[Z
A(k) �'Y_±'J�S��,�

A(k) = MkA(k−1)

µ]^HJMQXJ Mk Y�\]THJt½7SHJaT��>��b ���! #"%$#" ùU9ÂqVartÂ
� =@? � 6 & ��� é�N�NP^HJ�JMS7T¹O/�xNX^HJ (n − 1)th \�NPJ�`	��NX^HJ;U�RwNPQXY_Z A(n−1) Y�\�¯H`H`5J�QNXQPYqRWSH�'¯Hu�R/QM¶

A(n−1) =




a11 a12 · · · · · · · · · a1n

0 a
(1)
22 · · · · · · · · · a

(1)
2n

0 0 a
(2)
33 a

(2)
3n

0
Â Â Â ÂÂÂÂÂÂ Â Â Â ÂÂÂ

0 0 0 · · · 0 a
(n−1)
nn




.



Fi
le

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 9
/9

/2
00

8 
at

 1
4:

44
, v

er
si

on
 A

U
G

U
S

T 
7,

 2
00

8/
FI

N
A

L?
?

i

i

i

i

i

i

i

i

Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §l¨'Ó
s,Y�U¢Y�uqRWQ»NXO�NP^HJxOWNP^HJ�QG\BNXJM`7\M�9µ"J³^7R²±'J�b{ikl hMf>î�	¡��j"úk	¡�9h�îwi�r�	�ø��´hai´·]�ki{g/�9haikj5l��²r%¶

A(n−1) = Mn−1A
(n−2).' í�f LU

ö �7gWhMj1îwi)('�9hMi{j1l¹j"úG�+* �9hMî²i�rhúyîwj`	 û���ø��M�aik�Hl�p^�ki=	¡ikl��9hMi{j1l
º»^HJ�`HQPO9LtJa\X\»µ�J-,�¯7\BNÅT9Ja\XL�QXY��1JaT��>Y�J�uqTH\GR��kR/L%NPO/QPY1¹aRwNPY_O'S�O/��NP^HJ�U�RwNPQXY_Zv¶ A = LU �µ]^HJMQXJ L Yq\aAC+`>R4g/q:�;<-07£4F7�>�5�+�@?AC/15?7�RWS7T U Y�\£A�KBK%-S7D4F7�>�5�+�@BAC/15?7%�	R/\�\X^HOwµ]Só�5J�u�OwµxÂÅº»^7Y�\�kR/LtNXO'QXYq¹MRWNXY�O/S�Yq\*°,SHOwµ]S�R'\ LU IS5Bb046:�7�>1i�5�4F>�:�+�: I A Â< /.�IS5(bS46:�7�>1i�5�4F>�:�+ :�I�5D235?4=7�>�GE>ML$5�+>R2sK�:?7�4¤5?+%4�2E5�4F7�>�G²IS5Bb046:�7�>1i�5�4F>�:�+*A�L0-=IcAC/�IS:?7sL0:?/eõl>R+�@�5£/e>R+Z-�5?7sL�8�L�46-S2 5?+"J3bc:�2sK"AC4F>R+�@34jQ�-JB-046-S7�2D>R+"5?+%4k5�+"J�4RQ%-¡>R+`õ�-07cL0-£: Ia5E2E5�4F7�>�G10=L0-c-�24365
798;: ¬ ïBð�ñ<>= T

A L U

=

0

0

∗

∗

ö i�÷"øzîwf<p	oqm �@? ö �Hg/hMj1î²iA(/�9haikj5l¹j"úG�B* �9h�îwijrC ��hM�Hi{l�i{l�÷ L �Hl�� U

Ä�Y_Q@\�Na�9O/�7\XJ�QP±/J�NX^7RWN]NX^HJc½7S1RWuvU�RwNPQXY_Z A(n−1) Yq\»RWS�¯H`H`5J�Q»NXQPYqRWSH�'¯Hu�R/Q"U�RWNXQPY[ZvÂÃs,O7�µ�J³LMRWS�NPR/°/JcNX^HYq\]U�RwNPQXY_Z�R'\»O/¯HQ U U�RwNXQPY_Z}Âº»^,¯7\ U = A(n−1) = Mn−1A
(n−2) ÂÃé��'RWY�S	� An−2 = Mn−2A

(n−3) Âs,O7� U = Mn−1Mn−2A
(n−3) Â"~"O/S>NPY_S,¯HY�SH�¢NX^HYq\»µ»R²�/�9µ�J³LMRWS�µ]QXY_NXJ
U = Mn−1Mn−2 . . .M2M1A

s,J�NGSHOwµ L1 = Mn−1Mn−2 . . .M2M1 ÂÃº»^7J�S U = L1A Âs,Y�S7LtJÃJaR/L@^³OW�>NX^7J*J�u�J�U�JMS'N@RWQP�Gu�Owµ"JMQ}NXQPY�R/SH�/¯HuqRWQvU�RWNXQPY�L�JM\vYq\	R]¯HS7Y[Nzu�Owµ�J�Q}NXQPYqRWSH�'¯Hu�R/QU�RwNPQXY_Z	b\5 /1:�;<-07D4=7�>�5?+�@BAC/15�7£235?4=7�>�G9;�>R4jQED6F LD5?/1:�+�@_4jQ�-EJ�>�5l@(:?+"5?/ = Y[Nc�´O/u�u_OwµG\]NX^7RWN L1 Y�\Y�S>±'J�QXNXY��Hu�J­RWS7T L−1
1 Yq\cRWuq\BO�ø�l�ikh��kj���f'î�h�îwi{�Hl�÷"ø��k�9î,o�b � OWNPJxNX^7RWN£4jQ�-sKZ7\:lJ?A%bS4²: IaAC+`>R4/1:?;<-S734F7�>�5�+�@BAC/15?7£2E5�4F7�>�bc-�LD>ML359AC+%>R4f/1:?;<-S734F7�>�5�+�@?AC/15?7£2E5�4F7�>�GH5?+"J L0:9>ML£4jQ�-D>R+`õ�-07cL0- = Â� Owµ©\BJ�N L = L−1

1 ÂÃº»^HJMS A = LU Â
�@? ö �Hg/hMj1îwi)(/�HhMikj5l�j"úG�B* �9h�îwijrüúyî²j"	 û��%ø��a�Mi{�Hl p^�ki�	áikl��9hMi{j1l

A = LU

• L = (Mn−1Mn−2 . . . M2M1)
−1 b Ç SHY[N�ÈzOwµ"JMQ]ºzQPY�R/SH�/¯7u�R/Q@rtÂ

• U = An−1 b Ç `H`5J�Q�º�QXYqRWS7�/¯HuqRWQ%r%Â
& f('Fl�i´hMi{j1l p	oqp	o ¢ Q�-_-0+%4F7�>�-�L a11, a

(1)
22 , . . . , a

(n−1)
nn 5�7�- bc5�/R/q-�JEK">Rõ�:�4=Lc¼$5?+"J¦4jQ�-95Bdc:?õ�-N &BOSª

K"7�:lbc-SL�L,: Is:Bd0465�>R+%>R+�@� /.DIS5(bS46:�7�>1i�5?4=>�:?+9>MLgô?+":?;�+95�L¡ºk5?A�LcLc>�5?+_-0/e>R2D>R+"5?4=>�:?+ ;�>R4jQ�:?AC4�7�:�;
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§l¨
G ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
>R+%46-07\b�Q%5�+�@(-SL T@H 4�>ML,bc:�2D2E:�+%/�8^ô�+Z:�;�+¦5�L¡º²5�A�LcL�>�5�+¦-0/e>R2£>R+Z5�4F>�:�+_;�>R4jQ�:�AC4`KZ>Rõ�:?4=>R+�@ T ¢ Q�-+%AC2Edc-S7cL mik 5?7\-£bc5?/R/1-cJ�2DAC/e4F> K"/e>�-07cL T

C ��ha�Hikl�ikl�÷ L ��ikhMí�j`ø�hI* �9h�îwi�rhùtlKJ5f'îw�aikj5l
L -f;�>R/R/%+":�;�L\Q�:?;¿4RQ%5�4½4jQ�-²235?4=7�>�G L b�5?+�dc-½IS:�7�2E-cJ$;�>R4jQ�:�AC4]-\GSKZ/e>�bS>R4F/e8abc:�2sK"AC4F>R+�@5�+`8E235?4=7�>�G�K"7�:lJ?A%bS4k5�+ZJE;�>R4jQ�:�AC4k5�+`8E235?4=7�>�G >R+`õ�-07cL�>�:�+7Â

L = L−1
1 = M−1

1 M−1
2 . . .M−1

n−1.

Ä�Y_Q@\BNM�9µ�JcO'�7\XJ�QP±/JNM p,r	f>î²g'ik�af<pvo{¸ZtO��v�PvNX^7RWN
M−1

i = I −meT
i , i = 1, 2, . . . , n− 1

µ]^HJMQXJ m = (0, 0, . . . , 0, mi+1,i . . . , mn,i)
T R/S7T ei Yq\»NX^7J ith ¯7SHY[NG±'JMLtNXO/QaÂH 4]L�>R2sK"/e832E-�5?+�Ls4jQ�5?4m4jQ�- M−1

i >ML�Q�A�L�4�4RQ%-^235?4=7�>�G Mi -\G�bc-¤KZ4m4jQ�5�4�4jQ�-a-S+`4=7�>�-SL$:?+4jQ�- ith b�:?/eAC2D+_dc-0/1:�;ü4RQ%-�J�>�5l@(:?+"5�/�5?7\-�Q�A�L�4]4RQ%-^+"-¤@(5?4=>Rõ�-SL^:�I,4RQ%-�bc:�7�7\-SLFK�:?+"J�>R+�@�-0+%4F7�>�-�L:�I Mi Tº»^,¯7\�� M−1
i M−1

i+1 Y�\¢Ró¯HS7Y[N�u_Owµ�J�Q­NXQPY�R/SH�/¯7u�R/Q�U�RwNXQPY_Zôµ]Y_NX^áNX^HJ�SHO'S�¹�JMQXOÁJMS'NPQXY�JM\�5J�u�Owµ NX^7J�THY�R/�/O/S1RWuFO/SHu��óO'S<NP^HJ�LtO'u_¯HU�S7\ i RWS7T (i + 1) �	µ]^7Y�L@^ RWQPJ�NX^HJ�SHJM�'RWNXY�±/JM\cO/�NX^7J�LtO/QPQPJM\X`1O'S7T9Y�SH�­JMS'NPQXY�JM\»O/� Mi R/S7T Mi+1 ÂÃÄ7O/Q]JtZHR/U¢`7u_J'�

M−1
1 M−1

2 =




1 0 0 . . . 0
−m21 1 . . . 0

−m31 −m32
Â Â Â ÂÂÂÂÂÂ ÂÂÂ 0

Â Â Â
−mn1 −mn2 . . . . . . 1




.

º»^HYq\»Y_U�`Hu�Y�JM\»NP^7RwN

L = M−1
1 M−1

2 . . .M−1
n−1 =




1 0 · · · · · · 0
−m21 1 0 0

−m31 −m32 1
Â Â Â 0ÂÂÂ ÂÂÂ Â Â Â Â Â Â 0

−mn1 −mn2 · · · −mn,n−1 1




.

' íuø���hMj¿úej7î�	 L ��j;hMí�f*úej`�=�kj���ikl�÷�þ
• sHR²±/JcNX^HJ³U�¯Hu[NPY_`7u_Y�J�Q@\GRwN]JaR/L@^�\�NPJ�`	Â
• �3S1\BJMQBN�NP^HJ<S7J��'RWNXY�±/JóO/�³NX^HJ�U­¯Hu_NXY�`Hu�Y_JMQP\�OW��s>NPJ�`�V<Y_S�NP^HJó½1QP\BN�LtO'u_¯7U¢SnOW�³NX^HJYqT9JMS'NPY[N���U�RwNXQPY_ZV�1JMu_Owµ
NX^7J�T9Y�R/�/O'S7RWuy�,NX^HJxS7J��'RWNXY�±/Ja\"O/��NP^HJxU­¯7u[NPY_`Hu�Y�J�Q@\]OW�Ãs>NXJM`*¥Y�S�NX^HJ�\XJML�O/S7T�LtO'u_¯7U¢S��5J�u�OwµnNP^HJxT9Y�R/�/O'S7RWuy�HRWS7T�\XO¢O'S	Â

p,r	��	 ·]�kfópvo ò° &ZY¤[ZYFª
A =




2 2 3
4 5 6
1 2 4


 .
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §l¨'Ê
� =@? �I���/R!S D[AUTVA_69)>=@?�=WV,?c?,69=%0BA ?�X*256x=WV,?/Y	0ZX%=K+W27D[4[T�6x2�\ A ]

?,DC2
^ =WV,?³81Aà)'.12169)9DU_ �® ¯Hu_NXY�`Hu���NX^7JÅ½1QP\BN�QPOwµ¹O/� A �>� −2 RWS7T − 1
2 RWS1TVR/T7Tv�9QXJa\B`5JMLtNXY�±/JMu_�'�'NPO­NP^HJx\BJaLtO'S7TVR/S7TNX^7Y_Q@T�QXOwµxÂ

A(1) =




2 2 3
0 1 0
0 1 − 5

2


 ; m21 = −2, m31 = − 1

2 .

� =@? �`�K�aR!S DàAUT�A[69)>=@?<=WV,?;?,69=t0�A ?�X�216ô=WV9?+X%?>+W216H8á+W27D_4�T�6ô2�\ A(1) ]
?>DC2
^ =WV9?81Aà)'.12169)9D � _ ® ¯Hu_NXY�`Hu_�VNX^HJ�\XJML�O/S7T�QPOwµ¹OW� A(1) �>� −1 R/S7T�R'THT�Y[N]NPO¢NX^HJ³NP^HY_Q@T�QXOwµxÂ

A(2) =




2 2 3
0 1 0
0 0 5

2


 ; m32 = −1.

s,O1�
U = A(2) =




2 2 3
0 1 0
0 0 5

2


 .

L = L−1
1 =




1 0 0
−m21 1 0
−m31 −m32 1


 =




1 0 0
2 1 0
1
2 1 1




t ý j1hMf;haí��9h�l�f>ikhMí�f>î L1 l�j1îói´hM��iklKJ5f'îw�af l�f,f,���Vhajb�*fôg'j`	 ·]ø�hMf,�nf�rv·]�kikg'i´h��j
7oRv
psr	i{��haf>l�g/fÁ�7l�� ? l�i)cuø�f>l�f,�M��j"ú �d? ö �HgWhaj7îwiA(/�9haikj5l

� O/NXJ­NX^7RWN��´O/QcRWS<È Ç �kR'L%NXO'QXYq¹MRWNXY�O/S�NXOVJtZ9Y�\BNM�5NP^HJ­`HY�±/O/NP\�U­¯7\BNÅ�5J�T9Yfe}J�QPJ�S>N��´QPO/U�¹�JMQXO1Âº»^,¯7\M�*È Ç �kR/LtNXO/QPYq¹MRwNPY_O'S U�R²�;S7OWN�JtZ9Y�\BN�J�±/JMS �´O/Q�R�±/J�QP�ô\BY�U�`Hu_J�U�RwNPQXY_ZvÂôº�RW°'J A =(
0 1
1 0

) Â�º»^HJ»`HY�±/O/N a
(0)
11 Y�\]¹MJ�QPO7Â�s9O7�½º²5�A�LcL�>�5�+_-S/�>R2£>R+Z5�4F>�:�+ LSbcQ�-02E-,bc5�+ +":?4�dc-,bc5?7�7�>�-�J

:�AC4yÂ º»^HJ»�´O/u�u�Owµ]Y_SH�cNP^HJ�O'QXJMU �/Y�±/Ja\KLtO/S1T9Y[NPY_O'S7\FO/S¢NP^HJ]JtZ9Yq\�NPJ�S7L�JGRWS7T�¯HSHYqê>¯HJ�SHJa\X\ÃOW� LU�kR/LtNXO'QXYq¹MRWNXY�O/S	Â
& f('Fl�i´hMi{j1l©pvo ø o ¢ Q�- k ¾64jQ*/1-c5BJ�>R+�@£K"7�>R+ZbS> K%5�/]2D>R+":?7D:�ID5�2E5�4F7�>�GB¼ A ¼kJ(-S+Z:�46-�J_d08 Ak ¼>MLDJ(-�ó<+"-cJ 4¤:_dc-D4RQ%- k × k /1-c5BJ?>R+�@£KZ7�>R+"b0> K�5?/]L�A%dS2E5�4F7�>�G¦bc:�+�L�>ML�4F>R+�@¦:�Ia4RQ%-fóm7cL�4 k 7\:?;]L5�+ZJE4jQ�-�óm7cL�4 k bc:?/eAC2£+%L T
' í�f,j7îwf�	 p	ohgzoji;kml[npoq8;:
rts
:E5�rtuwvxryn{z
|�:
rt:
o}o ­�®�~ v��t5Ks
8 ­`¬ nA�#5�8On ­ r��� &ZY¤[ZY\P
0F> = ),+ n × n 2E5�4F7�>�G A Q�5�Lÿ5?+  �. IS5Bb04¤:?7�>1il5?4=>�:?+�> I Ak, k = 1, . . . , n − 1 ¼95?7\-+":�+%L�>R+�@BAC/15�7 T
0¤>R> = H I$4jQ�-$ /.9IS5(bS46:�7�>1i�5?4=>�:?+¿-�G(>ML�4�La5�+ZJ A >ML¡+":�+%L�>R+�@BAC/15�7c¼m4jQ�-0+H4jQ�>ML<IS5(bS46:�7�>1i�5�4F>�:�+ÿ>MLAC+%>)�0A%- T
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§l¨'Ë ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
«¡¬�­�­�®�¯ psr	i{��haf,l�g'f`þ"ÄHQPO/U¼NX^HJcT9J�QPY_±wRWNXY�O/S�OW�zë³R/¯7\X\XYqRWS�J�u�Y�U¢Y�S7RWNXY�O/S�\PL@^HJ�U�J/�>Y_N*�´O/u�u�OwµG\NX^1RwN�NP^HJ�`HQPO9LtJM\P\xL�R/SôO/SHu��<�HQPJMR/°�T9Owµ]SôY_�GRWS,�<O/��NP^HJ�`HY�±/O/NP\ a11, a

(1)
22 , . . . , a

(n−1)
nn Y�\¹�JMQXO1Â�é��'R/Y_S	�9Y_N�L�R/S��1J�\X^HOwµ]S1M p,r	f'îwg'ik�af�pvoq�#P}NP^7RwN

det(Ak) = a11a
(1)
22 . . . a

(k−1)
k , k = 1, . . . , n− 1 b � OWNPJ³NX^7RWN�T9JtN A1 = a11).

