


Discrete Least-squares Approximations

Given a set of data points (z1,41), (T2,Y2), .-, (Tm, Ym), @ normal and useful practice in many
applications in statistics, engineering and other applied sciences is to construct a curve that

is considered to be the fit best for the data, in some sense.
Several types of “fits” can be considered. But the one that is used most in applications is

the “least-squares fit”. Mathematically, the problem is the following:

Discrete Least-Squares Approximation Problem

Given a set of data points (z,y;), i = 1,...,m, find an algebraic polynomial

P,(x) = ap+ a1z + ... + a,2™ (n < m) such that the error in the least-squares
m

sense in minimized; that is, F = z:(yZ —ap— a1 — -+ — a,x})? is minimum.

i=1

For E to be minimum, we must have

oF
—=0,7=1,..,n.
aa/J Y j ) 7n
Now,
OF -
0_(10 = —2;(%—(10—%%—“'—%%?)
OF -
a—al = — ;Iz(yz — Qg — a1T; — ... — anxf)
OF -
e —2;@”(% —ay — a1T; — ... — ApTY)

Setting these equations to be zero we have
m m m m
a0+alzxi+a22x?+ +an2x? = Zyz
i=1 i=1 i=1 i=1
m m m m
GOZ% —|—alzx? + ... +anZ$?+1 = inyi
i=1 i=1 i=1 i=1

m m m m
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ap E !+ ay E o+t ay, E ;"= g ;Y
i=1 i=1 i=1 i=1



m
Set now wa = Sk, k=0,1,...,2n, and denoting the right hand side entries as by, ..., b,,
=1
the above equation can be written as:
S0ao + s1a1 + ... + spa, = by (Note that > ;" 29 = s = m).

S1aqg + Saa1 + ... + Sp+1Un = b1

Spao + Spa1G1... + Sopay, = by

This is a system of (n 4+ 1) equations in (n + 1) unknowns ayg, ay, ..., a,. These equations
are called Normal Equations. This system now can be solved to obtain these (n + 1)
unknowns, provided a solution to the system exists. We will not show that this system
has a unique solution if x;’s are distinct.

The system can be written in the following matrix form:

S0 S1 Sn Qo bg
S1 S92 cee Spt1 aq bl
Sn Spil .- Son an by,
or
sa=>b
where
S0 51 Sn 0 bo
S1 52 Sn+1 aq by
s = , 4= , b=
Sn Sn+1 Son an bn
Define
2 n
1 oz =z ... ]
2 n
1 x x% o Ty
n
V=|1 z3 3 Ty
2 n
1z, z;, x,

Then the above system has the form:
VIVa=b.

The matrix V' is known as the Vandermonde matrix, and it can be shown [Exercise]
that it has full rank if z;’s are distinct. In this case the matrix S = VTV is symmetric
and positive definite [Exercise| and is therefore nonsingular. Thus, if z;’s are distinct, the
equation Sa = b has a unique solution.



Theorem 0.1 (Existence and uniqueness of Discrete Least-Squares Solutions).
Let (z1,y1), (x2,Y2), .., (Tn, yn) be n distinct points. Then the discrete least-square approzi-
mation problem has a unique solution.

Least-Squares Approximation of a Function

We have described least-squares approximation to fit a set of discrete data. Here we describe
continuous least-square approximations of a function f(z) by using polynomials.

The problem can be stated as follows:

Least-Square Approximations of a Function Using Standard
Polynomials

Given a function f(x), continuous on [a, b], find a polynomial P,(x) of
degree at most n:

P.(z) = ap + a1z + agz® + - - - + a,a"

such that the integral of the square of the error is minimized. That is,

E= / (@) - Poa)]? da

is minimized.

The polynomial P,(z) is called the Least-Squares Polynomial. Since E is a function of
ag, i, . .., a,, we denote this by F(ag,as,...,a,).

For minimization, we must have

OF
8@2- -

0,:=0,1,...,n.

