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ABSTRACT

This dissertation is devoted to the study of the two feedback control problems in
the matrix second-order and distributed-parameter systems: the partial eigenvalue
assignment problem and the partial eigenstructure assignment problem. Contribu-
tions are made to both the theory and computations of these problems. The existence
and uniqueness results for both the problems in the matrix second-order case and
for the partial eigenvalue assignment problem in the distributed-parameter case are
derived. New results on orthogonality relations between the eigenvectors (eigen-
functions) of the quadratic matrix (operator) pencil are proved. Computational
contributions include development of a novel “direct and partial modal” approach
for the solution of these problems. The approach is direct because each problem is
solved in its own formulation. That is, the problem given in a matrix second-order
setting is solved without reformulation to a first-order form. Similarly, the problem
when formulated in its own natural distributed-parameter setting is solved without
discretization to a reduced-order second-order model. The approach is partial modal
in the sense that it requires only partial knowledge of eigenvalues and eigenvectors
(eigenfunctions). The latter makes the approach completely viable for practical ap-
plications because the state-of-the-art techniques are capable of computing only a
small part of the spectra of the associated quadratic pencil. This “partial modal”
aspect of our solutions is especially remarkable for the distributed-parameter sys-
tems since in this case the solution of an infinite dimensional operator problem is
obtained by solving a small finite dimensional linear algebraic system. The results

on numerical experiments on some real-life examples are given.
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CHAPTER 1

INTRODUCTION

The natural model for the vibrating systems, arising in a wide range of applica-
tions, especially in the design and analysis of vibrating structures such as bridges,
highways, buildings, airplanes, etc., is a homogenous distributed-parameter system

of the form

0?v(t, x)
ot?

ov(t, z)

M (z) oy

+ C(z) +K(x)v(t,x) = 0, (1.0.1)
where M, C = D + G and K are differential operators in the xz-domain (spatial
domain) of the displacement function v(¢, x), where for all ¢ the v(¢, z) belong to some
Hilbert space H that accounts for the boundary conditions of (1.0.1). The operators
M, K, D and G are, respectively, called mass, stiffness, damping, and gyroscopic
operators. In many practical applications, M is self-adjoint and positive definite,
D is self-adjoint, and G is skew-symmetric. That is, for any nonzero functions

o(z),¥(x) € H and with the scalar product (-,-), associated with the space H, we

have

(Mg, ¢) > 0, (Mo, 1) = (¢, Myp), (D¢, ¥) = (¢,D¢) and (G¢, ) = —(¢, Gip).

Though it is desirable to solve a vibration problem in its own natural distributed-

parameter settings, very often in practice, due to lack of effective numerical methods



to handle a distributed-parameter problem directly, the system (1.0.1) is discretized

to a finite-dimensional matrix second-order system of the form:

Mi(t) + Ci(t) + Ka(t) = 0, (1.0.2)

where M,C' = D+ G, K € R™" and @(t) and Z(t), respectively, denote the first and
second derivatives of the time-dependent vector x(t).

In vibration applications, the matrices M, K, D and G are often sparse. They are
known, respectively, as mass, stiffness, damping, and gyroscopic matrices. In many
practical applications, M = M7T > 0 (that is, M is symmetric positive definite),
D = DT and G = GT.

Upon separation of variables [1], the system (1.0.2) gives rise to the quadratic

eigenvalue problem for the pencil

P(\) = MM+ MO+ K. (1.0.3)

The pencil (1.0.3) has 2n eigenvalues which are the roots of the equation

det(P(\)) =0

and 2n corresponding eigenvectors.

The eigenvalues of P(\) are related to the natural frequencies of the homogeneous
system (1.0.2), and the eigenvectors are referred to as the modes or mode shapes of
vibration of the system (see [1], [2]).

Dangerous oscillations (called resonance) occur when one or more eigenvalues of
the pencil (1.0.3) become equal or close to the frequency of the external force. One

way to avoid such unwanted oscillations of the vibratory system modelled by (1.0.2)



is to apply a control force of the type f(t) = Bu(t), where B € R™™ and u(t) € R™.

This gives rise to the matrix second-order control system

Mi(t) + Ci(t) + Kz(t) = Bul(t), (1.0.4)

which is symbolically written as a pair (P(\), B).
Assuming that the displacement vector z(¢) and velocity vector @(t) are available,

one can choose

u(t) = Fia(t) + Fya(t), (1.0.5)

where Fy, F, € R™™ are constant matrices. Then the system (1.0.4) becomes the

closed-loop system

Mi(t) + Ci(t) + Ka(t) = B(Fa(t) + Foua(t)), (1.0.6)

or, equivalently,

Mi(t) + (C — BFR)i(t) + (K — BR)z(t) = 0. (1.0.7)

In vibration control, the matrices B, Fi, and F, are known, respectively, as

B —  Control matrix
Fy —  Velocity feedback matrix
Fy, —  State feedback matrix.

Mathematically, the problem is then to choose the matrices F} and F, such that

the eigenvalues of the associated closed-loop pencil

P.(\) = XNM+\C - BF,))+ K — BF, (1.0.8)



can be altered as required to combat the effects of resonances or to ensure and
improve the stability of the system. The problem of finding F; and F, such that
the closed-loop pencil P.(\) has a desired set of eigenvalues is called the eigenvalue
assignment problem for the system (1.0.8).

Unfortunately, the known numerical methods [1, 3 — 14] for complete eigenvalue
assignment provide satisfactory results only when the ratio n/m is small due to
intrinsic worsening of the conditioning of the eigenvalue assignment problem as the
dimension of the problem increases. In the multi-input case (m > 1), the solution
is not unique. In this case, optimization techniques may be employed to select a
particular solution that makes the closed-loop eigenvalues as well conditioned as
possible.

In a realistic situation, however, only a few eigenvalues are “troublesome,” so it
makes more sense to alter only those “troublesome” eigenvalues while keeping the
rest of the spectrum invariant. This leads to the following variation of the eigenvalue

assignment problem:

Problem 1.1 (Partial Eigenvalue Assignment Problem for the Quadratic
Matrix Pencil).

Given
1. Real n x n matrices M = M* >0, C, K.
2. Real n x m (m < n) control matriz B.

3. The self-conjugate subset {\1,..., A}, p < n of the set of open-loop eigenvalues

{1, Aan} of the pencil (1.0.3) and the corresponding left eigenvector set

{1,

4. The self-conjugate set {ju, ..., u,} of scalars.



Find

Real feedback matrices Fy and Fy of order m x n such that the spectrum of the

closed-loop pencil (1.0.8) is the set S = {1, ., fp; Apt1s -+ Aan}-

While Problem 1.1 is important in its own right it, is to be noted that if the
system response needs to be altered by feedback, both eigenvalue assignment as well
as eigenvector assignment should be considered. This is because the eigenvalues de-
termine the rate at which system response decays or grows while the eigenvectors
determine the shape of the response. Such a problem is called the eigenstructure as-
signment problem. Unfortunately, the eigenstructure assignment problem, in general,
is not solvable if the matrix B is given a priori (see [15]). This consideration leads

to the following more tractable (but practical) eigenstructure assignment problem:

Problem 1.2 (Partial Eigenstructure Assignment Problem for the Quadratic
Matrix Pencil).

Given
1. Real n x n matrices M = M*T >0, C, K.

2. The self-conjugate subset {\1,...,\,}, p < n of the set of the open-loop eigen-

values {1, ..., Aan} of the pencil (1.0.3) and the corresponding left eigenvector

set {y1,. .., Yp}-

3. The self-conjugate sets of scalars {ju1, ..., pup} and the set of vectors {xc1,. .., Tcp},

such that p; = iy, implies x.; = Ty,
Find

Real control matriz B of order n x m (m < n) and real feedback matrices F

and Fy of order m x n such that the spectrum of the closed-loop pencil (1.0.8) is



the set S = {ft1, ..., hp; Api1, - s Aon} With {Xe1, ..., Tep; Tpi, ..., Tan} as the
associated eigenvector set, where T,i1,...,Ta, are the eigenvectors of (1.0.3)

corresponding to Api1, ..., Aoy

As in the case of matrix second-order systems, the distributed-parameter systems
1.0.1, upon separation of variables, give rise to the eigenvalue and eigenstructure

assignment problems for the quadratic operator pencil

P(\) = M + A\C + K,

where M, C, and K are differential operators.
The concepts of semi-simple eigenvalues and two-fold complete systems of eigen-
functions that appear in the following statements are defined in Section 3.4. The

operator analog of Problem 1.1 can be stated as:

Problem 1.3 (Partial Eigenvalue Assignment Problem for the Quadratic
Operator Pencil).

Given
1. Nonsingular operator M and operators C and K such that the quadratic operator
pencil

P()\) = MM+ AC+K (1.0.9)

has a discrete spectrum without finite accumulation points, every eigenvalue of

(1.0.9) is semi-simple and the system of eigenfunctions of (1.0.9) is two-fold

complete.

2. The m real control functions by, ..., b,,.



3. The self-conjugate subset {\1,...,\,} of the set of eigenvalues {\1, Ao, ...} and

the corresponding left eigenfunction set {vy,...,v,} of (1.0.9).
4. The self-conjugate set {p1,...,u,} of scalars.
Find

Real feedback functions fy,..., %1, and f5,,... £, such that the spectrum of

the closed-loop pencil

PL(\)6 = \Mg + A (c¢ -3 (s, ¢>bk) ¥ (K¢ - é(f%, ¢>bk) (1.0.10)

k=1
is the set S = {1, -, fp; Apt1s Aps2s - - -}

The operator analog of Problem 1.2 can be similarly defined. We, however, will

not consider this problem is this dissertation.

Theoretical Contributions:

e The results on existence and uniqueness of solution of all the three problems
are derived. The existence and uniqueness results for Problem 1.1 and Problem
1.2 are derived by first deriving these results for the corresponding problems for

the first-order system. These results for the first-order system are also new.

e The recent results [16 — 21] on the partial eigenvalue and eigenstructure as-
signment problems for the quadratic matrix pencil and those on the partial
eigenvalue assignment for the quadratic operator pencil are derived as specific

cases of our results on existence and uniqueness.

e New orthogonality results between the eigenvectors of the quadratic matrix

pencil and those between the eigenfunctions of the quadratic operator pencil



are proved. Several known results [16, 18] are recovered as special cases.These
results, besides their roles in algorithmic solutions of the problems, are of in-
dependent interest and are important theoretical results in linear algebra and

operator theory applications.

Computational Contributions

e A novel approach is developed for solution of Problems 1.1, 1.2, and 1.3. The ap-
proach is “direct and partial modal.” It is direct because each problem is solved
in its own given form. That is, Problem 1.1 and Problem 1.2 are solved in matrix
second-order settings without reformulation to a first-order form. By doing so,
a possibly ill-conditioned matrix inversion is avoided and the exploitable struc-
tures, such as symmetry, positive definiteness, sparsity, bandedness, etc., often
inherited in the finite-element models are fully exploited in computations. Simi-
larly, Problem 1.3 is solved in its own natural distributed-parameter formulation
without discretization to a second-order model. The obtained solution is, there-
fore, a solution of the problem of the original infinite dimensional model and
not the solution of the approximated matrix second-order model. As mentioned

in the beginning, this is how the problem should have been solved anyway.

The proposed approach is partial modal in the sense that it requires only
partial knowledge of eigenvalues and eigenvectors of the associated quadratic
pencil. This makes the approach completely viable for practical applications
because the state-of-the-art techniques are capable of computing only a small
part of the spectra of quadratic matrix pencils, especially if the problems are
large and sparse, which is often the case in design of the large structures, power
systems, computer networks, etc. This “partial modal” aspect of our solutions is

especially remarkable for Problem 1.3 because this infinite dimensional problem



is now solved by solving a small finite dimensional algebraic linear system.

1.1 Dissertation Outline

The outline of the dissertation is as follows:

Chapter 2 is on modelling. Examples are given of how some real-life vibrating
problems are modelled using distributed-parameter systems and then it is shown
how these distributed-parameter systems are discretized using matrix second-order
systems.

The quadratic matrix eigenvalue problem and quadratic operator eigenvalue
problem are discussed in Chapter 3. Some of the latest developments on these two
problems, including the new orthogonality relations between the eigenvectors of a
matrix pencil (eigenfunctions of an operator pencil) are described.

The existing methods for eigenvalue and eigenstructure assignment problem for
both quadratic matrix and operator pencils are reviewed in Chapter 4 and their
engineering and computational difficulties are mentioned.

Chapters 5 and 6 contain the proposed methods for solving partial eigenvalue
and eigenstructure assignment problems for quadratic matrix and operator pencils,
respectively.

The results of some numerical experiments on our proposed methods are given
in Chapter 7.

Chapter 8 is the final chapter of this dissertation and contains some concluding

remarks and future research problems.

1.2 Notation

The following notations are used throughout the dissertation:
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n number of states in the second-order model or quadratic matrix pencil

P()\) (note that the corresponding first-order system (A, B) has 2n states)

M nonsingular n x n mass matrix of the second-order model (symmetric or

undamped gyroscopic model means that M is symmetric and positive definite)

D symmetric n X n damping matrix of the second-order model
G skew-symmetric gyroscopic n x n matrix of the second-order model
C C = D + G (symmetric model means G = 0 and undamped gyroscopic

model means D = 0)

K nxn stiffness matrix of the second-order model (symmetric or undamped

gyroscopic model means that K is symmetric)

x(t) n X 1 vector of the state variables in the second-order model satisfying

the equation M#(t) + Ci(t) + Kx(t) =0

m number of inputs which are used to control the system (single-input case

means that m = 1 and multi-input case means that m > 1)
B n x m control matrix of the second-order model

h(t) m X 1 vector of the control input variables in the controlled second-order

model satisfying the equation Mi(t) + Ci(t) + Kx(t) = Bh(t)

Fy, Fy m x n velocity and position feedback matrices in the closed-loop second-

order model (note that feedback law is h(t) = Fiz(t) + Fox(t))
P(X) open-loop quadratic pencil P(\) = \2M + \C + K

P.(X\) closed-loop quadratic pencil P.(\) = A*M + A\(C — BF) + (K — BF;)
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Aj an eigenvalue of the quadratic eigenvalue problem det(P();)) =0, j =
1,2,....2n
X, the right eigenvector of the quadratic eigenvalue problem for P(\) corre-

sponding to the eigenvalue \; and satisfying P(\;)z; = )\?ijjt)\jC:cj—i—Kxj =
0

Yj the left eigenvector of the quadratic eigenvalue problem for P()\) cor-

responding to the eigenvalue \; and satisfying y/" P(\;) = N2y M + Nyl C +

yf K=0
A the 2n x 2n diagonal matrix A = diag(Aq, ..., \an)
X the n X 2n matrix of the right eigenvectors X = (z1,...,xs,) satisfying

the equation P(A)X = MXA?+CXA+ KX =0

Y the n x 2n matrix of the left eigenvectors Y = (y1,...,ys,) satisfying
the equation Y#P(A) = A2YHM + AYPC +YHK =0

P the p first eigenvalues A, ..., A,, where p < n, that need to be reassigned

to solve the partial eigenvalue or eigenstructure assignment problem

Aq, Ay the matrix A partitioned as A = diag(A;, A2), where Ay = diag(A1, ..., \p)
and Ay = diag(Aps1, .-+, A2n)

X1, X, the matrix X partitioned as X = (X1, X»), where X; = (21,...,2,) and

X2 = (xp-l—h N ,l’gn)

Y1, Y, the matrix Y partitioned as Y = (Y1,Y2), where Yy = (y1,...,y,) and

YVQ - (yp+17 s 7y2n)

