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2 Interpolation

2.1 Problem Statement and Applications
Consider the following table:

Lo Jo

1 | i

Ty | fo

e | Jx

Tn | fn
In the above table, fy,k =0,---,n are assumed to be the values of a certain function f(z),
evaluated at x, k = 0,--- ,n in an interval containing these points. Note that only the

functional values are known, not the function f(x) itself. The problem is to find f,
corresponding to a nontabulated intermediate value z = w.

Such a problem is called an Interpolation Problem. The numbers xy, xq,---,x, are
called the nodes.

Interpolation Problem
Given (n+1) points: (7o, fo), (%1, 1), (T, fn),
find f,
corresponding to z,, where o < x, < x,; assum-
ing that
fo, f1,- -+, fn are the values of a certain function
f(z)
at r = xg, xq, - -, x,, respectively.

The Interpolation problem is also a classical problem and dates back to the time of Newton
and Kepler, who needed to solve such a problem in analyzing data on the positions of
stars and planets. It is also of interest in numerous other practical applications. Here is an
example.
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2.2 Existence and Uniqueness

It is well-known that a continuous function f(x) on [a,b] can be approximated as close as
possible by means of a polynomial. Specifically, for each € > 0, there exists a polynomial
P(z) such that |f(xz) — P(x)| < € for all = in [a,b]. This is a classical result, known as
Weierstrass Approximation Theorem.

Knowing that fy,k = 0,---,n are the values of a certain function at zj, the most obvious
thing then to do is to construct a polynomial P, (x) of degree at most n that passes through
the (n + 1) points: (zo, fo), (21, f1), -+, (Tn, fn)-

Indeed, if the nodes x¢, x4, ..., x,, are assumed to be distinct, then such a poly-
nomial always does exist and is unique, as can be seen from the following.

Let P,(z) = ap + a1z + ax® + - -+ + a,2"™ be a polynomial of degree at most n. If P,(z)
interpolates at xg, x1, -+, z,, we must have, by definition

Pn(l‘()) = fo = ag + a1xg + CLQI’% + -+ an:)sg

Pn(xl) :fl :CL0+CL1$1—|—CL2$%—|—...+GJ”$?

(2.1)
Po(z,) = fo = ap + a1m, + asx? + -+ - + a,a"
These equations can be written in matrix form:
ap
1 zg 2---ap Jo
2 n a1
I @ ay---af fi
az | = (2.2)
Qp,
Because g, x1,- - ,x, are distinct, it can be shown [Exercise] that the matrix of the above
system is nonsingular. Thus, the linear system for the unknowns ag, ay,--- ,a, has a unique

solution, in view of the following well-known result, available in any linear algebra text book.

The n x n algebraic linear system Ax = b has a unique
solution for every b if and only if A is nonsingular.

This means that P,(x) exists and is unique.
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Theorem 2.1 (Existence and Uniqueness Theorem for Polynomial Interpola-
tion)

Given (n + 1) distinct points xg, x1,---,x, and the associated values fo, fi,+-+, fn of
a function f(x) at these points (that is, f(x;) = fi, @« = 0,1,--+ ,n), there is a unique
polynomial P,(x) of degree at most n such that P,(z;) = f;,i =0,1,--- ., n. The coefficients
of this polynomial can be obtained by solving the (n+ 1) X (n + 1) linear system (2.2).

Definition: The polynomial P, (x) in Theorem 2.1 is called the interpolating polynomial.

2.3 The Lagrange Interpolation

Once we know that the interpolating polynomial exists and is unique, the problem then
becomes how to construct an interpolating polynomial; that is, how to construct a polynomial
P,(x) of degree at most n, such that

Pn(xz):fza i:O,1,~',n.

It is natural to obtain the polynomial by solving the linear system (2.1) in the previous
section. Unfortunately, the matrix of this linear system, known as the Vandermonde
Matrix, is usually highly ill-conditioned, and the solution of such an ill-conditioned
system, even by the use of a stable method, may not be accurate. There are,
however, several other ways to construct such a polynomial, that do not require solution of
a Vandermonde system. We describe one such in the following:

Suppose n = 1, that is, suppose that we have only two points (g, fo), (x1, f1), then it is
easy to see that the linear polynomial

T — 1 (x — )

Pi(z) = (0 — xl)fo + (21 = 20)

1

is an interpolating polynomial, because

Pi(z0) = fo, Pi(z1) = f1.

