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1 PART I: Numerical Methods for the Root-Finding
Problem

1.1 Introduction

In this lecture, we will discuss numerical methods for the Root-Finding Problem. As the
title suggests, the Root-Finding Problem is the problem of finding a root of the equation
f(x) =0, where f(x) is a function of a single variable x. Specifically, the problem is stated
as follows:

The Root-Finding Problem

Given a function f(z), find x = £ such that f(§) = 0.

The number ¢ is called a root of f(x) = 0 or a zero of the function f(z). The function of f(z)
may be algebraic or trigonometric functions. The well-known examples of algebraic
functions are polynomials. A polynomial of degree n is written as P,(z) = ag + a1 +
asx® + ... + a,a™. The numbers a;,i = 0,--- ,n are called the coefficients of the polynomial.
If a,, = 1, the polynomial P, (x) is called the monic polynomial.

Applications of the Root-Finding Problem

The root-finding problem is one of the most important computational problems. It arises in
a wide variety of practical applications in physics, chemistry, biosciences, engineering,
etc. As a matter of fact, determination of any unknown appearing implicitly in scientific
or engineering formulas, gives rise to a root-finding problem. We consider one such simple
application here.

(INCOMPLETE)

1.2 Bisection-Method

As the title suggests, the method is based on repeated bisections of an interval containing
the root. The basic idea is very simple.

Basic-Idea:
Suppose f(x) = 0 is known to have a real root = £ in an interval [a, b].

e Then bisect the interval [a, b, and let ¢ = GTM be the middle point of [a,b]. If ¢ is

the root, then we are done. Otherwise, one of the intervals [a, ¢] or [c,b] will contain
the root.

e Find the one that contains the root and bisect that interval again.



e Continue the process of bisections until the root is trapped in an interval as small
warranted by the desired accuracy.

To implement the idea, we need to know which of the two intervals in each iteration contains
the root of f(x) = 0. The Intermediate Mean-Value Theorem of calculus can help us
identify the interval in each iteration. For a proof of this theorem, see any calculus book.

Intermediate Mean-Value Theorem (IMV Theorem)

Let f(x) be a continuous function defined on [a, b], such that

f(a) and f(b) are of opposite signs (i.e., f(a)f(b) <0).

Then there is a root = c of f(x) =0 in [a, b].

Algorithm 1.1 The Bisection Method for Rooting-Finding

Inputs: (i) f(x) - The given function
(ii) ao, by - The two numbers such that f(ag)f(by) < 0.

Output: An approximation of the root of f(x) =0 in [ao, by].
For £k =0,1,2,..., do until satisfied:

ap +b
e Compute ¢, = k2 i

e Test if ¢, is the desired root, if so, stop.

e If ¢} is not the desired root, test if f(cx)f(ax) < 0. If so, set b1 = ¢y
and ap,1 = ap. Otherwise, set agy 1 = cx, bry1 = bg.

End.

Example 1.1 f(z) = 2% — 62? + 11z — 6.
Let ag = 2.5, by = 4. Then f(ag)f(by) < 0. Then there is a root in [2.5,4].

Tteration 1. £ =0:



b 4+ 2. )
Wil 4425 65,

Since f(co)f(ao) :2f(3.25)]2f(2.5) < 0, set by = ¢g, a1 = ap.

Co =

Tteration 2. £k =1:
3.25+ 2.5
)
Since f(c1)f(a1) > 0, set ay = 2.875, by = by

Tteration 3. £k =2:

Co 5 5 3.0625

Since f(Cg)f(CLQ) = f(30625)f(2875) < 0, set by = co, az = as.

Iteration 4. £ =3
as+bs  2.875+ 3.0625

G3=—(5 = 5 = 2.9688.
It is clear that the iterations are converging towards the root x = 3.
Notes:

1. From the statement of the Bisection algorithm, it is clear that the algorithm always
converges.

2. The example above shows that the convergence, however, can be very slow.

Stopping Criteria

Since this is an iterative method, we must determine some stopping criteria that will allow
the iteration to stop. Here are some commonly used stopping criteria.

Let € be the tolerance; that is, we would like to obtain the root with an error of at

most of €. Then

Accept = ¢ as a root of f(z) = 0 if any of the following criteria is satisfied:

L. |f(cr)| <€ (The functional value is less than or equal to the tolerance).

2. w <€ (The relative change is less than or equal to the tolerance).
Ck
(b—a) . L
3. o < € (The length of the interval after k iterations is less than or equal to the
tolerance).

4. The number of iterations k is greater than or equal to a predetermined number, say N.

Comments:



1. Criterion 1 can be misleading, since, it is possible to have |f(c)| very small, even if ¢
is not close to the root. (Do an example to convince yourself that it is true).

2. Criterion 3 is based on the fact that after k£ steps, the root will be computed with error
bo — Qo
at most " .

Number of Iterations Needed in the Bisection Method to Achieve Certain Ac-
curacy

Let’s now find out what is the minimum number of iterations N needed with the Bisection
method to achieve a certain desired accuracy.

b() — Qo
IN

Criterion 3 can be used to answer this. The interval length after N iterations is

by — aop
9N <e

So, to obtain an accuracy of €, using the Criterion 3, we must have

That is, 27V (by —ag) < €

€

or 27 VN< ——

(b0 — ao)
or —Nlog,,2 <log, (bo j Clo)

€
or Nlog,,2 > —log, o)
or N> - 10%10 <boiao) .
log 2

[logy(bo — ag) — log;o(€)]

or N >
log;, 2

Theorem 1.1 The number of iterations N needed in the bisection method to obtain an ac-
curacy of € is given by

[logyo(bo — ao) — log;(€)]
logy 2

N >

Example 1.2 Suppose we would like to determine a priori the minimum number of itera-
tions needed in the bisection algorithm, given ag = 2.5,by = 4, and ¢ = 1073. By Theorem

1.1, we have
N > 10810(15) —logip(107) _ logio(15) +3 _ ) o0
lOglO 2 10g10(2)




Thus, a minimum of 11 iterations will be needed to obtain the desired accuracy using the
Bisection Method.

Remarks: Since the number of iterations N needed to achieve a certain accuracy depends
upon the initial length of the interval containing the root, it is desirable to choose the initial
interval [ag, bo] as small as possible.

1.3 Fixed-Point Iteration

A number ¢ is a fixed point of a function g(z) if g(§) = &.