º»^HYq\GU�JMR/S7\]NP^7RwNcY[�KNP^HJx½7Q@\BN (n− 1) u_JaR/T9Y�SH��`HQPY�S7LtY�`7RWu�U¢Y�SHO'QP\GR/QXJ­SHO/S7\XY�SH�/¯HuqRWQa�9NP^HJ�Së³RW¯1\X\XY�R/S�J�u�Y_U�Y�S7RwNPY_O'SV\XL@^7J�U�J�T9O,JM\"SHO/N*�kRWY�uy�>R/S7T�µ�J�RWu�µ�R²�9\K^1R²±/J�R/S LU �kR/LtNXO/QPYq¹MRwNPY_O'SOW� A Y_S�NP^HY�\�L�R/\XJ/�9R'\]\B^HOwµ]S��,��NX^7J�RW�5Ow±/JxT9Yq\XL�¯7\X\XY�O/S	Â? l�i)cuø�f,l�f,�a�Bþôº»^HJÁ¯HS7Y�ê>¯HJMSHJM\P\�µ]Y_u�uG�5JÁ`HQPOw±/JMT �,� g'j1l}hMî²�7��i{gWhMi{j1l"Â©s9¯H`H`5O'\XJNX^7J�QPJ­RWQPJ³N�µ"O�T9YUe}J�QPJ�S>N LU �kR/L%NPO/QPY1¹aRwNPY_O'S7\»OW� A ¶ A = L1U1 = L2U2. º»^HJMS	�5µ"J�U�¯7\BN\X^HOwµ�NX^1RwN L1 = L2 R/S7T U1 = U2 Âç JMLMRW¯7\XJ A Yq\*S7O/S7\XY_S7�/¯HuqRWQa�WNP^HJ�U�RwNPQXYqLtJa\ L1, L2 � U1 R/S7T U2 RWQPJGRWu�u5SHO/S7\XY�SH�/¯HuqRWQaÂ�º»^,¯7\Y_N]�´O/u�u_OwµG\"�´QPO/U¥NP^HJ�RW�5Ow±/JÅN�µ"O¢�kR'L%NXO'QXYq¹MRWNXY�O/S7\�O/� A � L−1
2 L1 = U2U

−1
1 Â� Owµ L2L

−1
1 Yq\�R�¯HSHY_N�u�Owµ�J�Q	NPQXYqRWS7�/¯HuqRWQ�U�RWNXQPY[Z�R/S7T U2U

−1
1 Y�\FR/S�¯H`H`5J�Q�NXQPY�R/SH�/¯7u�R/QU�RwNPQXY_ZóRWS7T<NX^HJ¢O/S7u_�Áµ»R²��NX^HJM�óL�R/S<�5J¢Jaê>¯7RWuFYq\�NP^7RwNx�5OWNP^�O/�ÃNX^HJa\BJ�RWQPJ�NX^HJ¢Y�THJ�S>NXY_N��/Âº»^,¯7\ L1 = L2 R/S7T U1 = U2 Â

� ?#T�)'0B-�� � OWNXJ»NP^7RwN"Y_S�NP^HJ�RW�5Ow±/J�NP^HJ�O'QXJMU��'Y[�}NP^HJ�T9YqRW�'O/S7R/u9J�S>NXQPY_Ja\KOW� L RWQPJ]SHO/N\X`1JaLtY_½7JMTv�,NP^HJ�S�NP^HJ³�kR/LtNXO/QPYq¹MRwNPY_O'S�Yq\»SHO/N ¯HSHYqê'¯7J/ÂGb)�ÅO�RWS�JtZHR/U¢`7u_JcNXO�±'J�QPY[�´��NP^HYq\PrtÂ� d	hMj1îw��÷5f�d	g²í�f�	¡f_úyj1îV�E�³îw�HgWhaikg'��� �d? ö �HgWhaj7îwiA(/�9haikj5l
é�\m�KZHRWU�`Hu�J �  #"%$#"%�UHÂ �V\B^HOwµG\GNX^7RWNÅ�´O'QcRV`HQ@R/L%NPY�LMRWuFë³RW¯7\P\BYqRWSÁJMu_Y�U�Y_S1RwNXY�O/S;\XL@^7J�U�J/�1NX^HJ

kth ¿e\BNXJM`�L�O/S7\XYq\�N@\»OW�
• Ä7O/QPU�Y_SH�¢NP^HJxU­¯Hu_NXY�`Hu�Y_JMQP\ mik = −a

(k−1)
ik

a
(k−1)
kk

, i = k + 1, · · · , n

• Ç `5T7RwNXY�SH��NP^HJxJ�S>NPQXY�JM\»O/��NP^HJ­\X¯H�HU�RwNPQXY_Zv¶ A(k + 1 : n, k + 1 : n) M NX^7J�\B¯H�7U�RWNXQPY[ZL�O/S7\XYq\�NPY_SH��O/�zNX^7JxQXOwµG\ (k + 1) NX^HQPO/¯7�/^ n R/S7T�L�O/u�¯HU�S7\ (k + 1) NX^HQPO/¯7�/^ n PyÂ
º»^7J³�´O/u�u_Owµ]Y�SH��\�NPO/Q@RW�/J³\PL@^HJ�U�JcNX^,¯7\]LMRWS��1Jx¯1\BJaTv¶

• º»^7J¢U�¯Hu_NXY�`Hu_Y�J�Q@\xRWQPJ�\�NPO/QPJMT<�1JMu_Owµ NX^HJ�U�RWY�S;THY�R/�/O/S1RWuFOW� A Â�º»^HJM\XJ�U­¯Hu_NXY�`Hu�Y_JMQP\NP^HJ�SÁLMRWS��1Jx¯7\XJMT�NPO��´O'QXU L Â
• º»^7JGJ�S>NXQPY�JM\KO/�5NP^HJG¯H`7`1JMQÃNXQPYqRWSH�'¯Hu�R/QKU�RwNXQPY_Z U RWQPJG\�NPO/QPJMT¢Y�S�NX^HJG¯7`H`1JMQ*^7R/u[�v`7R/QBNO/� A Y�S7L�u_¯7THY_SH�¢NP^HJ�T9YqRW�/O'S7RWuyÂ
��Y_NX^�NX^7Y�\x\BNXO'QPR/�/J­\PL@^HJ�U�J'�1NP^HJ�¯H`H`5J�QcNXQPYqRWSH�'¯Hu�R/QÅU�RWNXQPY[Z A(n−1) RWNÅNP^HJ�JMS7T�OW�NP^HJ (n− 1)th \�NPJ�`�µ]Y_u�u	u�O,O/°�u�Y_°'J/¶

A ≡ A(n−1) =




a11 a12 · · · · · · a1n

m21 a
(1)
21 · · · · · · a

(1)
2nÂÂÂ Â Â Â Â Â Â ÂÂÂÂÂÂ Â Â Â Â Â Â ÂÂÂ

mn1 · · · · · · mn,n−1 a
(n−1)
nn



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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §l¨'É
�1���-�t�@�O���4�����p��� �d? ö �Hg/hMj1î²iA(/�9haikj5l�ø��Mi{l�÷ û���ø��M�aik�7l�p,�{i�	¡i{l��9haikj5l��i´haí�j"ø�hN�xi)J1j1hMikl�÷�o� &"Y¤[ZY¤[
ùtl�·]øzh(þ»é�S n× n U�RwNPQXY_Z AC øzhM·�ø�hM�(þÅbkYqr�éGS�¯H`H`5J�Q»NPQXYqRWSH�'¯HuqRWQ*U�RWNXQPY[Z U �9RWS1T<b´Y�Y r"º»^7JÅU�¯Hu[NPY_`7u_Y�J�Q@\ mijSHJMJMT9JaT�NXO¢�´O/QPU¥NX^7Jx¯HSHY_N�u_Owµ�J�Q�NPQXYqRWSH�'¯HuqRWQ�U�RWNXQPY[Z L \X¯7L@^�NX^1RwN A = LU Âd	hMj1îw��÷1f"þ³º»^HJ­¯7`H`1JMQ�NPQXYqRWS7�/¯HuqRWQG`1RWQXNÅOW� U Yq\c\�NPO/QPJMT�Ow±/JMQ]NX^7J�¯H`7`1JMQ�NPQXYqRWS9¿�'¯Hu�R/QK`7RWQXNKOW� A Y�S7Ltu�¯7T9Y�SH�³NX^7JGT9Y�R/�/O'S7RWuyÂ�º»^HJ]U�¯Hu_NXY�`Hu_Y�J�Q@\KSHJMJMT9JaT�NXO�LtO'U�`H¯9NXJ
L RWQPJx\�NPO/QPJMTVY_S�NX^7Jxu_Owµ�J�Q�NXQPYqRWSH�'¯Hu�R/Q»`7RWQXN]OW� L �5J�u�Owµ¹NP^HJ�T9YqRW�/O'S7RWuyÂ
Ä7O/Q k = 1, 2, . . . , (n− 1) T9O

V'Âat ö j7î�	 haí�f*	 ø��´hMik·��{ikf>îw��vw¶
aik ≡ mik = − aik

akk
(i = k + 1, k + 2, . . . , n)

¥HÂ�b ? ·*���9hMfÁhaí�f<f>l}hMîwikf,�³OW� A(k + 1 : n, k + 1 : n) r ¶
aij ≡ aij + mikakj(i = k + 1, . . . , n; j = k + 1, n) Â

�ÃS1T
� f�	¡�9î
�K¶¢º»^HJ�RWu��/O'QXY_NX^HU T9O,JM\xS7OWN­�'Y_±'J�NX^HJ�U�RWNXQPY[Z L JtZ9`Hu�Y�L�Y[NPu_�K�K^HOwµ�J�±'J�Qa�zY_NL�R/S��1Jx�´O'QXU�JaT�O'¯9N�O/��NP^HJ�U­¯7u[NPY_`Hu�Y�J�Q@\�\PR²±/JMT�RwNGJaR/L@^Á\BNXJ�`z�1R/\�\B^HOwµ]S�JaRWQPu_Y�J�Q�b{�Mf,fÁhaí�ff�rv·�îwf,�a�Mi{j1l�úej7î L r%Â

p,r	��	 ·]�kfópvo ö ~"O/S1\BYqT9J�Q²p,r	��	 ·]�kf �  #"%$#"%�p	o ò R/�'RWY�S	Â
k = 1

® ¯Hu_NXY�`Hu_Y�J�Q@\]RWQPJW¶ m21 = −2 � m31 = −1

2

Ç `}THRwNPJMT A ¶ A ≡




2 2 3
0 1 0

0 1 −5

2




k = 2
® ¯Hu_NXY�`Hu_Y�J�Qa¶ m32 = −1

Ç `}THRwNPJMT A ≡




2 2 3

0 1 0

0 0
5

2




ö j1î�	 L �Hl�� U ¶ L =




1 0 0
2 1 0
1

2
1 1


 � U =




2 2 3
0 1 0

0 0
5

2


 Â

ö �kj1·z�tì�j`ø�l}h/oVé�u_�'O/QPY[NP^HU    #"%$#"%$U9ÂqV¢QXJaê'¯7Y_QPJM\ÅQXO'¯H�/^7u_� 2n3

3

¡ j7·F�'Â�º»^HYq\xL�R/S<�5J�\XJ�JMS
R/\��´O'u_u�OwµG\M¶
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§B§�¨ ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
• d	hMf>·ª¸5¶¢�;J�LtO'U¢`7¯9NXJ (n − 1) U�¯Hu[NPY_`7u_Y�J�Q@\�RWS1T�¯7`5THRWNXJ (n − 1)2 J�S>NXQPY_Ja\³OW� A Â�"R/L@^áU�¯Hu_NXY�`Hu_Y�J�Q�QPJMê>¯HY�QXJa\�O'SHJV�1O/`áR/S7T¡¯H`}THRWNXY�SH��JaR/L@^¡JMS>NXQP�;QPJMê>¯HY�QPJM\3¥��7O'`7\�Âº»^,¯7\M�7s>NPJ�`¿V³QXJaê>¯HY_QPJM\ 2(n− 1)2 + (n− 1) �1O/`7\MÂ
• d	hMf>·nm	¶Ã~"O'U�`H¯9NXY�SH��b n− 2 rÃU�¯Hu_NXY�`Hu_Y�J�Q@\»RWS7TV¯H`}THRwNPY_SH� (n− 2)2 J�S>NXQPY_Ja\�QXJaê'¯7Y_QPJ

2(n− 2)2 + (n− 2) �7O/`7\MÂ
�3S��/J�S7J�Q@RWuy�
• d	hMf>· k QXJaê'¯7Y_QPJM\ 2(n− k)2 + (n− k) �7O'`7\MÂ
s,Y�S7LtJ³NP^HJ�QPJxRWQPJ (n− 1) \BNXJM`7\��9µ�J³^7R²±/J

º�OWN@RWu}�7O'`7\ =

n−1∑

k=1

2(n− k)2 +

n−1∑

k=1

(n− k)

= 2
n(n− 1)(2n− 1)

6
+

n(n− 1)

2
'
[
2n3

3
+ O(n2)

]
.

è JaL�R/u_u
• 12 + 22 + · · ·+ r2 = r(r+1)(2r+1)

6

• 1 + 2 + · · ·+ r = r(r+1)
2

û���ø��M�aik�Hl p^�ki=	¡ikl��9haikj5l.úej7îV� � f,g/hM�Hl�÷`ø��k�Hî£* �9hMîwijr
º»^HJxRW�5Ow±/J³T9JM\PLtQPY��1JaT�ë³RW¯1\X\XY�R/S�JMu_Y�U�Y_S1RwNXY�O/S�`HQPO9LtJM\P\*�´O/QGRWS n× n U�RwNPQXY_Z A L�R/S�5J�JMR'\BY�u_��JtZ,NXJMS7T9JaT;NXO<R/S m × n U�RwNXQPY_Z<NXO�LtO/U�`H¯HNXJ�Y_NP\¢È Ç �kR'L%NPO/QPY1¹aRwNXY�O/Sz�zµ]^HJMS Y[NJtZ9Yq\�N@\�ÂKº»^HJ³`HQPO9LtJa\X\"Y�\»YqT9JMS'NPY�LMRWuyÂ æ Owµ�J�±/JMQM�'NX^7JcS,¯HU��1JMQ]OW�zQPJMê>¯HY�QPJMTV\BNXJM`7\»Y�SVNP^HY�\]LMR/\XJYq\ k = min{m− 1, n} Ây�;J³Y_u�u_¯1\�NPQPRWNXJ³NX^7Y�\»µ]Y_NX^óR/S�J�Z9R/U�`Hu_J'Â
* � ' ì C * ý j1hMf"þ�éGu��/O'QXY_NX^7U    #"%$#"%$UHÂ1V�^1R/\]�5J�JMSóY_U�`Hu�J�U�JMS'NPJMTÁY�S ® éKº�~-¤ ® `7QXO/¿�/Q@RWU �@? ûÁd�p � Â

p,r	��	 ·]�kfópvo{¸,û È	JtN° PCYA¥½Y¤[>¦

A =




1 2
3 4
5 6


 m = 3, n = 2.

k = min(2, 2) = 2.
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §B§(§
-�§ ���¢R!S DàAUT�A[6H)'=@?�=WV9?�?96,=t0�A ?
X­A[6Á=WV9?�Y	0ZX%=x+W27D[4[T�6�2#\ A ]

?>DC2
^ =WV9?�81Aà)'.12169)9DU_ �
º»^HJxU�¯Hu[NPY_`7u_Y�J�Q@\]RWQPJ m21 = −3, m31 = −5.

? ·*���HhMf"þ a22 ≡ a
(1)
22 = a22 + m21a12 = −2

a32 ≡ a
(1)
32 = a32 + m31a12 = −4

A ≡ A(1) =




1 2
0 −2
0 −4


 .

-�§ �K�¨R!S DàAUT�A[69)>=@?�=WV,?�?96,=t0�A ?
XxA_6�=!V9?IX%?'+W25698Á+W27D_4�T�6�2�\ A(1) ]
?>Dà2�^ =WV,?�81AC)>. &216H),Df_ � º»^HJ³U�¯Hu[NPY_`7u_Y�J�QGYq\ m32 = −2, a32 ≡ a

(2)
32 = 0 Â

? ·*���HhMf,� A ≡ A(2) =




1 2
0 −2
0 0




s9O , U =




1 2
0 −2
0 0


 .

� O/NXJ³NX^1RwN U Y_S�NX^7Y�\GLMR/\XJÅYq\GR/S 3 × 2 ø�·�·"f'îVh�îwik�Hl�÷"ø��{�9î�	¡�9hMîwijrKoÄHO'QXU
L =




1 0 0
−m21 1 0
−m31 −m32 1


 =




1 0 0
3 1 0
5 2 1


 .

© f>î²i=úF
áhMí��9h
LU =




1 0 0
3 1 0
5 2 1






1 2
0 −2
0 0


 =




1 2
3 4
5 6


 = A.

ö �kj1·z�tì�j`ø�l}h�Ä7O/Q�RWS m × n U�RWNXQPY[Zv�Åë³R/¯7\X\XYqRWS¹JMu_Y�U�Y_S7RWNXY�O/S¹`7QXO9LtJa\X\VQXJaê>¯HY_QPJM\
mn2 − n3

3 �1O/`7\¨MRt�p,r	f>îwg/ik�af<p	ok¸ ò tB�`v0v�PyÂ
* � ' ì C * ý j7haf`þ � �=÷1j1îwi´hMí�	    #"%$#"%$p	ok¸á^1R/\��5J�JMS¹Y�U¢`7u_JMU¢JMS>NXJMTnY_S ® éKº�~-¤ ®`HQPO/�'QPR/U �@? ûÁd�p � Â

ª �h«µ�����1���q�½� �9¬H¶����]�����M���·�����=�¸�=�]�����q�k�®­¿�q�#¯��k���±°3�f²������F���
é�\�µ"J�^7R²±'J�\BJMJ�Sô�1J��´O/QPJ/�Fë³RW¯7\P\BYqRWS;J�u�Y�U¢Y�S7RWNXY�O/Sôµ]Y[NP^HO/¯HN�`HY_±'OWNPY_SH���kR/Y_uq\xY_�»R/S,�<OW��NX^7J`HY�±/O/NP\ÅY�\,¹�JMQXO1Â æ Owµ"JM±/J�Qa�5Y[N³Y�\Åµ�O/Q@\BJ��'JtN³Y[��RWS,��`HY_±'OWNc�1JaLtO/U�Ja\ÅL�u_O>\BJ­NXO�¹MJ�QPO7¶�>R+¿4jQ�>MLbc5�L0-,4RQ%-,23-04RQ%:lJ3bc5�+¦dc-$b�5?7�7�>�-cJa46:abc:?2²KZ/1-S4F>�:�+%¼<dSAC4�4RQ%-$:Bd04¤5?>R+"-cJ£7\-�L�AC/e4=Lk235?8£dc-,4¤:?4¤5?/R/e8;�7\:?+�@/Â~"O/S7\XYqT9J�Q¢NX^7J��´O'u_u�Owµ]Y�SH��L�J�u�J��HQ@RwNPJMT¡J�ZHRWU�`Hu�JV�´QPO/U Ä7O/Q@\B�>NP^HJ�R/S7T ® O/u�J�QÁb�V>³µ´�´9�`H`	Â`©q�>rt¶
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§B§�
 ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
È	J�NÅë³RW¯7\P\BYqRWS�J�u�Y_U�Y�S7RwNPY_O'S�µ]Y[NP^HO/¯9NG`7Y_±'OWNXY�SH�¢�1J�R/`H`Hu�Y_JaT�NXO

A =

(
0.0001 1

1 1

)
,

RWS1T�¯7\XJcNX^HQPJ�J�¿eT9Y��/Y_N]RWQPY[NP^HU�JtNXYqLWÂ ' í�f>îwfÁik�¢j1l��j
 j1l�f���haf'·�o¶��J³^7R²±'Jd,�¯7\BN]O/SHJ³U�¯Hu[NPY[¿`Hu�Y_JMQM¶ m21 = −1
10−4 = −104 Â

U = A(1) =

(
0.0001 1

0 1− 104

)
≡
(

0.0001 1
0 −104

)
, R/S7T L =

(
1 0

104 1

)

º»^HJó`HQPO9T9¯7LtNVOW�³NX^7J�LtO'U�`H¯9NXJaT L RWS1T U Yq\M¶ LU =

(
0.0001 1

2 0

)
, ;�QC>�b�Q >ML

J�> ·,-S7\-0+%4"Ic7\:�2 A Â L Q%:E>ML�4¤: dS/q5�2E->¸� O/NXJ�NX^1RwNxNX^7J�`HY�±/OWN a
(1)
11 = 0.0001 Y�\�±/J�QP�óLtu�O'\XJ�NXO¦¹MJ�QPO;bkY_SôNP^HQPJ�Jt¿3T9Y��/Y_N�RWQPY[NP^9¿U�JtNPY�Lar%Â ' í�ik���l	á������·Fi¹J1j1h ÷5�
J1fô�¿�k�9î�÷5f�	 ø��´hMik·��{ikf>î,oÅº»^HJ�u�R/QX�'JxU­¯Hu_NXY�`Hu�Y_JMQM�}µ]^HJMS¯7\XJMT<NXOÁ¯H`}THRWNXJ�NX^7J�J�S>NXQPY_Ja\��zJ�u�Y_U�Y�S7RwNPJMT<NX^HJ�\XU�RWu�u_JMQxJ�S>NXQPY_Ja\�b´J'Â �1Â_� (1 − 104) �5JML�R/U�J

−104 r%ÂÄHO'QBNP¯HS7RwNPJ�u��/�u;<-£b�5?+ 5?õ�:?>�J�4jQ�>ML$L�235?/R/�K">Rõ�:�4KQ�A�L�4gd08E7\:?;ü>R+`4¤-07\bcQ�5?+�@�-�L%Â�~"O'S7\BYqT9JMQNX^7JxU�RWNXQPY[Z�µ]Y[NP^�NP^HJ³½7Q@\�NGR/S7T�\XJML�O/S7T�QPOwµG\"Y�S>NXJMQPL@^7R/SH�/JaTv�,�/Y�±,Y_SH�1¶
A′ =

(
1 1

0.0001 1

)
.