For convenience, we shall write the polynomial P;(x) in the form

Py(z) = Lo() fo + L1() f1,

where, Ly(z) = m, and L (z) = .
Lo — X1 Ty — Zo
Note that both the polynomials Lo(x) and L;(z) are polynomials of degree 1.

r — I
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The concept can be generalized easily for polynomials of higher degrees.
To generate polynomials of higher degrees, let’s define the set of polynomials { Ly (z)} recur-
sively, as follows:

o m)@ ) (@ ap) (@ — wpg) - (3 — @)
) = )@ — ) (or —we) e — i) (o — )’

k=0,1,2, - ,n.

We will now show that the polynomial P,(z) defined by
Po(x) = Lo(x) fo+ Li(x) fi + -+ + Ln(2) fn (2.4)

is an interpolating polynomial.
To see this, note that

(x =) (. — )

Lo(w) = (2o — 1) -~ (20 — 2n)
 (r—zo)(w—2) - (2 — )
M) = @ — ) -2
_ (E—zo)@—m)(@—3) - (@ — mn)
Ln(z) (X, — ) (xy, — 1) (T — X2) -+ (T — Tp1)
Also, note that
L(](LIZ‘()) = 1, L(](Llfl) = L(](LIZ‘Q) == Lo(l’n) =0
Ll(ﬂfl) = 1, Ll(ﬂfo) == Ll(ﬂfg) = Ln(ﬂfn) =0

In general

Thus
Po(z0) = Lo(z0) fo + Li(zo) fr + -+ + Ln(w0) fr. = fo

Py(x1) = Lo(xy) fo+ Li(x1) fi+ -+ Lo(z1) =0+ fi+---+0=f1

Pn(xn) = Lo(xpn)fo+ Li(xy) i+ 4+ Lp(xy) fn=04+0+---4+0+ fr, = fa

That is, the polynomial P, (x) has the property that P,(zx) = fx, k=0,1,--- n.
The polynomial P, (z) defined by (2.3) is known as the Lagrange Interpolating Polyno-
mial.

Example 2.1 Interpolate f(3) from the following table using Lagrangian interpolation:

0|7
1]
2]21
4]43
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-
SRR P
L - == D=
L(e) = 2 O>f. ;‘12)@ ~2)

From (2.4) with n = 3, we have

1
Now, Lof3) = 1, 11(3) = ~1, La(3) = 5. Ls(3) = ;.
So, P3(3) = TLo(3) + 13L1(3) + 21Lo(3) + 43L3(3) = 31.

Verify: Note that f(x) in this case is f(z) = 2* 4+ 5z + 7, and the exact value of f(z) at
r =3 is 31.

Example 2.2 Given

? Z; f(xz)
1
0| 2 —
2
1

112 —
o 2.5
o 4| 2
4

Interpolate f(z) at x = 3.
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Fole) = <(f = Z?Eio—_xii) N (x(_—ég; Ef;) Yo -25)e -9
Li(@) = (g - iﬁ;ﬁif_@) - (QE(()_5§2(—331_5)4 - _0.175 (x=2)(@—4)
S0, Py(a) = (o) Lol@) + F(@)Lr(2) + f(2) a(e) = 5Lola) + 52 La(2) + {Lal)

1 1 1 1 1 1/.5
Thus, Py(3) = 5Lo(3) + 5 L1(3) + 1L2(3) = 5(=05) + 5= (—) 4= <—) = 0.3250
Verify: (The value of f(z) at © = 3 is § ~ 0.3333).

2.4 Error in Interpolation

If f(x) is approximated by an interpolating polynomial P,(z), we would like to obtain an
expression for the error of interpolation at a give intermediate point, say, =

That is, we would like to calculate E(Z) = f(Z) — P,(Z).

Note that, since P,(z;) = f(z;), E(z;) =0, i=0,1,2,---,n), that is, there are no errors
of interpolating at a tabulated point.

Here is a result for the error expression E(Z).

For proof of Theorem 2.2 we need the following result from Calculus:

Generalized Rolle’s Theorem

Suppose that f(x) is continuous on [a, b] and n times differentiable on (a,b). If f(x)
has n distinct zeros in [a, b], then f*(c) = 0 where a < ¢ < b.