Suppose that the equation f(z) = 0 is written in the form = = g(z); that is, f(z) = z—g(x) =
0. Then any fixed point & of g(x) is a root of f(x) = 0; because f(§) =& —g(§) =& —& =0.
Thus a root of f(x) =0 can be found by finding a fixed point of x = g(z), which corresponds
to f(x)=0.

Finding a root of f(x) = 0 by finding a fixed point of z = g(x) immediately suggests an
iterative procedure of the following type.

Start with an initial guess x( of the root, and form a sequence {z;} defined by
Th+1 = g(llfk), k= 07 17 27 o

If the sequence {z}} converges, then klim x = & will be a root of f(z) = 0.

The question therefore rises:

Given f(x) =0, how to write f(z) = 0 in the form x = g(x),
so that starting with any z¢ in [a, b], the sequence {x}} defined

by 11 = g(xy) is guaranteed to converge?

The simplest way to write f(x) = 0 in the form x = g(z) is to add = on both sides, that is,

r=f(@) + o =g(a).

But it does not very often work.
To convince yourself, consider Example 1.1 again. Here

f(z) =2° — 62"+ 11x — 6 = 0.

Define g(x) = z+ f(x) = 23 — 62> + 122 — 6. We know that there is a root of f(x) in [2.5, 4];
namely x = 3. Let’s start the iteration zj,1 = g(xy) with zq = 3.5,

then we have: x1 = g(xg) = g(3.5) = 5.3750
s = g(11) = g(5.3750) = 40.4434
3 = glws) = ¢(40.4434) = 5.6817 x 10°
1y = g(x3) = g(5.6817 x 101) = 1.8340 x 10



The sequence {z;} is clearly diverging.

The convergence and divergence of the fixed-point iteration are illustrated by the following
graphs.
Fixed-Point

N

T2 1 o

Figure 1.1: Convergence of the Fixed-Point Iteration

Fixed-Point

Zo X1 T2

Figure 1.2: Divergence of the Fixed-Point Iteration

The following theorem gives a sufficient condition on g(z) which ensures the convergence of
the sequence {xy}.

Theorem 1.2 (Fixed-Point Iteration Theorem): Let f(x) =0 be written in the form
x = g(x). Assume that g(x) has the following properties:

1. For all z in [a, b], g(x) € |a, b]; that is g(x) takes every value between a and b.



2. ¢'(x) exists on (a, b) with the property that there exists a positive constant r < 1 such
that

lg'(x)] <,
for all x in (a,b).

Then
(i) there is a unique fixed point = = & of g(x) in [a, b].
(ii) For any ¢ in [a, b], the sequence {z} defined by
Tep1 = g(@x), k=0,1,--

converges to the fixed point x = ¢; that is to the root £ of f(z) = 0.

The proof of the Theorem requires the Mean Value Theorem of Calculus;

The Mean Value Theorem (MVT)

Let f(x) be a continuous function on [a, b], and be differentiable on (a,b).

f(b) B f(a) — f’(c).

Then there is a number ¢ in (a,b) such that
—a

Proof of the Fixed-Point Theorem:

The proof comes in three parts: Existence, Uniqueness, and Convergence. We first
prove that there is a root of f(z) = 0 in [a, b] and it is unique. Since a fixed point of
x = g(x) is a root of f(x) = 0, this amounts to proving that there is a fixed point in [a, b
and it is unique. We then prove that the sequence zj,1 = g(xy) converges to the root.

Existence:

If a = g(a), then a is a fixed point. If b = g(b), then b is a fixed point. If not, because of the
assumption 1, g(a) > a, and g(b) < b. Thus, f(a) = g(a) —a > 0, and f(b) = g(b) — b < 0.
Also f(z) = g(x) — z is continuous on [a, b].

Thus, by applying the Intermediate Mean Value Theorem to f(x) in [a, b], we conclude
that there is a root of f(z) in [a, b]. This proves the existence.

Uniqueness (by contradiction):

To prove uniqueness, suppose &; and &, are for two fixed points in [a, b, and & # &,.

Now, apply the MVT to g(z) in [£1, &), we can find a number ¢ in (£, &) such that



9(&2) — g(&1)

(& — &) =90
Since g(&§1) = &1, and g(&2) = &2, we have
—&
2 — &

That is, ¢'(c¢) = 1, which is a contradiction to our assumption 2. Thus, &; can not be different
from &.

Convergence:

Let £ be the root of f(x) = 0. Then the absolute error at step k + 1 is given by e;yq =
|€ — xx11|. To prove that the sequence converges, we need to show that limy_, €1 = 0.
To show this, we apply the Mean Value Theorem to g(z) in [z, &].

Then 96) — 9(1)

=¢'(c)
Where z; < ¢ < €.
§ — Tt

That is, ~— = ¢'(¢) (note that g(§) = & and x4 = g(z1))

Taking absolute values on both sides we have

|£ - xk-l-l‘ o ,(C)

‘f—$k| a

or

Cr+1 |
1)

Since ¢'(c) < r, we have |ex1 < rey.

Similarly, we have e, < rep_y. Thus |epry < rlep_;.

k+1

Continuing in this way, we finally have ey < r"*leq | where ¢g is the initial error. (That

is, eg = |zo — &]).

Since r < 1, we have r**1 — 0 as k — oo.
Thus,
lim ey = lim |25 — ¢
k—o0 k—oo
< lim rFtle,
k—o0
= 0.

This proves that the sequence {z}} converges x = £ and that z = £ is the only fixed point
of g(z).



In practice, it is not easy to verify Assumption 1. The following corollary of the fixed-point
theorem is more useful in practice because the conditions here are more easily verifiable. We
leave the proof of the corollary as an [Exercise].

Corollary 1.1 Let g(z) be continuously differentiable in some open interval containing the
fized point &, and let |g'(§)| < 1, then there exists a number ¢ > 0 so that the iteration
Tpy1 = g(xg) converges whenever xq is chosen in |xg — &| < e.

Example 1.3 Let f(z) = 2° — 62% + 11x — 6 = 0. Choose a = 2.5, b = 4. Let’s write

f(x) =0 in the form x = g(x) as follows: x = 11—1(—x3 + 622 4+ 6) = g(x).

Then

1
g'(z) = ﬁ(—i’mz + 12x).

It is easy to verify graphically and analytically that |¢’(z)| in less than 1 for all x is (2.5,4),
(note that ¢’(4) = 0, and ¢'(2.5) = 1.0227).