1 a scalar which replaces the eigenvalue A, 7 =1,2,...,p
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S the set of closed-loop eigenvalues {fi1, ..., fip, Apt1, -+, Aon}

A, the 2n x 2n diagonal matrix A. = diag(fu, ..., thp, Apt1, - - -, A2n) cON-

taining the eigenvalues of the closed-loop quadratic pencil P.())

Neqy Ay the matrix A. partitioned as A. = diag(Acq, Aea), where A = diag(p, - . .

and Aqy = diag(Apt1, ..., A2n)

X, the 1 x 2n matrix of the right eigenvectors X, = (x.q, ..., Tea,) satisfying

the equation P(A)X.= MX A2+ (C — BFy) XA+ (K — BFy)X. =0

X1, Xeo  the matrix X, partitioned as X, = (Xcq, X¢o), where Xci = (21, . .., Tcp)

and Xy = Xy

Y. the n x 2n matrix of the left eigenvectors Y. = (yeq, - .-, Yeo,) satisfying

the equation Y, P(A.) = A2Y. "M + A Y. (C — BF) + Y.” (K — BF,) =0

Yei, Yoo the matrix Y. partitioned as Y. = (Y1, Yeo), where Y1 = (Yer, -5 Yep)

and YCQ = (y(:p+17 ce 7y02n)

0 I
A the 2n x 2n open-loop state matrix of the first-

~M7'K —-M~'C
order reformulation of the quadratic pencil P(\)

A(A) the spectrum of the matrix A

B the 2n x m control matrix of the first-order reformulation
—M'B
of the quadratic pencil P())

F the m x 2n feedback matrix of the first-order reformulation. Note that

A

F - (FQ,Fl).

s hp)
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A the 2n x 2n closed-loop state matrix A, = A — BF' of the first-order

reformulation of the closed-loop quadratic pencil P.()\)

X the 2n x 2n matrix X = (Z1,...,42,) of the right eigenvectors of A.
N Ly . 5
Note that z; = ,j=1,...,2n,and X =
)\jflfj XA
Y the 2n x 2n matrix Y = (41, ..., jan) of the left eigenvectors of A. Note
N M2y + CHy, .
that j; = [ Ui Ys i=1,...,2n, and V¥ = (AYHM +Y¥HC, YHM).
MHyj
X, the 2n x 2n matrix X, = (Zety .-+, Teon) of the right eigenvectors of A..
Y, the 2n x 2n matrix Y, = (e, - - -, Yeon) Of the left eigenvectors of A..

For the operator pencil, the following additional notations are used:

M nonsingular mass operator of the distributed-parameter model (symmet-

ric or undamped gyroscopic model means that M is self-adjoint and positive

definite)
D self-adjoint damping operator of the distributed-parameter model
G skew-symmetric gyroscopic operator of the distributed-parameter model
C C =D + G (symmetric model means G = 0 and undamped gyroscopic

model means D = 0)

K stiffness operator of the distributed-parameter model (symmetric or un-

damped gyroscopic model means that K is self-adjoint)

t,x time and spatial variables, respectively, in the distributed-parameter

model
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v(t,x) displacement function in the distributed-parameter model

m number of inputs which are used to control the system (single-input case

means that m = 1 and multi-input case means that m > 1)
b, control function of the distributed-parameter model, 1 < k <m

i, for velocity and position feedback functions in the closed-loop distributed-

parameter model

P()) open-loop quadratic operator pencil
P.()\) closed-loop quadratic operator pencil
W;,V; the right and left eigenfunctions, respectively, of the quadratic eigenvalue

problem for the operator pencil P(\) corresponding to the eigenvalue A,

Wej, Vej the right and left eigenfunction, respectively, of the closed-loop quadratic
eigenvalue problem for the operator pencil P.()) corresponding to the eigenvalue

w; if j < p or to the eigenvalue \; if j > p



CHAPTER 2

MODELLING

In this chapter, we illustrate how vibration of some well known physical systems
can be modelled with distributed mass, stiffness, and damping parameters. Such
systems are called distributed-parameter systems. We give two examples, one on
small oscillations of a travelling string and the other on small oscillations of a rotating
flexible shaft. We show that the first one is an undamped gyroscopic system and the
second one is a damped gyroscopic system.

In practice a distributed-parameter system is often discretized to a matrix second-
order system. We show in some detail how to do this using finite element techniques.
Both the distributed-parameter and the discretized second-order systems will be used

to illustrate our proposed numerical methods for feedback control problems.

2.1 Small Oscillations of a Travelling String

Consider the small oscillations of a uniform string travelling with constant ve-
locity v over two fixed supports at x = 0 and x = L. This example is both simple
enough to be used to illustrate the proposed method throughout the dissertation and
general enough to compute the essence of such problems as stabilization of towed
sonar arrays or dampening the waves created by the high-speed trains. The motion

of the moving string, shown in Figure 2.1, is governed by the partial differential
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equation
Vit + 2900 + (72 — e = 0, (2.1.1)
where 0 < 2 < L, t > 0, v? < ¢2, with boundary conditions given by
v(0,t) = v(L,t) =0, (2.1.2)

see e.g. [22].

X

Hu(x,t)

Figure 2.1: Small Oscillations of Travelling String.

Let us now define the operators M, G, and K by

v 5 9 0%
Muv =w, Gv:27%, Kv=(y"—c )@ (2.1.3)

Then, with respect to the scalar product (also called inner product or sesquilinear

form)

we have

(Mo, w) = /OLw(x)v(af) dx = (Mw,v) = (v, Mw),

(Muv,v) = /OL lv(z)]* dz > 0.
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Integrating by parts yields

(Kv,w) = —/OL (72 — A" (z)v(z) de = (v, Kw),
and
Koo) = [[60F =AW dr> 0,

in view of the boundary conditions (2.1.2). Since v’(x) does not vanish identically,

K is a self-adjoint positive definite operator. Another integration gives

(Gv,w) = —/OL 2yw! (x)v(x) doe = — (v, Gw) .

Thus the system defined by (2.1.1) and (2.1.2) is an operator system with self-adjoint
operators M and K and the skew-symmetric operator G. Such a system is called an
undamped gyroscopic operator system.

We now show how to discretize this operator system to a matrix second-order
system. Let {¢r(2)}22, be a complete system of functions and let each ¢y (x) satisfy
the essential boundary conditions (2.1.2), for example, ¢y (x) = sin (T) Then

there exists coefficients {vy(t)}32, such that

vet) = 3 vnlt)dulz)

k=1

Now requiring that

0?v, vy, .
5 )+ (95, Gﬁ) + (¢;, Kv,) =0, for j =1,2,...,n, (2.1.4)

(¢j>M
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where
Un(z,t) = up(t)d(), (2.1.5)
k=1
we obtain the system of n equations with n unknowns vy, . .., v,,. Integrating (¢;, Kv,,)

by parts and writing (2.1.4) in the form (1.0.2) we obtain
Mii(t) + Go(t) + Kv(t) = 0, where v(t) = (vi(t), va(t), ..., va(t)",

where the j&™ elements of M, G, and K are, respectively, given by

0 Jp; 0
(65:68) 2265, %%), and (2 )02, 9% (2.16)

2.2 Small Oscillations of the Damped Rotating Flexible
Shaft

Consider an elastic shaft rotating with a constant angular velocity w, and loaded
with a constant axial force n. Let = denote the axial coordinate and v;(t,z) the
transverse displacements in the principal directions (j = 1,2). Let EI; be the flexural
rigidities in the principal directions, L be the length, and p(x) be the density of the
shaft.

Suppose that the internal damping is given by p(z)d;(i4, ), which is related
to transverse velocities in the rotating frame, and the external damping is given by
p(x)de(in — w,va, Uy — w,ry), which is related to the velocities relative to stationary
coordinates.

Hence, the oscillations of the damped rotating flexible shaft are governed by the
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system of partial differential equations

82V1 8V1 8 841/1 821/1 2
P 5 + (d; + de)PE 2w, p—— T +FEIL p —wipry — depw vy =0
%1y vy Oy My
; 2w ET — —
p8t2 +(d; +de)p—- BN + 2w p— En + 254 +77 w,ol/2+depwzu1 0.

Let’s assume that the ends of the shaft are either simply supported or clamped so

that the boundary conditions at each end are either

vj=0,—2=0 or vy;=0, =2 =0, forj=1,2 (2.2.7)

As in Section 2.1, it can be shown that with respect to the scalar product

2 L U1 w1
= Z/ vj(x))w;(z) dx, where v = and w = (2.2.8)
0

Jj=1 V2 Wa

the above equations could be written in the form (1.0.1) as

Vl(x7t)
Mvy + Cvy + Kv = 0, where v = , (2.2.9)
VQ('r?t)
with
0
M= " ", (2.2.10)
p
d; + d. 0 0 —2w,
Copig=| BT 4 "1, (221

0 (d; +d.)p 2w.p 0
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and

K=K)+K; = (2.2.12)
Eflaa—; + 7788—;2 —w?p 0 N 0 —depw,
0 Elgaa—; + 7736722 — wzp depw, 0
The above model is a damped gyroscopic model.
This model (2.2.9) could be discretized in the same way as the traveling string
model in the Section 2.1. Thus, taking the system of functions

Vp(x) = (@) and 1, x(z) = 0 fork=1,2,...,n

and approximating the true solution v(x,t) as

Von(x,t) = z_n: (D) Ye (),

we obtain an 2n x 2n system of matrix second-order ordinary differential equations,
just like the system (2.1.6) was obtained from finite element representation (2.1.5).

Let M,, E, U, and U, be the matrices where jk'" elements are, respectively,

defined by
(065,60), (022, 9%y (1,00 Ty g (51,00 Ty
pj?kvlrlaxvaxa 181'276332 5 28$278$2 .

Then

M, 0
0 M,
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M, 0 0o -M,
C = (d;+d.) + 2w, ,
0 M, M, 0
and
U - F — wan 0 0 -M,
K = + d.w,
0 Uy — FE — wan M, 0

2.2.1 Damped Symmetric Model

When w, is close enough to zero, the model (2.2.9) can be simplified by neglecting
the gyroscopic terms (that is, by setting w, = 0) to obtain the following self-
conjugated system of partial differential equations governing the oscillations of the

damped flexible shaft:

0°v

d; +d. El =0
p62?t2 + (d; + d.) 8t+ 1631364 +1702x2
81/2 ) 81/2 81/2

d;, +d El =0.
p8t2 + (di + de) 8t+ 2 9yt +n8x2 0

When the same scalar product (2.2.8) is used, the above equations could be
written as
V1 (I» t)
Mvy + Dy + Kov = 0, where v = ) (2.2.13)
vy (CL‘, t)
Since M, D, and Kj are all self-adjoint operators, we call (2.2.13) a symmetric model.
The same finite-element technique can be applied to this simplified symmetric
model to discretize it. In general, symmetric models are often useful to describe the
vibration of the body when its rotation is small enough to be considered negligible.

It is well known (see proof of Corollary 3.1 below) that the left eigenvectors of the
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symmetric model (2.2.13) are the conjugates of its right eigenvectors, which simplifies

the solution procedures for Problems 1.1 and 1.2 for such systems.

2.2.2 Undamped Gyroscopic Model

When the damping coefficients d; and d. are close enough to zero, the model
(2.2.9) can be simplified by neglecting the damping terms to obtain the following
gyroscopic system of partial differential equations governing the oscillations of the

rotating flexible shaft:

82V1 3V2 84V1 82V1 2
P~ ey TEL G TG T e =
D%y on vy 9%y
R R I

When the same scalar product (2.2.8) is used, the above equations could be
written as

Vl(x>t>
Muvy + Gry + Kov = 0, where v = . (2.2.14)

vo(z, 1)
Since both M and K, are symmetric operators, and G is skew-symmetric, we call
(2.2.14) a gyroscopic model.

The same finite-element technique could be used for this simplified symmetric
model to discretize the model. In general, gyroscopic models arise in an important
particular case when the damping forces are small compared to the gyroscopic forces
in a vibratory system and could be neglected. It is well known (see proof of Corollary
3.2 in the next chapter) that the set of left eigenvectors of the gyroscopic system
(2.2.14) is a permutation of a set of its right eigenvectors, which leads to the simplified

solution procedure for Problems 1.1 and 1.2 for such systems.



CHAPTER 3

THEORY AND COMPUTATIONS OF QUADRATIC
MATRIX AND OPERATOR EIGENVALUE PROBLEMS

In this chapter we study the matrix quadratic eigenvalue problem arising from
the matrix second-order model (1.0.2) and the operator quadratic eigenvalue problem

arising in the distributed-parameter model (1.0.1).

3.1 Quadratic Matrix Eigenvalue Problem

In this section we define the matrix quadratic eigenvalue problem. Let us start

with the following preliminary definition:

Definition 3.1 A matrix function P : C — C™*" 1is called the quadratic matrix
pencil if P(A\) = N*M + \C + K, where M # 0 and C' and K are constant n x n

matrices.

“The rather strange use of the word pencil comes from optics and geometry. An
aggregate of (light) rays converging to a point does suggest the sharp end of a pencil
and, by a natural extension, the term came to be used for any one-parameter family
of curves, spaces, matrices, or other mathematical objects” [23, p. 302].

The pencil P(\) = A\2M + AC + K is very often referred to as a lambda matriz,
matriz polynomial, or matriz bundle of degree 2 in the mathematical literature [24,

25].
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Definition 3.2 A scalar A € C such that det(P(\)) = 0 is called an eigenvalue of

the quadratic pencil P. The set of all eigenvalues is called the spectrum of P.

Definition 3.3 The non zero vectors x and y are, respectively, called the right and
left eigenvectors, corresponding to the eigenvalue A of the quadratic pencil P(\) =

XM 4+ AC + K if
(MM +AC+K)z = 0 (3.1.1)
and
y" (MM +AC+E) = 0, (3.1.2)

where y! is the conjugate transpose of the vector y.
Definition 3.4 The triplet (A, x,y) is called the eigenpair of P.

Definition 3.5 The pairs (A, x) and (\,y) are called, respectively, right and left

eigenpairs of P.

The quadratic eigenvalue problem is the problem of determining all the eigen-
values and the corresponding eigenvectors of the given quadratic pencil P()). Note

that the standard eigenvalue problem
Ax =Mz
and the generalized eigenvalue problem

Ax = ABx



25
are special cases of this problem (see (3.1.3) and (3.1.12)).

Definition 3.6 The pencil P is called singular if for any A\ € C the matriz P(\) is

singular. Otherwise the pencil is called regular.

In this dissertation we restrict ourselves to regular quadratic pencils.

3.1.1 Two Standard Approaches for the Quadratic Eigenvalue Problem

There are two standard approaches for solving the quadratic eigenvalue problem:
first, via the standard eigenvalue problem; second, via the generalized eigenvalue

problem.

Approach 1: Computing the Eigenvalues and Eigenvectors of P via the

Standard Eigenvalue Problem.

This approach is based on the following result:

Theorem 3.1 (Relation Between the Quadratic and the Standard Eigen-
value Problems).
A scalar X € C is an eigenvalue of the quadratic pencil P(\) = MM + \C + K with
the corresponding right eigenvector x and the left eigenvector y if and only if A is an
eigenvalue of the matrix

0 1

A = (3.1.3)
~M'K —M-'C

with the corresponding right eigenvector & and the left eigenvector i such that

x AMHy 4 CH
and § = Y Y . (3.1.4)
Az Mty

=
I
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Proof. Since (A, x,y) is an eigenpair of the quadratic pencil P, we must have

(MM +AC+K)z=0 and y" (M +XC+K) =0. (3.1.5)

From (3.1.5), it then follows that

AT x
Az = = A =\
—M YK+ \O)x AT
and
A = (YK NTM 4y O - y1O) = (WM MO AT M) = Mg,

which proves that (A, Z,7) is an eigenpair of the matrix A.