ë³RW¯1\X\XY�R/SVJMu_Y�U�Y_S7RWNXY�O/SÁRW`7`Hu_Y�JMTVNXO A′ SHOwµ
�/Y�±/JM\
U = A(1) =

(
1 1
0 1

)
, L =

(
1 0

0.0001 1

)

� O/NXJ"NX^7RWN�NP^HJ�`HY_±'OWNFY_S­NX^HYq\FL�R'\BJ�Y�\ a
(1)
11 = 1 ÂFº»^HJ"`7QXO9T9¯7LtN LU =

(
1 1

0.0001 1.0001

)
=

A′ Â
� ?#T�)'0B-�� �eN�Y�\*NXQP¯HJGNP^7RwN�µ]Y[NP^�NX^7J�Y�S'NPJ�Q@L@^7RWS7�/J�R/�1Ow±'J/�/µ�JGSHOwµ�O'�9NPR/Y_SHJaT�RWS LU�kR/LtNXO'QXYq¹MRWNXY�O/SVO/�FNX^HJxU�RwNPQXY_Z A′ �5R�`1JMQXU�¯9NXJaT�±/J�Q@\XY_O'S�O/��NP^HJxU�RwNXQPY_Z A �5RWS7T�SHO/NGOW��NX^HJO/QPY��/Y�S7RWu9U�RwNPQXY_ZvÂ æ Owµ"JM±/JMQM�/R'\Ãµ�JGµ]Y�u_u5\BJMJGY_S�ì�í��9·�hMf>î ïBð�ñò �'NX^HYq\Ãµ]Y�u_u}\X¯#º�LtJGO'¯HQÃ`H¯HQP`5O'\XJ�´O/QG\XO/u�±,Y_S7�¢R¢u�Y_SHJaRWQG\X�9\�NPJ�UªO/��Jaê'¯1RwNXY�O/S1\�Â

zs{j|s{¹» °,����� ���?�����q�²� �����C�0�R�Z�½�¿�g�y¼µ�#¯]�]�=�1°E���-½����\���M�½�
é�SHO'S�¹�JMQXO�\Pê>¯7RWQPJ]U�RwNPQXY_Z P Yq\*L�R/u_u�JMT�R�·*f>î�	 ø�hM�9haikj5l 	á�9h�îwijr�Y_�vNX^HJMQXJ�Y�\*JtZHR/LtNXu��­O/S7JSHO'S�¹�JMQXO�JMS>NXQP��Y�S<JaR/L@^óQPOwµ RWS7T<LtO/u�¯HU�S<µ]^7Y�L@^�Y�\£V�R/S7TÁNP^HJ�QPJM\BNcR/QXJ¢RWu�u�¹MJ�QPO7Â³º»^,¯7\��Y_� (α1, . . . , αn) Y�\�R;`5J�QPU­¯9N@RwNXY�O/S OW� (1, 2, . . . , n) �ÃNP^HJ�S NX^HJÁR'\X\XO9LtYqRwNXJaT `5J�QPU­¯9N@RwNXY�O/SU�RwNPQXY_Z P Yq\]�'Y_±'J�SV�,�

P =




eT
α1ÂÂÂ

eT
αn


 ,
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §B§>	
µ]^HJMQXJ eT

i Y�\�NP^HJ ith QXOwµ
OW��NX^HJ n× n Y�THJ�S>NXY_N��VU�RwNPQXY_Z I Â*s,Y�U¢Y�uqRWQPu_�'�
P = (eα1

, eα2
, . . . , eαn

),

µ]^HJMQXJ ei Y�\�NP^HJ ith LtO'u_¯7U¢S�OW� I �HY�\]R¢`5J�QPU­¯9N@RwNPY_O'S�U�RwNPQXY_ZvÂ
p,r	��	 ·]�kfópvo{¸1¸° P�YA¥½Y\P

P1 =




0 1 0
0 0 1
1 0 0


 , P2 =




1 0 0
0 1 0
0 0 1


 , P3 =




1 0 0
0 0 1
0 1 0




RWQPJxRWu�uv`1JMQXU�¯9NPRWNXY�O/S�U�RwNXQPYqLtJM\MÂ
pm¾*f,gWha�¢j"úx�³îwf'��	 ø��khMik·��{ikg/�HhMikj5lá�7l����Åj1�Mht�c	�ø��´hai´·]�ki{g/�9haikj5l¿�u
 �+��f>î�	 øzha�9hMi{j1l* �9h�îwijrKo

�e� P1 =




eαT
1ÂÂÂ

eαT
n


 �,NP^HJ�S P1A =




α1 NX^ÁQPOwµ¹OW� A
α2 NX^ÁQPOwµ¹OW� AÂÂÂ
αn NP^�QPOwµnO/� A


 .

s,Y�U�Y_uqRWQPu_�'�zY_� P2 = (eα1
eα1
· · · eαn

) ��µ]^HJMQXJ eαi
Yq\cNX^HJ ith L�O/u�¯HU�S;O/� A �zNP^HJ�S AP2 Àb α1 NX^ÁLtO'u_¯HU�S�OW� A � α2 NP^ÁLtO/u�¯HU�S�OW� A �	ÂMÂ�Â�� αn NP^�L�O/u�¯HU�S�O/� A r%Â¢ Q�A�Lc¼k4RQ%-E-)·s-cb04s:�IsK"7�-S2DAC/e4F> K"/e>�bc5�4F>�:�+�: I A d08¦5aK�-07�2£AC465�4F>�:�+ÿ2E5�4F7�>�G_>ML²K%-07�2£AC¾465�4F>�:�+*:�I^4jQ�-�5�LcL0:�bS>�5?4¤-cJ37\:?;]L$: I A ¼m5?+"J£4jQ�5�4g:�ImK�:�Lc4F2DAC/e4=> KZ/e>�bc5�4F>�:�+*>ML^4RQ%-<K�-07�2DAC4¤5?4=>�:?+:�I¡4RQ%-a5�LcL0:�bS>�5?4¤-cJ_bc:�/eAC2D+�L%Â

p,r	��	 ·]�kfópvo{¸9m° P�YA¥½Y¤[

V'Â A =




a11 a12 a13

a21 a22 a23

a13 a23 a33


 , P1 =




0 1 0
0 0 1
1 0 0


 =




eT
2

eT
3

eT
1


 ; P1A =




a21 a22 a23

a31 a32 a33

a11 a12 a13


 =




¥wS1T�QPOwµ¹O/� A©/QPT�QPOwµ¹OW� AVM\BN]QXOwµ¹O/� A




¥HÂ P1 =




0 1 0
0 0 1
1 0 0


 = (e3, e1, e2); AP1 =




a13 a11 a12

a23 a21 a22

a33 a31 a32




= b�©/QPT�LtO'u_¯7U¢S�O/� A �½Va\�NGL�O/u�¯HU�S�O/� A �%¥wS7T�L�O/u�¯HU�S�O/� A r
éGSóY�U�`1O'QBN@RWS>NG`HQPO/`5J�QXN��VO/�KR�`5J�QPU­¯HNPRwNPY_O'SÁU�RwNXQPY_Z£Á�Yq\]NX^1RwNÅikh�ik��j1î²hMí�j`÷5j1l����B�NX^1RwNGYq\�� PP T = I ÂÃéÅ\GR�LtO/S1\BJaê'¯7J�S7L�JÅO/��NP^HY�\M�Hµ�J³^7R²±/J
• º»^HJ�Y�S,±/JMQP\XJ�O/��R�`1JMQXU�¯9NPRWNXY�O/S;U�RwNXQPY_Z P Y�\³Y_NP\cNPQPR/S7\X`1O>\BJ¢RWS7T�Y[NxYq\xRWuq\BO�R�`1JMQB¿U­¯9N@RwNXY�O/S�U�RwNPQXY_ZvÂ
• º»^HJ]`HQPO,TH¯7L%N*O/�1N�µ�Ox`5J�QPU­¯9N@RwNXY�O/S�U�RwNPQXYqLtJa\KYq\ÃR³`1JMQXU�¯9NPRWNXY�O/S�U�RwNPQXY_Zv�'RWS1T¢NX^HJMQXJ�¿�´O/QPJÅYq\]O/QXNX^7O/�/O'S7RWuyÂ
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§B§Â� ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
zs{j|s{ÄÃ ¶��g�]�(�%�q�g�·�����=�¸�=�]�����q�k�®­¿�1�#¯Å°,�������q�g�¨°D�f²��m���=�]�ÇÆB¶��È°É°NÊ
é�\�NX^7J¢R/�1Ow±'J�JtZHRWU�`Hu�J�\X¯H�'�/JM\BNP\M�}T9Y�\PR/\BNXJMQÅY�S;ë³R/¯7\P\BYqRWSÁJMu_Y�U�Y_S7RWNXY�O/S�µ]Y[NP^HO/¯9Nc`HY�±/OWNPY_S7�L�R/Só`5J�QP^7RW`7\Å�5J�R²±'O/YqT9JMT��,�ÁYqT9J�S>NPY[�´�,Y�SH��R¢¾��'O,O,Tó`HY_±'OWNwÀ�b\5DK">Rõ�:�4,5�L£/15?7=@(- 5�LsK�:�L�L�>�d0/1->R+H2E50@B+%>R4FA%JB-²r]RWNGJMR'L@^�\BNXJM`	�H�5Jt�´O'QXJ³NP^HJ�`HQPO9LtJM\P\»OW�FJ�u�Y�U¢Y�S7RWNXY�O/S�Y�\�RW`H`Hu�Y�JMTvÂ�º»^HJx�/O,O9T`HY�±/O/N­U�R²���5J�u�O9L�RWNXJMTáRWU�O/SH��NP^HJ�J�S>NXQPY_Ja\�Y�SáR<L�O/u�¯HU�S¡O/Q¢RWU�O/S7�<RWu�u*NP^HJVJMS>NXQPY_Ja\�Y�SRô\B¯7�HU�RwNXQPY_Z¡OW�cNX^HJóL�¯HQXQPJ�S>N�U�RwNXQPY_Z}Âa�3S NX^7J��´O'QXU�JMQ�L�R/\XJ/��\BY�S7L�J�NP^HJó\XJMRWQ@L@^áYq\�O/S7u_�`7R/QBNPY�R/u{�zNX^HJ�U�JtNP^HO9TôY�\�L�R/u_u�JMT;·F�9î²hMik�%�x·�i)J1j1hMi{l�÷���Y�SôNX^7J�u�RWNBNPJ�Q­LMR/\XJ/�	NP^HJ�U�JtNP^HO9TôY�\L�R/u_u�JMTÁg'j`	¡·��{f'hafÁ·Fi¹J1j1hMi{l�÷�Â H 4f>MLa>R2sK%:�7�465�+%4k46: +":?4¤-£4jQ�5�4k4jQ�-sKZAC7FK�:�L0-E:�IfKZ>Rõ�:?4=>R+�@_>ML46:DK"7�-Sõ�-S+`4,/q5�7=@�-3@?7\:?;�4RQ.>R+�4jQ�- 7\-cJ?A%b�-cJ*235?4=7�>�bc-SL�;�Q�>�bcQhbc5?+�;�> K%-9:?AC4$:?7�>�@?>R+Z5�/kJB5?4¤5 T¤ÅSHJ¢µ�R²��NPO�THO�NP^HYq\³Y�\ÅNXO�°'J�J�`�U­¯Hu_NXY�`Hu�Y_JMQP\³u�JM\P\ÅNX^7R/S�O'Q³JMê>¯7RWu�NPO�O'SHJ�Y_S;U�RW�/S7Y[NP¯7T9J/�RWS1T�NX^HYq\»Yq\"J�ZHR/L%NPu_��µ]^7RWN�Yq\»R/LMLtO/U�`Hu�Yq\B^HJaT��,��`HY�±/OWNPY_S7�7Â æ Owµ�J�±/JMQM�"/15?7=@(-¡2£AC/�4=> KZ/e>�-S7cL¡JB:+":?4�+Z-cb�-SLcL05�7�>R/e8£23-c5�+9>R+�L�465Bd0>R/e>R4F8�bk\XJ�J�O/¯HQÃT9Yq\PLt¯7\P\BY�O/S�O/�vë³R/¯7\X\XYqRWS�J�u�Y_U�Y�S7RwNPY_O'S�µ]Y[NP^HO/¯9N`HY�±/O/NXY�SH�­�´O'Q]\B�,U�U�JtNXQPYqLÅ`5O'\XY_NXY�±/J³T9Jt½7S7Y[NPJxU�RWNXQPY�L�JM\�Y�SÁì�í��9·�haf>î ïBð�ñò rtÂ9��Jc½7Q@\�NGT9Ja\XL�QXY��5Jë³RW¯1\X\XY�R/SVJMu_Y�U�Y_S7RWNXY�O/S�µ]Y_NX^�`7RWQXNXYqRWu}`HY�±/O/NXY�SH�Áb{ë/�tÁdÁ"r%Âº»^HJ³`HQPO,L�JM\P\]LtO'S7\BYq\BNP\»OW� (n − 1) ��haf>·��'Â¢ Q�-<K"7�:lbc-SL�L,>ML6Q�A�Lc4m5aL�/e>�@�Q�4�2E:lJ?> ó�bc5�4F>�:�+*:�Iaº²5�A�LcL�>�5�+*-S/�>R2£>R+Z5�4F>�:�+¦>R+94RQ%-]IS:�/R/1:?;�¾>R+�@�L0-S+%L0-ÂË

é�NGJMR'L@^�\BNXJM`�T9O¢NP^HJ³�´O/u�u_Owµ]Y�SH�1¶
• ��THJ�S>NXY_�´�¢NX^HJc`HY�±/OWN�R/\*NX^HJÅu�R/QX�'JM\BNÃJ�S>NXQP�Áb´Y�S�U�RW�/S7Y[NP¯7T9Jar*RWU�O/S7�­RWu�u7NP^HJ�JMS>NXQPY_Ja\ÃY�SNP^HJx`HY�±/O/N]L�O/u�¯HU�S	Â
• �3S>NPJ�Q@L@^7RWSH�'J�NX^HJ<R/`H`HQPO/`HQPYqRwNXJ�QPOwµG\¢NXO �HQPY�SH�ôNX^HJ<`HY_±'OWN�JMS'NPQX�áNXOôNP^HJ<T9YqRW�'O/S7R/u`5O'\XY_NXY�O/S�OW��NX^HJ�L�¯HQXQPJ�S>N]U�RwNPQXY_ZvÂ
• ÁFJMQB�´O'QXU ë³R/¯7\P\BYqRWS��Ãu�Y_U�Y�S7RwNPY_O'S�NPO¢NX^HJxQPOwµ»¿y`5J�QPU­¯HNXJMTVU�RwNXQPY_Z}Â
º»^HJÁ`HQPO9LtJM\P\�Yq\�Y_u�u_¯1\�NPQPRWNXJMT µ]Y_NX^�R 4 × 4 JtZHR/U¢`7u_JÁY�S NX^HJ��´O'u_u�Owµ]Y_S7�7Â�Á�:�7_4RQC>ML-�G�5?2²KZ/1-S¼^;<-_5�LcL�AC2E-�4jQ�5?4^7�:�;]L�©H���7�²5?+"J+��5�7�-�KZ>Rõ�:?4�7\:�;]L�>R+�s>NXJM` V/�Ks>NPJ�`h¥H��R/S7Ts>NPJ�`¦©H�9QPJM\X`1JaL%NPY_±'J�u��/Â

d	hMf>·�¸1o A Ìk-07�2£AC46-cJ A

→




a11 a12 a13 a14
a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44


→




a31 a32 a33 a34

a21 a22 a23 a24

a11 a12 a13 a14

a41 a42 a43 a44


→

Ìf>Rõ�:?4 H JB-0+%4F> ó�bc5�4F>�:�+ Í,:�; H +`4¤-07\bcQ�5?+�@�-É0OD�L�4f5�+"J�Î?7\J =
A(1)




a31 a32 a33 a34

0 a
(a)
22 a

(1)
23 a

(1)
24

0 a
(1)
12 a

(1)
13 a

(1)
14

0 a
(1)
42 a

(1)
43 a

(1)
44




º²5�A�LcL�>�5�+¦»g/e>R2D>R+"5�4F>�:�+
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §B§aÓ
d	hMf>·
mvo A(1) Ìk-07�2£AC46-cJ A




a31 a32 a33 a34

0 a
(1)
22 a

(1)
23 a

(1)
24

0 a
(1)
12 a

(1)
13 a

(1)
14

0 a
(1)
42 a

(1)
43 a

(1)
44



→




a31 a32 a33 a34

0 a
(1)
42 a

(1)
43 a

(1)
44

0 a
(1)
12 a

(1)
13 a

(1)
14

0 a
(1)
22 a

(1)
23 a

(1)
24


→

Ìf>Rõ�:?4 H JB-0+%4F> ó�bc5�4F>�:�+ Í,:�; H +`4¤-07\bcQ�5�+�@(-b=¥wS1T�R/S7T��WNX^5r
A(2)



a31 a32 a33 a34

0 a
(1)
42 a

(1)
43 a

(1)
44

0 0 a
(2)
13 a

(2)
14

0 0 a
(2)
23 a

(2)
24




ºk5?A�LcLc>�5?+_»g/�>R2£>R+Z5�4F>�:�+d	hMf>·n�	o A(2) Ìk-07�2£AC46-cJ A(2)


a31 a32 a33 a34

0 a
(1)
42 a

(1)
43 a

(1)
44

0 0 a
(2)
13 a

(2)
14

0 0 a
(2)
23 a

(2)
24



→




a31 a32 a33 a34

0 a
(1)
42 a

(1)
43 a

(1)
44

0 0 a
(2)
23 a

(2)
24

0 0 a
(2)
13 a

(2)
14


→

Ìf>Rõ�:?4 H JB-0+%4F> ó�bc5�4F>�:�+ Í,:�; H +`4¤-07\bcQ�5�+�@(-b�©WQ@T�RWS7T£�WNP^1r
A(3)



a31 a32 a33 a34

0 a
(1)
42 a

(1)
43 a

(1)
44

0 0 a
(2)
23 a

(2)
24

0 0 0 a
(3)
14




º²5?A�L�L�>�5?+_»g/e>R2D>R+"5?4=>�:?+
û�f,l�f>îw���Ï�³îwj	g/f,�a�/¶
kth d	hMf>·�þ*s9JtN A(0) = A ÂFº»^7J�S�NXO³O/�9N@RWY�S­NP^HJ»U�RwNXQPY_Z A(k) = (a