So, by Corollary 1.1, the iteration z;y; = g(x;) should converge to the root x = 3 for any
xo € [2.5,4]. This is verified as follows:

Zo = 3.5

ry=g(x1) = 3.2367
r3=g(xy) = 3.1772
ry=g(z,) = 3.1359
x5 =g(xy) = 3.1059
rg = g(z7) 3.0531
rg = g(xg) = 3.0427
Ti0 = g ZL‘g) = 3.0344
11 = g(l‘lo) = 3.0278

The sequence is clearly converging to the root x = 3. This can be justified from the above
theorem.

Example 1.4 Find a root of f(x) =x —cosxz =0 in [0, g]
Let’s write x —cosx = 0 as x = cosx = g(x). Then |¢'(x)| = |sinz| <1 in (0, g) Thus, by

Corollary 1.1 should converge. Indeed,



Zo =0

Ty =cosz, =1
r9 =cosx; = 0.54
T3 = cosxy = 0.86

T8 = cosxyy = 0.73955

1.4 The Newton-Raphson Method

The Newton-Raphson method, described below, shows that there is a special choice of g(x)
that will allow us to readily use the results of Corollary 1.1.
Assume that f”(z) exists and is continuous on [a, b] and ¢ is a simple root of f(z), that

is, f(§) = 0 and f'(£) # 0.

Choose i)
90 =T ey

Then (o) — 1 L@ @) _ J@) (@)

(f'(2))? (f'(=))?
f€)f"(€)

Thus, ¢'(§) = NZG)A =0, since f(£) =0, and f'(&) # 0.

Since ¢'(z) is continuous, this means that there exists a small neighborhood around the root
x = & such that for all points = in that neighborhood, |¢'(x)| < 1.

Thus if g(x) is chosen as above and the starting approximation x, is chosen sufficiently
close to the root x = £, then the fixed-point iteration is guaranteed to converge, according
to the corollary above.

This leads to the following well-known classical method, known as, the Newton-Raphson
method.

(Remark: In many text books and literature, the Newton-Raphson Method is simply called
the Newton Method. But, the title “The Newton-Raphson Method” is justified. See an
article by [ ] in SIAM Review (1996)).

10



Algorithm 1.2 The Newton-Raphson Method

Inputs: f(z)- The given function

xg - The initial approximation
€ - The error tolerance
N - The maximum number of iterations

Output: An approximation to the root x = £ or a message of failure.

Assumption: z = ¢ is a simple root of f(x).

For £k =0,1,--- do until convergence or failure.

o Compute f(zk), f'(xx).

f(zy)
e Compute xp1 = ) — .
! f'(@r)
e Test for convergence or failure:
If [f(z)| <e
_ stopping criteria.
[T — Ty <e
||
or k> N, Stop.
End
f (k)

Definition 1.1 The iterations i1 = xp —

f'(xx)

Remarks:

are called Newton’s tterations.

1. If none of the above criteria has been satisfied within a predetermined, say N, iterations
then the method has failed after the prescribed number of iterations. In that case, one

could try the method again with a different x,.

2. A judicious choice of xy can sometimes be obtained by drawing the graph of f(z), if
possible. However, there does not seem to exist a clear-cut guideline of how to choose a
right starting point x, that guarantees the convergence of the Newton-Raphson Method

to a desired root.

Some Familiar Computations Using the Newton-Raphson Method

11



1. Computing the Square Root of a Positive Number A: Compute v A, where
A>0.

Computing v/A is equivalent to solving 22 — A = 0. The number VA, thus, may be
computed by applying the Newton-Raphson Method to f(z) = 2% — A.

Since f’(z) = 2z, we have the following Newton iterations to generate {xy}:

Newton-Raphson Iterations for Computing /A

Input: A - A positive number

Output: An approximation to VA.

Step 1.  Guess an initial approximation zy to v/A.

Step 2.  Compute the successive approximations {z} as follows:

For £k =0,1,2,..., do until convergence

zp—A 1+ A

Tp1 = T — 2 22
End
Example 1.5 Let A=2, xg=1.5
2+ A (1.5)%+2
Iteration 1. x; = = = 1.4167
2370 3
i+ A
Iteration 2. x, = = 1.4142
2LL’1
2+ A
Iteration 3. 3= -2 = 1.4142
2372

2. Computing the nth Root

It is easy to see that the above Newton-Raphson Method to compute v/A can be easily
generalized to compute V/A. In this case f(z) = 2" — A, f'(z) = na"".

Thus Newton’s Iterations in this case are:

ap—A -1+ A
Thtl = Tk — n—1 n—1 :
nxz,, nxz,,

12



3. Finding the Reciprocal of a Nonzero Number A

1
The problem here is to compute —, where A # 0. Again, the Newton-Raphson Method

A
1 1
can be applied with f(r) = — — A = 0. We have f'(z) = ——;. The sequence xj, is
x x
given by
1
f(zy) oA
Tyl = Tp — Filen) Tg — "_x_li = x(2 — Axy).
. . 1
The Newton-Raphson Iteration for Computing 1
Input: A - A nonzero number

Output: An approximation to %.
Step 1.  Guess an initial approximation x( to %.
Step 2. For k=0,1,2,... do until convergence

Th+1 = l‘k(Q — Al‘k)

End

Example 1.6 Let A=3

1
The problem is to find 3

flr)=1 -3

Take xq = 0.25

Then xy = x¢(2 — Azy) = 0.3125
T = x1(2 — Azy) = 0.3320
r3 = x9(2 — Ay) = 0.3333

1
Note that 0.333 s the 4-digit approximation of 3 (correct up to 4 decimal figures).

A Geometric Interpretation of the Newton-Raphson Method

e The first approximation x; can be viewed as the x-intercept of the tangent line to the
graph of f(z) at (zo, f(z0))-

13



e The second approximation xs is the z-intercept of the tangent line to the graph of f(x)
at (1, f(x1)). And so on.

&@Qw%&(&&\

Figure 1.3: Graphical Representation of the Newton-Raphson Method.

1.5 The Secant Method

A major disadvantage of the Newton-Raphson Method is the requirement of
finding the value of the derivative of f(z) at each approximation. There are func-
tions for which this job is either extremely difficult (if not impossible) or time consuming. A
way-out is to approximate the derivative by knowing the values of the function at that and
the previous approximation. Knowing f(x) and f(xy_1), we can approximate f’(xy) as:

f/(xk) ~ flog) — f(l’k—l).