Next, suppose that \ is an eigenvalue of A and z is the associated right eigen-

vector. Then

n ) . (3.1.6)

(3.1.7)

and

~M'Ki, — M 'Ciy = Aiy. (3.1.8)

Substituting the equation (3.1.7) into (3.1.8) and multiplying by M on the left, we

get
—Kiy — \NCi1 = N Mi,.
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This shows that A is the eigenvalue of P with the right eigenvector .

Similarly, if ¢ is the right eigenvector of A associated with the eigenvalue A, then

A= G, where §" = (5, gih). (3.1.9)

The equation (3.1.9) can be written as

—gIMTK = A\l (3.1.10)

and

gt — \pE MO = g2 (3.1.11)

Substituting the equation (3.1.10) into the equation (3.1.11) after multiplication by
A we obtain

— (' MK = Mgy M) = N*(g5' M) M,
which shows that (i M~!) is the left eigenvector.

Theorem 3.1 says that the 2n eigenvalues of the pencil P()\) are the eigenvalues

_ 0 I o T .
of the matrix A = . Furthermore, if = and § =
MK —M-C T9
(gH, g are, respectively, the right and left eigenvectors of A corresponding to

an eigenvalue A, then the respective right and left eigenvectors x and y of P are
determined by

r =2y and y? =g Mt

Definition 3.7 The eigenvalue \ of the matriz A is called semi-simple if it has the

same algebraic and geometric multiplicities, that is, if it has m linearly independent
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eigenvectors, where m is multiplicity of the root \ of the characteristic polynomial

det(A — sI) of the matriz A.

Definition 3.8 The eigenvalue \ of the quadratic pencil P is called semi-simple if A

is the semi-simple eigenvalue of the matriz A corresponding to this quadratic pencil.

Requiring all eigenvalues to be semi-simple means that there is no need to intro-
duce Jordan chains (also called the associated vectors) to describe the eigenstructure
of our system. Since arbitrarily small perturbations can destroy the Jordan form,
and for the reasons of numerical stability, in this dissertation we restrict ourselves to

eigenvalue problems with semi-simple eigenvalues.

Approach 2: Computing the Eigenvalues and Eigenvectors of P via the

Generalized Eigenvalue Problem.

The next theorem shows that the eigenvalue problem for the pencil P()\) is

equivalent to the following generalized eigenvalue problem:

Theorem 3.2 (Relation Between the Quadratic and the Generalized Eigen-
value Problems).

A scalar X € C is an eigenvalue of the quadratic pencil P(\) = N2M + \C' + K with
the corresponding right eigenvector x and the left eigenvector y if and only if \ is an

eigenvalue of the generalized eigenproblem A — AB, where

0 K K 0
A= and B = (3.1.12)
K C 0 M
Z Y
with T = andy = | as right and left eigenvectors, respectively, corre-
AT Ay

sponding to .
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Proof. Proof of this theorem is analogous to the proof of Theorem 3.1.

Remark 3.1 Reduction of the symmetric quadratic pencil P(X\) to symmetric gen-
eralized eigenvalue problems of other types of linear pencils is also possible (see [2]

for details).

Clearly, the quadratic eigenvalue problem for the pencil P(\) can be solved by
solving the standard eigenvalue problem for the matrix A given by (3.1.3) or the
generalized eigenvalue problem for the pair (A, B) given by (3.1.12).

Unfortunately, if the standard eigenvalue problem given by Theorem 3.1 is used
to compute the eigenvalues and eigenvectors of the quadratic pencil P()), then the
matrix M has to be inverted, and, if it is ill-conditioned, then the eigenvalues and
eigenvectors will not be computed accurately. Furthermore, all the exploitable prop-
erties such as definiteness, sparsity, bandedness, etc., of the coefficient matrices M,
C, and K, usually offered by a practical problem, will be completely destroyed. The
use of a generalized eigenvalue problem will double the dimension of the problem
and also destroy the definiteness and the bandedness properties of the coefficient
matrices, though, in some cases symmetry can be preserved.

Because of the above-mentioned computational difficulties, it is not possible to
compute the eigenvalues and eigenvectors of the quadratic pencil P()) accurately,
especially if the dimension n is large, which is often the case in many practical appli-
cations. Fortunately, in our proposed solution technique of the partial eigenstructure
and eigenvalue assignment problems given in Chapter 5, we need only a small part
of the spectrum and the associated eigenvectors. The next section shows how to

compute them in an efficient way.
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3.2 Computation of the Partial Spectrum for Quadratic

Eigenvalue Problem

We briefly review various methods that are commonly used to compute part of
the spectrum of the quadratic eigenvalue problem and discuss their advantages and

limitations.

3.2.1 Shifted and Inverted Quadratic Eigenvalue Problem

The well known and popular “shift and invert method” ([26], see also [2] and
[25]) is an iterative technique to compute a small number of eigenvalues and the
corresponding eigenvectors of a matrix. For practical applications, it is useful that
the structures of the matrices M, C, and K of the pencil P(\) = A>M + \C + K,
such as symmetry, bandedness, sparsity, etc., are exploited in computations. The
shift and invert method is capable of doing so. In this section we discuss shift and
invert strategy for the pencil P()).

Using the shift A\ = p + o, the eigenvalue problem for the quadratic pencil
P(\) = A2M + X\C + K can be transformed into the equivalent eigenvalue problem

for the pencil P;(u) given by

Pi(p) = p*M+ pu(C +20M) + (K +0oC +o*M). (3.2.13)

In particular, p is an eigenvalue of P;(u) if and only if 1+ o is an eigenvalue of P()\),
since P+ o) = Py(p).
Similarly, if 0 is not an eigenvalue of P(\), then the inversion A = 1/ transforms

the eigenvalue problem for P()) to the eigenvalue problem for the quadratic pencil

Py(n) = p*K +puC+ M, (3.2.14)



31

Combining the above shift and invert transformations (3.2.13) and (3.2.14), the

quadratic eigenvalue problem for P(\) is transformed to the eigenvalue problem for

P,(n) = p*(K+0C+0*M)+ u(C+20M)+ M, (3.2.15)

1
with A = 0 + — or equivalently u = .
[ A—o

By definition, the pencil P()) is regular if there exists a shift ¢ such that the

matrix P(c) = K + 0C + 0?M is nonsingular.

Theorem 3.3 (Shift and Invert Method for the Quadratic Eigenvalue Prob-
lem).
For any scalars ay, as, ..., as, and any scalar o not in the spectrum of P(\) the

sequence of vectors

2n

ay .
zi = ————x for j=0,1,2,... (3.2.16)
J kZ::l ()\k—O')]

satisfy the recurrence relation
(0*M +0C + K)zji1 + (20M +C)zj + Mz, = 0, (3.2.17)

where each (g, xy) is the (right) eigenpair of the quadratic matriz pencil P(X).

Proof. By Theorem 3.1 the recurrence relation

0 1 I 0 25 Z;
" = | T (3218)
-M'K —-M~C 0 I 2j+1 z

is satisfied for the sequence of vectors

=y “ | for j=0,1,2,...,
z; ot (A —o) Ae Tk
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where the (Mg, xy)’s are the (right) eigenpairs of both the quadratic matrix pencil
P(X) and the standard eigenvalue problem, specified by the Theorem 3.1.

Rewriting the equation (3.2.18) as

2]'4_1 = Zj—|—02j+1 (3219)

—KZ]'_H — ng-&-l — UM2j+1 = ng (3220)
and substituting (3.2.19) into (3.2.20), we obtain
—K2j+1 - C(Z] + O'Zj+1) — M(O’Zj + O-QZj—l—l) = M(Zj_l + O'Zj) . (3221)

Collecting similar terms in (3.2.21), we get the desired recurrence relation (3.2.17).

Based on Theorem 3.3 we can state the following algorithm:

Algorithm 3.4 (Shift and Invert Method for the Quadratic Eigenvalue
Problem).

Inputs:The n x n matrices M, C, and K ; scalar o; and tolerance €.

Outputs: Right eigenvector x of the quadratic matriz pencil

PN =XNM+XC+K.
Assumptions: P(o) is non singular.
Step 1. Set xo = 0 and choose an arbitrary vector x1 or unit norm.

Step 2. Iterate steps 3 and 5 for j =1,2,... until x; converges.

When convergence occurs, accept the last x; as x.

Step 3. Solve the linear system

(0*M +0C + K)ijy1 = —(20M +C)x; — M, ;. (3.2.22)
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Step 4. Set Tjy1 = l’j+1/”i’j+1”2 and Ty = ZL’j/HlZ’jJrlHQ.

211 — 2]

<e.
|51

Step 2. Check the convergence:

Just as “the shift-and-invert algorithm” for the standard eigenvalue problem can
be accelerated by the use of the Rayleigh quotient instead of some fixed shift o, the
new Rayleigh quotient for the quadratic pencil, which is proposed in the next section,

can also be used to accelerate the performance of Algorithm 3.4.

3.2.2 The Rayleigh Quotient for the Quadratic Pencil

As we just saw in the last section, the shift and invert method requires a suitable
approximation to the eigenvalue A for its implementation. A standard way to do
this is to use the Rayleigh quotient. In this section, we show how to compute the
Rayleigh quotient for the quadratic pencil.

For the standard eigenvalue problem Ax = Az, the Rayleigh quotient equation
is defined by (see, e.g. [2]):

yTAx 27 Ax  y" Ay

A= - = _ 3.2.23
yle  afe yfly ( )

If the matrix A is hermitian and only the right eigenpairs are needed, then the
H
x™ Ax

xHy

Rayleigh quotient becomes A =
Similarly, for the generalized eigenproblem Az = ABz, the Rayleigh quotient is
defined by (see, e.g. [7])

y? Ar = MNy"Bxr) or A=

(3.2.24)

provided that y Bx # 0.
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Unfortunately, the straightforward generalization of this concept to find the

Rayleigh quotient for the quadratic pencil P()\) given by
Naf Mz + X" Cx + 2" Ko =0, (3.2.25)

where = is an approximate right eigenvector of the quadratic pencil, leads to the
problem of “spurious roots.” That is, we know that at least one root of (3.2.25)
must be the eigenvalue A, corresponding to the right eigenvector . But the second
root of the equation (3.2.25) generally has no meaning for the given quadratic eigen-
problem. The problem then is to distinguish the “good” root, which accelerates the
convergence in Steps 3 and 4 of Algorithm 3.4, from the spurious one, which breaks
the convergence. It is customary to take the root with the smallest residual norm
(A2 M 4+ AR C 4 K)2®)||y, but that one may not be the right choice for the
purpose of accelerating the convergence. For details, see [27, §9.2.1].

To eliminate this difficulty, in this dissertation we propose to approximate a pair
of eigenvalues A; and A;, where 1 <4 # j < 2n, simultaneously using the modified

Rayleigh quotient equation
Ny M+ My/'Caj +y{ Ky = 0. (3.2.26)

If the exact i*™ left eigenvector y; and the exact j™ right eigenvector x; are used,
then both roots of (3.2.26) are meaningful. Indeed, multiplying the equation (3.1.2)

for the left eigenpair (\;, ;) by ; on the right, we obtain
' (MM +\C + K) ;=0

and thus the equation (3.2.26) must have solution ;. Similarly, multiplying the

equation (3.1.1) by y/ on the left we prove that A\; must also be a solution of (3.2.26).
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Since a quadratic equation cannot have more than two roots, the equation (3.2.26)

has exactly roots A; and A;, and no spurious roots are possible.

Example 1 (An illustrative example)

Following [27] we consider the quadratic pencil

5 2 01 2 0
1 4 07 0 12

with four different pairwise conjugate eigenvalues
a1 = —0.9396 £ 1.5749¢ and a3 4 = —0.0049 £ 0.6296.
The associated right eigenvectors are
z19 = (1,-2.4756 F 0.9779i)" and z34 = (1,0.0326 F 0.01324)"
and the associated left eigenvectors are
Y10 = (1, —4.7175 £ 0.5233:)" and y34 = (1,0.0439 £ 0.0780:)" .

Using the modified Rayleigh quotient (3.2.26) we recover the eigenvalues oy and

ag from the equation

0= Nyi' My + My{' s + yi' Ky =

(44.09 + 11.844)\% 4 (82.86 + 22.25i)\ + 148.29 + 39.81i
and eigenvalues ag and oy from the equation

0= Ny My + M Cry+y? Koy =

(5.1190 + 0.05957)A% + (0.0499 + 0.0006) A + 2.0295 + 0.0236: .
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No spurious roots have contaminated our Rayleigh quotients.
On the other hand, using the equation (3.2.25) with the eigenvector x1, we obtain

the equation

0= p’2 May + pat’Caxy + 27 Koy =

(25.9131 — 0.97794)p® + (47.1192 — 0.9779i)u + 87.0196

which has the following two roots: py = —0.9396 + 1.5749¢ and pe = —0.8776 —

1.60572. The eigenvalue A\ is correctly recovered by p1; however, (o 1S SpUrious.

3.2.3 The Jacobi-Davidson Method

Originally, the Jacobi-Davidson method was developed to compute the partial

spectrum of the standard large and sparse eigenvalue problem

Ar = . (3.2.27)

It is based on the idea of projection. Given an orthogonal basis V' of the low-
dimensional search subspace, the large eigenvalue problem (3.2.27) is approximated

by the “projected” eigenvalue problem

VHEAVs = oVHVs. (3.2.28)

The system (3.2.28) is a smaller eigenvalue problem and, therefore, can be efficiently
solved by any of the standard methods. If (6, s) is the eigenpair of (3.2.28), then the
Ritz value 6 is an approximate eigenvalue of (3.2.27) corresponding to the eigenvector

approximated by the Ritz vector z = V's.
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The method is iterative in nature. At each iteration the basis V is expanded by

the approximate solution ¢ Lx, of the correction equation

(I —zx™)(A -0 (I — 2zt = —r, (3.2.29)

where x = Vs and r = Ax — fx. For stability reasons, the basis of the search
subspace is constructed to be orthonormal. The new basis vector is the orthogonal
complement of ¢ with respect to the previous basis vectors.

It can be shown that if the correction equation (3.2.29) is solved with sufficient
accuracy then the asymptotic rate of convergence to the eigenpair of (3.2.27) is at
least quadratic. In practice, however, it is often more efficient to approximate the
solution to the equation (3.2.29) by a fast iterative numerical method, such as, for
example, a small number of GMRES steps [2, 28]. Although this increases the number
of Jacobi-Davidson iterations, each iteration becomes considerably less expensive. If
the desired eigenvalue is well separated from the other eigenvalues, then the Jacobi-
Davidson method converges almost quadratically. In other cases, the convergence is
linear and its rate depends on the relative separation of the desired eigenvalue.

The idea can be generalized to compute the partial spectrum of the quadratic
pencil P(A). Thus, the large quadratic eigenvalue problem for the pencil P(\) =
A2M +A\C+ K is projected onto a low-dimensional subspace spanned by the columns

of V', which leads to the small eigenvalue problem for the quadratic pencil

Py(0) = VMV +ovHCV + VIKV (3.2.30)

that can be solved by any direct method. The best (for example, closest to some
target value or with the largest real part) eigenvalue 6 of this projected eigenproblem

is selected. If s is the right eigenvector corresponding to 6, then the Ritz vector
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x = Vs approximates the eigenvector of P(A) corresponding to the approximate
eigenvalue 6 of P(\).

If the approximation is not satisfactory, then the search subspace spanned by
the orthogonal columns of the matrix V' has to be expanded by a vector ¢ that is

determined by the Jacobi-Davidson correction equation

(1 — p"f) PO)I —zz™t = —r (3.2.31)
zfp

where x = Vs, r = P(0)z = (0°M + 0C + K)z, and p = P{,(8)x = (20M + C)z.