(k)
ij ) �´QXO'U A(k−1)

RwN»NP^HJx`HQPJ�±,Y_O'¯7\]\BNXJ�`z�7T9O�R/\��´O'u_u�OwµG\�¶
V'Â-��T9J�S>NXY_�´�ÅNX^HJÃuqRWQP�/Ja\�NvJMu_JMU¢JMS>NzY_SxU�R/�/SHY_NX¯7THJÃRWU�O/SH�GR/u_uWNX^HJÃJMu_JMU�J�S>NP\vO/�,NX^HJ*L�O/u�¯HU�S

k �5J�u�Owµ¹NP^HJxQXOwµ (k − 1) OW�zNP^HJxU�RwNPQXY_Z A(k−1) ÂÃÈzJtNGY_NG�1J a
(k−1)
rk,k Â

¥HÂ-�3S'NPJ�Q@L@^7RWS7�/JGNP^HJxQPOwµG\ rk RWS7T k NXO��HQPY_S7� a
(k−1)
rk,k NPO�NP^HJ�T9YqRW�'O/S7R/u5`5O'\XY_NXY�O/S	Â

©7ÂGéG`H`Hu���ë³R/¯7\X\XYqRWS�JMu_Y�U�Y_S7RWNXY�O/S¢µ]Y[NP^HO/¯HNFQPOwµ¡Y�S>NXJ�Q@L@^7R/SH�/Ja\zµ]Y_NX^ a
(k−1)
rk,k R'\�NX^HJ]`HY�±/O/NNXO�NP^HJ¢\X¯H�HU�RWNXQPY[ZÁLtO'S7\BYq\BNXY�SH��OW�KNP^HJ­QPOwµG\ k NX^HQPO/¯H�'^ n RWS7TÁL�O/u�¯HU�S7\ k NX^HQPO/¯H�'^

n Â
û9pm�¨� ikl ' f'î�	¡�¢j"úx* �9hMî²i�r`*�ø��´hai´·]�ki{g/�9haikj5l��

¤Å�7\XJ�QP±/JÅNX^7RWN
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§B§>G ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
• è Owµ�Y_S>NXJMQPL@^1RWSH�'J]Y�\"JMê>¯HY�±wRWu�J�S>N*NPO�`HQPJ�U­¯7u[NPY_`Hu��,Y_S7��NX^7J�U�RwNPQXY_Z��>��R�\X¯HY_NPR/�Hu_JÅ`1JMQB¿U�¯9NPRWNXY�O/S�U�RwNPQXY_ZvÂ
• ë³R/¯7\P\BYqRWS�J�u�Y_U�Y�S7RwNPY_O'S�Yq\FJMê>¯HY�±wRWu�J�S>NFNXO³`HQPJ�U­¯7u[NPY_`Hu��,Y_S7��NP^HJ]U�RwNXQPY_Z��>��RWS¢J�u�J�U�J�S9¿N@RWQP��U�RwNPQXY_ZvÂ
s,O7�9µ�JxL�R/S�µ]QPY_NXJ

A(1) = M1P1A; A(2) = M2P2A
(1)ÂÂÂ

A(n−1) = Mn−1pn−1A
(n−2)

ÄHO'Q n = 4 �9NX^7J�LtO/U�`Hu�JtNPJ³`HQXO9L�JM\P\"Yq\M¶

A =




× × × ×
× × × ×
× × × ×
× × × ×




d	hMf>·�¸1o A
P1→ P1A

M1→ M1P1A =




× × × ×
0 × × ×
0 × × ×
0 × × ×


 = A(1)

d	hMf>·Æm	o A(1) P2→ P2A
(1) M2→ M2P2A

(1) = M2P2M1P1A =




× × × ×
0 × × ×
0 0 × ×
0 0 × ×


 =

A(2)

d	hMf>·ó�	o A(2) P3→ P3A
(2) M3→ M3P3A

(2) = M3P3M2P2M1P1A =




× × × ×
0 × × ×
0 0 × ×
0 0 0 ×


 =

A(3) Â �d? ö �HgWhaj7îwi)('�9hMi{j1l úyîwj"	 û���ø��M�aik�Hlüp^�ki�	áikl��9hMi{j1l���ikhMía���9î²haik���Ï�xi¹J5j7haikl�÷
��J�µ]Y�u_u»SHOwµ \B^HOwµªNX^7RWN�ë³R/¯7\P\BYqRWS¡JMu_Y�U�Y_S1RwNXY�O/S µ]Y_NX^ `7RWQXNXYqRWu�`HY�±/OWNPY_S7���,Y�J�uqTH\�R�kR/LtNXO'QXYq¹MRWNXY�O/SVO/� A Y�S�NX^HJ³�´O'QXU

PA = LU,

µ]^HJMQXJ P >MLa5$K%-S7�2DAC465�4F>�:�+H2E5�4F7�>�GB¼ L >ML£5�AC+%>R4g/1:?;<-S7¡4F7�>�5�+�@?AC/q5�7¢U�RWNXQPY[Z�RWS7T U >ML£5�+A�KBK%-07�4=7�>�5?+�@BAC/15�7�2E5�4F7�>�G'ÂÃº»^HY�\»µ]Y�u�u	�1J�\X^HOwµ]S�Y_S�N�µ�O�\BNXJM`7\M¶ö i´îw�Mh�Ð9�eN�µ]Y�u_uK�5J�\B^7Owµ]S<NP^7RwN�ë³R/¯7\X\XYqRWS<JMu_Y�U�Y_S1RwNXY�O/S1\³µ]Y[NP^;`1RWQXNXYqRWuK`HY�±/O/NXY�SH�ÁT9Y[¿QPJML%NPu_���,Y�J�uqTH\�NX^7J³�kR/L%NPO/QPY1¹aRwNPY_O'S	¶ MA = U �9µ"JMQXJ M Yq\]R¢`1JMQXU�¯9NXJaTVJMu_JMU¢JMS>NPRWQP��U�RwNPQXY_ZRWS1T U Y�\�RWS�¯H`H`5J�Q]NPQXYqRWSH�'¯HuqRWQ»U�RwNXQPY_Z}Â
n = 4 ¶ s,Y_S1LtJ A(3) Yq\x¯H`7`1JMQxNXQPY�R/SH�/¯7u�R/QM��µ"J�\XJtN U = A(3) Â�º»^HJMSô�´QXO'U s>NPJ�`.©7�zµ�J^7R²±'J
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §B§aÊ

U = A(3) = M3P3M2P2M1P1A = MA

µ]^HJMQXJ
M = M3P3M2P2M1P1ö j1îV�Hl n × n 	¡�9h�îwi�r�þ

• M = Mn−1Pn−1Mn2Pn−2 . . . M2P2M1P1; U = A(n−1).

d	f,g'j1l��dÐ��eN*µ]Y_u�u7�5J�\X^HOwµ]S�^HOwµ NXOxJtZ,NPQPR'L%NKNX^7JGU�RwNXQPYqLtJM\ P R/S7T L �´QXO'U MA = U�kR/LtNXO'QXYq¹MRWNXY�O/S	�9\XO�NP^7RwNGµ�J³^7R²±/J PA = LU Â
n = 4 ¶

U = M3P3M2P2M1P1A
= M3(P3M2P3)(P3P2M1P2P3)(P3P2P1)A(

� O/NXJcNX^7RWN P 2
3 = P 2

2 = I)
= M ′

3M
′
2M

′
1PA,

µ]^HJMQXJ
M ′

3 = M3, M ′
2 = P3M2P3, M ′

1 = P3P2M1P2P3RWS1T
P = P3P2P1.s,O1�H\BJ�NBNXY�SH� L = (M ′

1)
−1(M ′

2)
−1M ′

3)
−1 �Hµ�J³^7R²±/J LU = PA.ö j1îV�Hl n × n 	¡�9h�îwi�r�þ¹º»^HJxU�RwNXQPYqLtJM\ P RWS7T L RWQPJc�/Y�±/J�S��,�}¶

P = Pn−1Pn−2 . . . P2P1,

L = (M ′
1)

−1(M ′
2)

−1 . . . (M ′
n−1)

−1.

ì�j1l��Mh�î�ø�g/hMi{l�÷ôhaí�fÑ* �Hh�îwijr L

º»^HJxU�RwNPQXY_Z L Y�\»¯7SHY[NÅu_Owµ�J�Q�NXQPYqRWSH�'¯Hu�R/Q�R/S7T�JMR'\BY�u_��LtO/U�`H¯HNPRW�7u_J'Ât¤Å�1\BJMQX±'J�NP^7RwN
• �*R/L@^ M ′

i Y�\�NP^HJ]\XR/U�J»R'\ Mi JtZHLtJM`9NFNX^7RWNKNX^HJ»U�¯Hu[NPY_`7u_Y�J�Q@\KRWQPJ»SHOwµ¡`5J�QPU­¯9NPJMT�b NP^HY�\Y�\]R/S�JWe5JaL%NGOW�FU­¯7u[NPY_`Hu�YqL�RwNPY_O'S��,��`1JMQXU�¯9NPRWNXY�O/S�U�RWNXQPY�L�JM\@r%Â
• (M ′

i)
−1 Yq\�NX^7J�\XR/U¢JxR'\ M ′

i JtZHLtJM`9N»NX^7RWN]NX^HJxU�¯Hu_NXY�`Hu_Y�J�Q@\]RWQPJ³SHOwµnS7J��'RWNXJaTvÂ
º»^,¯7\��½5�Ls>R+¦4RQ%-�bc5�L0-¡:�I£º²5�A�LcL�>�5�+H-0/e>R2D>R+"5�4F>�:�+H;�>R4RQ%:�AC4ZKZ>Rõ�:?4=>R+�@�¼�;<-^L0-c-^4RQ%5�4m4jQ�-2E5�4F7�>�G L >ML¡5�AC+%>R4�/1:�;<-07¡4F7�>�5�+�@BAC/15?7�235?4=7�>�G'Â

p,r	��	 ·]�kfópvo{¸,� ~"O/S7\XY�THJ�Q-�KZHRWU�`Hu�J �  #"%$#"%�U9Â ��RW�'R/Y_Sz�"4jQ�>ML�4F>R23-a;�>R4jQDK%5�7�4F>�5�/�KZ>Rõ�:?4=>R+�@ T° &ZY¤[ZYÓÒ
d	hMf>· ¸1oÏ��f>î�	 øzhaf>� A ≡




4 5 6
2 2 3
1 2 4


 =




0 1 0
1 0 0
0 0 1






2 2 3
4 5 6
1 2 4


 = P1A

A(1) =




4 5 6
0 − 1

2 0

0 3
4

5
2


 =




1 0 0
− 1

2 1 0

− 1
4 0 1







4 5 6
2 2 3
1 2 4


 = M1P1A
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§B§aË ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ

d	hMf>·�m	o¨��f>î�	�ø�hMf,� A(1) ≡




4 5 6
0 3

4
5
2

0 − 1
2 0


 =




1 0 0
0 0 1
0 1 0







4 5 6
0 − 1

2 0

0 3
4

5
2


 =

P2A
(1)

A(2) =




4 5 6
0 3

4
5
2

0 0 5
3


 =




1 0 0
0 1 0
0 2

3 1







4 5 6
0 3

4
5
2

0 − 1
2 0


 =

M2P2A
(1) = M2P2M1P1A.

• ö �HgWhaj7îwiA(/�9haikj5l MA = U

M = M2P2M1P1 =




0 1 0

0 −1

4
1

1 −2

3

2

3


 U =




4 5 6

0
3

4

5

2

0 0
5

3


 = A(2)

• ö �HgWhaj7îwiA(/�9haikj5l PA = LU

P = P2P1 =




0 1 0
0 0 1
1 0 0


 .

L = (M ′
1)

−1 (M ′
2)

−1 =




1 0 0
1

4
1 0

1

2
−2

3
1


 . U = A(2) =




4 5 6

0
3

4

5

2

0 0
5

3


 .

d	hMj1îw��÷1f;d	g²í�f�	áf¦úyj1î �@? ö �Hg/hMj1î²iA(/�9haikj5l�u
 û���ø��a�Mi{�Hl�p,�{i�	¡i{l��9haikj5l¿��i´haía���9î²hMi{���-�xi¹J5j7haikl�÷
• º»^7J]U­¯Hu_NXY�`Hu�Y_JMQP\ÃLMRWS��5J�\�NPO/QPJMT�Y_S¢NP^HJ�RW`7`HQXO'`HQPY�RWNXJ�`Hu�R'LtJa\FOW�5NX^HJGu�Owµ�J�Q�NXQPY�R/SH�/¯7u�R/Q`1RWQXN»O/� A bk�1JMu_OwµnNX^HJ�THY�R/�/O/S1RWu r*R'\�NX^HJM��RWQPJxLtO'U¢`7¯9NXJaTvÂ
• A L�R/S��1JcOw±/JMQXµ]QPY_NBNXJMS�µ]Y[NP^�JaR/L@^ A(k) R/\�\BO,O/S�R/\*NX^HJcu�RWNBNPJ�Q�Y�\"�´O/QPU�JMT�R/S7T�NP^,¯7\��NP^HJÁ½7S1RWuG¯H`7`1JMQ�NXQPY�R/SH�/¯7u�R/Q¢U�RWNXQPY[Z U = A(n−1) µ]Y�u�u��5Jó\�NPO/QPJMT Y_S NP^HJó¯H`H`5J�QNPQXYqRWS7�/¯HuqRWQ»`7R/QBN]OW� A b´Y�S7Ltu�¯7T9Y�SH��NP^HJ�T9YqRW�/O'S7RWu r%Â
• º»^7JÅ`5J�QPU­¯9N@RwNPY_O'S�Y_S1T9Y�L�JM\ rk ^7R²±/J�NXO­�5J³\�NPO/QPJMT�Y�S�R�\BJM`7RWQ@RwNPJ�\BY�SH�'u_Jc\B¯H�1\XL�QXY�`9NXJaTY�S>NXJM�/J�QGR/QXQ@R²�/Â
�3S�±>Y�J�µ OW�}O/¯HQÃR/�1Ow±'J�THY�\PLt¯7\P\XY_O'S	�Wµ�J»LMRWS¢SHOwµ¡�´O'QXU�¯HuqRwNXJ�NP^HJ»�´O/u�u_Owµ]Y�SH�c·�îw�Hg/hMi{g/������=÷1j1îwi´hMí�	 �´O'QGÈ Ç �kR/LtNXO'QXYq¹MRWNXY�O/SVµ]Y_NX^�`7R/QBNPY�R/uv`HY�±/OWNPY_S7�7Â
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §B§aÉ
�1���-�t�@�O���4�����ÓÔy� �d? ö �Hg/hMj1î²iA(/�9haikj5l�ø��Mi{l�÷ û���ø��M�aik�7l�p,�{i�	¡i{l��9haikj5l��i´haía���9î²hMi{���-�xi¹J5j7haikl�÷zo� &"Y¤[ZYFª
ùtl�·]øzh(þ»é�S n× n U�RwNPQXY_Z A ÂC øzhM·�ø�hM�(þ,t�i¤v»éGSV¯H`H`5J�QÃNPQXYqRWS7�/¯HuqRWQKU�RwNPQXY_Z U �ZtBiki¤v*NX^HJG`5J�QPU­¯HNPRwNPY_O'S�Y_S1T9Y�L�JM\
rk S7J�JMTHJMT NXO;�´O/QPU¦NP^HJÁ`1JMQXU�¯9NPRWNXY�O/S U�RwNXQPY_Z P ��R/S7T�t�i{ikiFv�NX^7JÁU­¯Hu_NXY�`Hu�Y_JMQP\
mik SHJMJMT9JaT¡NPOô�´O/QPU¦NX^7JÁ¯HSHY_N�u_Owµ�J�Q¢NXQPYqRWSH�'¯Hu�R/Q�U�RWNXQPY[Z L Â�º»^HJÁQXJa\B¯7u[N�Yq\�¶
PA = LU Âd	hMj1îw��÷1f"þÃº»^HJ"\�NPO/Q@RW�/JÃR/QXQ@RWS7�/J�U�JMS'N@\5�´O/Q U RWS7TcNP^HJ*U�¯Hu_NXY�`Hu_Y�J�Q@\�RWQPJKNX^HJ�\XR/U�JR'\vOW�HéGu��/O'QXY_NX^7U    #"%$#"%$U9ÂqV/Â�º»^HJÃ`5J�QPU­¯9N@RwNXY�O/S³Y�S7T9YqLtJa\zRWQPJÃ\BNXO/QPJMTcY�S�R]\BJM`7RWQ@RwNPJKRWQPQPR²�'Â
Ä7O/Q k = 1, 2, . . . , n− 1 T9O

V'Â�b ö i{l��nhMí�f<·Fi¹J5j7h�î²j��VrtÂÅÄ�Y�S7T rk \BO�NX^7RWN |ark,k| = max
k≤i≤n

|aik | ÂÅs9R²±'J
rk Â9�e� ark,k = 0 �,NX^HJMS�\BNXO'`	Â@¤�NX^7J�QPµ]Y�\XJ/�HL�O/S>NXY�S,¯HJ/Â

¥HÂ�b�ùtl}haf>î²g²í��Hl�÷1f hMí�f îwj���� rk �7l�� k rtÂ akj ↔ arkj (j = k, k +
1, . . . , n) Â

©7Â�b ö j7î�	 haí�f*	 ø��´hMik·��{ikf>îw�artÂ aik ≡ mik = − aik

akk
(i = k + 1, . . . , n)

�1Â�b ? ·*���9hMf hMí�fáf,l}h�îwi{f>�²r%Â aij ≡ aij + mikakj = aij + aikakj (i =
k + 1, . . . , n; j = k + 1, . . . , n) Â

�ÃS1T
ö �kj1·z�@g/j"ø�l}h'o � ��÷5j7îwikhMí�	    #"%$#"%�p	oqmóQPJMê>¯HY�QXJa\�RW�5O/¯HN 2

n3

3
�7O'`7\ÅR/S7T O(n2) LtO'U�`7RWQX¿

Yq\BO'S7\�Â³b � OWNPJ�NX^1RwNGNP^HJ­\XJMRWQ@L@^��´O/Q]NP^HJ�`HY�±/O/NÅRwNc\�NPJ�` k QPJMê>¯HY_QPJM\ (n − k) LtO'U¢`1RWQPY�\XO/S7\@r%Â
ý j7haf"þµ),/ @(:?7�>R4RQC2    #"%$#"%�Õ ThÖ J(:l-SLk+":?4"@B>Rõ�-s4RQ%-k2E5�4F7�>�bc-�L L 5?+"J P -\GSKZ/e>�bS>R4F/e8 TÏ× :?;<-Sõ�-07c¼4jQ�-SLS-ÿbc5�+�dc-¿bc:�+�L�4F7�A%bS46-cJ�-c5�L�>R/e8�5�L -�GSK"/15?>R+"-cJ�5Bdc:�õ�-S¼sIc7\:�2 4jQ�-�2DAC/e4=> KZ/e>�-07cL 5�+ZJ�4jQ�-K%-S7�2DAC4¤5?4=>�:?+H>R+ZJ�>�bc-�Lc¼<7�-�LFK%-�b04F>Rõ�-0/e8 T

p,r	��	 ·]�kfópvo{¸>| È	JtN° &ZY¤[ZYÓØ

A =




1 2 4
4 5 6
7 8 9


 .

k = 1 Â
V'Â ' í�fó·�i)J1j1h¢f,l}h�î�
�ik�Ù´9¶ r1 = 3 Â
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§l
(¨ ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
¥HÂfù�l}hMf>îwgaí��Hl�÷1f<îwj����a©¢�7l�� V'¶

A ≡




7 8 9
4 5 6
1 2 4


 .