L — Tk—1

Then, the Newton iterations in this case are:
o — f/(Ik)
f'(xk)
f(xk)(xk - xk—l)

ST T @) — )

14
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This consideration leads to the Secant method.

Algorithm 1.3 The Secant Method

Inputs:  f(x) - The given function
xg, r1 - The two initial approximations of the root
€ - The error tolerance
N - The maximum number of iterations

Output: An approximation of the exact solution & or a message of failure.

For k=1, 2,--- do
e Compute f(zy) and f(zg_1).

f (o) () — 2p-1)
f(oe) — flor—1)

e Test for convergence or maximum number of iterations: If |z — x| < € orif k > N,
Stop.

e Compute the next approximation: xy 1 =z, —

End

Note: The secant method needs two approximations xzy, x; to start with, whereas the
Newton-Raphson method just needs one, namely, x.

Example 1.7 f(z) =2*—-2=0.

Let Lo = 15, 1 =1

Tteration 1. £ = 1.

f(x1) (w1 — 20)

f(xl) - f(l’o)
(=1)(—=.5) )

= 1o =1y
—1-.25 15

Ty =— T1 —

Iteration 2

15



f(@2) (22 — 1)

f(za) — f(z1)
(—0.04)(0.4)

(=0.04) — (1)

= 14+0.0167

r3 = XT9 —

= 14—

= 1.4167

Iteration 3

Ty = X3 —

Iteration 4

vn = gy JEN@I—T) 0

b f(xa) = flxs)

Remarks: By comparing the results of this example with those obtained by the Newton-
Raphson (Example 1.5) method, we see that it took 4 iterations by the secant method to
obtain a 4-digit accuracy of /2 = 1.4142; whereas for the Newton-Raphson method, this
accuracy was obtained just after 2 iteration.

In general, the Newton-Raphson method converges faster than the secant method.
The exact rate of convergence of these two and the other methods will be discussed in the
next section.

A Geometric Interpretation of the Secant Method

e 1, is the z-intercept of the secant line passing through (zq, f(z0)) and (z1, f(z1)).
e 13 is the z-intercept of the secant-line passing through (z1, f(z1)) and (x9, f(x2)).

e And so on.

Note: That is why the method is called the secant method.

16



Figure 1.4: Geometric Interpretation of the Secant Method.

1.6 The Method of False Position (The Regular Falsi Method)

In the Bisection method, every interval under consideration is guaranteed to have the desired
root x = £. That is why, the Bisection method is often called a bracket method, because
every interval brackets the root. However, the Newton-Raphson method and the secant
method are not bracket methods in that sense, because there is no guarantee that the two
successive approximations will bracket the root. Here is an example.

Example 1.8 Consider solving f(x) = tan(rz) — 6 = 0, using the Secant Method.
Take: 9 =0 x; =0.48

(Note that £ = 0.44743154 is a root of f(z) = 0 lying in the interval [0, 0.48]).

Tteration 1
(z1 — o)

T2 =T —f(l’l)

Iteration 2
ro = 0.48, x; =0.181194
z9 = 0.286187

Iteration 3
xo = 0.181194, z; = 0.286187
x9 = 1.091987. Clearly, The iterations are diverging.

However, the secant method can easily be modified to make it a bracket method. The idea is
as follows:

17



Choose the initial approximations xg and x; such that f(x¢) f(x1) < 0, ensuring that
the root is in [zg, z1].

Compute x5 as in the Secant method; that is, take x9 as the z-intercept of the secant
line passing through xy and x;.

Compute x3 out of the three approximation xg, x1, and x5 as follows:

First, compute f(z1)f(za) ; if it is negative, then [x;, xo] brackets the root and x3
is the z-intercept of the secant line joining (x; f(z1)) and (x2, f(x2)) (as in the
Secant method). Otherwise, z3 will be computed as the z-intercept of the line joining

(2o, f(wo)) and (za, f(x2)).

Continue the process.

This yields a method called, the Method of False Position or the Method of
Regula Falsi.

Algorithm 1.4 The Method of False Position

Input: (i) f(z) - The given function
(i1) xo, 1 - The two initial approximations f(xo)f(x1) <0 .
(i1i) € - The tolerance
(iv) N The mazximum number of iterations

Output: An approximation to the root x = £.

Step 0. Set i = 1.
(l’z' - xi—l)

fxi) — flzica)

Step 1. Compute ;41 = x; — f(x;)

If |w| <eori> N. Stop.

&£y
Step 2. If f(x;)f(zi11) <0, then, set x,41 = z;, ©; = 7;_1.
Otherwise, set x; 11 = x;, set x;11 = x;. Return to Step 0.
End

Example 1.9 Consider again the previous example: (Example 1.8)

f(x) = tan(wz) — 6 = 0.

Let the interval be [0, 0.48].

Then & = 0.44743154 is the root of f(x) in [0, 0.48].

Let’s start with the same initial approximations:

18



xo=0, x1=048;  f(xo)f(z1) <0

Iteration 1
1 — To

To =21 — f(x1)—————— = 0.181192
2 =0 ) e T )

f(z2) f(z1) <O

Set xg = 0.48, x; =0.181192

Iteration 2 o

Ty =21 — fa1) 20— = 0.286186

f(z1) — f(z0)
f(x2) f(z1) >0

Set xg = 0.48, 7 = 0.286186

Iteration 3
z9 = 0.348981

f(za)f(21) >0

Set xq = 0.48, x; = 0.348981
Iteration 4
z9 = 0.387053

Iteration 5
z9 = 0.410305

1.7 Convergence Analysis of the Iterative Methods

We have seen that the Bisection method always converges, and each of the methods: the
Newton-Raphson Method, the Secant method, and the method of False Position, converges
under certain conditions. The question now arises: when a method converges, how fast
it converges? In other words, what is the rate of convergence? To this end, we first define:

Definition 1.2 (Rate of Convergence of an Iterative Method). Suppose that the
sequence {xy} converges to §. Then the sequence {xy} is said to converge to & with the order
of convergence « if there exists a positive constant p such that

1 ‘$k+1 —f‘ — ki k41 _
koo |op —&l* koo €
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Thus if a = 1, the convergence is linear. If o = 2, the convergence is quadratic; and so
on. The number « is called the convergence factor.

Using the above definition, we will now show that the rate of convergence for the Fized Point
Iteration method is usually linear but that of the Newton-Raphson method is quadratic, and
that of the Secant method is superlinear.