Theorem 2.2 (Interpolation-Error Theorem) Let P,(x) be the interpolating poly-
nomial that interpolates at (n + 1) distinct numbers in [a,b], and let f(x) be (n + 1) times
continuously differentiable on [a,b]. Then for every T in [a,b], there exists a number & = £(T)
in (a,b) (depending on &) such that

(n+1 n
But) = f(@) - o) = K T @ 25)

=0
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Proof: If z is one of the numbers xq, 1, - -, x,: then the result follows trivially. Because,
the error in this case is zero, and the result will hold for any arbitrary &.

Next, assume that Z is not one of the numbers xg, x1,- - - , z,.

Define a function g(¢) in variable ¢ in [a, b]:

010 = 0= Put) = [2) = Pa)] | EHEZINm ) [ (o)
Then, noting that f(xy) = P,(z), for k=0,1,2,--- ,n, we have
o) = fla) = Pulan) = /(@) = Po(o)] | EmE0)me =)
= Pu(wx) = Pa(a) = [f(2) = Pa(@)] x 0 (2.7)

=0

(Note that the numerator of the fraction appearing above contains the term (x; — x5) = 0).
Furthermore,

o) = (@) = Pula) = [1(2) = Pu@)] s | oy i
= /(@) = Pu(z) = [(2) + Pu(a) (28)
—0
Thus, ¢(t) becomes identically zero at (n + 2) distinct points: xg,x1,- - ,x,, and Z. Fur-

thermore, g(t) is (n + 1) times continuously differentiable, since f(z) is so.
Therefore, by generalized Rolle’s theorem there exists a number £(Z) in (a,b) such that

g"ti(g) =0.

Let’s compute g™+ (¢) now. From (2.5) we have

g () = fFrD () =PI ()~ [ (7) - Pa(3)] ;57:1 [(((i:iz))((l;_—gjxll))(zx_—xgi)

(2.9)

Then [Exercise]:

[ (=)t =) (= @) ]
dirtt (T —2o)(T —x1) - (T — 20)

- <x—xo><x—;>---<x_%> | i:l [(t = w0)(t = 1) -+ (t = )]
- ! (n+1)!

(Z—zo)(T—21) (T — )

(note that the expression within [ ] in (2.9) is a polynomial of degree (n + 1)).

Also, P,gnﬂ)(t) = 0, because P, is a polynomial of degree at most n. Thus, Pé’””(g )=0.
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So,
g"I(E) = FI(E) -

(n+1)! (2.10)

FD(E)

Since gtV (€) =0, from (2.10), we have E, (%) = f(7) — P,(7) = CE

(z—m0) - (T —

Remark: To obtain the error of interpolation using the above theorem, we need to know
the (n + 1)th derivative of the f(z) or its absolute maximum value on the interval [a, b].
Since in practice this value is hardly known, this error formula is of limited use only.

Example 2.3 Let’s compute the maximum absolute error for Example 2.2.
Heren = 2.

Ey(7) = f(z) - Py(1)
_ 9

30 (i’ — I‘O)(i’ — l’l)(i’ — l’g)
To know the mazimum value of Ey(T), we need to know f©(x).
Let’s compute this now:

@) =2, F@) = @) fOE) =

x4

6 6
3) - = < 4.
So, |f (§)|<24 6 for 2 <x <4

Since T = 3, xg = 2, x1 = 2.5, 19 = 4, we have

By(3)| < 16—6 < % (3—2)(3—2.5)(3 — 4)| = 0.03125,

Note that in four-digit arithmetic, the difference between the value obtained by interpolation
and the exact value is 0.3333 — 0.3250 = 0.0083.

2.5 Simplification of the Error Bound for Equidistant Nodes

The error formula in Theorem 2.2 can be simplified in case the tabulated points (nodes) are
equally spaced; because, in this case it is possible to obtain a nice bound for the expression:
(T —20)(T— 1) (T — p)-

Suppose the nodes are equally spaced with spacing h; that is x;.1 — x; = h.
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a = Tg Iy To b:l’n

Then it can be shown [Exercise] that

n+1
(7 = 20)(T — 1) -+ (T — )| < ——n!
If we also assume that |f®V(z)| < M, then we have
M hn—l—l Mhn—i—l
E.(z)| =|f(z) — P.(%)| < = . 2.11
B.@)] = @) = Pu@)| € oy 7= o (211)

Example 2.4 Suppose a table of values for f(x) = cosx has to be prepared in [0, 27] with
nodes of spacing h, using linear interpolation, with an error of interpolation of at most
5x 107",  How small should h be?