©7Â ö j7î�	 hMí�f¦	�ø��´hai´·]�kikf>îw�(þ
a21 ≡ m21 = −4

7
, a31 ≡ m31 = −1

7
.

�1Â ? ·*���9hMf"þ
A ≡




7 8 9
0 3

7
6
7

0 6
7

19
7


 .

k = 2 Â
V'Â ' í�fÁ·Fi¹J5j7h�f,l}h�î�
�ik� 6

7
: r2 = 3 o

¥HÂfù�l}hMf>îwgaí��Hl�÷1f<îwj����Vm;�7l��¹��þ

A ≡




7 8 9
0 6

7
19
7

0 3
7

6
7


 .

©7Â ö j7î�	 hMí�f¦	�ø��´hai´·]�kikf>îw�(þ
m32 = −1

2
.

�1Â ? ·*���9hMf"þ
A ≡ U =




7 8 9
0 6

7
19
7

0 0 − 1
2


 .

ÄHO'QXU L R/S7T P ¶

P =




0 0 1
1 0 0
0 1 0


 , L =




1 0 0
−m31 1 0
−m21 −m32 1


 =




1 0 0
1
7 1 0
4
7

1
2 1




* � ' ì C * ý j1hMf"þ�éGu��/O'QXY_NX^7U    #"%$#"%�UHÂ ¥�^1R/\]�5J�JMSóY_U�`Hu�J�U�JMS'NPJMTÁY�S ® éKº�~-¤ ® `7QXO/¿�/Q@RWUÚ� � � ��ù © Â
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §l
%§
zs{j|s{Rz ¶��g�]�(�%�q�g� �����=�¸�=�]�����q�k�Û­¿�1�#¯�~3�k�Ü½��q�u�?��°D�f²��m���=�]�ÝÆB¶��$~Ñ°NÊ
�3Sóë³RW¯7\P\XY�R/SVJ�u�Y�U¢Y�S7RWNXY�O/S�µ]Y[NP^�L�O/U�`Hu�JtNPJx`HY_±'OWNPY_SH�1�HRwN»NX^7J kth \�NPJ�`	�HNX^HJ�\XJMR/QPL@^V�´O/Q»NX^7J`HY�±/O/NÅYq\�U�R/THJ�RWU�O'SH�VRWu�u�NX^HJ¢J�S>NXQPY�JM\GO/�KNX^HJ�\X¯H�HU�RwNPQXY_ZÁ�1JMu_Owµ�NP^HJ�½7Q@\BN (k − 1) QPOwµG\�Âs,J�N A(0) = A ÂÃº»^,¯7\M�9NXO�O'�9NPR/Y_S A(k) �´QXO'U A(k−1), k = 1, . . . , n THO�NP^HJ³�´O/u�u�Owµ]Y_SH�1¶
• ��T9J�S>NXY_�´��NP^HJxuqRWQP�/JM\BN»J�u�J�U�J�S>NGY�S�U�R/�/SHY_NX¯7THJ�RWU�O/SH��R/u_u}NP^HJ�J�u�J�U�JMS'N@\»OW��NX^HJ�\X¯H�9¿U�RWNXQPY[Z�O'�9NPR/Y_SHJaT��,��T9J�u�JtNPY_SH��NX^7J�½7Q@\BN (k− 1) QPOwµG\*RWS1T (k− 1) LtO'u_¯HU�S7\MÂKÈ	J�N�Y_N�1J a

(k−1)
rs Â

• �3S'NPJ�Q@L@^7RWS7�/J�NX^HJ�QPOwµG\ k RWS7T r �´O/u�u_Owµ�JMT;�,�óNP^HJ�Y�S>NXJ�Q@L@^7R/SH�/J�OW��NX^7JVLtO'u_¯HU�S7\ kRWS7T s Â
• éG`H`Hu��Vë/�áµ]Y_NX^7O/¯9N»QXOwµ�Y�S>NXJ�Q@L@^7R/SH�/JGµ]Y_NX^ a

(k−1)
rs R'\ÃNP^HJÅ`7Y_±'OWN*NPO­NP^HJ³\B¯H�7U�RWNXQPY[ZLtO/S1\BYq\�NPY_S7��O/��NP^HJxQXOwµG\ k NX^HQPO/¯7�/^ n RWS1T�L�O/u�¯HU�S7\ k NX^HQPO/¯H�'^ n Â

�3S�NXJ�QPU�\»OW�FU�RwNXQPY_ZVU­¯Hu_NXY�`Hu�Y�LMRwNPY_O'S7\��,NP^HYq\»NX^HJMS�U¢JaRWS7\M¶
A(k) = MkPkA(k−1)Qk,

µ]^HJMQXJ Mk Y�\cRWS<J�u�J�U�J�S>NPR/QX��U�RwNPQXY_ZóRWS7T Pk Yq\ÅNX^HJ�`1JMQXU�¯9NPRWNXY�O/SóU�RwNPQXY_ZÁO/�9N@RWY�SHJMT��,�Y�S'NPJ�Q@L@^7RWS7�/Y�SH�xNX^7JÅQPOwµG\ k RWS7T r OW�	NP^HJÅYqT9JMS'NPY[N���U�RWNXQPY[ZvÂKs,Y_U�Y�u�R/QXu����´O/Q"NX^7JÅU�RwNPQXY_Z Qk Âº»^HJ�U�RwNPQXY_Z A(k) ^7R/\^¹�JMQXO>\cO/S�NX^HJ kth L�O/u�¯HU�Sô�1JMu_Owµ NP^HJ (k, k) J�S>NPQX�'Â¢º»^HJ�U�RWNXQPY[Z
Mk L�R/S�O/�FL�O/¯HQ@\BJc�5J�LtO/U�`H¯HNXJMT�Y�S�N�µ"O�\BU�R/u_u�J�QG\BNXJM`7\]R/\»�5Jt�´O'QXJ'Âé�N�NP^HJVJMS7T¡O/�]NX^HJ (n − 1)th \BNXJ�`z�FNX^HJ�U�RwNXQPY_Z A(n−1) Yq\�R/S¡¯H`H`5J�Q�NXQPYqRWSH�'¯Hu�R/QU�RwNPQXY_ZvÂ C ��hM�Hi{l�i{l�÷ ö �7gWhMj1îwi)('�9hMi{j1l�þ PAQ = LU o

s,JtN
A(n−1) = U. b=U9Â �>r W�X &"Y¤[ZYA¥

�ÅJt½7SHJ
Q = Q1 · · ·Qn−1, P = Pn−1, Pn−2, . . . , P1 b=UHÂ U'r W�X &ZYF[ZYe&

RWS1T
L = P (Mn−1, Pn−1, . . . , M1P1)

−1. b=UHÂ �>r W�X &ZYF[ZYÓÒ
º»^HJMS�Y_N�L�R/S��5J�\X^HOwµ]S;b{\BJMJ�ëcO/u�¯H�ÁRWS7T�IÃRWSÁÈ	O>RWS;b�VÂ³
³��>rÃNP^7RwN

PAQ = LU,

µ]^HJMQXJ P R/S7T Q RWQPJ��5OWNP^*K%-07�2£AC465�4F>�:�+.2E5�4F7�>�bc-�L�RWS1T L Y�\3AC+`>R4²4F7�>�5�+�@BAC/15?7�RWS1T U Y�\A�KBK%-07�4=7�>�5?+�@BAC/15�7%Â� �³îw�HgWhaikg'���Ådzgaí�f�	¡f_úej7î9û��%ø��a�Mi{�Hl p^�ki�	áikl��9hMi{j1l���ikhMínì�j`	¡·��{f'haf£�xi)J1j1hMi{l�÷è J�U�R/QX°9\*\XY�U¢Y�uqRWQÃNPO�NP^HO'\XJÅR'\ÃY�S�NX^7JÅL�R'\BJ�OW�	`7R/QBNPY�R/u1`HY�±/O/NXY�SH��^HO'u�T	ÂFº»^7J�U�RwNPQXYqLtJa\
Pk, Qk PkA(k−1)Qk � Mk RWS7T MkPkA(k−1)Qk T9OÁS7OWN�^7R²±'J�NPOó�5J��´O/QPU¢JaT;JtZ9`Hu�Y�L�Y[NPu_�µ»R/\BNXY�SH�¢\BNXO'QPR/�/Jc¯HSHSHJaLtJa\X\PRWQPY_u��/Ây�eN]Yq\]J�SHO'¯H�/^�NXO�\PR²±/JÅNX^HJxY�S7T9YqLtJa\GRWS1T�NP^HJxU­¯Hu_NXY�`Hu�Y_JMQP\MÂæ JMQXJ;Y�\�R `HQPR'L%NPY�LMRWuÅ\PL@^HJMU¢J<�´O/QÁg/j"	 ·]�kf>hMf
·Fi¹J1j1hMi{l�÷�Ðxµ]^HYqL@^
T9O,Ja\VSHO/N�\X^HOwµNX^7J�JtZ9`Hu�Y�L�Y[N­�´O/QPU�RWNXY�O/SôOW�»NP^HJ�U�RwNPQXYqLtJa\ Pk, Qk, Mk, MkA RWS1T PkAQk Â ý j7haf¡haí��9h·F�9î²hMik�%�"·Fi¹J5j7haikl�÷ôik�-Þ�ø��Mh����M·*f,g/i{���"g'�H�afój`ú�g/j"	 ·��{f>hMf�·�i)J1j1hMikl�÷�o
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§l
(
 ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
�1���-�t�@�O���4�ß���)à9� �d? ö �HgWhaj7îwiA(/�9haikj5l�ø��aikl�÷ û���ø��M�aik�7l�p,�{i�	¡i{l��9haikj5l��i´haí¹ì­j"	 ·]�kf>hMf��xi¹J5j7haikl�÷zo� &"Y¤[ZYA¥
ùtl�·]øzh(þ�é�S n× n U�RwNPQXY_Z AC øzhM·�ø�hM�(þ�b´Y r�é�S<¯H`H`5J�QcNPQXYqRWSH�'¯HuqRWQ�U�RWNXQPY[Z U �Kb´Y�Y rG`5J�QPU­¯9N@RwNPY_O'S<Y�S7T9YqLtJM\ rkR/S7T sk �´QPO/U¦µ]^7Y�L@^ `1JMQXU�¯9NPRWNXY�O/S U�RWNXQPY�L�JM\ P R/S7T Q LMRWS �1J��´O/QPU�JMTv��RWS7TbkY_Y�Yqr»NX^HJ�U�¯Hu_NXY�`Hu_Y�J�Q@\ mik �´QPO/U µ]^HYqL@^�NX^HJ�u�Owµ�J�Q»NXQPYqRWSH�'¯Hu�R/Q]U�RwNXQPY_Z L L�R/S��1JL�O/S7\BNXQP¯7L%NPJMTvÂKº»^HJxQPJM\X¯Hu_N]Y�\M¶ PAQ = LU Âd	hMj1îw��÷1f"þGº»^HJ�\�NPO/Q@RW�/J³\PL@^HJ�U�JM\]�´O/Q U R/S7T�NX^HJ�U�¯Hu_NXY�`Hu_Y�J�Q@\�R/QXJcNP^HJ­\PRWU�J�R/\ë/�tÁdÁ�Â5º»^HJxY�S7T9YqLtJM\ rk RWS7T sk R/QXJx\PR²±/JaT�Y�S�\XJ�`7R/QPRWNXJxRWQPQ@R²�,\MÂ
Ä7O/Q k = 1, 2, . . . , n− 1 T9O
¸1ocÄ�Y�S7T�hMí�fÁ·Fi¹J5j7h�ikl���ikg/f,� rk R/S7T sk \X¯7L@^�NX^7RWN |ark,sk

| =
max {|aij | : i, j ≥ k} , R/S7T��a�
J1f rk R/S7T sk Â�e� ark,sk

= 0 �9NP^HJ�SÁ\BNXO/`zÂt¤�NP^HJ�QPµ]Yq\BJ'�HLtO/S>NPY_S,¯HJ'Â
mvo3t�ùtl}haf'îwg²í��Hl�÷5f�hMí�f¢îwj���� rk �7l�� k v akj ↔ ark,j (j = k, k+1, . . . , n) Â
�	o^ùtl}hMf>îwg²í��Hl�÷5fÁhMí�f�g/j"��ø�	¡l�� sk �Hl�� k v aik ↔ ai,sk

(i = 1, 2, . . . , n) Â
|zo3t ö j1î�	 haí�f*	 ø��´hMik·��{ikf>îw��v aik ≡ mik = − aik

akk
(i = k + 1, . . . , n) Â

pvo3t ? ·*���HhMf�hMí�fÁf,l}h�îwikf,�¢j`ú A v aij ≡ aij + mikakj = aij + aikakj (i =
k + 1, . . . , n; j = k + 1, . . . , n) Â

�ÃS1T
ý j7haf"þ�),/ @�:�7�>R4jQ�2    #"%$#"ÄáUHÂ © JB:�-�LD+":�4<@B>Rõ�-34RQ%-32E5�4F7�>�b�-SL L, P ¼k5?+"J Q -\GSK"/�>�bS>R4F/e8
â²4jQ�-08Q�5?õ�-²4¤:�dc-uIS:?7�23-cJ�¼�7\-SL=K%-cbS4F>Rõ�-S/e8�¼BIc7�:�2o4jQ�-k2£AC/e4F> K"/�>�-S7cL mik 5�+ZJ$4RQ%-�K%-S7�2DAC4¤5?4=>�:?+E>R+"J?>�b�-SL

rk 5�+"J sk T
p,r	��	 ·]�kfópvo{¸9p ºzQPY�R/SH�/¯7u�R/QXYq¹�J° &ZY¤[ZYA¥

A =




0 1 1

1 2 ©
1 1 1




¯7\XY_S7��L�O/U�`Hu�JtNPJc`7Y_±'OWNXY�SH�1Â
k = 1 Â
¸5o�º»^HJ³`HY�±/O/N]J�S>NXQP��Yq\ 3 : r = 2, s = 3 Âm	oc�Hl��n�zo@�3S>NPJ�Q@L@^7RWSH�'J�QPOwµG\$VxRWS7T9©��´O/u�u_Owµ�JMT��,��Y_S>NPJ�Q@L@^7RWSH�'JÅO/��L�O/u�¯HU�S7\s¥¢RWS7T9©H¶

A ≡




© 2 1
1 1 0
1 1 1


 .
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Ó7Ô 
7ÔnÜ9×�ãWÎ��%Ð��,Ò�� ��ÎaÐ�� ����×��������VÕ�Î���� ��� Î��VÛ"! ��#$���²ÎaÐ�� �%� §l

	
|�o³�7l��np	o@ÁFJMQB�´O'QXU ë³R/¯7\P\BYqRWS�J�u�Y_U�Y�S7RwNPY_O'S�N@RW°,Y�SH�¢NX^HJxJMS'NPQX� ©¢R'\»`HY�±/OWNaÂ

A ≡ A(1) =




3 2 1

0 1
3 − 1

3

0 1
3

2
3


 , m21 = −1

3
, m31 =

1

3
.

k = 2 Â
¸5o�º»^HJx`7Y_±'OWN]J�S>NXQP��Yq\ 2

3 ¶ r = 3, s = 3 Âm	o³�7l��¹�zo@�3S>NPJ�Q@L@^7RWSH�'JÅQPOwµG\k¥¢RWS7T_©��´O/u�u_Owµ�JMTV�,��Y_S>NPJ�Q@L@^7RWSH�'JÅO/�FL�O/u�¯HU�S7\²¥¢RWS7T_©7¶

A ≡




3 2 1

0 2
3

1
3

0 − 1
3

1
3


 ,

|�o³�7l��np	o@ÁFJMQB�´O'QXU ë³R/¯7\P\BYqRWS�J�u�Y_U�Y�S7RwNPY_O'S�N@RW°,Y�SH�¢NX^HJxJMS'NPQX� 2
3 R/\»`HY�±/O/NMÂ

A ≡ A(2) =




3 2 1

0 2
3

1
3

0 0 1
2


 = U ; m32 =

1

2
.

º»^HJ�QPJMR'T9J�Q@\�RWQPJ�Y�S>±,Y_NXJaT;NXO<L�O/U�`H¯9NPJ�NX^7J�¯HSHY_N�u�Owµ"JMQxNXQPYqRWSH�'¯Hu�R/QxU�RwNXQPY_Z L R/S7TNX^7Jc`5J�QPU­¯HNPRwNPY_O'SVU�RwNPQXYqLtJa\ P RWS1T Q \X¯7L@^�NX^7RWN PAQ = LU �,¯7\XY�SH�¢NX^HJc�´O/QPU­¯7u�R'\Åb ���! #"%$#"% UHÂ U'rRWS1T�b ���! #"%$#" ñU9Â �'r%Â
ã DC2 � & +W21416,=
� � �=÷1j1îwi´haí�	    #"%$#"Äáp	o���QPJMê>¯HY�QXJa\ 2

n3

3

¡ j7·F�xRWS7T O(n3) LtO'U�`7RWQPY�\XO/S1\�Â
* � ' ì C * ý j1hMf"þ�é�u_�'O/QPY[NP^HU    #"%$#"ÄáUHÂ ©�^1R/\G�5J�JMSÁY_U�`Hu�J�U�JMS'NPJMTÁY�S ® éKº�~-¤ ® `7QXO/¿�/Q@RWU ì C *ä��ù © Â

zs{j|s{¹å æ���� � ���c� �9¬ ¶��g�������M�g�µ�����=�¸�=�]�����q�k� �g�9¼Úç²´éè����"�?���0�M³Z�����M�k�]�Z{
ë³RW¯1\X\XY�R/S�J�u�Y�U¢Y�S7RWNXY�O/S­\PL@^HJ�U�Ja\zµ]Y_NX^HO'¯9NF`HY_±'OWNPY_SH�1�wµ]Y[NP^­`7R/QBNPY�R/u'`7Y_±'OWNXY�SH�cRWS7T­µ]Y[NP^�LtO'U¢¿`Hu�JtNPJx`HY_±'OWNPY_SH�1�9µ]^HJ�S�L�R/QXQPY�JMT�O/¯9N»NXO�L�O/U�`Hu�JtNPY_O'S	�9�,Y_JMu�Tv�7QXJa\B`5JMLtNXY�±/J�u��}¶
• A = LU t\û9p���i´haí�j"øzh¢·Fi¹J1j1hMi{l�÷uv
• PA = LU t\û9p/�¨�av
• PAQ = LU t\û9pxìÙ�avwÂæ JMQXJ L Yq\kAC+%>R4�/1:�;<-07²4F7�>�5�+�@?AC/15?7c¼ U Yq\kA�K(K�-07k4=7�>�5?+�@BAC/15�7%�,RWS1T P RWS7T Q RWQPJ�K�-07�2£AC465�4F>�:�+2E5�4F7�>�b�-SL%Â
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§l
�� ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
�<�{ê ë��	��¬��B�X�k�íì �Nîµ�
��� ��� �{�������X�X���P���x�K�{���
�;J�^7R²±/J�\XJ�J�Sô�5Jt�´O'QXJ�NP^7RwN�NP^HJ�LtO'U�`H¯9NXJaTôU�RwNXQPYqLtJM\ L R/S7T U O'�9NPR/Y_S7JMT;�,�;ë³RW¯1\X\XY�R/SJ�u�Y�U¢Y�S7RWNXY�O/S<µ]Y_NX^7O/¯9N³`HY�±/OWNPY_S7��LMRWSó�5J�\B¯7L@^<NX^7RWNÅNP^HJ�`HQPO,TH¯7L%N LU LMRWSó�5J�LtO'U¢`7u_J�NXJ�u��
T9Yfe5JMQXJMS>Nc�´QPO/U A Â H +�IS5Bb04{� ||A− LU ||

||A|| LMRWS;�1J��9î
�Fi´hMî²�Hî²i=�j
 �k�9î�÷5f5ÂVs,`1JaLtY_½1L�R/u_u��/�zNX^HJ
�´O/u�u�Owµ]Y_SH��QXJa\B¯7u[NxL�R/S<�5J¢`7QXOw±'JMT¡bys,J�J æ Y��/^7R/UÁb�VÂ³
³��7�5`7`	Â�V}´?U�¿�V}´}�'rt����JMU¢U�JMuGb�VÂ³
³µ´9�`H`	Â9�#´a¿Z�
³>rBr%Â
' í�f,j7îwf�	 p	ok¸ ò oÑi;ï ­ |ðrtu�ñ ­
ò k ¬(¬�­`¬�óE­ |�rtu ®�­`¬`ô k¶� T¢ Q�-_bc:�2sK"AC46-�JH2E5�4F7�>�b�-SL L 5?+"J U ¼$:(dS465�>R+Z-�Jÿd08.º²5�A�LcL�>�5�+ -S/�>R2£>R+Z5�4F>�:�+ü;�>R4RQ%:�AC4K">Rõ�:�4F>R+�@�L05�4F>MLjIc8�Ë