As before, these conditions will give rise to a normal system of (n + 1) equations in (n + 1)
unknowns: ag, ay, ..., a,. Solution of these equations will yield the unknowns.

Setting up the Normal Equations

Since

b
E:/ [f(l’) - (CLO+a1$+agx2—|—...+anxn)]2d:p

We have



b
8_E — _2/ [f(z) — ap — 17 — apa® — -+ — a,2"]dx

8@0

OF b

8_a1:_2/a fo('r)_ao_all’—CLQl‘Z—..._anajn}dm
E b

%:_2/ xn[f(x)_ao—alx—ang_..._anxn]dm

OF b b b ’ ’
so,a—:O:>ao/1dx+a1/xdx+a2/ x2d$"'+an/ x”dx:/f(x)dx
ap a a a a a

OF b - , - -
3 —O:>a0/ x“dw—iral/ x”ldm—ag/ x’”dm--~+an/ x””dw—/ aidr,i =
a; a a a a a

1,2,3,...,n.

Similarly,

So, (n + 1) normal equations in this case are:

b b b b b
1=20: ao/ 1d:c—|—a1/xd:c—|—a2/ $2d$+“'+an/ :c”dx:/f(x)

b b b b b
i=1: ao/xdm+a1/x2dx+a3/ x3dm+--~+an/ x"dx:/xf(a:)dq;

b b b b b
i=n: CL()/ x"dx+a1/$"+1 dx+a2/ x"+2dx+---+an/ :L'Q"dxz/x"f(x)dx

Denote

b b
/ 2t dr=s;,i=0,1,2,3,...,2n, and b; :/ 2 f(x)dr,i=0,1,...,n.
Then the above (n + 1) equations can be written as

aopSo + @181 + @989 + -+ - + ans, = by

agS1 + 282 + as83 + -+ - + Ap11Sp+1 = b1

A0Sy + 015p41 + A28p40 + - - + G2,52, = by,
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or in matrix notation

So S1 S9 - Sn

Qo bo
S1 S22 83t Spta ay b1
an bn
Sn Sn+1 T Son
Denote
Qo b(_)
aq b1
S=(si4), a= . b= .
an bn
Then we have the linear system:
Sa=10
The solution of these equations will yield the coefficients ag,aq,...,a, of the least-squares

polynomial P,(x).
A Special Case: Let the interval be [0,1]. Then
1 ) 1
si:/ r'dr=——, 1=0,1,...,2n
0 1+ 1

Thus, in this case the matrix of the normal equations

1 1

1 - -

2 n

1 1 1
2 3 1

5= nt

1
W om1 L
n+1 n+2 2n

which is a Hilbert Matrix. It is well-known to be ill-Conditioned.
Algorithm: Least-Squares Approximation using Polynomials

Inputs:
(i) f(x) - A continuous function on [a, b].

(ii) n - The degree of the desired least-square polynomial



Output: The coefficients ag, ay,...,a, of the desired least-squares polynomial: P,(z) =
apg+ a1x + - -+ a,x".

Step 1. Compute sg, sy, ..., So,

Fori=0,1,...2n do

b
si:/ r'dx
a

End
Step 2 Compute by, by,...,b, :
Fori=0,1,...,n do

b
b; = / o' f(r)dx
End.” "
Step 3 Form the matrix S and the vector b.

So S1 c. Sn
S1 S9 cee Sp4l
S =
Sn Sp+1 - Son
bo
by
b=
bn

Step 4 Solve the (n+ 1) x (n+ 1) system of equations:
Sa=b,
Qg
where a =
Qn

Example Find Linear and Quadratic least-squares approximations to f(z) = e” on [—1,1].