Rate of Convergence of the Fixed-Point Iteration Method
Recall that in the proof of the Fixed-Point Iteration Theorem, we established that

Ck+1 = |9’(C)|€k>

where ¢ is a number between z, and &.
. €k+1 .
So, lim —— = lim |¢'(c)|.
k—oo €f k—o0

Since {x} — &, and ¢ is in (zx,§), it follows that klim lg'(e)] = 14'(£)].

This gives klim el _ lg'(€)]. Thus a = 1.
—00 ek‘

We, therefore, have

The fixed-point iteration

Tpe1 = g(xg), k=0,1,---

converges linearly.

Rate of Convergence of the Newton-Raphson Method
To study the rate of convergence of the Newton-Raphson Method, we need Taylor’s Theorem.

20



Taylor’s Theorem of order n
Suppose that the function f(x) possesses continuous derivatives
of order up to (n + 1) in the interval [a, b], and p is a point
in this interval. Then for every z in this interval, there exists

a number ¢ (depending upon z) between p and x such that

/")

f(@) = [p)+ f'(p) (@ —p) + 5~ (@ = p)”
bt 0y Ry (),

where R, (), called the remainder after n terms, is given by:

£ (e)

T (x —p)"*

Ry(x) =

Let’s choose a small interval around the root x = £. Then for any z in this interval, we have,
by Taylor’s theorem of order 1, the following expansion of the function g(x):

(:L’ ;‘6) g//(nk)

g(x) =g(&) + (x = &)g'(§) +

where 7, lies between x and €.

Now, for the Newton-Raphson Method, we have seen that ¢'(¢) = 0.

So. 9(2) = 9(6) + T gn)
or () = 90+ L g
or glee) —9(&) = P g,

21



Since g(zy) = w41, and g(&) = &, this give

(xk - 5)2 "

Tpp1 — § = ol g (Uk)

2
. x -
That is, |zp — & = % lg" ()|

LG _ 19" (m)
e3 2

Since 7 lies between x and ¢ for every k, it follows that

fim =€
" "
So, we have lim —ek;rl = lim 19" Cne)| = 9 (§>|

This proves

The Newton-Raphson Method Converges
Quadratically.

The quadratic convergence roughly means that the accuracy gets doubled at
each iteration.

The Rate of Convergence for the Secant Method.

It can be shown [Exercise| that if the Secant method converges, then the convergence factor
a s approximately 1.6 for sufficiently large k. This is said as “The rate of convergence
of the Secant method is superlinear”.

1.8 A Modified Newton-Raphson Method for Multiple Roots

Recall that the most important underlying assumption in the proof of quadratic convergence
of the Newton-Raphson method was that f'(x) is not zero at the approximation x = xy, and
in particular f'(§) # 0. This means that £ is a simple root of f(x) = 0.

The question, therefore, is:
How can the Newton-Raphson method be modified for a multiple root so that
the quadratic convergence can be retained?

Note that if f(x) has a root & of multiplicity m, then

& =re=re©=-=f"ve=0,
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where f(m~1)(¢) denotes the (m — 1)th derivative of f(z) at z = €. In this case f(z) can be
written as f(z) = (z — &)™h(z), where h(x) is a polynomial of degree at most m — 2.

In case f(z) has a root of multiplicity m, it was suggested by Ralston and Robinowitz (1978)
that, the following modified iteration will ensure quadratic convergence in the Newton-
Raphson method, under certain conditions [Exercise].

The Newton-Raphson Iterations for Multiple Roots:
Method I

_ mf(x;)
f'(:)

Tiv1 = T4

Since in practice, the multiplicity m is not known apriori, another useful modification is
to apply the Newton-Raphson iteration to the function:

/()

o) =y

in place of f(z).

u(;)

Thus, in this case, the modified Newton-Raphson iteration becomes x;1, = z; — — @)
u\x;

Note that, since f(x) = (z — &)™ h(x), v/(x) #0 at © = .
f'@)f () — fle) f"(z)

Since u'(x;) =

[ (@)]?
we have
The Newton-Raphson Iterations for Multiple Roots
Method II
Tiy1 = T — S () ' (@s)
' (@) = [f ()] /" (:)
Example
flz)=e"—a—1
fllx)=¢"—1
fw) = e
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Figure 1.5: The Graph of ¢* —x — 1.

There are two roots at = 0 (See the graph above!l). So, m = 2.

Method I
e — e — 2f (%)

Z+1 (2 f/(,flj',l)
To = 0.5

2(e%® — 0.5 -1
Iteration 1. x; =0.5 — (6 (60.5 — 1) ) =.0415=4.15 x 1072
2(e%0415 —0.0415 — 1
Tteration 2. 1z, — 0.0415 — 2\ o ) _ 00028703 = 2.8703 x 10",
0 _
Method II
flz)=e"—az—1.
. / .

IR (057t

(f'(@a)? = ((f(2:) f"(24))
To = 0.5

Iteration 1. z; = —0.0493 = —4.93 x 1072

Iteration 2. z, = —4.1180 x 10~*

1.9 The Newton-Raphson Method for Polynomials

A major requirement of all the methods that we have discussed so far is the evaluation of
f(x) at successive approximations zy.
If f(z) happens to be a polynomial P,(z) (which is the case in many practical applica-
tions), then there is an extremely simple classical technique, known as Horner’s Method
to compute P,(z) at © = z. The value P,(z) can be obtained recursively in n-steps from the
coefficients of the polynomial P,(x). Furthermore, as a by-product, one can get the value of
the derivative of P,(x) at x = z; that is P! (z). Then, the scheme can be incorporated in the
Newton-Raphson Method to compute a zero of P,(x).
(Note that the Newton-Raphson Method requires evaluation of P,(x) and its derivate at
successive iterations).
Horner’s Method
Let P,(x) = ag + a17 + asx® + - - - + a,2™ and let x = 2 be given. We need to compute P,(z)
and P/ (z).
Let’s write P,(x) as:

P,(z) = (z—2) Qn_1 (z) + b,

where Q,,_1(z) = b,z ' + b,y 272+ -+ + box + by
Thus, P,(z) = by.