Then V is replaced by the result of the modified Gram-Schmidt method applied to

the matrix (V).

The process is repeated until the desired eigenpair is detected, that is until the
residual vector r becomes small enough. If the dimension of the search subspace
becomes too large, then the process could be restarted with a new search subspace
determined by the few best eigenpairs of the projected low-dimensional problem
(3.2.30).

Based on the above discussion we can state the following algorithm:

Algorithm 3.5 (Jacobi-Davidson Method for the Quadratic Eigenvalue Prob-

lem).
Inputs:The n x n matrices M,C', and K and tolerance ¢.

Outputs: An eigenvalue 0 and right eigenvector x of the quadratic matriz pencil

PN =XNM+XC+K.

Step 1. Choose an n x m orthonormal matriz V, and compute Wy = KV,

W1 :CV, W2 =MV and MlszWl fOTi:0,1,2.
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Step 2. Iterate steps 3 through 9 until convergence.

Step 3. Compute the right eigenpairs (6;,s;) of the projected pencil

(GJZMQ + 9]-]\/[1 + Mo)Sj =0.

Step 4. Select the desired eigenpair (0, s) with ||s||s = 1.
Step 5. Compute x =V's, r = P(0)x and p = P{,(0)zx.
Step 6. If ||r|| < e then STOP.

Step 7. Solve (approzimately) the following linear system for t_Lz:

xHp

(I — W) POYI —xa™t = —r.

Step 8. Orthogonalize t against V, v = t/||t||2 and compute for i =0,1,2:

wy = Kv,wy = Cv,wy = Mv and M; =
UHWZ‘ ’UHU)Z'

Step 9. Ezpand V = (V,v) and W; = (W, w;), i =0,1,2.

In the numerical experiments of this dissertation, the more numerically stable
Jacobi-Davidson-style QZ algorithm described in [29] and available as MATLAB
function JDQZ on the web site of the authors is used. Detailed discussion about
Jacobi-Davidson method is outside of the scope of this dissertation (see [27, 29, 30]

for more details).
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3.3 Orthogonality Relations Between the Eigenvectors

In this section, we first derive new orthogonality relations between the eigen-
vectors of a quadratic matrix pencil. [t is then shown that the recent orthogonality
results of the symmetric definite quadratic matriz pencil [16, 18] as well as the well
known results on the orthogonality between the eigenvectors of a symmetric matrix
and of a symmetric definite linear pencil follow as special cases.

First, we state and prove a well known result on the orthogonality of the eigen-

vectors of a matrix [2, 28].

Theorem 3.6 (Orthogonality of the Eigenvectors of a Matrix).
Let A\i,..., A\, be the eigenvalues of A € C™™" and let X and Y be, respectively,
the right and left eigenvector matrices. Assume that {1, ..., A} N {Apt1,. .., An} =
0. Partition X = (X1,X3) and Y = (Y1,Y3), where X1 = (&y,...,3,), Xy =
(Zpsty - @on)s Yo = (G0, p), and Yo = (Jpi1s- - - Yon)-

Then

VX, =0 (3.3.32)
and
YVAAX, = 0. (3.3.33)

If, in addition, A is real symmetric, then

XTX, =0 and XTAX,=0. (3.3.34)

Proof. Let A = diag(Aq,...,A\,). Since X and Y are eigenvector matrices, we have
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AX = XA and Y#A = AYH. This implies that
AYVIX = YHAX = VHXA. (3.3.35)
The equation (3.3.35) can be written as
NA = AN, where N = (n)},—, = vIX.

From the last equation, we have n;;\; = A\;n;;, which shows that n;; = 0 whenever
1<i1<p<ji<norl<j<p<i<n. In matrix notation, this implies relation
(3.3.32).

The relation (3.3.33) follows immediately from (3.3.32), since
}AleAXQ - Al}A/lHXQ - 0,

where A; = diag(Aq, ..., \p).
Finally, if the matrix A is symmetric then Y# = X7 which proves (3.3.34).
We next state and prove an orthogonality relation between the eigenvectors of

the linear pencil A — \B.

Theorem 3.7 (Orthogonality of the Eigenvectors of a Linear Matrix Pen-
cil).

Let My, ..., \, be the eigenvalues of the linear pencil A — AB with A, B € C"*" and
let X and 'Y be, respectively, the right and left eigenvector matrices. Assume that

{0 { i, A} = 0. Partition X = (X4, Xs) and Y = (Y1,Y3). Then

YPBX, =0 (3.3.36)
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and
YHAX, = 0. (3.3.37)
If, in addition, both A and B are real symmetric, then
XI'BX, =0 and X{AX,=0. (3.3.38)

Proof. Let A = diag(Aq,...,\,). Since X and Y are eigenvector matrices, we have

AX = BXA and Y#A = AYH" B. This implies that
AYHBX)=Y"AX = (Y¥BX)A.

The rest of the proof is similar to that of Theorem 3.6.

The following theorem establishes the orthogonality relations for the quadratic
pencil using its connection with the standard eigenvalue problem given in Theorem
3.1 and the orthogonality relations in Theorem 3.6. The relation (3.3.39) turns out

to play a key role in our later developments.

Theorem 3.8 (Orthogonality of the Eigenvectors of Quadratic Pencil).

Let Ay, ..., Aoy be the eigenvalues of the n x n quadratic pencil P(\) = XM+ C+ K

and let X and Y be, respectively, the right and left eigenvector matrices. Assume

that {\1,..., A} N{Api1,- -, Ao} = 0. Partition X = (X1, Xs) and Y = (Y1, Y2).
Then

MYPMXoAy — YPKX, =0 (3.3.39)
and

MYHPMXy + YHEM XMy + YO X, =0, (3.3.40)
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where A = diag(Aq, Ag) with Ay = diag(\1, ..., \,) and Ay = diag(Api1, ..., Aan).

0 I
-M7'K —-M~'C

eigenvector matrix X and the left eigenvector matrix Y given by

Proof. By Theorem 3.1, the matrix A = ( ) has the right

A

X .
X = ( ) and Y = (AY*M +YH7C, Y M) .
XA

From equation (3.3.32) of Theorem 3.6, we then have

N X
0=YX, = (MY M + Y0, VM) ( ? ) -
X2A2

MYHEMXy + YHEMX,Ay + YHCX,,

proving the relation (3.3.40).

Similarly, from the equation (3.3.33) we obtain (3.3.39) as follows:

o 0 I X
0=Y7AX, = (MY M +Y/C, Y/ M) =
~-M'K —-M-'C XoAo

AMYHMXoAy + YHCOXoNy — YEMM KXy — YHMM ' C XA, =

AMYHMXoAy — VKX,

We now show that the recent results on the orthogonality relations for the sym-
metric definite quadratic pencil [16] and those for the gyroscopic pencil [18] can be
recovered from the above theorem. The result of Corollary 3.1 was established in

[16] and that of Corollary 3.2 was established in [18].
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Corollary 3.1 (Orthogonality of the Eigenvectors of Symmetric Definite
Quadratic Pencil).

Consider the symmetric definite quadratic pencil

P(\) = X*M +AD + K, where M = M* >0,D=D" K = K". (3.3.41)

Let A be the eigenvalue matriz and X be the corresponding eigenvector matriz.

Assume that all the eigenvalues A1, ..., X, are distinct, then the matrix

AXTMXA - XTKX (3.3.42)

1s a diagonal matriz.

Proof.
The transposed matrix equation for the (right) eigenvectors of symmetric quadratic
pencil P(\) is
NXTM+AX"D+ XTK =0.

Since all eigenvalues are distinct, the relation

{/\1,...7>\p}ﬂ{)\p+1,...,)\2n}:(Z)

is satisfied. Also, for any 1 < p < 2n, the equation (3.3.39) becomes

MXTM XAy — XTK X, =0, (since Y = X7, (3.3.43)

where X; = (x1,...,2,) and Xy = (2,41, ..., T2,). Therefore, the matrix AXT M X A—

XTKX is lower triangular, since (3.3.43) implies that for each 1 < i < p and
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p+1 < j < 2n, the ij™ element of this matrix is zero. Because M and K are
symmetric, the matrix AXT”MXA — XTK X is upper triangular as well. Thus, it is

diagonal.

Corollary 3.2 (Orthogonality of the Eigenvectors of the Undamped Gyro-
scopic Quadratic Pencil).

Consider the undamped gyroscopic quadratic pencil

P(A\) = AN°M + \G + K, where M = M* >0,G = -GT,K = KT. (3.3.44)

Let the eigenvalue matriz A and the (right) eigenvector matriz X be partitioned as

A= diag(Al, Ag) = diag(/\l, cey )\1\,,7 )‘p-l-la cee /\Qn)

and

X = (X1;Xo) = (@1, ... Tp; Tpg1s - - -, Ton).

Assume that {1, ..., A { A ps1s -, Aot =0 and {1, ..., A} = —{ 1, ..., A}

then

MXEMXoMy + XPKXy=0. (3.3.45)
Proof.  Since P()) is gyroscopic, P(A\)# = P(—)). Thus, if X is an eigenvalue of
P()), so is —\. In matrix terms, this means that there exists a permutation matrix

T such that

T=T"=T"1 and —A=TAT. (3.3.46)
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Now, the matrix equation for the right eigenvectors of the undamped gyroscopic

quadratic pencil is

MXA2+GXA+KX =0.

Transposing and conjugating this equation we obtain
(A XM+ (-NXPG+ XK =0.

From (3.3.46), it then follows that Y# = TX# where Y is the matrix of left eigen-

vectors. Moreover, the condition {A1,...,A\,} = —{A1,..., A, } implies that
T, =T =T;", —Ay = TA\T, and TyY = X,

where 77 is the leading p x p submatrix of T'.

From the equations (3.3.39) and (3.3.46), we then obtain that

0= (T AT)(TYYYMXohy — (TYF)K Xy = —M XTMXoAy — XTTK X

3.4 Eigenvalue Problem for Quadratic Operator Pencil

In this section we define the quadratic eigenvalue problem for an operator pencil.
Let us start with following preliminary definitions, which we tailor to be similar to

the Definitions 3.2 — 3.8 for the quadratic matrix eigenvalue problem.

Definition 3.9 Let H be a Hilbert space with an appropriate scalar product

(ag(x), fip(x)) = af(p(z), ¢(x)) = (B(x), ap(z)). (3.4.47)
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An operator function P : C — H s called a quadratic operator pencil if

PN)o)(z) = NM(z)p(z) + AC(x)¢(x) + K(z)¢(z), (3.4.48)

where ¢ € H, and M, C, and K are differential operators from H to H.

The operator pencil P(\) = A>M + AC + K is very often referred to as the
operator polynomial or operator bundle of degree 2 in the mathematical literature

31, 32).

Definition 3.10 A scalar A € C such that the operator P(\) is not invertible is
called an eigenvalue of the quadratic operator pencil P(\). The set of all eigenvalues

is called the spectrum of P(\).

Definition 3.11 The non zero functions w(zx),v(x) € H are, respectively, called the
right and left eigenfunctions, corresponding to the eigenvalue \ from the discrete
spectrum of the quadratic operator pencil P(\) = A>M + AC + K if for all functions

o(x) eH

N (¢, Mw) + A\¢, Cw) + (¢, Kw) = 0 (3.4.49)

and

N (v,M¢) + \(v,C¢) + (v, Kgp) = 0. (3.4.50)

Recall that an operator A* is an adjoint operator if for all ¢, € H

(A", ) = (¢, A).
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If we rewrite (3.4.49) and (3.4.50) as

PA\w = (A>M + AC + K)w =0 (3.4.51)

and

P(\)*v = (> M* + AC* + K*)v = 0, (3.4.52)

respectively, then Definition 3.11 looks more similar to Definition 3.3 for eigenvectors

of the quadratic matrix pencil.

Definition 3.12 The triplet (A, w,v) is called the eigenpair of the operator pencil
P()).

Definition 3.13 The pairs (A, w) and (A, v) are called, respectively, right and left
eigenpairs of the pencil P(\).

The eigenvalue problem for the quadratic operator pencil is the problem of determin-
ing all the eigenvalues and the corresponding eigenfunctions of the given quadratic

operator pencil.

Definition 3.14 The operator pencil P(\) is called singular if for all A € C the

operator P(X) is not invertible. Otherwise the operator pencil is called regular.
In this dissertation we restrict ourselves to regular quadratic operator pencils.

Definition 3.15 The associated functions wy,...,w, € H of the operator pencil

P(\) at the right eigenpair (\,wo) are defined by the relations

1 9P())
P()\)’LU1+? N ’LUOZO,
1 OP(\) 10"P(\)
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Note that such a sequence of functions wg, w1, . . ., w, is often called the Jordan chain.

The important but somewhat technically complicated concept of multiple com-
pleteness in the spectral theory of pencils has been described in [33]. To simplify
the exposition we use Lemma 13.3 of [32] to define two-fold completeness for the

quadratic operator pencil P()\) as follows.

Definition 3.16 The system of eigenfunctions and associated functions of the quadratic
operator pencil P(\) = N*M + A\C + K is two-fold complete in H if the system of
eigenfunctions and associated functions of the generalized operator eigenvalue prob-

lem of the linear pencil

Koy o -M I C+XM \ [ P(\) 0 I 0
0 I I 0 0 I 0 I )\ AT

is complete in H?, where H? is the orthogonal sum of two copies of H.

Definition 3.17 The eigenvalue A of the quadratic operator pencil P(\) is called
semi-simple if X\ is not a finite accumulation point of the spectrum and X\ has no

associated functions.

The detailed spectral theory of the quadratic operator pencil is beyond the scope
of this dissertation; therefore, we make the following assumption for the rest of this

dissertation:

Assumption 3.9 The open-loop quadratic operator pencil P(\) has discrete spec-
trum without finite accumulation points, every eigenvalue of P(\) is semi-simple,

and the system of eigenfunctions of P(\) is two-fold complete.

There is a large body of research that deals with the spectral theory of operators,
in particular we mention [24, 25, 31, 32, 34, 35, 36, 37, 38, 39, 40].
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3.5 Orthogonality Relations Between the Eigenfunctions of
the Quadratic Operator Pencil

In this section, we derive new orthogonality relations between the eigenfunc-
tions of a quadratic operator pencil and then show how a recent known result [18] on
the orthogonality between the eigenfunctions of the undamped gyroscopic quadratic
operator pencil can be obtained as a special case.

We first establish an orthogonality relation between the eigenfunctions of a
damped quadratic operator pencil. This result (the relation (3.5.54)) plays a key

role in our later developments.

Theorem 3.10 (Orthogonality of the Eigenfunctions of Quadratic Opera-
tor Pencil).
Let A\, A\a, ... be the eigenvalues of the damped quadratic operator pencil P(\) =
ANM + \C + K and let wi,wo, ... and vi,Va,... be, respectively, the right and left
eigenfunctions of P(\).