Here n =1.

f(x) =cosz, f'(r) = —sinz, f3(x)=f"(z) = —cosx

max [fP(z)] =1, for 0 <z <2r

Thus M = 1.

So, by (2.11) above we have

@) = 17(2) - el <

Since the maximum error has to be 5 x 10~7, we must have:
2

h 1
5 <5 1077 = 5 x 107°. That is, h < 6.3246 x 10~

Example 2.5 Suppose a table is to be prepared for the function f(x) = \/x on [1,2]. Deter-
mine the spacing h in a table such that the interpolation with a polynomial of degree 2 will
give accuracy e =5 x 1078,

We first compute the maximum absolute error.
3 s
Since fO(z) = 77

M = [fP(2)] <

oo w

for 1<z <2,

h3 1
Thus, taking n = 2 in (2.11) the maximum (absolute) error is s 5=

3

1
Thus, to have an accuracy of € = 5 x 1078, we must have ﬁh?’ <5x107% or h® < 160 x 1078,

This means that a spacing h of about h = v/160 x 10~8 = 0.0117 will be needed in the Table
to guarantee the accuracy of 5 x 1078,
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2.6 Divided Differences and the Newton-Interpolation Formula

A major difficulty with the Lagrange Interpolation is that one is not sure about the degree
of interpolating polynomial needed to achieve a certain accuracy. Thus, if the accuracy is
not good enough with polynomial of a certain degree, one needs to increase the degree of
the polynomial, and computations need to be started all over again.

Furthermore, computing various Lagrangian polynomials is an expensive procedure. It is,
indeed, desirable to have a formula which makes use of P, _i(r) in computing
P k (LL’).

The following form of interpolation, known as Newton’s interpolation allows us to do so.
The idea is to obtain the interpolating polynomial P,(z) in the following form:

P,(x) =ap+a1(x —x¢) +as(x —xo)(x —x1) + -+ ap(x —x0)(x —21) - - (T —2p—1) (2.12)
The constants ag through a,, can be determined as follows:
For z = Zo, Pn(llfo) = Qg = f()
For x = x1, P,(z1) = ag+ a1(x1 — z9) = fi1,
which gives
_ J1— ao - J1— Jo

Iy — X 1’1—370.

ay

The other numbers a;,7 = 2, ...,n can similarly be obtained.
It is convenient to introduce the following notation, because we will show how the numbers
aop, ..., a4, can be obtained using these notations.

f[xz] _ f('rz) and f[xi7$i+1] _ f[‘ri-i-l] - f[xl]
Tip1 — X4
Similarly,
f[ﬂf Tist, o Titho1 x'-}-k] _ f[xi+la cooy Lipk—1, xi-l—k] - f[xla Lit1y -ees xi-i—k—l]

Livk — X4

With these notations, we then have

ap = fo = f(wo) = flwo]
_ A= fo _ fla) = flxo) _ flea] = fla]

a1 = = = f['x()a xl]-
1 — Zo 1 — X Tr1 — X
Continuing this, it can be shown that [Exercise]
ap = flwo, 1, -+, wi). (2.13)

The number f|xg, 21, ,xx] is called the k-th divided difference.

Substituting these expressions of a; in (2.13), the interpolating polynomial P,(x) now can
be written in terms of the divided differences:

Po(x) = flwo] + flxo, m1](x — x0) + fl2o, 71, 2] (x — T0) (2 — 21) + -+ - +

Flao, @1, - an](@ — 20) (@ — 1) - - - (T — Tnry). (2.14)
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Notes:

(i) Each divided difference can be obtained from two previous ones of lower orders.