Let’s see how to compute by recursively by knowing the coefficients of P,(x)
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From above, we have
ap 4+ ayx + agx? + - apx” = (x — 2) (b 4 by 2"+ 4 by) 4 b,
Comparing the coefficients of like powers of x from both sides, we obtain

b, = a,
bn—l - an = Qp-1 = bn—l =0ap-1 + bnz

and so on.
In general, by, — bp112 =ar = by = ap +bpi12. k=n—1,n—-2,....10.

Thus, knowing the coefficients a,,, a,_1, ..., a1, aq of P,(z), the coefficients b,,,b,,_1, ..., by of
Qn—1(x) can be computed recursively starting with b, = a,, as shown above. That is,
bk :CLk—Fb]H_lZ,]C:’I’L—l,k’:2,...,1,0.

Again, note that P,(z) =by. So, P.(z) =by = ao + by z.

That s, if we know the coefficients of a polynomial, we can compute the value of the poly-
nomial at a given point out of these coefficients recursively as shown above.

Algorithm 1.5 Evaluating Polynomial: P,(z) = ag + a1z, + asr® + ...+ a,x”
at r = z.

Inputs: (1) ag,aq, ..., an of P,(z)-The coefficients of the polynomial P, (z).
(2) z-The number at which P,(x) has to be evaluated.

Outputs: bo = P,(2).

Step 1. Set b, = a,,.

Step 2. Fork=n—-1n—-2,...,1,0 do.
Compute b = ap + bpi12

Step 3. Set P,(z) = by

End

It is interesting to note that as a by-product of above, we also obtain P!(z), as the following
computations show.

Finding P/ (x)
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P,(x) = (x — 2)Qn-1(z) + bo

Thus, P, () = Qu_1(2) + (z — 2)Q)_ (1)

So, Prlz(z) = Qn—l(z)'

This means that knowing the coefficients of @,,_1(z) we can compute P/(z) recursively out
of those coefficients. The coefficients of the polynomial @,,_1(z) can be obtained exactly in
the same way as above, by replacing a,, k =n,---1 by b,k =n, n—1,---,1 and labeling
b’s by ¢’s, and a’s by b’s. And, then @Q,—1(z2) = P/(z) = ¢;. Note that in computing P,(z),
we generated the numbers by, by, -+ ,b,, from the coefficients ag, ai,--- ,a, of P,(x). So,
in computing P/ (z), we need to generate the numbers ¢y, ca,- -+ ,c,_1 from the coefficients
by, by, by_1,b, of the polynomial Q,_1(2), which have already been computed by Algo-
rithm 1.5.

Then, we have the following scheme to compute P/ (z):

Computing P/(z)

Inputs: (1) by, ..., b, - The coefficients of the polynomial @),,_1(z) obtained
from the previous algorithm

(2) A number z.
Outputs: 1= Qn-1(2).
Step 1. Set ¢, =b,,
Step 2. For k=n—1n—2,..2 1do
Compute cr = b + cry1 2,

End

Step 3. Set Pl(z) =c¢;.

Example 1.10 Let Py(x) = 2® — 72? + 6x + 5.
Let z = 2.
Here ag =5, a1 =6, ay = —7, az = 1.

Generate the sequence {by} from {ay}:
bg = az = 1

bg :a2+532: —742=-5
61:(11+522’26—10:—4
b0:a0+612:5—8:—3.
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SO, P3(2> = b(] = -3

Generate the sequence {¢i} from {b;}.
C3 = bg =1
02:b2—|—6322—5+2:—3

cp=b; +cz=-4—6=-10.

So, P}(2) = —10.

The Newton-Raphson Method with Horner’s Scheme
We now describe the Newton-Raphson Method for a polynomial using Horner’s scheme. Re-
call that the Newton-Raphson iteration for finding a root of f(x) =0 is:

f(xx)

f'(@)

In case f(z) is a polynomial P,(x) of degree n: f(x) = P,(z) = ap+ ayx + ax® + - - - + a,a",
the above iteration becomes:

Tpy1 = T —

_ Pn(xk)

B (k)
If the sequence {b;} and {cx} are generated using Horner’s Scheme, at each iteration we
then have

L1 = Tk

(Note that at the iteration k, P,(xy) = by and P (zx) = ¢1).
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Algorithm 1.6 The Newton-Raphson Method with Horner’s Scheme

Input: ag, a1, ,a, - The coefficients of P,(z) = ag + a1z + asx® + - - - + a,2".

xo - The initial approximation
€ - The tolerance
N - The maximum number of iterations to be performed.

Output: An approximation of the root z = £ or a failure message.

For k=0,1,2,---,do

Step 1. z =x, b, = ay,, ¢, = b,

Step 2. Computing b; and ¢,
Forj=n—-1,n—-2,---,1 do
bj = a; +z bj+1

Cj = bj +ZCj+1

End.

Step 3. bp = ag + z by
Step 4. w41 = x — bo/1

Step 5. If |z — zx| < € or k> N, stop.

End

Notes:
1. The outer-loop corresponds to the Newton-Raphson Method

2. The inner-loop and the statement by = ag+ z by corresponds to the evaluation of P, (z)
and its derivative P,(x) at successive approximations.

Example 1.11 Find a root of Ps(x) = 23 — T2? + 62 + 5 = 0, using the Newton-Raphson
method and Horner’s scheme.

Ps(x) has a root between 1.5 and 2.
Let xg = 2
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Iteration 1. k£ =0:
b() = —3, CcCl = —10

b 3 17
R S A
ST R, 10 10

Iteration 2. k= 1:
Z:l’l:l.?, bgzl, 03263:1.

b2:a2+2b3:—7+1.7:—5.3

Cy = bg—l—ZCg = —53+17: —3.6

by =ay + 2 by = 6+ 1.7(=5.3) = —3.0100

¢1=by 4 2z ¢y = —3.01 + 1.7(—3.6) = —9.130

bo = ag + 2 by = 5+ 1.7(=3.0100) = —0.1170

bo ~ 0.1170

To =1 — — = 1.7 —— = 1.6872

a1 9.130

(The exact root, correct up to four decimal places is 1.6872).

1.10 The Miiller Method: Finding a Pair of Complex Roots.

The Miiller Method is an extension of the Secant Method. It is conveniently used to approx-
imate a complex root of a real equation.