Linear Approximation:

n=1;P(z) =ap+ a1z

1
bo :/ e“dr = e — — ~ 2.3504

1 €

! 2
b = / e‘rdr = — ~ 0.7358
_ e

1

The normal system of equations is:
2
0

ap = 1.1752, a, = 1.1037

GV N aw)

This gives

The linear least-squares polynomial P;(z) = 1.1752 4 1.1037x

Check Accuracy:
P (0.5) =1.7270

eV-d = 1.6487

11.6487 — 1.7270|

= 0.0453.
11.7270]

Relative Error




Quadratic Fitting:
n=2

PQ(.%') =ag+ a1xr + (12.%2

e

The system of normal equations is:

2
2 0 =

, 3 g 2.3504
0 2 0 a — | 07358
5 3 9 s 0.8789
3 5

The solution is: ag = 0.9963, a; = 1.1037, as = 0.5368.

The quadratic least-squares polynomial P(z) = 0.9963 + 1.1037x + 0.5368z>



Check the accuracy:
P,(0.5) = 1.6889
eVd = 1.6487

|P5(0.5) — %% |1.6824 — 1.6487]

_ = 0.0204
|€05] |1.6487]

Relative error

Example Find linear and Quadratic least-squares polynomial approximation to f(x) =
> +5x+6 in [0,1].

Linear Fit:

1
1
bO:/ ($2+5x+6)d:v:—+§+6
0 32
_ 53
6

1 1
by = / x(z* 4 5z + 6)dr = / (2% + 52 + 67)dw
0 0

1 n 5 n 6 99
40302 12
The normal equations are:
1
by G
Qo . Qo = 5.8333
11 ap )| %9 -~ ar =
2 3 12

The linear least squares polynomial P;(z) = 5.8333 + 6.
Check Accuracy:
f(0.5) = 8.75; P,(0.5) = 8.833



8.833 — 8.75|

= 0.0095.
18.75|

Relative error:

Quadratic Least-Square Approximation: P»(z) = ag + a1z + asz?
1 1
1 - =
2 3
s—| 1 11
2 3 4
1 1 1
3 4 5
3, 5
0 — 6 y V1 — 12
! L 1 5 6 69
62:/0 ;c2(x2+5x+6)dx:/0 (z* + 52° + 62°)dx = stit3= 5

The solution of the linear system is: ag =6, a; =5, as =1

Py(z) = 6+ 5z + 2 (Exact) .

Use of Orthogonal Polynomials in Least-squares Approximations

The least-squares approximation using polynomaials, as described above, is not numerically
effective; since the system matrix S of normal equations is very often ill-conditioned.
For example, when the interval is [0,1], we have seen that S is a Hilbert matrix, which is
notoriously ill-conditioned for even modest values of n. When n = 5, the condition number of
this matrix = cond(S) = O(10°). Such computations can, however, be made computationally
effective by using a special type of polynomials, called orthogonal polynomials.

Definition. The set of functions ¢, ¢1, ..., ¢, is called a set of orthogonal functions,
with respect to a weight function w(x), if

b e
I U
[ wwe@awic={ g i
where Cj is a real positive number. Furthermore, if C; = 1,7 =0,1,...,n, then the orthog-
onal set is called an orthonormal set.

Using this interesting property, least-squares computations can be more numerically effective,
as shown below. Without any loss of generality, let’s assume that w(z) = 1.

Idea: The idea is to find an approximation of f(z) on [a, b] by means of a polynomial of the
form

P.(x) = appo() + ar1¢1(x) + - - - + andn(),

where {¢,}1_, is a set of orthogonal polynomials. That is, the basis for generating P, (z) in
this case is a set of orthogonal polynomials.
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Least-squares Approximation of a Function Using Orthogonal

Polynomials
Given f(x), continuous on [a,b], find ag,ay,...,a, using a polynomial of the
form:
Pn(x) = a0¢0($) + a1¢1($) +oeee a’ngbn(x)a
where

{or(2)}i20

is a given set of orthogonal polynomials on [a, b], such that the error function:

E(ao,an, ... ay) = / (@) — (a0do(z) + - anon (1)) da

is minimized.

As before, we set

Now

gi =0,1=0,1, , N
b
g—i _— / b0(2)[F () — 000 (x) — a161(2) — - -+ — anu(x)]d.