For example, f[xo,1,xs] can be computed from flxg,z1], and flx, z2], and so on.
Indeed, they can be arranged in form of a table as shown below:

Table of Divided Differences (n = 4)

T f(x) 1%t Divided 27 Divided 37¢ Divided 4" Divided
Difference Difference Difference Difference
Lo Jo
flzo, 1]
T fi flzo, z1, 2]
flz, o]

f[x07 Xy, T2, 1'3]

T2 2 flz1, zo, 23]
flza, 5] flzo, x1, 22, T3, 4]
flz1, 29, 23, 4]
T3 f3 flxa, w3, 74]
[flas, x4]
Ty Ja

Note that in computing P, (z) we need only the diagonal entries of the above table;
that iS? we need Only f[x()]v f[x0>$1]7 te ,f[l'o, Ly, 7xn]-

Since the divided differences are generated recursively, the interpolating polynomials
of successively higher degrees can also be generated recursively. Thus the work done
previously can be used gainfully.
For example,
Pi(z) = flzo] + flzo, z1)(z — 20)
Py(x) = flxo] + flxo, 21)(x — m0) + fl2o, 21, 22](x — 20) (T — 21)

= Pl(l’) + f[l’o,xl, ZL’Q](SL’ — I'())(SL’ — I‘l).

Similarly, Ps(z) = Pa(x) + flzo, z1, T2, 23](x — 20)(x — 21) (2 — 22)
P4(.§L’) = Pg(l’) + f[xg,xl,x2, xs3, 1’4](.1’ - I'())(SL’ - I‘l)(.ilf — I‘Q)(SL’ — I‘g)

and so on.

Thus, in computing Py(x), P;(z) has been gainfully used; in computing P3(x), P(z) has
been gainfully used, etc.
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Example 2.6 Interpolate at x = 2.5 using the following Table, with polynomials of degree 3
and 4.

vox o fi 1st diff. 2nd diff. 3rd diff.  4th diff. oth diff.
0 1.0 0
0.3522
1 1.5 0.17609 —0.1023
0.2499 0.0265534
2 2.0 0.30103 —0.0491933 —0.006409
0.1761 0.01053 —0.001413
3 3.0 047712 —0.0281333 —0.002169
0.1339 0.005107
4 3.5 0.54407 —0.01792
0.11598
5 4.0 0.60206

From (2.14), with n = 3, we have

Py(2.5) =0+ (2.5 —1.0)(0.35222) + (2.5 — 1.0)(2.5 — 1.5)(—0.1023)
+(2.5 — 1.0)(2.5 — 1.5)(2.5 — 2.0)(.0265534)
— 52827 — .15345 + .019915

=[0.394795]

Similarly, with n = 4, we have
Py(2.5) = P3(2.5) + (2.5 —1.0)(2.5 — 1.5)(2.5 — 2.0)(2.5 — 3.0)(—.006409)

= 0.394795 + .002403 = | 0.397198|.

Note that P;(2.5) — P3(2.5) ={0.002403|.

Verification. The above is a table for log(x).
The exact value of log(2.5) (correct up to 5 decimal places) is 0.39794.

(Note that in computing P;(2.5), P3(2.5) computed previously has been gainfully

used).
If we use the notation D;; = f[z;,...,2;4;]. Then
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Algorithm 2.1 Algorithm for Generating Divided Differences
Inputs:

The definite numbers g, z1, - - - , x,, and the values fo, fi, -, fn.

Outputs:
The Divided Difference Dqg, D11, -+ + Dy,.

Step 1: (Initialization). Set
Di,O = fi7 2.2071727"' , .

Step 2: Fori=1,2,--- ,ndo

j=1,2,--ido
Dij _ Di,j—l - Di—l,j—l
T; — .CL’Z'_j
End

A Relationship Between nth Divided Difference and the n* Derivative
The following theorem shows how the nth derivative of a function f(x) is related to the nth

divided difference. The proof is omitted. It can be found in any advanced numerical analysis
text book (e.g., Atkins on (1978), p. 144).

Theorem 2.3 Suppose f isn times continuously differentiable and xq, 1, - - - ,x, are (n+1)
distinct numbers in [a,b]. Then there exists a number & in (a,b) such that
AR,

n!

f[x07x17”' 7.'1:'”]

The Newton Interpolation with Equally Spaced Nodes
Suppose again that zg, - - - , x, are equally spaced with spacing h;
that is x;.1 —x; = h, 1=20,1,2,...n— 1. Let x — xg = sh.
Then x — x¢ = sh
r—r=r—xo+ T — 21 = (T —x9) — (x1 —x0) =sh—h=(s—1)h
In general, x — x; = (s —i)h.
So,

Po(z) = Py(xo+ sh) = flwo] + flxo, 21](x — 20) + -+ fl2o, 21, -+, 0] (w — 20) - (2 — 2p—1)

= flxo] + sh flxo, w1] + s(s — D)2 flwg, 21,29 + -+ -+ s(s = 1) -+ (s = h+ V)h" flxg, - -+, 1]

s(s—1)--(s—k+1)h flzg, -, 2.
k=0

(2.15)
Invoke now the notation:




We can then write

P,(z) = P,(zo + sh) = Y ( Z ) RRE fl2o, - - -, 2]
k=0

The Newton Forward-Difference Formula

Let’s introduce the notations:
Af; = f(l’z‘+1) - f(l’z)

Then, Afy = f(x1) — f(x0)
So,

f(z1) — f(w0) _ Afo.