Note that none of the methods:

e Recall that starting with two initial approximations xq and z;, the Secant Method finds
the next approximation xs as the a-intercept of the line passing throught (xo, f(z0)),

and (z1, f(x1)).

e In the Miiller Method, starting with three initial approximations xg, x; and x5, the
next approximaiton x3 is obtained as the z-intercept of the parabola P passing through

(w0, f(20)), (z1, f(21)), and (22, f(z2)).

e Since a parabola can intersect z-axis at two points, the one that is close to x5 is taken

as 3.

e So, in Miiller’s method, x5 is obtained as follows:

1. Find the parabola P passing throught(zo, f(zo)), (1, f(z1)), and (za, f(z2)).

The Newton-Raphson, the Secant, the Fixed
Point iteration Methods, etc. can produce an approximation of a complex root
starting from real approximations.

The Miiller Method is capable of doing so.
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2. Solve the quadratic equation representing the parabola P and take x3 as the root
closest to xs.

(Note that even when z, 2, and z, are real, x3 can be complex.)

The process, of course, can be continued to obtain other successive approximations. That
is, x4 is obtained by solving the quadratic equation representing the parabola P passing
through (x1, f(z1)), (22, f(z2)), and (z3, f(x3)), and taking x, as the zero that is closest
to x3; and so on.

Remarks: Note that it is advisable to relabel the approximation at the beginning of each
iteration so that we need to store only 3 approximations per iteration.

Geometric Interpretation of the Miiller Method

Tg T L2 X3

We now give the details of how to obtain z3 starting from xg, 7, and xs.

Let the equation of the parabola P be P(z) = a(z — x2)* + b(z — 22) + c.
Since P(z) passes through (zg, f(xo)), (z1, f(x1)), and (z2, (f(x2)), we have
P(x0) = f(w0) = a(zg — 12)* + b(wg — 22) + ¢

P(S(,’l) = f(xl) = (Z(l’l — 5172)2 + b(l’l — SL’Q) +c

P(xs) = f(x2) = c.

Knowing ¢ = f(x2), we can now obtain a and b by solving the first two equations:

a(zg — 22)? + b(xg —x2) = flx0) —C }
a(zy —x9)? +b(xy —x9) = f(z1) —c.

G NONCER)]
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Knowing a and b from above, we can now obtain x3 by solving P(x3) = 0.
P(x3) = a(xs — 952)2 +b(xs —x2) + ¢ = 0.

To avoid catastrophic cancellation, instead of using the traditional formula, we use the
following formula for solving the quadratic equation ax? 4 bz + ¢ = 0.

Solving the Quadratic Equation
ar’ +br+c=0
—2c

b+ Vb — 4dac

Tr =

The sign in the denominator is chosen so that it is the largest in magnitude, guaranteeing
that z3 is closest to x,.
—2c

b4 vb? — 4dac

—2c
or I3 ==a9+ —r—-—w

b+ 02— dac

Note: one can also give on explicit expresions for a and b as follows:

(20 — 22)? [f (1) — f(@2)] — (21 — 22)* [f(w0) — f(2)]

(2o — 2) (21 — 22) (w0 — 1)

(w1 — @2) [f(w0) = f(@2)] — (w0 — @2) [f(21) — f(z2)]

(zo — 22) (21 — 22) (20 — T1) '
However, for computational accuracy, it may be easier to solve the following 2 x 2 linear
system to obtain a and b, once ¢ = f(x3) is computed.

In our case, x5 — 1o =

b —
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Algorithm 1.7 The Muiller Method

Inputs: (i) f(z) - The given function
(ii) zg, x1, 2 - Initial approximations
(iii) € - Tolerance
(iv) N - The maximum number of iterations.
Output: An approximation of the root x = £
Step 1: Evaluate f(z), f(z1), and f(x2).
Step 2: Compute a, b, and ¢, as follows:
21 c= f(l‘g)
2.2 Solve the 2 x 2 linear system for a and b:

(e o) (5)-(femze)

Step 3: Compute x3 = x9+ choosing + or — so that the denominator

is the largest in magnitude.

Step 4: Test if |x3 — x5| < € or if the number of iterations exceeds N. If so, stop.
Otherwise go to Step 5.

Step 5: Relabel x3 as x5, x5 as x1, and x; as xg, and return to Step 1.

Example 1.12 f(x) =23 —22% -5

The roots of f(x) are {2.6906, —0.3453 £+ 1.3187:}
We will try to approxzimate the pair of complex roots here.

Iteration 1: Initial Approximations: zog= —1, ;1 =0, 25 =1

Step 1: f(l'o) = _87 f(‘rl) = _57 f(ilfg) = —6.
Step 2: Compute a, b, and c:

2.1 c= f($2) =—06
2.2 a and b are computed by solving the 2 x 2 linear system:

4a — 2b = =2
a—b=1

This gives a = =2, b = —3.
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2c 12

e = 0.25 + 1.5612
b— VB —dac ° —3—+9—43

Step 3: Compute x5 = x5 —

Iteration 2. Relabeling x3 as x5, x5 as x1, and z1 as xy, we have
Lo = 0, T = 1, T2 = 0.25 4 1.5612¢
Step 1: f(z9) = =5, f(z1) = —6, and f(z2) = —2.0625 — 5.0741i

Step 2: ¢ = f(z3) = —2.0625 — 5.07414
a and b are obtained by solving the 2 x 2 linear system:

(55; —Z2 )(a):<f($o)—c)
(11 — 22)? (71 — 22) b flzy)—c )’
which gives a = —0.75 4 1.5612¢, b = —5.4997 — 3.12241.

2c

_— — — (0.8388 + 0.37027) = —0.5888 + 1.1910¢
b— vb? — 4ac 2= 2 !

Step 3: 3 =19 —
Iteration 3: Again, relabeling x3 as x5, x9 as x1, and z; as xg, we have

xo =1, ;1 =0.25 + 1.5612¢, x5 = —0.5888 + 1.1910:

Step 1: f(z9) = —6, f(x1) = —2.0627 — 5.073i, f(x2) = —0.5549 + 2.3542¢

Step 2: ¢ = f(z2) = —0.5549 + 2.3542i
a and b are obtained by solving the system:

(LIZ'O — l’2>2 (LIZ'O — ZL’Q) a _ f(flfo) — C
(71 = 22)* (21 — 22) b fl)—c )’
which gives a = —1.3888 + 2.75227,b = —2.6339 — 8.56061.

2
Step 3: 15 — 1y — ———— — _0.3664 + 1.3508i

b— vb? — 4ac

Iteration 4
r3 = —0.3451 + 1.3180¢

Iteration 5
r3 = —0.3453 + 1.3187¢

Iteration 6
z3 = 0.3453 + 1.3187¢
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T8 72 - 51393 x 104, we stop here.