If \j # Ai, then

ANk (vi, Mwy) — (v, Kwy) = 0 (3.5.53)

and

()\j + Ak)(vj; MWk) + (Vj, CWk) = 0. (3554)

Proof. Since wy and v; are, respectively, the right and left eigenfunctions of P(\),

the equations (3.4.49) and (3.4.50) become, respectively,

(o, Mwy) + M\i(¢, Cwy) + (¢, Kwy) = 0 (3.5.55)
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for all ¢ € H and
N (vi, My) + X(v;, CY) + (v, K¢) = 0 (3.5.56)

for all ¢ € H. Subtracting (3.5.55) with ¢ = A\;v; from (3.5.56) with 1 = \ywy, we

obtain
)\k)\j()\k’ — )\j)(Vj, MWk> + ()\J — )\k)(Vj, KWk) = 0. (3557)

Since \; # A, the equation (3.5.53) follows from (3.5.57).
Next, to prove (3.5.54), we substitute (3.5.55) with ¢ = v; into (3.5.53) and
obtain
AAg (v, Mwy) + )\z(vj, Mwy,) + Ag(v;, Cwy) =0,
which implies (3.5.54) when A\ # 0.
To prove relation (3.5.54) when A\, = 0, we substitute ¢ = v, into the equation

(3.5.55) and take (3.5.56) into account to obtain
0=(v;,Kwy) = )\?(Vj, Mwy,) 4+ Aj(vj, Cwy) ,

which implies (3.5.54), since \; # Ay = 0.
We now show that the recent result on the orthogonality relations for the un-
damped gyroscopic quadratic operator pencil, established in [18], can be recovered

from the above theorem.

Corollary 3.3 (Orthogonality of the Eigenfunctions of the Undamped Gy-
roscopic Quadratic Operator Pencil).

Consider the undamped gyroscopic quadratic operator pencil

P(\) = XM+ )G +K, (3.5.58)
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where the operators M and K are self-adjoint and positive definite, and the operator
G is skew-symmetric; that is, G* = —G. Let A\i, Ao, ... be the eigenvalues of P()\)
and let wy, Wy, ... be the right eigenvectors of P(\).

If A\j # Mg, then

()\jVj,)\kMWk)—l-(Vj,KWk) = 0. (3559)

Proof.  Since G is skew-symmetric, (w, Gw) = 0. Taking ¢ = w, (3.4.49) reduces to

N (w, Mw) + (w, Kw) = 0.

Since both M and K are positive definite, A\? is a negative real number. Thus, ) is
a purely imaginary number.

Since P(\) is gyroscopic, P(A)* = P(—=\). Thus, the equation (3.4.52) implies
that (\;,w;) is a right eigenpair of (3.5.58) if and only if (—\;, w;) is a left eigenpair
of (3.5.58). Equation (3.5.53) of Theorem 3.10 then proves Corollary 3.3, since the

purely imaginary number J; is such that A; = —); and, thus, v; = w;.



CHAPTER 4

EXISTING METHODS AND THEIR COMPUTATIONAL
AND ENGINEERING DIFFICULTIES

In this chapter we briefly describe the following most common approaches that
are used to solve the Problems 1.1 and 1.2 for the quadratic pencils and discuss
their computational and engineering difficulties. We also briefly mention some of the
engineering and computational difficulties associated with the two most common ap-
proaches for solving the eigenvalue and eigenstructure assignment problems, namely,

solution via first-order reformulation and independent modal space control approach.

4.1 Eigenvalue Assignment for Quadratic Matrix Pencil via

First-Order Reformulation

The eigenvalue assignment problem for the first-order control system

#(t) = Ax(t) + Bu(t) (4.1.1)

is the problem of finding a matrix F' such that the spectrum of the matrix A — BF
is the arbitrary set S = {A1,..., A\, }, closed under complex conjugation. The matrix
A — BF is called the closed-loop matriz. The matrix F' is called the feedback matrix.
The eigenvalue assignment of the system (4.1.1) will simply be referred to as the
eigenvalue assignment problem for the pair (A, B).

In case only p eigenvalues {\1,..., A\, } (p < n) are to be altered using feedback,

by reassigning them to {pu,...,u,} and keeping the remaining n — p eigenvalues
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Ap+1, - - Ap unaltered, the problem is called the partial eigenvalue assignment prob-
lem for the pair (A, B).

The eigenvalue assignment problem for a first-order control system has been well
studied in control literature and there now exist excellent numerical methods for this
problem (e.g., see Chapter 11 of [7]).

An obvious approach for solving the eigenvalue assignment problem for a quadratic
pencil is to recast the problem in terms of a first-order control system. There are
some computational difficulties with this approach.

The standard first-order reformulation of the pair (P(\), B) is

Z(t) = z(t) + u(t), (4.1.2)

where z(t) = . In this case, the matrix M has to be inverted, and, if it is

i(t)
ill-conditioned, then the state matrix will not be computed accurately. Furthermore,
all the exploitable properties such as definiteness, sparsity, bandedness, etc., of the
coefficient matrices M, D, and K, usually offered by a practical problem, will be
completely destroyed.

The nonstandard first-order reformulation, such as
K 0 . 0 K 0
i) = 2(t) + u(t),

0 —M K C —-B
is a descriptor system of the form EZ(t) = Az(t) + Bu(t), and the eigenvalue as-
signment methods for the descriptor systems, especially when the matrix E is ill-
conditioned, are not well developed. Furthermore, in this formulation, though the

symmetry is preserved, the other exploitable properties mentioned above are lost.
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4.2 Eigenvalue Assignment for Quadratic Matrix Pencil via

Independent Modal Space Control

A second approach, popularly known in the engineering literature as the inde-
pendent modal space control (IMSC) approach (see [1]), also suffers from some serious
computational difficulties, and it is almost impossible to implement this approach in
practice. The basic idea here is to decouple the symmetric problem (3.3.41) into a
set of n independent problems, solve each of these independent problems separately,
and then piece the individual solutions together to obtain a solution of the given
problem. This is done using simultaneous diagonalization of the matrices M, C', and
K as follows:

Let S be the matrix of eigenvectors of the linear pencil K — AM and let Ag be a
diagonal matrix containing its eigenvalues. Then, since M = M? > 0 and K = K7,

there exists a matrix S such that

STMS =1, STKS=Ak.

The same transforming matrix .S also diagonalizes the matrix C', that is,

STCS = Ac

if and only if

KM™'C = CM'K. (4.2.3)

With the change in coordinates z(t) = Sy(t), the equations

Mi(t) + Ci(t) + Kz(t) = Bul(t),
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then become

Lij(t) + (Ao — STBETS)y(t) + (Ax — STBGTS)y(t) = 0.

These differential equations will decouple into n independent equations if and only

if [1]

BFTM™'C =CM™'BF" and BG"M 'K = KM 'BG". (4.2.4)

The commutativity relations (4.2.3) and (4.2.4) are almost impossible to satisfy in
practice. Indeed, it is remarked by Inman: “This puts very stringent requirements
on the locations and number of sensors and actuators” [1]. Furthermore, computing
the matrices Ag, A¢, and S amounts to finding the complete spectrum and the
associated eigenvectors of the pencil P(\) = \>M + \C + K.

Unfortunately, as stated in Section 3.2, numerical methods for finding the com-
plete spectrum of the quadratic pencil are not well developed, especially for large
and sparse matrices. The state-of-the-art techniques are capable of computing only
a few extremal eigenvalues and eigenvectors (see [27, 29, 30, 41, 42, 43] ).

The current engineering practice is to solve these problems using a small number
of eigenvalues and the corresponding eigenvectors, hoping that the remaining large
number of eigenvalues that are not to be reassigned remain invariant; that is, spill-
over does not occur. Spill-over, however, may occur with such an ad hoc practice

and can alter the eigenvalues to the point of destabilizing the system (see [14]).
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4.3 Eigenstructure Assignment

Given the first-order control system

&(t) = Az(t) + Bu(t),

the eigenstructure assignment problem is the problem of assigning both a given self-
conjugate set of eigenvalues and the corresponding eigenvectors. Assigning the eigen-
values allows one to alter the stability characteristics of the system while assigning
eigenvectors alters the transient response of the system. For a robust closed-loop
solution, the eigenvectors are chosen either to be as orthogonal as possible or to have
a specific modal structure (see [9, 15, 44, 45, 46, 47, 48] for details on choosing the
eigenvectors).

In case only p < n eigenvalues {Ay, ..., A\,} and the corresponding eigenvectors
{z1,...,x,} are to be altered using feedback, by reassigning them to {y,. .., u,} and
Tey, - .., Tep, Tespectively, and keeping the remaining n — p eigenvalues A,y1,..., Ap
and eienvectors x,41, ..., 2, unaltered, the problem is called the partial eigenstruc-
ture assignment problem for the first-order system.

The following theorem (Theorem 4.1) shows that the eigenstructure assignment
problem is not always solvable; that is, a given set of eigenvectors may not be

assignable. The theorem states the restrictions on the choice of eigenvectors.

Theorem 4.1 [49].
Let {\i,..., .} be a self-conjugate set of distinct complex numbers. Then there

exists a real m X n matriz I such that

(A= BF)xc; = Njxey, j=1,2,...,n
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if and only if for each j
(1)  A{Ze1,---, Tent is a linearly independent set in C™

(1)  we; = Top, when \j = e

(4ii) x.; € span(Ny,), where Ny, is formed out of the first n rows of the matriz,

whose columns form a basis for the nullspace of (\;I — A, B).

Proof. See [49].

4.3.1 Solving the Eigenstructure Assignment Problem of a Quadratic

Matrix Pencil

Since the eigenstructure assignment is not always solvable when the control ma-
trix B is given a priori, and on the other hand, in the vibration analysis of structural
dynamic problems it is possible to choose the matrix B (see e.g. [1, 15]), we have
developed in this dissertation a method for the partial eigenstructure assignment for
a quadratic matrix pencil by choosing the matrix B. This method, like our proposed
method for the partial eigenvalue assignment method, is again partial modal and

direct. We shall present this method in Section 5.2.

4.4 Eigenvalue Assignment for Operator Pencil

The eigenvalue assignment problem for the operator pencil (Problem 1.3) can be
solved either by independent modal space approach or by solving the problem for the
discretized quadratic matrix pencil, obtained by finite element or finite difference
method.

In the following we briefly state the independent modal space control approach

for the partial eigenvalue assignment problem for the operator pencil and the possible
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computational and engineering difficulties.

4.4.1 Independent Modal Space Control for Distributed-Parameter

System

Consider the forced distributed-parameter system of the form
vie(t,x) + Ly (t, ) + Lo v(t, x) = h(t, ) (4.4.5)

with appropriate boundary and initial conditions. Assume that L; and L, are self-
adjoint positive definite operators, L, has a compact inverse, and L; shares the
common set of eigenfunctions, {¢1, ¢, ...}, with Ly (that is, L; and Ly commute,
which is essentially the condition (4.2.3) of Section 4.2 generalized to the operator

settings). Then the control force of the form

h(t,z) = i I () () (4.4.6)

can be computed using the independent modal space control (IMSC) approach, as

follows:

First, we take the scalar product of (4.4.5) with ¢,, and obtain
(Wi, o) + (Lives ¢n) + (Lov, @) = (h, ¢n) -
Substituting (4.4.6) into this equation, we obtain (see [1] for details)
in(t) + AVa, (1) + XDy (t) = hy(t) n=1,2,..., (4.4.7)

where Aff) is the eigenvalues of L;, i = 1,2, corresponding to the eigenfunction ¢, and

an(t) = (v(t, z), ¢n(x)). These scalar equations in the functions a,(t) can be analyzed
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and solved separately for h,(t)’s , and the control force h(t, ) can be pieced together
using (4.4.6).

Thus, to realize independent modal space control, the operator analogs of the
conditions (4.2.8) and (4.2.4) have to be satisfied, which are almost impossible to
happen in practice.

Furthermore, solving (4.4.7) amounts to finding the complete (infinite) spectrum
and the associated eigenvectors of the pencil A2 4+ \L; 4 L, while the state-of-the-art
techniques are capable of computing only a few extremal eigenvalues and eigenvectors
[43].

The current engineering practice is to solve these problems using a small number
of eigenvalues and the corresponding eigenvectors, hoping that we still get a good
approximation for the infinite sum in (4.4.6) and also that the remaining large number
of eigenvalues that are not to be reassigned remain invariant (that is, spill-over does
not occur). Spill-over, however, may occur with such an ad hoc practice and can

alter the eigenvalues to the point of destabilizing the system (see [14]).



CHAPTER 5

PROPOSED SOLUTIONS FOR THE PARTIAL
EIGENVALUE AND EIGENSTRUCTURE ASSIGNMENT
PROBLEMS FOR THE QUADRATIC MATRIX PENCIL

In view of numerical difficulties (discussed at the end of the Section 3.1) associ-
ated with standard and generalized eigenvalue problems arising from the quadratic
eigenvalue problem and the drawbacks associated with dealing with reformulated
eigenvalue assignment problems outlined in Chapter 4, it is natural to wonder if
solutions of the Problem 1.1 (partial eigenvalue assignment problem) and Problem
1.2 (partial eigenstructure assignment problem) can be obtained using only a partial
knowledge of eigenvalues and eigenvectors of the quadratic pencil, without resorting
to a first-order reformulation. A solution technique of this type will be called a di-
rect partial modal approach. 1t is “direct” because the solution is obtained directly in
the second-order setting without any types of reformulations. It is “partial modal”
because only a part of the spectral data is needed for the solution.

In this chapter, we develop such a “direct and partial modal” approach for Prob-
lem 1.1 and Problem 1.2. These results are developed for a first-order problem first
and then generalized to the quadratic matrix pencil. Several recent results on these
problems are recovered as special cases. These include the results in [16] dealing with
the single-input symmetric definite quadratic pencil, those in [19] dealing with the
multi-input partial eigenvalue assignment for a symmetric quadratic pencil under the

assumption that the stiffness matrix K is nonsingular, those in [18] dealing with the
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single-input partial eigenvalue assignment for an undamped gyroscopic pencil, and
those in [17] dealing with the partial eigenstructure assignment for the symmetric

definite quadratic pencil.

5.1 Partial Eigenvalue Assignment for the Quadratic

Matrix Pencil

Let us recall that the eigenvalue assignment problem where only a small part of
the spectrum has to be reassigned (usually the part that does not satisfy the design
constraints) and the rest of the spectrum has to remain unaltered is called partial
eigenvalue assignment problem (see Problem 1.1 in Chapter 1 for a formal definition).
In this section we first establish the existence and uniqueness result for the partial
eigenvalue assignment problem for the first-order system and then use it to derive
an analogous result for the partial eigenvalue assignment problem for the quadratic

pencil.

5.1.1 Existence and Uniqueness for the Eigenvalue Assignment Problem

First, we state a well known result on the existence and uniqueness of solution of
the eigenvalue assignment problem. The notion of controllability is crucial to these

results (see, for example, [7]).

Theorem 5.1 (Eigenvector Criterion of Controllability).
The first-order system (4.1.1) or, equivalently, the pair (A, B) is controllable with

respect to the eigenvalue X of A if y"B # 0 for all y # 0 such that y? A = \y™.

Definition 5.1 The system (4.1.1) or matriz pair (A, B) is partially controllable
with respect to the subset {\1,..., A} of the spectrum of A if it is controllable with

respect to each of the eigenvalues \;, j =1,...,p.
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Definition 5.2 The system (4.1.1) or pair (A, B) is completely controllable if it is

controllable with respect to every eigenvalue of A.

Theorem 5.2 (Existence and Uniqueness for the First-Order Eigenvalue
Assignment Problem).

The eigenvalue assignment problem for the pair (A, B) is solvable for any arbitrary
set S if and only if (A, B) is completely controllable. The solution is unique if and
only if the system is a single-input system (that is, if B is a vector). In the multi-

input case, there are infinitely many solutions, whenever a solution exists.

Proof. The proof is available in any control theory text book, e.g. [7, 50, 51].
We now prove a similar result for the existence and uniqueness for the partial

eigenvalue assignment problem. This result and the proof are new.

Theorem 5.3 (Existence and Uniqueness Results for the First-Order Par-
tial Eigenvalue Assignment Problem).