Setting this equal to zero, we get

b b
/ bo(z) f(z)dz = / (a000(x) + - + Gudu(2))bo(z)de

Since, {¢r(x)}}_, is an orthogonal set, we have,

and

b
/ da(z) dz = C,

b
/ ¢o(x)pi(x)de =0, i #0.

Applying the above orthogonal property, we see from above that

/ab ¢o(z) f(x)dx = Chay.

That is,

11




ap = C’io/ oo(z) f(x)d.

b
Similarly, S_czEl = —2/ ¢1(2)[f(x) — apgo(r) — ar1¢1(x) - -+ — andn(z)|dz

The orthogonal property of {¢;(x)}7_, implies that

/ab ¢1(z) = Cy and /ab ¢1(2)¢i(x) =0, # 1,

. O0F
so, setting — = 0, we get

8@1

b
o = Ci / o1(2) f (2)de

In general,

b
ak:i/ or(x) f(z)dz, k=0,1,...,n,
Cr /.

b
where C :/ o3 (z)dx.

Expresions for a; with Weight Function w(z).

If the weight function w(x) is included, we obtain

1

b
ap = a/ w(x)f(x)or(x)de, k =0,1,...n

12



Algorithm: Least-Squares Approximation Using Orthogonal Poly-
nomials

Inputs:

f(z) - A continuous function on |a, b|

w(x) - A weight function (an integrable function on [a, b)).
{o()}7_ - A set of n orthogonal functions on |a, b)].

Output: The coefficients ag, aq, ..., a, such that

b
[ @)~ antnla) - aiu(o) = -+~ (e
is minimized.
Step 1. Compute Cy, k =0,1,--- ,n as follows:
For £k =0,1,2,--- ,n do

b
@:/wMﬁmm
End ¢

Step 2. Compute ag, k =0, -+ ,n as follows:
For £k =0,1,2,--- ,n do

1 b
- & [ v @t

Qg
End

Least-Squares Approximation Using Legendre’s Polynomials

Recall that the Legendre Polynomials {¢;(x)} are given by

Qﬁo(l’) = 1

O1(z) =2

Go(x) = 2% — %
b3(x) = 2® — gx
etc.

are orthogonal polynomials on [—1, 1], with respect to the weight function w(z) = 1.

If these polynomials are used for least-squares approximation, then it is easy to see that

13



1 1
Co = g(x)dx:/ lde=2

g 4
C, = 1(x)dzx :/ vide = =

-1 -1 13 ) .
Cy = 3 %(x)d:c:/_l :c2—§ d:c:4—5.

and so on.

Example: Find linear and quadratic least-squares approximation to f(z) = e” using
Legendre polynomials.

Linear Approximation:
Pi(z) = aodo(z) + ar1¢1(x)
¢0(I> = 17 (bl(‘r) =z

1 1
Co = ba(x)dr = / dr = [z]t, =2

-1 1

1 1

The linear least-squares polynomial
Pl(a:) = CLO¢0<LU> + a1¢1(m)
2 e e
Accuracy Check:
1 1 3
P (0.5) = = {e — —] + - -0.5=1.7270

2 e e

eV = 1.6487

11.7270 — 1.6487|

= 0.0475
11.6487]

Relative error:
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Quadratic Approximation:

Py(x) = ag ¢o(x) +ay ¢1(x) + az ¢2(x)

1 1 3
a = —le==], a=-
0 92 e , U1 e

1
;= [\ = [ (&= s
-1
(P2 N8
~\5 3 3 a")_, 45
1 1
= — z d
as c, 16¢2(m)x
45 ! 1
as = 3 » ex<x2—§)da:
7
= € — —

Quadratic least-squares polynomial:
1 1 3 7 1
PQ(ZE):§ (G_E) +E T+ (e—g) (x2—§>

P,(0.5) = 1.5868

Accuracy check:

€05 = 1.6487
Relative error

11.5868 — 1.6487|

— 0.0375
11.6487]

Compare this relative error with that obtained earlier with an non-orthogonal
polynomial of degree 2.