Since |
T2

Thus, an approximate pair of complex roots is: a; = —0.3455 4+ 1.3187i, g = —0.3455 —
1.31871.

Verify:
(r — op)(z — ag)(z — 2.6906) = 2° — 1.9962% — 5
Example 1.13 f(z) =2* — 72> + 6z +5

All three roots are real: 5.8210, 1.6872, —0.5090. We will try to approximate the root 1.6872.

Iteration 1.
IOIO, Ilzl, I2:2

Step 1: f(zo) =5, f(z1) =5, f(z2) = 3.

Step 2: Compute ¢ = f(z2) = —3.
Then a and b are obtained by solving the 2 x 2 linear system:

<(x0—:c2)2 (xo—xg))<a>:<5—c>
(r1 — 12)* (71 — T9) b 5—c¢
Or
4 -2 a 8
= , which gives a = —4,b = —12.
()6 ()

2c
b— vb? — 4ac

= xy — 0.2753 = 1.7247 (choosing the negative sign in the determinant).

Step 3: Compute r3 = x5 —

Iteration 2.
I2:$3:1.7247, I1:$2:2, ZL’O:SL’1:1

Step 1: f(zo) =5, f(x1) = =3, f(xe) = —0.3441

Step 2: Compute ¢ = —0.3441
Then a and b are obtained by solving the 2 x 2 linear system:

0.5253 —0.7247 a 5—c
0.0758 0.2753 b ) \3-¢ )

which gives a = —2.2753,b = —9.0227.
2c

— =195 —0.0385 = 1.6862
b— V02— dac

Step 3: Compute r3 = x5 —
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1.11 Sensitivity of the Roots of a Polynomial

The roots of a polynomial can be very sensitive to small perturbutions of the coefficients of
the polynomaial. For example, take

p(z) = 2° —22° + 1.

The roots x1 = —1, 9 = —1. Now perturb only the coefficient —2 to —1.9999, leaving the
other two coefficients unchanged. The roots of the peturbed polynomial are: 14 .01¢. Thus,
both the roots become complex. One might think that this happened because of the
roots of p(x) are multiple roots. It is true that the multiple roots are prone to perturbations,
but the roots of a polynomial with well-separated roots can be very sensitive
too!!

The well-known example of this is the celebrated Wilkinson polynomial:

p(z) = (z — 1)(x — 2)...(z — 20).

The roots of this polynomial equation are 1, 2, ..., 20 and thus very well-separated. But,
a small perturbation of the coefficient z'° which is -210 will change the roots completely.
Some of them will even become complex.

Try this yourself using MATLAB function roots.
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Roots of Wilkinson polynomial
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Figure 1.6: Roots of the Wilkinson Polynomial

1.12 Deflation Technique

Deflation is a technique to compute the other roots of f(z) = 0, once an approximate real
root or a pair of complex roots are computed. Then if x = « is an approximate root of
P(x) =0, where P(z) is a polynomial of degree n, then we can write

Pr) = (z = a)@n(2)

where (),,_1(x) is a polynomial of degree n — 1.
Similarly, if x = a4+ 13 is an approximate pair of complex conjugate roots, then

P(z) = (z —a —if)(x — a +if)Qn(x)

where @Q,_o(z) is a polynomial of degree n — 2. Moreover, the zeros of @, i(z) in
the first case and those of (), »(z) is the second case are also the zeros of P(z).
The coefficients of @, _1(x) or @,_2(x) can be generated using synthetic division as in
Horner’s method, and then any of the root-finding procedure obtained before can be applied
to compute a root or a pair of roots of @,_o(x) = 0 or @Q,_1(x). The procedure can be
continued until all the roots are found.
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Example 1.14 Consider finding the roots of f(z) = z* + 223 +32% + 22+ 2 = 0. It is easy
to see that +i is a pair of complex conjugate roots of f(x) = 0. Then we can write

or
o+ 203 + 327 + 220 4+ 2 = (2% + 1) (bsz® + by + by).

Equating coefficients of x*, 23, and x* on both sides, we obtain
by =1, by =2, by + b3 =3,

gZUZTLg b3 = 1, bg = 2,b1 = 2.
Thus, (x* 4 22% 4+ 32% + 22+ 2) = (22 + 1) (a? + 22 + 2).

The zeros of the deflated polynomial Qo(x) = x* + 22 + 2 can now be found by using any of
the methods described earlier.
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1.

2.

EXERCISES

Suppose that the bisection method is used to find a zero of f(z) = 23 —7z+6 in [0.5, 2]
with an accuracy of 107°. How many minimum numbers of iterations will be needed?

(a) Prove Corollary 1.1 of the Lecture Notes; that is, prove that if g(x) is constinously
differentiable in some open interval containing the fixed points &, and if |¢'(£)i < 1,
then there exists a number € > 0 so that the iteration

Tht+1 = g(fk)

converges whenever x, is chosen in |zg —£| <e.

(b) Using the above Corollary, find the iteration function g(z) and an interval [a, b]
such that
f(z) =z —tanzx

always converges. Find the solution with an accuracy of 107%.

(c) Find a zero of the function f(z) = e™* —sinz in [0.5,07], by choosing g(z) =
x + f(x) and using Corollary 1.1.

. Derive an algorithm to compute /A4 based on Newton’s method and apply your algo-

rithm to compute v/30, by choosing a convenient initial approximation.

Repeat the problem No 2 with the secant method and compare the speed of conver-
gence.

. (a) Sketch a graph of f(z) = x + Inz and show that f(z) has one and only one zero

€in 0 < x < 0o, but that the related fixed point iteration x;11 = g(z;), xo is given,
xo # &, with g(z) = —Inz, does not converge to £ even if xq is arbitrary close to .

(b) How can one rewrite the iteration equation so as to obtain convergence? Show for
this iteration the uniqueness of the fixed point £. Give its rate of convergence.

The iteration x,41 = 2 — (1 + ¢)x, + cz3 will converge to ¢ = 1 for some values of ¢
(provided xq is chosen sufficiently close to £). Find the values of ¢ for which this is
true. For what value of ¢ will the convergence be quadratic?

Use fixed point iteration to find a zero of f(z) = z* — 7z + 6 on [0, 1.5].

The function f(z) = 23 — 222 + x — 2 has a pair of zeros x = +i. Approximate them
using Muller’s method.
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