Let A = diag(A1, ..., A\p; Aps1, - - - s An) be the diagonal matriz containing the eigenval-
ues Ay, ..., A, of A € C™". Assume that the sets {1, ..., \,} and {\p11,..., A\, } are
disjoint. Let the eigenvalues A1, ..., \, to be changed to puy, ..., pu, and the remaining
ergenvalues to remain tnvariant.

Then the partial eigenvalue assignment problem for the pair (A, B) is solvable for
any choice of the closed-loop eigenvalues i, . .., p, if and only if the pair (A, B) is
partially controllable with respect to the set {1, ..., A\, }. The solution is unique if and
only if the system is a completely controllable single-input system. In the multi-input
case, and in the single-input case when the system is not completely controllable,

there are infinitely many solutions, whenever a solution exists.

Proof. We first prove the necessity. Suppose the pair (A, B) is not controllable with

respect to some ), 1 < j < p. Then there exists a vector y # 0 such that y(A —
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AjI) = 0 and y” B = 0. This means that for any F', we have y"(A— BF — \;I) = 0,
which implies that A; is an eigenvalue of A — BF for every F, and thus \; cannot
be reassigned.

Next we prove the sufficiency. Denote Ay = diag(Aq, ..., A\,) and Ay = diag(A,41,

.+, An). Then we need to prove that there exists a feedback matrix F which assigns

the eigenvalues in A; arbitrarily while keeping all the other eigenvalues unaltered.

Let X = (z1,...,2,) and Y = (y1,...,yn) be, respectively, the right and left
eigenvector matrices of A, and let Y7 = (y1,...,9,). Since YAX =T and Y#AX =
diag(Ay, Az), then the partial controllability of the matrix pair (A, B) with respect to
eigenvalues in A; implies the partial controllability of the pair (diag(A;, As), Y B)
with respect to the same eigenvalues. Therefore, the pair (A1, Y’ B) is completely
controllable because {1, ..., A} N {Api1,.. ., An} = 0.

By Theorem 5.2, there exists a feedback matrix ¢ such that the closed-loop

matrix A; — Y B® has the desired eigenvalues juy, .. ., i,. Denote
F = oY/, (5.1.1)

Then the eigenvalues of the closed-loop matrix are exactly as required. This is seen

as follows:

{1yt Apits - M} = A (diag(Ar, Ag) — Y B(®,0)) =

AMY" (A= B((®,0y") X ) =x(A-B@Y)). (5.1.2)

Uniqueness of the solution in the single-input case that is completely controllable
and the existence of infinitely many solutions in the multi-input case follows directly

from the Theorem 5.2.
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To complete the proof we now show that infinitely many solutions to the partial
eigenvalue assignment problem are possible when B is a vector (single-input case) and
there exists an uncontrollable eigenvalue \; for some k > p (that is, the associated
k™ right eigenvector yy is such that y7 A = Ay and 4 B = 0).

Let F' be a solution to the partial eigenvalue assignment problem. Denote the
left and right eigenvectors of the closed-loop matrix A. = A — BF by Y, and X..
Clearly yA. = y1(A — BF) = M\, and thus vy, is also the ™ column of Y..
Let F, = ayf!, where a is an arbitrary scalar. As in (5.1.2) we can show that
the eigenvalues fi1, ..., ftp, Apt1s- ) Ak—1, Met1s- .., A of A. remain unchanged by
the application of feedback F,. Furthermore, the eigenvalue A\, of A. also remains
unchanged by the feedback F,, since the pair (4., B) is not controllable with respect

to Ax by the necessity part of this theorem. Thus
MA=BF)=X(A)=A(A.—BF.)=X(A=B(F +ay!)),

showing that if F' is a solution, so is F' + ayi! for an arbitrary a.
Since the controllability of the quadratic matrix pencil P()) is defined in terms
of the controllability of its first-order realization, Theorem 5.3 implies the following

existence and uniqueness result for the quadratic matrix pencil P(\):

Corollary 5.1 (Existence and Uniqueness Results for the Partial Eigen-
value Assignment Problem for the Quadratic Pencil).
Let {M1,..., 0} 0 {pi1,- o Aan} = 0, where Ai,..., A, are the eigenvalues of the
quadratic pencil P(X) that need to be reassigned and A\,1q, . .., Aoy, are the eigenvalues
that are to remain invariant.

Then the partial eigenvalue assignment problem for the pair (P(X), B) is solvable

for any choice of the closed-loop eigenvalues if and only if the pair (P(\), B) is
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partially controllable with respect to A1, ..., \,. The solution is unique if and only if
the system is completely controllable and is a single-input system. Otherwise, if the

problem is solvable, there are infinitely many solutions.

5.1.2 A Constructive Method for the Partial Eigenvalue Assignment of

a First-Order System

The constructive proof of Theorem 5.3 yields a numerical method for construct-
ing a feedback matrix F' for the partial eigenvalue assignment problem for the pair
(A, B). The major computational requirements are computation of a small number
of eigenvalues and the corresponding eigenvectors of the matrix A and a solution of a
small eigenvalue assignment problem, for which there now exist excellent numerical
methods (see [7]).

The following method constructs a feedback matrix F' such that

MA—=BF) = {1, fhp; Aps1s - An}

assuming that
{)\1,...,/\1,}ﬂ{)\p+1,...,>\n} :Q)

and that the pair (A, B) is partially controllable with respect to the set {A1,..., A, }.

1. Compute the eigenvalues Aq,..., A\, that need to be reassigned and the corre-
sponding left eigenvectors yi, ..., yp.

Form A; = diag(A,...,A\,) and Y7 = (v1, ..., ¥p).

2. Compute a feedback matrix ® of order m x p such that

A(Ar =Y BO) = {p, ..} (5.1.3)
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3. Compute F = ®Y.

In [21], Saad has developed a projection method for solving the partial eigenvalue
assignment problem for the pair (A, B). This method uses an orthogonal basis for the
invariant subspace of A” associated with the eigenvalues that need to be reassigned
to project the problem to a smaller dimensional problem.

It is not clear if the Saad method can be extended to solve the partial eigenvalue
assignment problem for the second-order pair (P(\), B), where P(\) = A\2M + \C +
K. Recall that the standard first-order reformulation of the pair (P()), B) is (4, B),
where

0 I .
A= and B =

~-M7'K —-M~'C —~M~'B

It is possible to construct the basis for the invariant subspace of AT from the left
eigenvectors of P(\) without forming the AT explicitly. However, since the matrix
AT is, in general, not a first-order representation of a quadratic pencil, it might not
be possible to find a second-order analogue of the required projection of A”.

On the other hand, the method we just proposed can be extended to the quadratic
problem, as shown below. Before we do so, we first describe how to transform a
complex conjugate set of eigenvalues and the corresponding set of eigenvectors to
the real ones in the following lemma. This will be required to obtain real feedback

matrices from the complex ones.

Lemma 5.1 (Transformation of the Self-Conjugate Pair (A, X) to the Real
Pair (AR7 XR)).
Let {\1,..., \n} be a set of complex numbers, closed under complex conjugation, and

let the vectors x1,...,xy, be such that T; = x;, whenever )\7 = M\;. Then there exists
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a nonsingular matriz T such that
T =TH TATH = Ap, XT" = Xp, (5.1.4)

where A = diag(Ay, ..., \,), X = (21,...,2,), and both Ag and Xg are real matrices.

Proof. Let

S =
V2

Then the matrix S has the following properties:

T+ 0 T
st=gt s SH = U@t iyw - i) ST = (Var, V2y).
0 z—wy -y T

Thus, the matrix 7" = (¢;;), defined by

L=tk ="T5, iy =5 e =—75, LN =N\
tjj = 1, lf )‘j is real (515)

ti; = 0, otherwise,

will have the properties (5.1.4).
Based on Lemma 5.1, Theorem 3.1 that relates a quadratic eigenvalue problem
to a standard eigenvalue problem and Theorem 3.8 on the orthogonality relations

between the eigenvectors of a quadratic pencil, we can state the following result:

Theorem 5.4 (A Constructive Solution for the Partial Eigenvalue Assign-
ment for the Quadratic Pencil).
Let {\1,..., don} be the eigenvalues of the quadratic pencil P(\) = N2M + \C + K

and let {p1, ..., pp} be a given self-conjugate set of complex numbers. Assume
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(i) {A1,..., A} is self-conjugate
(1) {1, ANt N {1, Ao =10
(i13) (P(X), B) is partially controllable with respect to {1, ..., A\p}.

Define the feedback matrices Fy and Fy by
Fy = ®pY{EM and Fy = ®r(ArYEM + YHCO), (5.1.6)

where Ag and Yig are defined from Ay = diag(A1,...,A\,) and Y1 = (v1,...,¥p), as

in Lemma 5.1. Let P be a real feedback matriz such that
A(Air = (=YEEB)PR) = {pm, .} (5.1.7)

Then the closed-loop quadratic pencil P.(\) = N*M + \(C' — BFy) + K — BF; has the

spectrum {1, ..., fp; Apt1y - - -5 Aan -

Proof.  Recall from equation (4.1.2) in Section 4.1 that the feedback matrices Fy
and Fy solve the quadratic eigenvalue problem if and only if the feedback matrix

F = (Fy, Fy) solves the first-order eigenvalue problem for the pair (A, B ), where

0 1 R 0
A = and B = .
MK —-M-'C —-M'B

From Theorem 3.1 we know that the matrix of eigenvectors Vi corresponding to

eigenvalues Ay, ..., \, of A is given by

V= (MY MY YT M) . (5.1.8)
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Using Lemma 5.1 we can construct a matrix 7" such that 7! = TH, TA, TH =
Aig, and ViTH = Y (note that the matrix Yz = YiT# is also real).

From (5.1.8) and the equation (5.1.3), we then have

T(Ay = YBO)T ' = T(A, + YTB®) T =

(TATH) + (TY)YB(®TY) = Mg + Y By

Thus, if we compute ®@p from (5.1.7), then ® = T satisfies (5.1.3).

Finally,

(Fy, Fy) = F = @Y = (25T)V; =
Op ((TMTH)TY)M + (TY)C, (TY)M) =

O (MpY{EM + Y5C, VM)

Thus, (5.1.6) is verified and the proof is complete.

Remark 5.1 Theorem 5./ is important from the practical applications viewpoint be-
cause it reduces the partial eigenvalue assignment problem for the quadratic pencil
mwvolving large n X n matrices to a much smaller standard eigenvalue assignment
problem of order p < n, where p is the number of eigenvalues that are to be changed.
Such a reduction can be accomplished by means of a moderate amount of spectral
data - just the right eigenvectors corresponding to the few eigenvalues that are to be
changed are needed. And these few eigenvalues and eigenvectors can be computed

with the state-of-the-art iterative methods.

Corollary 5.2 If, in addition to the conditions of Theorem 5.4, it is assumed that

none of the eigenvalue A1, ..., \, is zero, then (5.1.6) is simplified to

Fy = ®pYEM and Fy = —PpApY/EK . (5.1.9)
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Proof. Indeed, using the notations of Theorem 5.4, we simplify the formula for F3

as follows:

Fy = $r(MpY{EM + Y{r0) = @T(MY"M +Y"C) =

PRTATHAY M + M YHCO) = OpTATY K = dpApYEK .

Corollary 5.2 says that in the case when Ay, ..., A\, are nonzero, the knowledge of
the matrix C' = D + G is not explicitly needed to compute the feedback matrices F}
and F,. This is important when partial eigenvalue assignment is to be performed to
control a symmetric or undamped gyroscopic system (see Chapter 2 for details), since
the damping matrix D is the most imprecise part of the model (see [1]). On the other
hand, eigenvalues (also called the poles or modes of a system) and right eigenvectors
(called mode shapes) could often be measured for such models and converted to left
eigenvectors using Corollary 3.1 (symmetric system) or 3.2 (undamped gyroscopic

systems) without the explicit knowledge of D.
Example 2 (An illustrative example).

We consider the quadratic matrix pencil

100 1 2 3 78 9
PN=X]l010]|+X456]|+]1 23
00 1 00 4 009

having the open-loop eigenvalues

A= —4.8341, Ao = —1.4842, N34 = —2+2.23617 and A5 = 0.15915 £ 0.90052:.
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Let the control matrix be

Then the pair (P()), B) is controllable with respect to only the eigenvalues A1, As,
A5, and Ag.
To reassign the three most unstable eigenvalues Ay, A5, and g to p11 0 = =21

and p3 = —2, we use Corollary 5.2 as follows:
Step 1. We use Lemma 5.1 to convert
Ay = diag(—1.4842,0.15915 — 0.90052, 0.15915 + 0.90052) ,
—0.48587 —0.29409 — 0.42023;  —0.29409 + 0.42023:

i = —0.75964 0.84048 0.84048
—0.4323 —0.14853 + 0.091917: —0.14853 — 0.091917¢

to real matrices

—1.4842 0 0 —0.4859 —0.4159 —0.5943
Ap = 0 0.1591 —0.9005 |.Yir=| —0.7596 1.1886 0
0 0.9005 0.1591 —0.4323 —0.2100 0.1300

respectively, using the matrix

1 0 0
T = 0 07071 0.7071
0 0.7071: —0.7071:

Step 2. We solve the eigenvalue assignment problem for the pair (A;r, —Y%B)
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using a standard eigenvalue assignment method (function place from the MAT-

LAB Control Toolbox) and obtain a real feedback matrix

o —0.7794 1.0652 5.3866
R = )
0.2153 —1.1820 0.7890

such that the spectrum of the matrix Az +Y % B®y is the set {—2+i, —2—i, —2}.

Step 3. Using (5.1.9), we compute

. —3.2655 1.8582 0.8134
F, = ®pY[AM =
—0.0819 —1.5685 0.2578

and

CAH 1.5780  7.8485  3.0386
Fy = —PrARYIRK =
—7.1252 —7.1428 —8.4425
Verification. It is easy to verify that the eigenvalues of the closed-loop quadratic

pencil P.(\) = A>M + A\(C' — BFy) + (K — BF,) are {—4.8341, -2, -2+, -2+

2.2361i}.

5.1.3 A Parameterization Approach for Partial Eigenvalue Assignment

In this section, we develop a parametric approach to the partial eigenvalue assign-
ment problems for both the first-order pair (A, B) and the quadratic pair (P()), B).
We then describe a numerical algorithm for the quadratic problem.

We remark that developing parametric solutions to these problems is useful in
that one can then think of solving some other important variation of the problems,
such as the robust partial eigenvalue assignment problem, by exploiting freedom of

these parameters.
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We make the following assumptions that will simplify the proofs of our theorems

for the rest of the chapter. Justification for each of these assumptions is also stated.

Assumption 5.5 The control matriz B has full rank.

Justification: Indeed, if the n x m matrix B has rank m; < m, then it admits the
economy-size QR decomposition B = QQ R, where R is an m; X m matrix of full rank.
Suppose that we have performed partial eigenvalue assignment with the full-rank
matrix ) (instead of B) and obtained the feedback matrix K. Then QK = BF =
(QR)F and we recover the feedback matrix F' for use with the original control matrix
B solving the underdetermined linear system K = RF in the least-square sense.
Note that if the full-rank matrix B is close to the rank-deficient matrix; that is, if
the absolute values of some diagonal entries of R are less than certain tolerance, then
elimination of such “almost linearly dependent” parts of B through the economy-size

QR decomposition might result in a better feedback matrix.

Example 3 (Rank deficient control matrix) Consider the control matriz B and

the feedback matriz F' defined by

The economy-size QR decomposition of B 1is

11 1/v/3
B=|11|=|1/v3 |(V3,V3)=QR.

11 1/v/3
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Therefore, BF = Bpew Frew, where

1/V3
BneW: = 1/\/3
1/v/3

1s a full rank matriz and

Fuew = RF = (—3V/3,—-3V3, -3V/3).