15



Chebyshev polynomials: Another wonderful family of orthogonal polynomials

Definition: The set of polynomials defined by
T, (x) = cos[narccosx],n > 0

n [—1,1] are called the Chebyshev polynomials.

To see that T,,(x) is a polynomial of degree n in our familiar form, we derive a recursive
relation by noting that

To(z) = 1 (A polynomial of degree zero).
Ti(z) = = (A polynomial of degree 1).
A Recursive Relation for Generating Chebyshev Polynomials:
Substitute ¢ = arc cosz
Then, T,,(x) = cos(n@) 0<6<m.
Toi1(x) = cos(n + 1)0 = cosnb cos § — sinnf sin @
T,—1(x) = cos(n — 1)8 = cosnb cos 6 + sinnf sin 6

Adding the last two equations, we obtain

Toir(x) +T,—1(x) = 2cosnb cos b
The right hand side still does not look like a polynomial in . But note that cosf = x
So,

Toi1(x) = 2cosnbcostd — T, 4(x)
= 2z cos(n cos arc x) — T,,_1(x) = 22T, (z) — T),_1(x).

or

Thir(z) = 22T, () — T—1(x),n > 1.

Using this recursive relation, the Chebyshev polynomials of the succesive degrees can be
generated.

n=1: Ty(z)=22T(z) — To(x) = 22* — 1.
n=2: Ty(z)=22Ty(z)—Ti(z) =2x(22* — 1) — x = 42 — 3.
and so on.

16



The orthogonal property of the Chebyshev polynomials.

We now show that Chebyshev polynomials are orthogonal with respect to the weight function

w(xr) = ————, in the interval [—1, 1].

V1— 22’

To demonstrate the orthogonal property of these polynomials, consider

/1 T (2) T, (x)dx
-1 vV 1-— ZE2 ’
/ ! cos(arccos x) cos(n arccos z)

1 \/1—£C2

= / cos m# cosnfdfh ( By changing the variable from x to § with substitution of arccosz = 6).
0

m # n.

dx

-1 [7 -1 (7
= — / cos(m +n)fdf + — / cos(m — n)60do
2 Jo 2 Jo

sin(m + n)e]z + _71 {m sin(m — n)0 Z

:_71[<min>
= 0.

Similarly, it can be shown [Exercise] that

1 T2(2)d
n(7) jU*Efm"nZl.

1 vV 1-— 272 B 2
Summarizing:

Orthogonal Property of the Chebyshev Polynomials

ifm#n
Cnene, [T

1 V1—a? g if m = n.
The Least-Square Approximation using Chebyshev Polynomials

17



As before, the Chebyshev polynomials can be used to find least-squares approximations to
a function f(z) as stated below.

The least-squares approximating polynomial P, (z) of f(x) using Chebyshev polynomials is
given by:

where
1 .
o2 [
™ J_1 \/1—1’2
and

o 1 U f(x)dx
O_ﬂ' 1 V11— a2

Example: Find a linear least-squares approximation of f(z) = e* using Chebyshev poly-
nomials.

Here

Pi(x) = agdo(z) + a10;(x) = agTo(z) + a1 Ti(x) = ag + a1z,

where

1 [ e
g = —/ _€dr 19660
T J_

2 xe’
a, = - —————dr ~ 1.1303
! /1 V1 —a?

Thus, Py(z) = 1.2660 + 1.1303z

Check the accuracy:
P(0.5) = 1.9175; %° = 1.6487

11.6487 — 1.9175)|

= 0.1402
1.9175

Relative error

Monic Chebyshev Polynomials

Note that Ty (x) is a Chebyshev polynomial of degree k with the leading coefficient 2*=1, k >
1. Thus we can generate a set of monic Chebyshev polynomials from the polynomials T} (x)
as follows:

18



e The Monic Chebyshev Polynomials, T} (z), are then given by

~ ~ 1

e The k zeros of Ty(z) are easily calculated [Exercise]:

2] —1
L7cj:cos<‘7 ’/T),jzl,Q,---,k‘.