Iy — X h

f[x()vxl] =
Also, note that
A2fo = A(Afo) = A(f(21) — f(20))
= Af(x1) — Af(xo)

= f(z2) — f(z1) — f(z1) + f(20)
= f(z2) = 2f(21) + f(0)

So,
1, To| — flxg, x
f[560,$1,$2] — f[ 1 2] f[ 0 1]
(22 — o)
flz2)=f(z1)  f(z1)—f(zo)
_ To—x1 xr1—x0
(22 — o)
_ f(x2) = 2f(z1) + f(z0) _ A?fy
h x 2h 2h?
In general, we have
Theorem 2.4
f[l'mifl, -1- <y !L"k]
_ k
= s o

Proof is by induction on k.

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

For k =0, the result is trivially true. We have also proved the result for k =1, and k = 2.
Assume now that the result is true k = m. Then we need to show that the result is also true

for k=m+1.
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A’!?L A’!?L
f[xla ce 7xm+1] B f[x()a cee ,Zlﬁ'm] _ (m!h]:71 — m!h{?) _ Am(fl — fO)

N N m = - - =
ow, flxo, - Tmi] PR—— (m+1h  ml(m+ 1)k

Am+1 fO
(m 4+ 1)!hm+t
The numbers AFf; are called k™" order forward differences of f at x =i.
We now show how the interpolating polynomial P,(x) given by (2.16) can be written using
forward differences.

P.(z) = P,(zg + sh) = f[zo] + shf[zo, 1] + s(s — 1)h2 f[zg, 71, 2]
+--+s(s—=1)---(s—n+ A" flrg,z1. -+, 2]

n

s(s—1)---(s—k+ 1)A* flxo, 21, , x4

=

3l

[e=]

n

( Z ) E'RE flag, zy, - an) = Z (]2) AF £y using (2.20).

k=0

e
Il
o

Newton’s Forward-Difference Interpolation Formula

Let xg, 1, ...,x, be (n 4+ 1) equidistant points with distance h; that is
xi+1—x; = h. Then Newton’s interpolating polynomial P, (x) of degree
at most n, using forward-differences A*f,, k=0,1,2,...,n is given by

nw=3 (1 )%

k=0

Illustration: The Forward Difference Table with n =4
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x flx) Af AN ONF A
o fo
Afo
x f1 A2fo
Af A® f
Z2 f2 Azfl A4fo
Afy A® fy
3 f3 A2fz
Afs
Ly f4
Example 2.7 Let f(x) = e€”.
r f Af Af Af
0 1
1.7183
1 27183 2.9525
4.6708 5.0731
2 7.3891 8.0256 8.7176
12.6964 13.7907
3 20.0855 21.8163
34.5127
4 54.5982
Letx = 1.5
T — X 1.5-0
Then s = = 1 =15
Py(1.5) = ( Lo ) (Y ) s () ) 20525+ ( ) 5.0731+(

1.5
4

) 8.7176 =

1+ 1.5(1.7183) + 0.3750(2.9525) 4+ (—0.0625)(5.0731) + (0.0234)(8.7176) = 4.5716
The correct answer up to 4 decimal digits is 4.4817.

Interpolation using Newton-Backward Differences
While interpolating at some value of x near the end of the difference table, it is logical to
reorder the nodes so that the end-differences can be used in computation. The backward
differences allow us to do so.

The backward differences are defined by
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Vin=fo— fac1,n=12.3,...,

and

VEf, =V(VF ), k=23, ...