Now suppose that in order to satisfy Assumption 5.5, the feedback control problem

was solved with full-rank Bpey instead of rank-deficient B and a feedback matriz

K =(1,2,3)

was obtained. To get the equivalent 2 X 3 feedback matrix Fyq corresponding to the

control matriz B, we then solve the linear system

K = (17273) = (\/gy \/g)Fold = RFold

to obtain
1 11 V3
Faa=R'K=| " | (1,23 =] 23 ¥3 2
1 11 V3
2V/3 2v3 V3 2

It is easily verified that BhewK = BFyq.

Assumption 5.6 The sets {\1,..., A} and {u1, ..., 1y} are closed under complex

conjugation and disjoint.



76

Justification: The closeness under complex conjugation of the above sets is nec-
essary to guarantee that the closed-loop eigenvalues are self-conjugate, since any
closed-loop system designed with the feedback that has physical sense (that is, real
feedback) must have self-conjugate spectrum.

If {pa,.ooopp} N {AL .. A} # 0, it means that some open-loop eigenvalues
that we have selected to reassign in fact would not move. In this case, we should
renumber the open-loop eigenvalues in such a way that the eigenvalues that would
remain unaltered would go last and the number p of the eigenvalues to be reassigned
will be decreased. This way we obtain the partial eigenvalue assignment problems
with {p1, ..., 0 {1, A = 0.

Designing a closed-loop system such that {p,...,up} N {1, An} # 0 is
generally considered a “bad practice” in engineering. Systems with such artificially
created multiple eigenvalues are usually less robust compared to the systems de-
signed with slightly perturbed pg, ..., p, because multiple eigenvalues are usually
very sensitive to perturbations.

The following theorem gives a parametric solution to the first-order partial eigen-

value assignment problem.

Theorem 5.7 (Parametric Solution to First-Order Partial Eigenvalue As-
signment Problem).

Let the Assumptions 5.5 and 5.6 hold and let the pair (A, B) be partially control-
lable with respect to {A1,...,\,}. Assume further that the closed-loop matriz has a

complete set of eigenvectors. Let I = (v1,...,7,) be a matriz such that

v; =Tk whenever p; = iy, . (5.1.10)

Set Ay = diag(Aq, ..., Ap) and Aoy = diag(pu, ..., pp). Let Zy be a unique nonsingular
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solution of the Sylvester equation

M7y — ZiAey =Y DBT. (5.1.11)

Then the real feedback matriz F' given by

F =oY/, (5.1.12)

where ® satisfies the linear system

o7, =T, (5.1.13)

solves the partial eigenvalue assignment problem for the pair (A, B).
Conversely, if there exists a real feedback matriz F of the form (5.1.12) that
solves the partial eigenvalue assignment problem for the pair (A, B), then the matrix

O can be constructed satisfying (5.1.10) through (5.1.13).

Proof.  First, we prove the “converse part” of the Theorem. Let a matrix F of
the form (5.1.12) solve the partial eigenvalue assignment problem. Denote by X.; =
(Teq, - - ., %) the matrix of right eigenvectors of the closed-loop pencil corresponding
to the eigenvalues ji1,...,p,. Define the matrix I' = F'X.;. Then the following

equation is obviously satisfied:

AXcl - XclAcl == BF . (5114)

Multiplying this equation to the left by the Y{¥ and defining Z; = Y} X, we obtain

(5.1.11).
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From (5.1.12) and (5.1.14), we have

0=(A—-BoY" X, — XAy = Bl — BOYH X, =BT - ®Z%)). (5.1.15)

Since B has linearly independent columns, (5.1.15) is equivalent to (5.1.13).
Finally, if yi; = 7ig, then x.; = Tgp, where Xoy = (2¢y,...,%p). Since F is real
and the j™ column of I' is v; = Fx.;, we get v; = 7, proving (5.1.10).
Now we will prove the theorem in the other direction. Let I be chosen to satisfy
(5.1.10) and (5.1.11). Since {p1, ..., ppt N{A1,..., A} =0, then & is also uniquely
defined by (5.1.11) and (5.1.13).

Using (3.3.32), we note that for any ® with F' = ®Y¥ we have

(A— BF)X, = AXy — BO(YHX,) = XoAs, (5.1.16)

where Ay = diag(Ap+1,. .., Ay) and X, are the right eigenvectors of A corresponding
to the eigenvalues A,y1,...,A,. Thus, both the eigenvalues A,y1,..., A, and the
associated right eigenvectors Xy = (zp41,...,2,) of the closed-loop system are the
same as those of the open-loop system.

It thus remains to be shown that with our above choice of ®, the set {p1, ..., 1}
is also in the spectrum of A — BF' and the matrix F' is real.

Since the set {u1,...,u,} and the spectrum of A are disjoint, the Sylvester
equation (5.1.14) has a unique solution (see [7] for details), which we denote by X.;.

Multiplying the equation (5.1.14) by Y, and noting that Y;# A = A, Y}¥, we obtain

MY X)) — (YXo)Aq =YEBT. (5.1.17)

Thus, Y X, and Z; satisfy the same Sylvester equation. Since this Sylvester equa-
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tion has a unique solution (because spectra of A; and A.; are disjoint), we have

Z, = YHX,. (5.1.18)

Using (5.1.13) and (5.1.18), we obtain

(A= BF)X. — XAy = AXoy — XAy — BOYP X, = B( — &(Y{"X,,)) =0,

which shows that the set {yu1, ..., p,} is in the spectrum of A — BF.

To complete the proof of the theorem, we must show that F' is real.

Since the set {j1,...,p,} is closed under complex conjugation, there exists a
permutation matrix T, such that A.; = T7 A T,.. Then (5.1.10) implies that T’ = T'T..
Similarly, there exists a permutation matrix 7" such that A; = T7AT, X, = X,T

and Y; = Y;T. Conjugating the equation (5.1.11), we get

(TT"MTYZ, — Z(TEAAT,) = (TTY)B(I'T,) . (5.1.19)

Clearly Z, = TTZ,T,, since such Z; satisfies the equation (5.1.19) as TZ = T, 1.

C

Again, conjugating (5.1.13), we get

(T2, T,) =TT,,

which implies that ® = ®T.

Therefore,

F = @7)(1"Y{") = F,

showing that the obtained feedback matrix F'is real.
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Remark 5.2 Substituting the expression of I' from (5.1.18) into (5.1.11), we obtain

(A =Y EB®)Z, = Z1A, (5.1.20)

which shows that Z, is the eigenvector matrixz for Ay —YH B®. From (5.1.20) it then
follows that the nonsingularity of Z1 is equivalent to the linear independence of the

eigenvectors of the closed-loop matriz A — BF'.

This observation is important because it is well known that the sensitivity of the
eigenvalues of the closed-loop matrix is related to the conditioning of the eigenvector
matrix.

We now show how Theorem 5.7 can be extended to the solution of the partial

eigenvalue assignment problem for the quadratic pencil.

Theorem 5.8 (Parametric Solution to the Partial Eigenvalue Assignment
Problem for the Quadratic Pencil).

Let the matrix B have full rank. Let the scalars ju,...,p, and the eigenvalues
Al ...y Xop of the open-loop quadratic pencil P(\) = N2M + XC + K be such that
the sets {A1,... . A}, {Apt1s -y Aan}, and {pa, ..., pp} are disjoint and each set is
closed under complex conjugation. Let the pair (P(\), B) be partially controllable

with respect to {\1,...,\,}. Let I' = (m,...,7,) be a matriz such that

v; = Tk whenever p; = iy, . (5.1.21)

Set Ay = diag(A1,...,\y) and Aoy = diag(pq, ..., 1p) . Let Zy be the unique nonsin-

gular solution of the Sylvester equation

MZ, — ZyAey = -Y{'BT, (5.1.22)
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where Yy denotes the matriz of left eigenvectors corresponding to Ay, ..., \,. Then

for the real feedback matrices Fy and Fy given by

Fy = ®Y{"M and Fy, = (M YFM +YH0), (5.1.23)

where ® satisfies the linear system

®7, =T, (5.1.24)

solve the partial eigenvalue assignment problem for the pair (P(\), B).
Conversely, if there exist real feedback matrices Fy and Fy of the form (5.1.23)
that solves the partial eigenvalue assignment problem for the pair (P(X), B), then the

matriz ® can be constructed satisfying (5.1.21) through (5.1.24).

Proof.  As in the proof of Theorem 5.4, we reduce the quadratic eigenvalue as-
signment problem to the partial eigenvalue assignment problem for the pair (A, B)
defined by

0 I . 0
A= and B =

~-M'K —-M-C ~-M~'B
We then apply Theorem 5.7 to get the real feedback matrix F, which solves the
problem for the pair (A, B), and finally recover the feedback matrices F; and F» of
the quadratic problem as F = (F, F}).
To prove that the pair of matrices F; and F, defined by (5.1.21) through (5.1.24)
is the solution of the quadratic problem, we note that these expressions reduce to,
respectively, (5.1.10) through (5.1.13) of Theorem 5.7 when we set F' = (F, F}).

This is because by Theorem 3.1 the matrix of left eigenvectors Y of A corresponding
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to eigenvalues \q,..., A, of A is given by
v = (myfM v viiM)

and

o 0
YWB = (MM 4y v M) = -Y/'B.
~M~'B

Remark 5.1 and Corollary 5.2 are also valid here. Of special importance is the
Corollary 5.2 on avoiding the use of damping matrix. Here is the explicit statement,

analogous to Corollary 5.2.

Remark 5.3 (Avoiding the Explicit Usage of the Damping Matrix in the
Parametric Solution).
If, in addition to the conditions of Theorem 5.8, it is known that none of the eigen-

values A, ..., N, is zero, then (5.1.23) can be simplified to
Fy=®Y "M and F, = —®A'YHK . (5.1.25)

Thus, in this case, explicit knowledge of the damping matrix is not needed in
computing the feedback matrices. Since, as stated before, in practice it is hard to
estimate damping, obtaining the feedback matrices without the explicit knowledge of
the damping matrixz is quite useful in practical applications.

Furthermore, note that the restriction that none of the eigenvalues Ay, ..., \, s

zero can be easily removed by a shifting procedure, as described in [16].

Based on the Theorem 5.8, we now state the following algorithm:
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Algorithm 5.9 (An Algorithm for the Multi-input Partial Pole Placement

Problem for the Quadratic Matrix Pencil).
Inputs:

(a) The n x n matrices M, C, and K.

(b) The n x m control matriz B.

(¢) The set {p,...,puy}, closed under complex conjugation.

(d) The self-conjugate subset {\1, ..., \,} of the open-loop spectrum {1, ..., Aoy}

and the associated right eigenvector set {yi,...,yp}.

Outputs:
The feedback matrices Fy and Fy such that the spectrum of the closed-loop pencil
PC()\) = )\2M + )\(C - BFl) + (K - BFQ) 18 {,ul, vy Hpy )‘p-i-l; ceey )\Qn}-

Assumptions:

(a) M is nonsingular and B has full rank.

(b) The quadratic pencil P(\) with control matriz B is partially controllable

with respect to the eigenvalues A1, ..., \p.

(c) The sets {\1,..., N}, {Apt1, -y Aan}s and {pa, ..., pp} are disjoint.
Step 1. Form Ay = diag(A1, ..., \y), Y1 = (y1,...,Yp), and Ay = diag(pe, ..., pp)-

Step 2. Choose arbitrary m x 1 vectors v1,...,7, in such a way that fi; = fu

implies 7; = v, and form I' = (y1,...,7p).

Step 3. Find the unique solution Zy of the Sylvester equation

MZy — Z Ay = YHBT.
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If Z, is ill-conditioned, then return to Step 2 and select different v1,...,7,.
Step 4. Solve @7, =T for ®.

Step 5. If none of the A\,..., A, is zero, form

Fy = ®Y"M and F, = — @A"Y K,

otherwise form

Fy = ®Y{"M and F, = (M YHM +YHO).

Remark 5.4 (Some Distinctive Feature of Algorithm 5.9).

The most distinctive feature of the algorithm is that it computes the solution of
a large partial eigenvalue assignment problem by solving a small linear algebraic sys-
tem and by using only the few eigenvalues of the associated large quadratic pencil that
need to be reassigned and the corresponding right eigenvectors. Thus, the algorithm
1s readily applicable to control dangerous vibration in a structure, where only a small
part of the spectrum needs to be reassigned and the rest is to remain unchanged. Fur-
thermore, one can take complete advantage of the sparsity, symmetry, definiteness,

etc., of the matrices M, C, and K in computing Fy and F5.
Example 4 (An illustrative example).

We consider the same quadratic pencil as in Example 2,

100 1 23 789
PAN=X]|0o10|+X 456 ]+]12 3
00 1 00 4 009
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having the open-loop eigenvalues

A= —4.8341, Ny = —1.4842, N34 = —2 4 2.23617, and A5 = 0.15915 £ 0.900527

and the control matrix

Then the pair (P()), B) is controllable with respect to only the eigenvalues A1, Aq,
)\5, and /\6-
To reassign the three most unstable eigenvalues Ay, A5, and g to p11 0 = =21

and s = —2, we use Algorithm 5.9 as follows:

Step 1. We form

A; = diag(—1.4842,0.15915 — 0.900524,0.15915 + 0.90052),
—0.48587  —0.29409 — 0.42023;  —0.29409 + 0.42023i

Y1 = | —0.75964 0.84048 0.84048
—0.4323  —0.14853 + 0.091917i —0.14853 — 0.091917

and

Ay = diag(—2 — i, -2 +14,-2).

Step 2. We choose arbitrary

0.70886 — 0.60881¢  0.70886 + 0.60881%  0.57559
0.051498 + 0.35244: 0.051498 — 0.35244: —0.81774
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Step 3. Solving the Sylvester equation A1Z; — Z;A.; = Y] BT, we obtain

0.13408 — 0.31438:  0.13408 4 0.31438: —0.66215
Zy =] —0.05836 —0.35539;  0.069126 + 0.143i  0.37773 + 0.0455167
0.069126 — 0.1437  —0.05836 + 0.35539: 0.37773 — 0.0455164

Condition number of Z; is 5.2448 and, since Z; is well-conditioned, we proceed

to Step 4.

Step 4. Solving ®7; = T" we get

—0.61709  0.66607 + 3.6933: 0.66607 — 3.69331
0.21049 —0.87936 + 0.15417¢ —0.87936 — 0.15417¢

Step 5. We form

—3.196 1.5884 0.74786

1
0.28538 —1.6381 0.19857

and

0.70415 6.6231  1.5162
—6.8006 —7.3842 —7.8925

Verification. It is easy to verify that the eigenvalues of the closed-loop quadratic

pencil P.(\) = \>M + X\(C — BF}) + (K — BF}) are

{—4.8341, -2, —2 + i, —2 + 2.23614}.
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5.1.4 Recovery of Recent Results

As stated in the Introduction of this chapter, several papers [5, 16, 17, 18, 19, 52|,
etc., dealing with special cases of the quadratic partial eigenvalue assignment problem
have been published in the last few years. These results now can be recovered as
special cases of Theorem 5.8. We show below how the result in [16] on the single-
input problem for the symmetric positive definite quadratic matrix pencil can be

recovered. The derivations of the other results are analogous.

Corollary 5.3 (Datta, Elhay, and Ram [16]).
Let
MXA?+DXA+ KX =0,

where X € C"?" and A = diag(A1, Mg, ..., Aap) € C**2" )\, distinct, be the eigen-

decomposition of the open-loop symmetric definite quadratic pencil

P(\) = MM + D + K, where M = M" >0,D=D" K =K".