2k

: . - - Jm
e The maximum or minimum values of T} (z) occur at Z; = cos (— , and

k

- —1)7
Tk:(x]> - (Qk_)l ) :07]-’"'7k'

Polynomial Approximations with Chebyshev the polynomials:

As seen above the Chebyshev polynomials can, of course, be used to find least-squares poly-
nomial approximations. However, these polynomials have several other wonderful
polynomial approximation properties. Some of them are stated below.

e The maximum absolute value of any monic polynomial of degree n over [—1,1] is
always greater than or equal to that of T, (z) over the same interval; which is, by the
last property, o1

Minimax Property of the Chebyshev Polynomials

If P,(z) is any monic polynomial of degree n, then

1 ~
= T, < P, :
g1 = o o)l < max [Fa(o)

Moreover, this happens when

Pu(z) = Ta(z).

Proof: By contradiction [Exercise].
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e Choosing the interpolating nodes with the Chebyshev Zeros.

Recall that error in polynomial interpolation by a polynomial P,(x) of degree at most n
is given by

fmHE)
E= — P(x) = v
fa) = Ple) = -5 w(o),
where VU (z) = (v — xo)(x — 1) ... (x — ).
The question is: How to choose these (n+1) nodes xo, 1, ..., x, so that |V(x)| is minimized

in [-1, 1]7
The answer can be given from the last-mentioned property of the monic Chebyshev polyno-
mials.

Note that ¥(z) is a monic polynomial of degree (n + 1).
So, by the minimax property

T, < U (z)].
e [Tun(2)] < max [9(z)]

That is, the maximum value of ¥ (z) is smallest when z, x1, ..., z, are chosen as the (n+1)

zeros of T, 11(x) and this maximum value is o

Choosing the Nodes for Minimizing Polynomial Interpolation error

To minimize the polynomial interpolation error, choose the nodes zg, z1, . .., x, as the (n+1)
zeros of the (n + 1)th degree monic Chebyshev polynomial.

Note. (Working with an arbitrary interval).

If the interval is [a, b], different from [—1, 1], then, the zeros of T,,41(x) need to be shifted by
using the transformation:

1
7= [(b— )+ (a+1)]
Example Let the interpolating polynomial be of degree at most 2 and the interval be
[1.5,2].
The three zeros of Ty(z) in [—1,1] are given by

~ ™ s d i
T1 = cosS—, Ty = cos—, and I3 = cos =7.
6’ 2’ 6

These zeros are to be shifted using transformation:

N % (2= 15)3 + (2+ 1.5)]
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e Use of Chebyshev Polynomials to Economize Power Series

Power Series Economization

Let P,(z) = ap+a1x+...+a,x™ be a polynomial of degree n obtained by truncating a power
series expansion of a continuous function on [a, b]. The problem is to find a polynomial P,(z)
of degree r (< n) such that
|P%($)——}%($)|<: €,

where € is a tolerance supplied by users.

The problem is easily solved by using the Minimax Property of the Chebyshev polynomials.
First note that | —P,(z) — P,—1(x)| is a monic polynomial. So, by the minimax property,

a

n
we have

1 T n
max | P,(z) — P,_1(x)| > a—maX|Tn(a:)| = %

Thus, if we choose

P, 1(x) = P,(z) — a,T,,(x),

- ||
then the minimum value of max |P,(x) — P,_1(x)| = Qn:.
a
If this quantity, %, plus error due to the truncation of the power series is within the

permissible tolerance €, we can then repeat the process by constructing P, _o(x) from P,_;(x)
as above. The process can be continued until the accumulated error exceeds the tolerance e.

So, the process can be summarized as follows:

Power Series Economization Process by Chebyshev Polynomials

Obtain P,(z) = ag + a12" + ... + a,z™ by truncating the power series expansion of

().

Find the error of truncation EZX

Compute P,_;(z):

P, 1(x) = P,(z) — a,,T,,(x)

||
on—1
by decreasing the degree of the polynomials successively until the accumulated error
becomes greater than e.

Check if the total error | |EX|+ is less than e. If so, continue the process
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