Thus, V2f, = V(Vf.) = V(fn — fu1)
- Jn—1 " (fn—l - fn—2)
- 2fn—l + fn—2>

[
Jn

and so on.
The following a relationship between the backward-differences and the divided differences

can be obtained. ]

k

Using these backward-differences, we can write the Newton interpolation formula as:

f['rn—lw oy Tp—1, xn] =

Po() = fu+ sV 1, + 5(524!— 1)V2fn I s(s + 1)72}9 +n— 1)ann.
(—=s)(=s—1)- - (—=s—k+1)

Again, using the notation (7°) = o

we can rewrite the above formula as:

Newton’s Backward-Difference
Interpolations Formula

pw) =30 () 7 e

2.7 Spline-Interpolation

So far we have been considering interpolation by means of a single polynomial in the entire
range.

Let’s now consider interpolation using different polynomials (but of the same degree) at
different intervals. Let the function f(x) be defined at the nodes a = xg, x1, %2, ..., z,, = b.
The problem now is to construct piecewise polynomials S;(z) on each interval [z;,x;41],
j=0,1,2,...,n — 1, so that the resulting function S(z) is an interpolant for the function
f(@).

The simplest such polynomials are of course, linear polynomials (straight lines). The inter-
polating polynomial in this case is called linear spline. The two biggest disadvantages of
a linear spline are (i) the convergence is rather slow, and (ii) not suitable for applications
demanding smooth approximations, since these splines have corner at the knots.
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“Just imagine a cross section of an airplane wing in the form of a linear spline and you
quickly decide to go by rail. (Stewart (1998), p. 93).”

Likewise the quadratic splines have also certain disadvantages.

The most common and widely used splines are cubic splines. Assume that the cubic
polynomial S;(z), has the following form:

Si(z) = a; +bj(x —x;) + ¢j(x —z;)* +dj(x — x;)%, j=0,1,...,n— 1.

Since S;(x) contains four unknowns, to construct n cubic polynomials Sy(z), S1(z), ..., Sp—1(x),
we need 4n conditions. To have these 4n conditions, a cubic spline S(x) for the function
f(x) can be conveniently defined as follows:

Cubic Spline Interpolant

A function S(z), denoted by S;(z), over the interval [z;,x;41], 7 =0,1,..,n —1is
called a cubic spline interpolant if the following conditions hold:

(i) Sj(z;)=1f;, 7=0,1,2,...,n.

(ii) Sjr1(zjer) = Sj(@je1), 7=0,1,2,.,n = 2.

(iil) 8%y (zj41) = S(wj11), 7=0,1,2,...,n — 2.
)

(IV j+1(x]+1) Sé/(xj+1)7 ] = 07 17 27 ey 0 — 2.

Then, since for j there are four unkowns: a;, b;,¢;, and d; and there are n such polynomials
to be determined, all together there are 4n unknowns. However, conditions (i)-(iv) above
give only (4n—2) equations: (i) gives n+1, and each of (ii)-(iv) gives n—1. So, to completely
determine the cubic spline, we must need two more equations. To obtain these two additional
equations, we can invoke boundary conditions.

e If the second derivative of S(z) can be approximated, than we can take: S”(z) =
S"(z,) = 0 (free or natural boundary).

e On the other hand, if only the first derivative can be estimated, we can use the following
boundary condition: S’(xg) = f'(x¢), and S’(z,) = f'(z,) (clamped boundary).

We will discuss only the clamped cubic spline here.
From the condition (i), it immediately follows that

aj=1f;, j=0,1,2 .. n—1.
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Set h; = ;41 —x;. With some mathematical manipulations, it can then be shown (see for e.g.,
Burden and Faires, pp. 144-145), that once a;’s are known, the coefficients ¢;, j =0,1,2,...,n
can be found by solving the following linear algebraic system of equations:

Ar =,
where
- [ 2hg ho 0 0 ]
ho  2(ho + hy) hy
0 hi 2(hy + ha)  ho

h’n—2 2(hn—2 + hn—l) hn—l

0 0 Rt 2R, 1 |
(a1 — ag) = 3f'(a)
Co
1 h%(az —ay) — %(al — ap)
Tr = s r =
Cn

3f'(b) — %(an — Ap_1)
Once ¢y, ¢y, ..., ¢, are known by solving the above system of equations, the quantities b; and
d; can be computed as follows:

o a) R
bj:M——](cj+1—|—20j),j:n—l,n—2,~~,O
I, 3

d.o—= G176
=

=n—1n—2--,0.
3h,j , ] n n

Definition: A matrix A = (a;;) is strictly column diagonally dominant if

lann| > fagr| + lasi| + -+ |an]
lag| > |aiz| + |ass| + -+ |ans]

|a'ml| > |a'1n| + |a2n| +- 4+ |an—1,n
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A row diagonally dominant matrix can be similarly defined.