A + E = LU,

;�Q�-07\-
||E|| ≤ nµ||L|| ||U ||.

s,Y�S7LtJ U = A(n−1) �1NX^HJ¢\�N@RW�HY�u_Y_N���OW�"ë³RW¯1\X\XY�R/S�J�u�Y_U�Y�S7RwNPY_O'SóY�\��1J�NBNPJ�Qc¯HS7T9JMQP\BNXO,O9T�,�VU�JMR'\B¯7QXY�SH�¢NX^HJD@?7\:?;�4RQ�:�Ia4RQ%-3-S/1-02E-S+`4�LxY�S�NX^HJ�QPJMTH¯7LtJaT�U�RWNXQPY�L�JM\ A(k) Â³b � OWNXJ³NP^7RwNRWu_NX^7O/¯H�'^ó`HY�±/OWNPY_S7��°'J�J�`1\�NP^HJ¢U­¯Hu_NXY�`Hu�Y_JMQP\³�5O/¯HS1T9JMT<�>�Á¯7SHY[N��'�vNX^7J¢JMu_JMU�J�S>NP\cY�S<NP^HJ�QXJ�¿T9¯7L�JMT�U�RwNXQPYqLtJM\]\BNXY�u�uzL�R/S��'QXOwµnR/QX�7Y[NPQPR/QXY�u_�HrtÂ
& f('Fl�i´hMi{j1lªp	ok¸ ø o ¢ Q�- ÷1î²j���haí·úy�7gWhMj1î ρ >ML 4jQ�-*7\5�4F>�:.:�I94jQ�-_/15?7=@�-�L�4£-0/1-023-0+%4£0F>R+N &BOõ¥
2E50@B+%>R4FA%JB- = : I A, A(1), . . . , A(n−1) 4¤:�4RQ%-¡/15?7=@�-�L�4k-S/1-02E-S+`440¤>R+H2E50@B+%>R4FA%JB- = :�I A Ë

ρ =
max(α, α1, α2, . . . , αn−1)

α
,

;�Q�-07\- α = max
i,j
|aij | 5�+ZJ αk = max

i,j
|a(k)

ij | T
� Owµx�9Y_��K%5�7�4F>�5�/�K">Rõ�:�4F>R+�@�Yq\]¯7\XJMTv�,NP^HJ�S
• |lij | ≤ 1 �´O/QGR/u_u i ≥ j �7\XY_S1LtJcNX^HJa\BJ lij RWQPJÅNX^HJxU�¯Hu[NPY_`7u_Y�J�Q@\�Â
• |uij | = |a(i)

ij | ≤ ρ maxi,j |aij |

��J�NX^HJMSV^7R²±'J]NX^7J��´O'u_u�Owµ]Y_S7��J�QPQXO'QÃ�5O/¯HS7TVµ]Y[NP^�`7R/QBNPY�R/u1`HY�±/O/NXY�SH�Vb{ÄHO/Q»R­L�O/U�`Hu�JtNPJ`HQPO,OW���H\XJ�J­ì�í��9·�hMf>î ïBðwù �¸9�5r%Â
' í�f,j7îwf�	 p	ok¸#g	o£i;ï ­ |�r9u�ñ ­
ò k ¬B¬�­`¬E«¡¬�­ 76: ¬ 8Oö ®(­`¬Eô k «�« � ¯²¢ Q�-^2E5�4F7�>�bc-�L L 5�+"J
U bc:�2sK"AC46-cJ�d08¦ºk5?A�LcLc>�5?+ -0/e>R2D>R+"5�4F>�:�+ ;�>R4jQDK%5�7�4F>�5�/�K">Rõ�:�4F>R+�@�L05�4F>MLRIc8

LU = A + E,

;�Q�-07\-
||E||∞ ≤ n2µρ||A||∞.
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Ó7Ô 	7Ô Ø>ÐBÎµ÷B��! � ÐAø¡��ùKÕ�Î���� �c� Î��VÛ"! ��#����²ÎaÐ�� �%� §l
'Ó
º»^HJ�ê'¯7JM\BNXY�O/S	�}NP^HJ�QPJt�´O'QXJ'�}R/QXYq\XJM\Å^HOwµ uqRWQP�/J ρ L�R/S<�5J>¸nºzO�RWS7\Xµ�J�Q�NP^HJ�ê'¯7JM\BNXY�O/S	�µ�J³\BNPR/QBN]µ]Y_NX^ÁRWS�J�Z9R/U�`Hu_J'Â

p,r	��	 ·]�kfópvo{¸ ö° &ZYFªuY\P
A =

(
0.0001 1

1 1

)

V/Â*ë³R/¯7\X\XYqRWSVJMu_Y�U�Y_S1RwNXY�O/S�µ]Y_NX^HO'¯9NG`HY�±/O/NXY�SH���'Y_±'JM\
A(1) = U =

(
0.0001 1

0 −104

)

max |a(1)
ij | = 104, max |aij | = 1

ρ = NX^HJx�'QXOwµ»NP^��kR'L%NXO'Q = 104

¥9Â*ë³R/¯7\X\XYqRWSVJMu_Y�U�Y_S1RwNXY�O/S�µ]Y_NX^�`7R/QBNPY�R/u5`7Y_±'OWNXY�SH���,Y_JMu�T7\
A(1) = U =

(
1 1
0 1

)

max |a(1)
ij | = 1, max |aij | = 1

ρ = NX^HJx�'QXOwµ»NP^��kR'L%NXO'Q = 1

º»^HJ�ê>¯HJM\BNXY�O/S�SHJtZ,NxY�\M¶Ãí�j�� �k�9î�÷5fôhMí�f¿÷7îwj���hMí�úe�Hg/hMj1î ρ i{l©f,�Hg²í g/�7�Mf¡g'�Hl�*f¦úej1îV�Hl¹�9î
�Fi´hMî²�Hî�
�	¡�9hMîwijr�ú+�;J�RWS7\Xµ�J�Q�NX^HYq\Gê>¯HJa\�NPY_O'S�Y�S�NX^HJ³�´O'u_u�Owµ]Y_S7�7Â
û�î²j���haí ö �Hg/hMj1î úej7î_û���ø��a�aik�Hl p^�ki=	¡ikl��9hMi{j1l¿��ikhMíû�Å�9î²hMik�%�¶�xi)J1j1hMi{l�÷
Ä7O/QÃë³RW¯7\P\XY�R/S�JMu_Y�U�Y_S7RWNXY�O/S�µ]Y[NP^¢`1RWQXNXYqRWu,`HY�±/OWNPY_S7�7� ρ ≤ 2n−1 M p,r	f>î²g'ik�af�pvo{¸9p#Py¶

ρ g/�7lû�*fÁ�H���Fi�÷ô�H� 2n−1 o
Ç S9�´O'QBNP¯HS7RWNXJ�u��/��O/S7J�LMRWS LtO'S7\BNXQP¯7L%N�U�RwNPQXYqLtJa\c�´O/Qxµ]^HYqL@^;NX^HYq\��5O/¯7S7T;Y�\�RWNBN@RWY�SHJMTvÂ~"O/S1\BYqT9J�Q»NP^HJc�´O/u�u_Owµ]Y�SH��JtZHR/U¢`7u_J'¶

A =




1 0 0 · · · 0 1
−1 1 0 · · · 0 1ÂÂÂ Â Â Â Â Â Â ÂÂÂÂÂÂ Â Â Â Â Â Â ÂÂÂÂÂÂ Â Â Â Â Â Â ÂÂÂ
−1 · · · · · · · · · −1 1




º»^7RWNGY�\M�
aij =





1 �´O'Q j = i, n,
−1 �´O'Q j < i,

0 O/NX^HJMQXµ]Yq\XJ/Â b=UHÂü´/r W�X &ZY=ªuY\P
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G ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
��Y�u_°,Y�S7\BO'S¡b�V>³��(UH�7`	Â$¥CV�¥/r»^7R'\�\X^HOwµ]S�NX^1RwNcNX^HJ��/QPOwµ»NX^��kR/LtNXO/Q ρ �´O'Q�NP^HY�\ÅU�RwNPQXY_Z�µ]Y_NX^`7R/QBNPY�R/u5`7Y_±'OWNXY�SH��Yq\ 2n−1 ÂÃº�O�\XJ�J³NP^HYq\��,N@RW°/JcNP^HJ�\B`5JML�Y�R/u	L�R'\BJ³µ]Y_NX^ n = 4 Â

A =




1 0 0 1
−1 1 0 1
−1 −1 1 1
−1 −1 −1 1


 .

A(1) =




1 0 0 1
0 1 0 2
0 −1 1 2
0 −1 −1 2


 , A(2) =




1 0 0 1
0 1 0 2
0 0 1 4
0 0 −1 4


 , A(3) =




1 0 0 1
0 1 0 2
0 0 1 4
0 0 0 8




º»^,¯7\�NX^HJx�'QXOwµ»NP^��kR'L%NXO'Q
ρ =

8

1
= 23 = 24−1.

� ?#T�)'0B-�X}� � OWNXJGNX^7RWN*NX^7Y�\"Y�\*SHOWN*NX^HJÅO/SHu���U�RWNXQPY[Z¢�´O/Q"µ]^HY�L@^ ρ = 2n−1 Â æ Y_�'^7RWURWS1T æ Y��/^1RWUªb�V>³�ý�´Wrz^7R²±/J"Y�T9JMS>NXY_½7JMT¢R³\BJ�N�O/�1U�RwNPQXYqLtJa\z�´O'QFµ]^HY�L@^ ρ = 2n−1 ÂFº»^HJ"U�RWNXQPY[Z

B =




0.7248 0.7510 0.5241 0.7510
0.7317 0.1889 0.0227 −0.7510
0.7298 −0.3756 0.1150 0.7511
−0.6993 −0.7444 0.6647 −0.7500


 b=UHÂ ý>r W�X &ZY=ªuY¤[

Yq\]\B¯7L@^�R¢U�RwNXQPY_Z}Â*s9J�J æ Y��/^7R/U b VÂ³�³(©'rtÂ�KZHRWU�`Hu�JM\*OW�vNX^7JÅRW�5Ow±/JGN��>`5J�R/QXJGQ@RWQPJ/Â��3S7T9JMJMTv�>Y�S�U�RWS,��`7QPR'L%NXYqL�R/u7J�Z9R/U�`Hu_Ja\��/NX^HJJ�u�J�U�JMS'N@\»OW��NX^HJ³U�RwNPQXYqLtJa\ A(k) ±/JMQX��O/� NXJMS�L�O/S>NXY�S,¯HJ�NPO�T9JML�QXJaR/\XJÅY�SÁ\BYq¹�J'Â ¢ QCA�L�¼m4jQ�:?AB@�Qº²5�A�LcL�>�5�+h-0/e>R2D>R+"5?4=>�:?+�;�>R4jQ�K�5?7�4=>�5?/ZK">Rõ�:�4F>R+�@H>MLE+":?4²AC+"bc:�+ZJ�>R4F>�:�+Z5�/R/e8_L�465Bd0/1-�>R+¿4jQ�-c:?7�8�¼d0AC4<>R+3KZ7\5Bb04=>�bc-£>R4kb�5?+�dc-£bc:?+�L�>�JB-07\-cJ 5�La53L�4¤5(dS/q-D5?/ @�:�7�>R4jQ�2 T
• û�î²j���haí ö �Hg/hMj1î úej7î_û���ø��a�aik�Hl�p^�ki�	áikl��9hMi{j1lb��ikhMí¹ì�j`	¡·��{f'haf£�xi)J1j1hMi{l�÷
Ä7O/Q�ë³R/¯7\X\XYqRWS�J�u�Y_U�Y�S7RwNPY_O'S�µ]Y_NX^ÁLtO'U�`Hu_J�NXJx`HY�±/O/NXY�SH�7¶

ρ ≤ {n · 21 · 3 1
2 · 4 1

3 · · ·n 1
n−1 }1/2.

º»^HYq\GYq\GR�\Xu_Owµ]u��V�'QXOwµ]Y�SH���´¯HS7L%NPY_O'SóOW� n Â»ÄH¯HQXNX^7J�QPU¢O'QXJ'�HY�SÁ·�îw�Hg/hMikg'f�NX^HYq\G�5O/¯HS1TYq\»SHJ�±'J�Q]RwNXNPRWY�SHJaTvÂ H +"J(-c-�J�¼m4RQ%-S7�-�;<5�La5?+*AC+�KZ7\:�õ�-S+ b�:?+WQ0-cb04=AC7\-£dS8 L >R/ ô?>R+�L0:�+ób VÂ³
�(U9�>`	Â¥CV�©'r¡4RQ%5�4²4jQ�-¡@B7\:?;�4RQ3IS5(bS46:�7kIS:?7Ebc:?2²KZ/1-S46-^KZ>Rõ�:?4=>R+�@*;<5�LEdc:?AC+"JB-cJ¦d08 n IS:?7D7�-�5?/ n × n2E5�4F7�>�b�-SL%Â­ÈzRWNXJMQx~"QP�/JMQ�b�V>³��
ý'rGL�O/S},�JaL%NP¯HQXJaTÁNP^7RwN ρ ≤ n µ]Y_NX^<Jaê>¯7RWu�Y[N��Á^7O/uqT9Y_S7�VY_��RWS1TO/S7u_�¡Y_� A Y�\�REþÁ�H����	¡�9îw� 	¡�9h�îwi�rKÂ�é�S n × n U�RwNXQPY_ZáY�\VR æ R/THR/U�RWQ@T¡U�RwNPQXY_ZáY_�Y_NP\xJMu_JMU¢JMS>NP\­R/QXJ ±1 RWS1T HHT = nI Â Ç S9�´O'QBNP¯HS7RWNXJ�u��/��NX^7Y�\�LtO/Sq,�JML%NP¯HQPJ�^7R/\xQPJML�J�S>NXu���5J�J�S�\BJ�NBNXu�JMTó�>�óëcO'¯Hu�Táb�VÂ³
³�V²r»SHJ��>RwNPY_±'J�u��/�H�´O'QcR/SóRWQP�HY_NXQ@RWQP�VU�RwNPQXY_Z A ÂcëcO'¯HuqT¡b�V>³�³�V²rJtZ9^HY��HY_NXJaTÁR 13× 13 U�RwNXQPY_Z��´O'QGµ]^HYqL@^<ë³RW¯7\P\BYqRWS�JMu_Y�U�Y_S7RWNXY�O/S�µ]Y_NX^<L�O/U�`Hu�JtNXJx`7Y_±'OWNXY�SH��'R²±'J�NP^HJ��/QPOwµ»NX^<�kR/L%NPO/Q ρ = 13.0205 Â¢�"T9J�u�U�RWS�b�V>³�³(¥'r�R/u�\XO��'R²±/J¢R�LtO/¯7S'NPJ�QPJtZHRWU�`Hu�JNXO�NP^HYq\ÅL�O/S},�JaL%NX¯7QXJx�,��T9Y�\PLtOw±'J�QPY_S7�¢R�U�RWNXQPY[Z�OW�KO/Q@T9J�Q 25 �´O/Q�µ]^7Y�L@^ ρ = 32.986341 Ât�3S
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Ó7Ô �1Ô Ø"��#¡#ÅÎ/Òfø­Î��}ÿ�Þ}Îµ÷(! Ñ$��ùÃÌ½��#�ÏwÎ/Òj� �\����� §l
'Ê
\X`HY[NPJGOW�}NP^HJM\XJ]QXJaLtJMS'N"QXJa\B¯Hu_NP\M��º²5?A�L�L�>�5?+_-0/e>R2D>R+"5�4F>�:�+¦;�>R4jQ9bc:�2sK"/1-04¤-<KZ>Rõ�:?4=>R+�@D>ML^5¡Lc465Bd0/1-5�/ @(:?7�>R4RQC2 Tº»^HJ L�O/S},�JaL%NP¯HQXJáQXJM�'RWQ@T9Y�SH� NX^HJ �/QPOwµ»NX^©�kR/LtNXO'Q ρ µ]Y_NX^¼LtO/U�`Hu�JtNPJá`HY�±/O/NXY�SH���´O/Qæ R'THRWU�R/QPTáU�RWNXQPY�L�JM\�^7R'\��1JMJ�S��´¯HQXNX^7J�Q�Y�S>±'JM\BNXY��'RWNXJMT �,�á\XJ�±/JMQPR/u»U�RWNX^HJMU�RwNXYqLtYqRWS1\�QXJ�¿LtJMS>NXu��/Âx��^7RWNc\XJ�JMU�\GNXO��5J­Y�U�`1O'QBN@RWS>N�Y�S<\XJtNBNPu_Y�SH��NP^HYq\ÅL�O/S},�JaL%NX¯7QXJx�´O'Q æ R/THR/U�R/QPT�U�RW¿NXQPYqLtJM\³Yq\³NPOóT9JtNPJ�QPU¢Y�SHJ¢NX^7J�`HY�±/OWN�\BNXQP¯7L%NP¯HQPJM\xRWS1T<±wRWu�¯HJa\xOW�"NX^HJ�U�Y�SHO/Q@\³OW� æ R'THRWU�RWQ@TU�RwNPQXYqLtJa\�Â�s9J�±/JMQPR/uFQXJa\B¯Hu_NP\c^7R²±'J­�5J�JMS;O'�9NPR/Y_S7JMTóY�S�NX^HYq\xT9Y�QXJaL%NXY�O/SzÂ¢s,JMJ�NP^HJ�QXJaLtJMS'N³`7RW¿`5J�Q@\"O/���cR²��RWS7T�ÁFRWNBNPJ�Q@\BO'S<b�V>³�ý�ý>r%���ÅO/¯H°'O/¯H±,Y�SHO'\M� ® Y_NXQPO/¯Hu�YvRWS7T�s,J��5J�QPQP�ób=¥������7��¥�����V'�¥����µ´/r%Â
• û�î²j���haí ö �Hg/hMj1î�j"ú,û���ø��M�aik�Hl�p^�ki=	¡ikl��9hMi{j1l¿��ikhMí�j`ø�hI�xi¹J5j7haikl�÷
ÄHO/Q³ë³RW¯7\P\XY�R/SÁJ�u�Y_U�Y�S7RwNPY_O'Sóµ]Y[NP^HO/¯HNc`HY�±/O/NXY�SH�7� ρ b�5?+.d�-E5?70dS>R4F7\5?7c>R/�89/q5�7=@�-t�}J�Z9L�J�`9N�´O/QFR��´JMµá\X`1JaLtYqRWu9L�R'\BJa\��WR'\�µ�J»\B^7R/u_u9\XJ�J�u�RWNXJMQM�W\X¯7L@^�R'\�Lc8�2D2E-S4F7�>�b�K%:�L�>R4F>Rõ�-$JB-=óm+`>R4¤-5�+"JsL�4F7�>�bS4F/e8^J?>�50@�:�+Z5�/R/e8aJ(:�2D>R+"5�+`4½2E5�4F7�>�b�-SL%Â�º»^,¯7\sºk5?A�LcLc>�5?+�-S/�>R2£>R+Z5�4F>�:�+E;�>R4jQ�:�AC4K">Rõ�:�4F>R+�@ >MLc¼m>R+9@�-S+Z-S7\5?/Ã¼g5 b�:?2²KZ/1-04¤-0/e8�AC+%Lc465Bd0/1-£5�/ @�:�7�>R4jQ�2¢Â

�<��� ë;��� �¦��

ì ���	�  ¡��¬��y� �Nî¼� �����­�­
7� � ��� �
ÄHO'Q]JMR'\B��QPJt�´JMQXJMS7LtJcµ�JcS7OwµnQPJ�±,Y_JMµ¹NP^HJxU�O'\BN»Y�U�`1O'QBN@RWS>N�R/\X`5JML%N@\»OW��NX^HYq\GL@^7R/`9NXJMQMÂ
zs{ÄÃ^{6} �¡�1��� �����?���c�wçm�ð­_����±��0�M���]�k�g�1���9� ���C�0�q�
éGS n×n U�RWNXQPY[Z M O/�,NX^HJF�´O'QXU M = I+meT

k �aµ]^HJ�QPJ m = (0, 0, . . . , 0, mk+1,k, . . . , mn,k)T ,Yq\]L�RWu�u�JMT�RWS�J�u�J�U�J�S>N@RWQP��u_Owµ�J�Q�NXQPYqRWSH�'¯Hu�R/Q»U�RWNXQPY[Z�OW��N��>`5J k Â�e� M Yq\]R/\»�/Y�±/JMS�R/�1Ow±'J/�>NX^7J�S M−1 = I −meT
k Â

zs{ÄÃ^{j| çs´ ¬����"�?���0�M³"�����M�k�
é �kR'L%NPO/QPY1¹aRwNXY�O/SÁO/� A Y�SÁNP^HJ��´O'QXU A = LU �}µ]^HJMQXJ L Yq\�¯HS7Y[N³u_Owµ�J�QGNXQPY�R/SH�/¯HuqRWQÅRWS7T UYq\x¯H`H`5J�Q³NPQXYqRWSH�'¯HuqRWQa�	Y�\xLMRWu�u_JaT�R/S �d? úe�Hg/hMj1î²iA(/�9haikj5l¹O/� A Â�éGS È Ç �kR'L%NXO'QXYq¹MRWNXY�O/S�OW�U�RwNPQXY_Z A THO>Ja\KSHO/N"RWu�µ�R²�9\�JtZ9Yq\�NaÂ��e�}NP^HJGu�JMR/THY_SH�x`7QXY�S7LtY�`7R/uHU�Y_SHO'QP\ÃOW� A RWQPJGRWu�u7T9Yfe5JMQXJMS'N�´QPO/U ¹MJ�QPO7�,NX^7J�S�NX^HJ�È Ç �kR/LtNXO/QPYq¹MRwNPY_O'SVO/� A JtZ9Yq\�N@\]RWS7T�Yq\»¯HSHYqê>¯HJ�t ' í�f,j7îwf�	 
  #"%$#" ùp	ohgZv²oº»^HJ�È Ç �kR'L%NXO'QXYq¹MRWNXY�O/S�OW��R¢U�RwNPQXY_Z A �9µ]^HJ�S�Y_N»J�Z9Y�\BNP\M�9Y�\]R'L@^HY�J�±/JaT�¯7\XY�SH��J�u�J�U�J�S9¿NPR/QX�Vu_Owµ�J�Q»NPQXYqRWSH�'¯HuqRWQ»U�RwNXQPYqLtJM\MÂ*º»^HJx`7QXO9LtJa\X\»Yq\GLMRWu�u_JaT�º²5�A�LcL�>�5�+¿-0/e>R2£>R+Z5�4F>�:�+ÿ;�>R4jQ�:�AC47\:?; >R+%46-S7\bcQ�5?+�@�-�LxO'QEºk5?A�LcLc>�5?+ -0/e>R2D>R+"5�4F>�:�+ ;�>R4jQ�:�AC4�K">Rõ�:�4F>R+�@ÿt � ��÷5j1î²ikhMí�	    #"%$#"%$p	ok¸�v²Âº»^HJc`HQXO9L�JM\P\*Yq\�J!º�LtY�J�S>NM�9QPJMê>¯HY�QPY_SH�­O/SHu�� 2n

3

3
�7O'`7\M�>�7¯9N�>ML^AC+%Lc465Bd0/1-�IS:?7¡5�70d0>R4=7\5?7�82E5�4F7�>�b�-SL%Â H 4=L�A�L0-9>ML�+":?4�7\-cbc:�2D23-0+"J(-�J >R+�KZ7\5Bb04=>�bc-_AC+`/1-SL�L A >ML L�8�2£2E-S4F7�>�b£K%:�L�>R4F>Rõ�-JB-=óm+`>R4¤-E:?73bc:?/eAC2£+.J?>�50@�:�+"5?/R/e8HJB:?2£>R+Z5�+`4,dc-�bc5?A�LS-S¼f>R+¿4RQ%-�L0-Ebc5�L0-SL�¼k4jQ�-�@B7\:�;�4jQDIS5Bb046:�7cL5�7�-�Dÿ5�+"J /q-�LcL 4jQ�5?+ - �0A%5�/f46:�¥H�k7\-SL=K%-cbS4F>Rõ�-S/e8
âDL0-c-óì­í��9·�hMf>î ïBð�ñò Â¡ÄHO'Q¢T9JaLtO'U¢`5O'\XY_NXY�O/SOW� A Y_S>NXO LU Y_SóRV\�N@RW�Hu�J�µ»R²�/�7QPOwµ©Y_S>NXJMQPL@^1RWSH�'JM\�0cº²5�A�LcL�>�5�+.-S/�>R2£>R+Z5�4F>�:�+¿;�>R4jQ3K%5�7�4F>�5�/K">Rõ�:�4F>R+�@ = t � �=÷1j1îwi´haí�	    #"%$#"%�pvo m`v»O/Q*�5OWNP^VQPOwµ R/S7T�L�O/u�¯HU�S�Y_S>NPJ�Q@L@^7RWSH�'JM\¨0cº²5�A�LcL�>�5�+H-0/e>R2D>R¾+"5?4=>�:?+ ;�>R4jQ b�:?2²KZ/1-04¤-<KZ>Rõ�:?4=>R+�@ = t � �=÷1j1îwi´haí�	    #"%$#"Äáp	o��Zv*NXOxYqT9JMS'NPY[�´�¢RWS�RW`7`HQXO'`HQPY�RWNXJ»`HY�±/OWNÃRWNJMR'L@^�\BNXJM`�µ]Y_u�u	�5J�SHJ�JaT9JMT	Â"ë³RW¯7\P\XY�R/S�JMu_Y�U�Y_S7RWNXY�O/S�µ]Y_NX^�`7RWQXNXYqRWu	R/S7T�LtO'U¢`7u_J�NXJx`HY�±/O/NXY�SH��,Y_JMu�Tó�kR/LtNXO/QPYq¹MRwNPY_O'S7\M¶ PA = LU RWS7T PAQ = LU �5QPJM\X`5JML%NPY_±'J�u��/�}µ]^HJMQXJ P RWS7T Q RWQPJ`5J�QPU­¯9N@RwNXY�O/S�U�RwNPQXYqLtJa\�Â
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'Ë ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
zs{ÄÃ^{¹» æk�?���<�F�j�1�����t¬¦¶��g�������M�g�·�¡�j�F���F�������M�k�
é�\X`5JML%N@\FOW�}\�N@RW�HY�u_Y_N��/�wY�S7\BNPR/�HY_u�Y_N��/�/R/S7T­`7QPR'L%NXYqL�R/u9\�N@RW�HY�u_Y_N��xY�S�NPJ�QPU�\�O/�7NP^HJ»�/QPOwµ»NX^��kR'L%NPO/Q@\OW�»ë³RW¯7\P\BYqRWS�J�u�Y_U�Y�S7RwN@RWY�O/S;\XL@^HJMU�J¢R/S7TÁNP^HJ�R/\P\BO9LtYqRwNPJMTÁQPO/¯7S7T,¿eOqe QXJa\B¯7u[N@\cR/QXJ¢�/Y�±/JMSóY�Sdzf>g/hMi{j1l¹p	o��
å²{¦±£�����q� �9¬H~D�k�Ü½]���0�M�(�²���u{
�;J­SHOwµ \X¯HU�U�R/QXYq¹�J­Y_SÁNP^HJ��´O/u�u_Owµ]Y�SH��N@RW�Hu�JxNX^7J�JWº�L�Y_JMS7Lt��RWS1Tó\�N@RW�HY�u�Y[N���`HQPO/`5J�QXNXY�JM\�OW�NX^7JM\XJ³L�O/U�`H¯9N@RwNPY_O'S7\�Ây�;J�R/\P\B¯7U¢JcNP^7RwN A Yq\ n× n Â

' ��
 � p pvo{¸' ��
 � p C ö ì C * � � � ùMd C ý d
� � C�
 � p/* *�p ' þ C & ök� C �c�tì C ?9ý ' d ' ��
 ù � ù '��bkéxÁdÁ è ¤��m� ® éKºÏ�"r
Ä7R'L%NXO'QXYq¹MRWNXY�O/S	¶
A = LU

ë³RW¯7\P\BYqRWSJ�u�Y_U�Y�S7RwNPY_O'Sµ]Y[NP^HO/¯9NGQPOwµY_S>NXJMQPL@^1RWSH�'J
2n3

3

Ç S7\BNPR/�Hu_JY_S��/JMSHJ�Q@RWu

Ä7R'L%NXO'QXYq¹MRWNXY�O/S	¶
PA = LU

ë³RW¯7\P\BYqRWSJ�u�Y_U�Y�S7RwNPY_O'Sµ]Y[NP^�`1RWQXNXYqRWu`HY_±'OWNPY_SH�
2n3

3
+

b O(n2)LtO'U¢`1RWQPY�\XO/S7\@r

s>NPR/�Hu_JY_S�`HQ@R/LtNXYqLtJ

Ä7R'L%NXO'QXYq¹MRWNXY�O/S	¶
PAQ = U

ë³RW¯7\P\BYqRWSJ�u�Y_U�Y�S7RwNPY_O'Sµ]Y[NP^�L�O/U�`Hu�JtNPJ`HY_±'OWNPY_SH�
2n3

3
+

b O(n3)LtO'U¢`1RWQPY�\XO/S7\@r

s>NPR/�Hu_J

ì�j1l�gB�=ø���ikl�÷ � f�	¡�9î
�	�(þ^º²5?A�L�L�>�5?+¦-0/e>R2D>R+"5?4=>�:?+ ;�>R4jQ�:?AC4%KZ>Rõ�:?4=>R+�@D>ML²AC+�L�465Bd0/1-²>R+@�-S+Z-S7\5?/Ã¼¡º²5�A�LcL�>�5�+h-0/e>R2D>R+"5?4=>�:?+.;�>R4RQ K�5?7�4=>�5?/ZK">Rõ�:�4F>R+�@H>MLaL�465Bd0/1-E>R+_KZ7\5Bb04F>�b�-!âaº²5�A�LcL�>�5�+-0/e>R2£>R+Z5�4F>�:�+ ;�>R4RQHbc:�2sK"/1-04¤-kK">Rõ�:�4F>R+�@9>ML$L�465Bd0/1- T
�<�3� ëô��«�«¢� � �K�{��� � î>��
 þ ��
'�Ã���­
�� �c�	���P��«
º»^HJÅNXO'`HY�LM\»LtOw±/JMQXJaT�Y�S�NX^7Y�\]L@^7R/`9NXJMQ]RWQPJÅ\BNPRWS1THRWQ@T�RWS1T�LMRWSV�5Jc�´O/¯HS1T�Y�S�R/S>��S,¯HU�JMQXYqL�R/uu�Y_SHJaRWQGR/u_�'J��HQ@R�NPJtZ,NMÂ�º»^HJx�5O>O'°9\]�,��ëcO/u�¯H�óRWS1TVIÃR/SóÈ	O'R/S;b VÂ³
³��'r�R/S7T�ë¢Â[� Â1s>NPJ�µ»RWQXNb�V>³µ´?©H�qVÂ³�³
ý'rcRWQPJ�QXYqL@^á\XO/¯HQ@LtJa\­O/�G�´¯HQXNX^HJMQ¢°,SHOwµ]u�JMTH�/J�Y�SáNP^HYq\¢R/QXJaRHÂ¡s,JMJ�R/u�\XO æ Y_�'^7RWUb�V>³�³
�'r%Â
���x�­
,§³� � � � ��� ���������	��
 ïBð  �
t ? �afÑ* � ' � ��
 Ðy��í�f,l�fµJ1f>îV�9·�·�îwj1·�îwi{�9hMf��Hl���l�f,g/f,�a�M�9î�
�v
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Ó7Ô Ó7Ô Ø"���B�/Ñl��Ð�� �%���dùj�,Ò*ã��'Ò�Ð%Í²ÑWÒ"ä5ÑMÎ}ÿC����� §l
'É
pvo{¸ bkR'r�s,^HOwµ¼NX^1RwN�R/S J�u�J�U�J�S>NPR/QX��u_Owµ�J�Q³NPQXYqRWS7�/¯HuqRWQxU�RwNPQXY_Z�O/�»N��>`5J k T9Jt½1SHJMTô�,�b ���! #"%$#" ùUHÂ1V²r"^7R/\»NP^HJc�´O/QPU

Mk = I + meT
k ,

µ]^HJMQXJ m = (0, 0, . . . , 0, mk+1,k, . . . , mn,k)T Â
b´�1r�s,^HOwµnNX^7RWN]NX^HJxY�S,±/JMQP\XJÅO/� Mk Y�S bkR'r"Yq\]�/Y�±/JMSV�,�

M−1
k = I −meT

k .

b{LMr�s,^HOwµ NX^7RWNcNP^HJ�J�u�J�U�J�S>N@RWQP�ÁU�RWNXQPY[Z M T9Jt½1SHJMT��,�¡b  #"%$#"%$U9ÂÃ¥/rÅYq\³\B¯7L@^<NX^7RWN Ma �µ]^HJMQXJ a = (a11, a21, · · · , an1)
T Yq\GR¢U­¯Hu_NXY�`Hu�JxOW� e1 Â

pvo m bkR'r�ëcY�±/J�S
a =

(
0.00001

1

)
.

Ç \XY�SH��©w¿3T9Y��/Y_N�RWQPY[NP^HU�JtNPY�L/�9½7S7TÁR/SÁJ�u�J�U�J�S>NPR/QX�VU�RWNXQPY[Z M \B¯7L@^�NP^7RwN Ma Y�\R¢U­¯Hu_NXY�`Hu�JxOW� e1 Â
b´�1r Ç \XY�SH���/O'¯HQ]LtO/U�`H¯HNPRwNPY_O'S7\»Y�Sôb{R'rt�,½7S7T�NX^HJ�È Ç �kR/LtNXO/QPYq¹MRwNPY_O'SVO/�

A =

(
0.00001 1

1 2

)

b{LMr�È	J�N L̂ RWS7T Û �1J³NP^HJ�LtO'U¢`7¯9NXJaT L RWS1T U Y_S�`7R/QBN�bk�1r%Â*Ä�Y�S7T
‖A− L̂Û‖F
‖A‖F

.

pvoq��s,^HOwµ NP^7RwN³NX^7J�`HY_±'OWN@\ a11, a
(1)
22 , . . . , a

(n−1)
nn RWQPJ�S7O/S�¹MJ�QPOVY_�»R/S7T<O'SHu��ÁY[��NX^HJ¢½7Q@\BN

(n− 1) u�JMR'T9Y�SH��`HQXY�S7L�Y_`7R/uvU�Y_SHO'QP\�O/� A RWQPJcSHO/S7\XY�SH�/¯HuqRWQaÂæ Y�S'Na¶ È	J�N Ar T9JMSHOWNPJ³NX^HJ r NX^Áu�JMR'T9Y_S7�¢`7QXY�S7LtY�`7R/uvU¢Y�SHO'Q]OW� A ÂÃº»^HJ�SÁ\X^HOwµ�NP^7RwN
det Ar = a11a

(1)
22 . . . , a(r−1)

rr .

pvo�|�é�\P\B¯HU�Y�SH�¢NX^7RWN�È Ç �kR'L%NXO'QXYq¹MRWNXY�O/S�OW� A J�Z9Y�\BNP\M�9`HQPOw±/JÅNX^7RWN
bkR'r�b ��&£? ö �Hg/hMj1î²iA(/�9haikj5l�r A L�RWS��5Jxµ]QXY_NBNPJ�S�Y_S�NP^HJ³�´O/QPU

A = LDU1,

µ]^HJMQXJ D Yq\ÅT9YqRW�'O/S7R/u�R/S7T L R/S7T U1 R/QXJ�¯7SHY[N³u�Owµ"JMQÅRWS1TÁ¯H`H`5J�QcNXQPYqRWSH�'¯Hu�R/QU�RwNPQXYqLtJa\��9QPJM\X`1JaL%NPY_±'J�u��/Â
b´�1rÿt LDLT

ö �HgWhaj7îwi)('�9hMi{j1l�v/�e� A Y�\]\X�,U�U¢J�NXQPY�L/�9NX^7J�S
A = LDLT .
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§Â	(¨ ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
b{LMr Ç \XY�SH��U9Â �1b´�5r%�H`HQPOw±/J�NX^7RWNGY[� A Yq\G\B�,U�U�JtNPQXYqL³RWS7T�`1O>\BY_NXY�±/JxT9J�½7SHY_NXJ'�HNX^7J�S

A = HHT ,

µ]^HJMQXJ H Y�\óR u�Owµ"JMQ�NXQPY�R/SH�/¯HuqRWQ�U�RwNPQXY_Znµ]Y_NX^�`1O>\BY_NXY�±/J T9YqRW�'O/S7R/u³J�S>NXQPY_Ja\�Âb ' í�i{�¢i{�N�	l�j���l¹�H��haí�f<ì�í�j`�{f,�W�u
 ��f,g/j"	 ·*j5�ai´hMi{j1l"ÂCr
pvo p¹éÅ\X\X¯HU�Y�SH�xNX^1RwN�È Ç �kR'L%NXO'QXYq¹MRWNXY�O/S�OW� A JtZ9Y�\BNP\M�,T9J�±'J�u�O/`�RWS�R/u_�'O/QPY[NP^HU NPO�L�O/U�`H¯9NPJ

U �,��QPOwµG\»RWS7T L �,��LtO/u�¯HU�S7\]T9Y�QPJML%NPu_���´QXO'U¥NX^HJxJaê>¯7RwNPY_O'S	¶ A = LU.