An important property of a strictly column diagonally dominant matrix is:

Solving Az = b with A Strictly Column Diagonally Dominant.
If A is strictly column diagonally dominant, then

- Solution of Az = b using Gaussian elimination does not need pivoting

- Gaussian elimination process is numerically stable.

For details, see “Numerical Linear Algebra and Applications” by B. N. Datta, Brooks/Cole
Publishing Co., California, 1995 (Second edition is to be published by SIAM in 2009).
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Algorithm 2.2 Computing Clamped Cubic Spline

Inputs:
(i) The nodes xg, x1, ..., Tp.

(ii) The functional values:
f(l'z) = fi, 1= O, 1, ., n.
(Note that a = zg and b = x,).

(iii) f'(xo) = f'(a) and f'(zy) = f'(D).
Outputs: The coefficients ag, ..., a,; bo, ..., by; co, €1, ..., Cp, and dy, dy, ..., d,, of the n polyno-

mials Sy(z), S1(z), ..., Sp—1(x) of which the cubic interpolant S(x) is composed.

Step 1. For i =0,1,....n—1do
Set hj =Tj41 — Xy

Step 2. Compute ag, a, ..., ay,:
Fori=0,1,....,n—1do

a; = f(l’l), 1= O, 1, ., n.
End

Step 3. Compute the coefficients ¢y, c1, ..., ¢, by solving the system Az = r, where A, x,
and r are as defined above.

Step 4. Compute the coefficients by, ..., b, and dy, d, ..., d,, as given in the box above.
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Exercises

1. Prove that the Vandermonde matrix of system 2.1 is nonsingular if x,, k = 0,1, ...

are all distinct.

n

- | JGSED)

1=0

2. Prove by induction that

dgr+t o "
@—z) [J]E-w)
i=0 i=0
3. Consider the following table
v | f(=)
1 0
1.01 | 0.01
1.02 | 0.0198
1.03 | 0.0296

(a) Find an approximation of f(1.025) using

i. The associated Vandermonde linear system

ii. Lagrangian interpolating polynomial of degree 3

iii. Newton interpolating polynomial of degree 3

(b) Compute the maximum error in interpolation using the interpolating error for-

mula.

(c) Compare the error made in each case (i)-(iii) with the maximum error.

4. Suppose that a table is to be prepared for the function f(z) = Inz on [1,3.5] with
equal spacing nodes such that the interpolation with third degree polynomial will give
an accuracy of e = 5 x 1078, Determine how small h has to be to guarantee the above

accuracy.
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5. Prove by induction that

Ak fy
(a) f[$0axl> e axk] = AT :
(b) ax = fxo,x1,- - ,zk], where a;’s are the coefficients of the Newton interpolating
polynomial.

6. (a) Find an approximate value of log,,(5) using Newton’s forward difference formula
with 2o =1, 1 = 2.5, 29 =4, and x3 = 5.5.

(b) Repeat part (a) using Newton’s backward differences.

(c) Compare the results.

7. Using the data of problem 2, estimate f(1.025) with linear and quadratic splines and
compare your results with those obtained there.
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8. Show that f|xg, 21, ,x,] does not change if the nodes are rearranged.

9. Let ¢, (z) = (z —xo)(x — 1) -+ (x — x,). Let ;01 —x; =h,i=0,1,--- ,n—1. Then
prove that

(a)

h2
max |y ()| =

To < x <11

i ()] = 20

To < x < Iy

[Hint: To bound [¢»(x)], shift this polynomial along the z-axis:
a(x) = (x + h)z(xz — h) and obtain the bound of ¥, (x)].

max [¢(z)| =
To ST S T3

94
max |Y3(z)| = —h".

16
1 <2 < Iy

Using the results of (a), (b), and (c), obtain the maximum absolute error in each
case for the functions:

flx)=¢", 0<x <2

f(x)=sinz 0 <z <

=

The interpretation of the result of Part (c) is that if the interpolation nodes are
chosen so that the interpolation point x is chosen close to the midpoint of [z, 3],
then the interpolation error is smaller than if n were chosen anywhere between xq
and 3. Verify this statement with the data of Problem 2.
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