º»^7Y�\]Yq\»°,SHOwµ]S�R/\ & j	j`�{i´hMhl�kf�îwf,��ø�gWhaikj5l*o
pvo ò �ÅJ�±'J�u�O/`ÁRWSóR/u_�'O/QPY[NP^HU¥NPOVLtO'U¢`7¯9NXJxNP^HJx�kR'L%NXO'QXYq¹MRWNXY�O/S A = LU, µ]^HJMQXJ U Yq\G¯HSHY_N¯7`H`1JMQGNPQXYqRWSH�'¯HuqRWQ�R/S7T L Y�\�u_Owµ�J�QGNXQPY�R/SH�/¯HuqRWQaÂ»º»^HY�\�Y�\�°,SHOwµ]SÁR/\cì­îwj"øzh�îwf,��ø�gw�haikj5l*Âæ Y_S>Na¶ ��JMQXY�±/JcNP^HJ�RWu��/O'QXY_NX^HUÆ�´QPO/U NX^HJxJaê>¯7RwNPY_O'S A = LU Â
pvo ø ~"O'U�`7RWQPJ]NX^7Jm�ÅO>O'u_Y_NBNPu_JcRWS7T�~"QXO'¯9N*QPJMT9¯7LtNXY�O/S7\"µ]Y_NX^�ë³R/¯7\X\XYqRWS�J�u�Y�U¢Y�S7RWNXY�O/S�µ]Y_NX^9¿O'¯9NG`HY�±/O/NXY�SH��µ]Y[NP^�QPJM\X`5JML%N»NPO��1O/`9¿3LtO'¯HS>N]R/S7T�\�NPO/Q@RW�/JcQPJMê>¯HY�QXJMU¢JMS>NP\MÂ
pvoÄgné�U�RWNXQPY[Z G OW��NX^7JÅ�´O'QXU

G = I − geT
k ,

Yq\VLMRWu�u_JaT�Rhû���ø��M�����	j1îw���Hl¼U�RwNPQXY_ZvÂ s,^HOwµ NX^7RWNM�]�'Y_±'J�S¹R ±'JML%NPO/Q x µ]Y[NP^�NX^HJ`7QXO'`1JMQBN���NP^7RwN eT
k x 6= 0, NP^HJ�QPJ³JtZ9Yq\�N@\]R�ë³R/¯7\P\�¿��/O'QPT7RWS�U�RwNPQXY_Z G \B¯1L@^�NP^7RwN

Gx Yq\GR¢U­¯Hu_NXY�`Hu�JxOW� ek Â
�ÅJ�±'J�u�O/`¢RWS�R/u_�'O/QPY[NP^HU©NXOxLtO'S7\BNXQP¯7L%NKë³RW¯7\P\�¿��'O/Q@THRWSxU�RwNPQXYqLtJa\ G1, G2, . . . , Gn \X¯7L%¿L�JM\P\BY�±/JMu_��\X¯7L@^­NX^7RWN (GnGn−1, . . . , G2G1)A Yq\�R³T9YqRW�'O/S7R/u'U�RWNXQPY[ZvÂ�º»^7Y�\FYq\�°>S7Owµ]SR'\sû���ø��M�����	j1î²���Hl�îwf,��ø�gWhaikj5l*Â
�ÅJ�QPY�±/J]LtO'S7T9Y_NXY�O/S7\F¯HS1T9J�QKµ]^HYqL@^�ë³RW¯7\P\�¿��'O/Q@THRWS�QPJMTH¯7L%NPY_O'S¢LMRWS¢�1JGLMRWQPQXY�JMT�NXOxLtO'U�¿`7u_J�NXY�O/S	Â
ëcY�±/J�RÁ�7O'`9¿eL�O/¯HS>Nx�´O'Q­NP^HJ�R/u_�'O/QPY[NP^HU R/S7T LtO'U¢`1RWQPJ�Y[N¢µ]Y[NP^ NX^7O'\XJ�OW�Åë³R/¯7\X\XYqRWSJMu_Y�U�Y_S1RwNXY�O/Sz�5~"QXO'¯9N]QXJaT9¯7LtNXY�O/S�RWS7T���O,O'u_Y_NBNPu_JxQPJMT9¯1L%NXY�O/S1\�Â

pvo ö ëcY�±/JMS
A =




1 2 3
2 5 4
3 4 5




½1S7T�È Ç �kR'L%NPO/QPY1¹aRwNXY�O/S¢OW� A ¯1\BY�SH�­ë³RW¯1\X\XY�R/S�J�u�Y_U�Y�S7RwNPY_O'S�RWS7T��ÅO>O'u_Y_NBNPu_J�QXJaT9¯7L%NPY_O'SR/S7Tó~"QXO'¯9N]QXJaT9¯7LtNXY�O/S	Â
p	ok¸9ûné�`H`Hu���NP^HJ­ë³RW¯7\P\B¿��'O/Q@THRWSVQXJaT9¯7L%NPY_O'SVNPO A OW�²p,r	f'îwg'ik�af<pvo ö Â
p	ok¸5¸`Á*QXOw±'JÅNP^7RwN�NX^HJ�U�RWNXQPY[Z L Y_SÁJaR/L@^�OW�FNX^HJ��kR/L%NPO/QPY1¹aRwNPY_O'S7\ PA = LU RWS7T PAQ =

LU �'O'�9NPR/Y_S7JMT��,��¯7\XY_SH�¢ë³RW¯7\P\BYqRWS�JMu_Y�U�Y_S1RwNXY�O/SVµ]Y[NP^V`7R/QBNPY�R/u1RWS1T�LtO'U¢`7u_J�NXJG`HY�±/O/NB¿Y�SH�1�HQXJa\B`5JMLtNXY�±/JMu_�'�>Yq\]¯HS7Y[NGu�Owµ"JMQ�NXQPY�R/SH�/¯HuqRWQaÂ
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p	ok¸Hm©ëcY_±'J�S A =




0 1 0 0
0 0 1 0
0 0 0 1
2 3 4 5


 ,

½7S7TVR�`5J�QPU­¯9N@RwNXY�O/S�U�RwNXQPY_Z P �,R�¯HSHY_N]u_Owµ�J�Q"NXQPYqRWSH�'¯Hu�R/Q*U�RwNPQXY_Z L �9RWS1TVRWS�¯H`H`5J�QNXQPY�R/SH�/¯HuqRWQ�U�RwNPQXY_Z U \B¯1L@^VNP^7RwN PA = LU Â
p	ok¸9� bkR'r�Ä�Y_S1T�`5J�QPU­¯HNPRwNPY_O'S�U�RWNXQPY�L�JM\ P RWS7T Q R/S7T¢¯HSHY_NÃu_Owµ�J�QKRWS1T­¯H`7`1JMQKNXQPY�R/SH�/¯7u�R/QU�RwNPQXYqLtJa\ L RWS7T U \X¯7L@^�NP^7RwN PA = LU RWS7T PAQ = LU �´O/QÃNP^HJÅ�´O/u�u_Owµ]Y�SH�U�RwNPQXYqLtJa\�Â

YyÂ A =




1 1
2

1
3

1
2

1
3

1
4

1
3

1
4

1
5


 , Y_YyÂ A =




100 99 98
98 55 11
0 1 1


 ,

Y�Y_YyÂ A =




1 0 1
−1 1 1
−1 −1 1


 , Y_±}Â A =




0.00003 1.566 1.234
1.5660 2.000 1.018
1.2340 1.018 −3.000


 ,

b´�1r�ÄHO'Q]JMR'L@^�O/�zNX^7JxU�RWNXQPY�L�JM\»Y�S*U9ÂqVl©7b{R'rt�'½1S7T M R/S7T U \B¯1L@^�NP^7RwN MA = U Â
b{LMrÁ~"O/U�`H¯HNXJ³NX^7Jx�/QPOwµ»NX^��kR'L%NPO/Q]Y�S�JaR/L@^�L�R/\XJ/Â

p	ok¸,| bkR'r�~"O/S1\BYqT9J�Q»NP^HJ 5× 5 îwj�� 	¡�Hh�îwijr

A =




1 0 0 0 0.1
0 1 0 0 0.1
0 0 1 0 0.1
0 0 0 1 0.1

0.1 0.1 0.1 0.1 0.1




.

Ä�Y_S1TÁNX^7J¢È Ç �kR/LtNXO'QXYq¹MRWNXY�O/S7\�¯7\BY�SH���5OWNP^;ë/�©RWS7T<ë/�dÁtÁFÂ æ Owµ U�RWS,���7O/`1\RWQPJGSHJMJMT9JaT�¸ æ Owµ�U�R/S>���7O'`7\*µ]Y�u�u1�5JÅS7J�JMTHJMT�Y_� A Yq\�RWS n×n QPOwµ U�RWNXQPY[Z�¸
b´�1r è JM`1JaRwN,U9ÂqVW�5bkR>rÃµ]Y_NX^�NX^7J³�´O/u�u_Owµ]Y�SH��`1JMQXU�¯9NXJaTVQPOwµnU�RWNXQPY[Z

A′ =




1 0.1 0.1 0.1 0.1
0.1 1 0 0 0
0.1 0 1 0 0
0.1 0 0 1 0
0.1 0 0 0 1




RWS1T�L�O/U�`7R/QXJc�/O'¯HQ]RWS7\Xµ"JMQP\�µ]Y_NX^�NX^7O'\XJcO'�9NPR/Y_S7JMT�Y_S*U9ÂqVW�5bkR>r%Â
p	ok¸Hp ÁÃQXOw±'JcNX^7RWN�NX^7J��/QPOwµ»NX^��kR/LtNXO'Q ρ ≤ 2n−1 �´O/Qcë³R/¯7\P\BYqRWS�J�u�Y�U¢Y�S7RWNXY�O/S�µ]Y[NP^ó`7R/QBNPY�R/u`HY_±'OWNPY_SH�1�9RW`H`Hu�Y�JMT�NXO�RWS n× n U�RWNXQPY[ZvÂ
p	ok¸ ò bkR'r�ÄHO'QXU�¯HuqRwNXJ�R/u_�'O/QPY[NP^HU�\»�´O/QcÈ Ç �kR'L%NPO/QPY1¹aRwNXY�O/S�O/�KR/S m × n (m ≥ n) U�RwNPQXY_Z¯7\XY_S7��ë/��µ]Y_NX^7O/¯9N�R/S7TVµ]Y_NX^�`7R/QBNPY�R/uv`HY�±/OWNPY_S7�7Â

s,^HOwµnNX^7RWNGJMR'L@^�R/u_�'O/QPY[NP^HU¥QXJaê>¯HY_QPJM\»R/�1O'¯9N mn2 − n3

3
�7O'`7\�Â



Fi
le

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 9
/9

/2
00

8 
at

 1
4:

44
, v

er
si

on
 A

U
G

U
S

T 
7,

 2
00

8/
FI

N
A

L?
?

i

i

i

i

i

i

i

i

§Â	(
 ÌKÍwÎ>ÏMÐ�Ñ/Ò�Ó7Ô�Õ�Ö"×FØHØ}Ù ÖGÚnÛ}Ü9ÙqÝVÙqÚ�Ö5Þ]Ùàß³ÚáÖGÚ�â
Ü9×�ã%ÖKÌzÞ"ß³ä�Ùàå5Ö}Þ]ÙCßxÚFØ
b´�1r�éG`7`Hu_���/O'¯HQ]RWu��/O/QPY_NX^HU�\"NXO

(i) A =




0.00001 1 1
1 1 1
1 1 1


 R/S7Tôb´Y�Yqr A = QPR/S7T (5, 2).

* � ' � ��
 � ý¦& * � ' ì C * � � C û � � *¼d � ý¦&
� � C�
 � p/*¼d C ý ìÙþ � � ' p � p

*¼p	ok¸ 
 �7�Mf,�©j1l � �=÷1j1îwi´hMí�	    #"%$#"%$p	ok¸�Ðzµ]QPY[NPJ¢R ® éKº]Èzé ç `HQPO/�/Q@RWU��5L�RWu�u�JMTH�=ø�÷5fµ��·áNPOL�O/U�`H¯9NPJ L RWS1T U \X¯7L@^;NX^1RwN A = LU RWS1T<NP^HJ�R'\X\XO9LtYqRwNPJMT��/QPOwµ»NX^��kR/L%NPO/Q gf ¶
[L, U, gf ] = ��ø�÷1fµ��·¹bkécr%Â' f,��h & �9hM�½þ

b´Y r A =

(
0.00001 1

1 1

)
, b´Y�Yqr A =

(
1 1

0.00001 1

)
,

b´Y�Y_Y r A =




10 1 1
1 10 1
1 1 20


 , b´Y�±9rFº»^7JxU�RWNXQPY[Z A Y_S b ���! #"%�#" ùUHÂü´/r"µ]Y[NP^ n = 10 Â

b´±Hr A = 10× 10 Hilbert matrix, bk±>Y rFº»^HJxU�RwNPQXY_Z A Y�S;b ���! #"%�#"%$U9Â ý'r
Á*QXY�S>Ncb´Y r ||L||F ||U ||F||A||F

RWS7TÁbkY_Y r ||A− LU ||F
||L||F ||U ||F

�vb´Y�Y�Yqr ||A− LU ||F
||A||F

�9RWS1T¢NX^HJÅ�/QPOwµ»NX^
�kR'L%NPO/Q]Y�S�JaR/L@^�L�R/\XJ/Ây�;QXY_NXJx�'O/¯HQ]O'�7\XJ�QP±²RWNXY�O/S7\MÂ

*¼p	oqm 
 �7�Mf,� j5l � �=÷1j1îwi´hMí�	    #"%$#"%�p	oqm	�	µ]QPY[NPJ�R ® éKº]Èzé ç `HQPO/�/Q@RWU��	LMRWu�u_JaT��=ø�÷5f>·�·�NPOL�O/U�`H¯9NPJ�bkYqr P, L R/S7T U \X¯7L@^�NP^7RwN PA = LU, ¯7\XY_S7��`7RWQXNXYqRWu�`HY�±/OWNPY_S7�7�}RWS7T¡bkY_Y rNP^HJ�R/\P\XO,L�Y�RWNXJaT��/QPOwµ»NX^V�kR/LtNXO/Q gf ¶
[L, U, P, gf ] = �=ø�÷5f>·�· (A).

Á*QXY�S>N ||L||F ||U ||F R/S7T ||PA− LU ||F
||A||F

RWS7T NX^HJ��/QPOwµ»NX^;�kR/LtNXO/Q­�´O/Q¢JMR'L@^ OW�»NX^HJ
U�RWNXQPY�L�JM\ A OW��ÁÃQPO/�Hu�J�U ® U9ÂqV/Â

*¼p	o�� 
 �7�Mf,� j5l � ��÷5j7îwi´haí�	    #"%$#"Äápvoq�	��µ]QPY[NPJ�R ® éKº]Èzé ç `HQPO/�'QPR/U��zL�R/u_u�JMT¿�=ø�÷5f,gW·�NPOL�O/U�`H¯9NPJ P, Q, L, RWS1T U \X¯7L@^ôNX^1RwN PAQ = LU �ÃRWS7TôNP^HJ�R'\X\XO9LtYqRwNPJMTô�/QPOwµ»NX^�kR'L%NPO/Q gf ¶
[L, U, P, Q, gf ] = ��ø�÷1f,gW· (A).

Á*QXY�S>N ||L||F ||U ||F � ||PAQ− LU ||F
||A||F

�ÅRWS7T�NP^HJ<�'QXOwµ»NP^��kR/LtNXO/QV�´O/Q�JMR/L@^�O/�xNX^HJ
U�RWNXQPY�L�JM\»OW��ÁÃQPO/�Hu�J�U ® U9ÂqV/Â

*¼p	o_|Û��QPY_NXJôR ® éKº]È�é ç `HQPO/�'QPR/U��GLMRWu�u_JaT¸ûÁd�� C � NPO Y�U�`Hu�J�U�J�S>Nóë³RW¯7\P\�¿��'O/Q@THRWS\PL@^HJMU¢J�O'¯9NXu�Y�SHJMT;Y�S+Á*QXO'�Hu_JMU UHÂ ýÁR/S7T�R/`H`Hu��<�'O/¯HQx`HQPO/�'QPR/U NXO�NP^HJ�U�RwNPQXYqLtJa\³OW�Á*QXO'�Hu_JMU ® UHÂ1V'Â



Fi
le

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 9
/9

/2
00

8 
at

 1
4:

44
, v

er
si

on
 A

U
G

U
S

T 
7,

 2
00

8/
FI

N
A

L?
?

i

i

i

i

i

i

i

i

Ó7Ô Ó7Ô Ø"���B�/Ñl��Ð�� �%���dùj�,Ò*ã��'Ò�Ð%Í²ÑWÒ"ä5ÑMÎ}ÿC����� §Â	
	
*¼p	oqpµt�p,rv·*f>îwi�	¡f,l}h�j1l hMí�f û�îwj���hMí ö �HgWhaj7î_úej7î_û9pm�¨�avwÂíÁÃu�OWNGNP^HJx�/QPOwµ»NX^��kR/Lt¿NXO/Q@\��´O/Q�ë³RW¯7\P\BYqRWS�JMu_Y�U�Y_S7RWNXY�O/S�µ]Y_NX^�`7R/QBNPY�R/u9`HY�±/OWNPY_S7�xOW��V����ÅQ@RWS1T9O/U�u����/JMSHJ�Q@RwNPJMTU�RWNXQPY�L�JM\]O/�F\XYq¹�JM\�±wRWQP�>Y�SH�_V��7�`¥��7�`©��H�í���H�	ÂMÂ�Â���V������HÂ@��QPY_NXJ­T9Owµ]S��'O/¯HQGO'�7\XJ�QP±²RW¿NXY�O/S7\MÂ
*¼p	o ò Ís5?+"JB:?2 4F7�>�5�+�@?AC/q5�7�2E5�4F7�>�bc-�LEA�L�A%5�/R/e8 d�-cbc:�2E-�23:?7\-_5�+"J*23:?7\- >R/R/e¾ bc:�+ZJ�>R4F>�:�+"-cJ5�LE4RQ%-_J�>R2E-S+%Lc>�:?+�L�>R+ZbS7\-c5�LS- T æ Owµ"JM±/J�Qa�vNP^HJ�u�Owµ"JMQxNXQPY�R/SH�/¯7u�R/QcU�RWNXQPY�L�JM\ L �´QPO/U

LU �kR/LtNXO'QXYq¹MRWNXY�O/S�O/�1R�U�RWNXQPY[Z A ¯7\XY_S7�³ë/�tÁdÁôR/QXJ"�1JMu_Y�J�±'JMT�NXO³^7R²±/J"u_Owµ¡L�O/S7THY[NPY_O'SS>¯7U­�5J�Q@\�Â-ÁFJ�QX�´O/QPU R/SóJtZ9`5J�QPY_U�JMS'N�NXO�±'J�QPY[�´��NX^HYq\c\�N@RwNXJMU�J�S>NM�}R/\G�´O/u�u_OwµG\M¶*N@RW°'J�RQPR/S7T9O/U
U�RwNXQPY_ZÅOW�9O'QPT9JMQðý����»RWS7TxL�O/U�`H¯9NPJÃY[N@\ LU �kR'L%NPO/QPY1¹aRwNXY�O/Sc¯7\XY_S7�¡/eAB@�-¤K(K�RWS1T`Hu_O/N"NP^HJ³J�S>NXQPY�JM\"OW�	NP^HJ³Y_S,±/JMQP\XJ�O/� L ÂKº»^HJMS�L@^7R/SH�/J�NX^HJx\XY_�'S7\�OW�	NP^HJ³\B¯H�}T9YqRW�'O/S7R/uJ�S>NXQPY_Ja\zO/� L QPR/S7T9O'U¢u��cNXO³LtQPJMRWNXJ»RWSHO/NX^HJMQ�u�Owµ"JMQzNPQXYqRWS7�/¯HuqRWQ�U�RWNXQPY[Z L̃ RWS1T�`Hu�OWNFNX^7JJ�S>NXQPY_Ja\GO/�ÃNX^HJ¢Y�S>±'J�Q@\BJ­OW� L̃ Â­~"O'U¢`7¯9NXJ maxi,j

∣∣L−1
ij

∣∣ R/S7T maxi,j

∣∣L̃−1
ij

∣∣ Â è J�`5JMRWNNX^HJ*R/�1Ow±'JKJtZ9`5J�QPY_U�J�S>Nzµ]Y_NX^­QPR/S7T9O/U©U�RwNPQXYqLtJa\vµ]Y[NP^�J�S>NPQXY�JM\z¯HSHY_�´O/QPU¢u��³T9Y�\BNXQPY��H¯9NXJaTY_S [−1, 1] Â