Let X and A be partitioned as X = (X1,X5) and A = diag(Ay, As), where
X1 = (x1,...,2p) and Ay = diag(A\1,...,\,). Let f, g be chosen as

f=MX\MB, g=-KXi6, Becr*! (5.1.26)

with the components B; of 3 given by

Lo = A p i =
- ) 5.1.27
ﬁj bT.ij )‘j lI:[l )\z — >‘j ( )

i#]

Then, the closed-loop pencil

P.(A) = MM + XD — bf") + (K — bg")
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has the spectrum {1, plo, - . -y fp; Apt1s Apt2y - - -5 Aan b

Proof.  Since the quadratic pencil P()\) is symmetric, by Corollary 3.1, we have
Y = XTI where X; and Y; are respectively left and right eigenvectors of P(\)
corresponding to the same eigenvalues. Let’s define 87 = ®A~'. Then from (5.1.23)

of Theorem 5.8, we have
Fy=0"MXIM and F, = -p"XTK .

Since f = F{ and g = F, we obtain (5.1.26).
Again, choosing I' = (1,1,...,1) in equation (5.1.24) and with 87 = ®A~L, we

have
BTAZy = (1,1,...,1). (5.1.28)

Since for (5.1.28), the jk'™ element zj;, of the matrix Z; is given by

T
_zb

o= A

ij

we easily see that ( given by (5.1.27) satisfies (5.1.28).

5.2 Partial Eigenstructure Assignment for the Quadratic

Matrix Pencil

Let us recall that the eigenstructure assignment problem, where only a small part
of the set of eigenvalues and their corresponding eigenvectors have to be reassigned
(usually the part that does not satisfy the design constraints) and the rest of the
eigenvalues and eigenvectors have to remain unaltered, is called the partial eigen-

structure assignment problem (see Problem 1.2 in Chapter 1 for a formal definition).
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In this section we develop a “partial modal approach” for the partial eigenstructure
assignment problem of the quadratic pencil P(\). As in Section 5.1.3, we restrict
ourselves to the case when Assumption 5.6 holds true.

As before, we first derive conditions for the existence of solution of the partial
eigenstructure assignment problem for the first-order system and then show how the
conditions for existence of solution of the partial eigenstructure assignment problem

of quadratic pencil can be derived from that of the first-order system.

Theorem 5.10 (Solution to the First-Order Partial Eigenstructure Assign-
ment Problem).

Let the scalars pu, ..., 1, and the eigenvalues Ay, ..., \, of the open-loop matriz A
be such that the sets {\1,...,  \p}, {\ps1s---s An}, and {pu, ..., pp} are disjoint and
individually closed under complex conjugation. Let the “eigenvectors to be assigned”

Tel,- -+, Tep and the “eigenvectors to be kept invariant” xpiq, ..., T, form a two-fold

P

complete system.

Define the matriz

7z, = Y{X,, (5.2.29)
where Yy = (y1,...,y,) is a matriz of left eigenvectors of A corresponding to Ay, ..., Ay
and Xoy = (Tex, - . Tep). If Zy is nonsingular, then

(1) The pair of matrices (B, F') given by

B — AXCl - XclAcl (5230)

and

F = z;7'Yf (5.2.31)
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constitutes a (possibly complex) solution to the partial eigenstructure assignment

problem.

(17) A solution with real Br and Fg is obtained from B and F as
Br = BTY and Fr =T.F, (5.2.32)
where the matrixz T, is such that
T7' =T and the matrices T.ALTY and X, T are real

(see Lemma 5.1 for an explicit construction of T).

Conversely, if there exists a pair of real matrices B and F' that solves the eigenstruc-

ture assignment problem, then the matriz Zy defined by (5.2.29) is nonsingular.

Proof. We prove the “converse” part of the theorem first. Let the matrices B and
F in the form (5.2.30) and (5.2.31), respectively, constitute a solution. Without loss
of generality we can assume that B has full rank (see justification of Assumption 5.5
for details).

Since the matrix Y of left eigenvectors of A is nonsingular, then the matrix F'

can be decomposed as
F =0Y]" + &Y where Y = (Y1,Y2) = (Y1, -, Up} Ypsts - - > Un)- (5.2.33)

Because the closed-loop system A — BF should retain the eigenvalues Api1,..., Ao,
and their corresponding eigenvectors Xy = (7,41, .., T,), and since Y7 Xy = 0 and

Y1 Xy = I by Theorem 3.6, we obtain

0=(A— BF)Xy — XsM\y =
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(AXy — XoAy) — B(®Y Xy + &Y, Xy) = —Bd, . (5.2.34)

Since B has full rank, ®; = 0, and thus F' has the form of (5.1.12). Then we obtain
Z; = YH”X, in a way similar to the way the equations (5.1.17) and (5.1.18) were
derived in Theorem 5.7. Furthermore, for (5.1.20), we see that Z; is nonsingular.
Next, we prove the theorem in the other direction. Since Z; is nonsingular, let B
and F be defined by (5.2.30) and (5.2.31), respectively. Since F' has a form (5.2.33)
with ®; = 0, the equation (5.2.34) shows that both the eigenvalues A,.1,..., A, and
their left eigenvectors 11, ..., x, of the closed-loop system are the same as those

of the open-loop system. Furthermore, since

(A—BF)X, — XAy = (AXy, — XoAey) — BFX. =B - BZ7'Y X, =0

the set {p1,..., 1} is in the spectrum of A — BF, and {za,...,%} is the corre-
sponding eigenvector set. This completes the proof of part (7).

Unfortunately, matrices B and F' might be complex. To obtain the real matrices
Bpr and Fg such that BF = BrFpg, we use Lemma 5.1 that explicitly constructs the

matrices T and 7, such that

TH=T"and T, ' =TH, (5.2.35)

and TATH, TYH, T.A,TH, and X, T are real matrices.
Using (5.2.35) we have
BTH = A(X 0 TH) — (X THYN T AL TH),

C

which shows that the matrix BT is real. Similarly, for Z; we get that TZ, T is
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real and thus

1.2 " = (T2, TH)~! (5.2.36)

is also real. Using (5.2.31), (5.2.35), and (5.2.36) it is now easy to see that Fr = T.F
is also real and the proof is complete.
We now show how Theorem 5.10 can be extended to the solution of the partial

eigenstructure assignment problem for the quadratic pencil.

Theorem 5.11 (Solution to the Partial Eigenstructure Assignment Prob-
lem for the Quadratic Pencil).

Let the scalars p, . .., 1, and the eigenvalues Ay, ..., \oy, of the open-loop quadratic

pencil P(\) = N2M +\C+ K be such that the sets {\1, ..., \p}, {dps1,s -+, Aan}, and

{ma, ..., pup} are disjoint and individually closed under complex conjugation. Let the
“eigenvectors to be assigned” x.y, ..., Ty and the “eigenvectors to be kept invariant”
Tpt1,- .-, Loy form a two-fold complete system (that is, we require that the first-order

realization of a closed-loop system would have a complete set of eigenvectors).

If the matriz

7y = MYPMXq +YPMX Mg +YCX,, (5.2.37)

18 nonsingular, then

(1) The triplet of matrices (B, Fy, Fy) given by

B=MX A2 +OCXeAoy + KX, (5.2.38)

Fy=Z7YEM, and Fy = Z7 Y (MY EM +YPO) (5.2.39)
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constitutes a (possibly complex) solution to the partial eigenstructure assignment

problem.

(17) A solution with real Br, Fig, and Fyg is obtained from B, Fy, and Fy as
Br =BT Fip=T.F\, and Fyp = T,F,, (5.2.40)
where the matrix T, , such that

Tc’1 = TCH and the matrices TcAclTCH and XclTH are real,

15 explicitly constructed in Lemma 5.1.

Conversely, if there exists a triplet of real matrices (B, Fy, Fy) that solves the eigen-

structure assignment problem, then the matriz Z, defined by (5.2.37) is nonsingular.

Proof.  From the first-order reformulation of the pair (P(\), B) we know that
the triplet (B, F1, F») solves the partial eigenstructure assignment problem for the
quadratic pencil P(\) if and only if the pair of matrices (B, F') solves the partial
eigenstructure assignment problem for the matrix A, where

0 1 0

A= ,
~-M'K —-M~'C -M~'B

and F = (FQ,Fl) .

>
I

We then apply Theorem 5.10 to get the solution matrices B and F and recover the
matrices B, I}, and Fy of the quadratic problem as follows:
~ ~ Xcl
Zy =YX, =NMYIM+YEC YEM) =
XclAcl
MY MXey + YTMX Aoy +YTCX,
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which verifies (5.2.37). Again,

~ ~ ~ XclAcl XCIACI
B=AX., — X A, = — —
_M71<KX01 + C1‘ch1Ac1) XclAc%
0 0
~M Y KX, + OCXeyAey + MX 4 A3) —M~'B

which verifies (5.2.38), and

(Fy Fy) = F = 27 (W YM +YC YD)

which verifies (5.2.39). The proof of part (i) is complete.
Just as in Theorem 5.10, the matrices B, F}, and F» might be complex. To get
the real matrices Br, Fig, and F5r such that BF; = BrF g and BFy, = BrFyr, we

use Lemma 5.1 that explicitly constructs the matrices 7" and 7T, such that

TH=T"and T, ' =TF, (5.2.41)

and TATH, TYH, T.ALTH, and X, T are real matrices.
Using (5.2.41) we get

BTH? = M(X TENTAATH)? + O( X THYTAATH) + K (X, TH),

C

which shows that the matrix BT is real. Similarly, for Z; we get that TZ, T is

real and thus

1.2 " = (T2, TH)~! (5.2.42)
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is also real. Using (5.2.39), (5.2.41), and (5.2.42) it is easy to see that both T.F; and

T.F; are real and the proof is complete.

Remark 5.5 If the control matrix obtained in Theorem 5.11 is rank deficient then an
approach based on economy-size QR decomposition can be used to reduce the number

of control inputs (see justification of Assumption 5.5 for details).

Remark 5.6 Theorem 5.11 can be used to recover the solution to partial eigenstruc-

ture assignment problem for the symmetric definite quadratic pencil proposed in [18]

and [53].
Based on the Theorem 5.11 we can state the following algorithm:

Algorithm 5.12 (An Algorithm for the Multi-input Partial Eigenstructure

Assignment Problem for a Quadratic Matrix Pencil).
Inputs:

(a) The n x n matrices M, C, and K.

(b) The set of scalars {ji1,..., 1y} and the set of vectors {xcy,..., %}, both
closed under complex conjugation.

(¢) The self-conjugate subset {1, ..., A\,} of the open-loop spectrum {1, ..., Ao}

and the associated right eigenvector set {yi,...,yp}.

Outputs:
The n x m control matriz B and the feedback matrices Fy and Fy such that the
spectrum of the closed-loop pencil P.(\) = N2 M +\(C—BF,)+(K —BFy) is {1,

oo Hpi Apis - - -, Ao} with the eigevector matric Xe = (Tey, - -+ Tep; Tpiis - - - > Ton)-

Assumptions:
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(a) M is nonsingular.

(b) The sets {\1,.... o}, {Aps1,-- s Aan}, and {p, ..., pp} are disjoint.

Step 1. Form Ay = diag(A1,..., ), Y1 = (y1, ..., ¥p), Ay = diag(pu, .-, p1p),

and Xy = (Teq, -5 Tep)-

Step 2. Form the matrix

7y = MYPMX o +YIMX Ay +YHOX,,.

Stop if Zy is singular and conclude that the eigenstructure assignment with the

given sets of eigenvalues and eigenvectors is not possible.
Step 3. Using Lemma 5.1, form the matriz T, such that T.A T is a real matriz.

Step 4. Form

B = (MXclAc% + CXclAcl + KXCI)TCH7
F = T.Z7'YHM, and

Fy, = T.Z7YMYEM +YHCO)

by solving the appropriate linear systems.

Remark 5.7 The most distinctive feature of the algorithm s that it computes the
solution of a large partial eigenstructure assignment problem by solving a small linear
algebraic system and by using only the few eigenvalues of the large quadratic pencil
that need to be reassigned and the associated right eigenvectors. This allows the

algorithm to be readily applicable to control dangerous vibration in a structure, where
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only a small part of the spectrum needs to be reassigned and the rest is to remain

unchanged.
Example 5 (An illustrative example).

We consider the same quadratic pencil as in Example 2,

100 1 2 3 78 9
PN=X|l0o10]|+X456]|+]12 3],
00 1 00 4 009

having the open-loop eigenvalues

A= —4.8341, Xy = —1.4842, N34 = —2+2.23617, and A5 = 0.15915 £ 0.90052:.

To reassign the pair of unstable eigenvalues A\; and A¢ to g2 = —2 £ 7 and
assign their eigenvectors to .o = (=,0, 0)7, respectively, we use Algorithm 5.12

as follows:

Step 1. We form

Ay = diag(0.15915 — 0.90052, 0.15915 + 0.90052),
—0.29409 — 0.42023:  —0.29409 + 0.42023:

i = 0.84048 0.84048
—0.14853 4 0.091917: —0.14853 — 0.091917:

and

Ay =diag(—2—1i,—2+1i), Xe0=1] 0 0
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Step 2. We form

—0.20557 4 4.4079: —0.38261 — 3.5674¢
—0.38261 4 3.56747 —0.20557 — 4.4079:

Condition number of Z; is 5.2448 and, since Z; is nonsingular, we proceed to

Step 3.

Step 3. Using Lemma 5.1 we obtain the matrix

. 0.70711  0.70711
0.70711 —0.70711i |

Step 5. We form

—4.2426 11.314
B = 5.6569  —9.8995
0 0

0.70711 0.031889 —0.16274
0 0.15139 —0.03834

and

1.4142 0.28507 1.8613
2 = .
0.70711 0.68564 0.75083

Verification. It is easy to verify that the eigenvalues of the closed-loop quadratic

pencil P.(\) = AM2M + \(C — BFy) + (K — BF}) are

{—4.8341, —1.4842, —2 & i, —2 + 2.2361i}
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+i
and the eigenvectors, corresponding to eigenvalues —2 + i, are 0 |, respec-

0
tively.



CHAPTER 6

PARTIAL EIGENVALUE ASSIGNMENT FOR THE
QUADRATIC OPERATOR PENCIL: PROPOSED
PARAMETRIC SOLUTION

Recall from Chapter 2 that the natural models of the vibrating structures such as
beams, buildings, bridges, highways, large space structures, etc., are the systems of

partial differential equations (also called distributed-parameter systems) of the form

O?v(t, ) e ov(t, x)

M ot? ot

+Kv(t,z) = 0, (6.0.1)

where v(t, -) belongs to some Hilbert space H with appropriate scalar product (¢, 1))
for all tg <t < tgpal.

In this chapter we show how to obtain a direct and partial modal solution of
Problem 1.3 in its own natural settings of distributed-parameter systems (6.0.1)

with the controlling forces of the form

kf: ((flk(x), 8l/gft, $)) + (for (), v(t, x))) by (z), (6.0.2)

where the functions by(x), ..., b,,(z) are the control functions, and functions fy;, £, €

H, k =1,...,m, are the velocity and position feedback functions, respectively.
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6.1 Parametric Solution of the Partial Eigenvalue

Assignment Problem

In this section we develop Theorem 6.3, which gives a family of parametric feed-
back matrices that solve the given partial eigenvalue assignment problem. Then in
Section 6.1.1 we show how the recent result [18] on modal solutions for the partial
eigenvalue assignment problem for undamped gyroscopic quadratic operator pencil
can be recovered from this theorem. Numerical Algorithm 6.4, which generalizes the
known algorithms, follow from Theorem 6.3 in a straightforward way.

First, without loss of generality we make the following assumptions that will
simplify the proofs of our theorems in the rest of the chapter (see Section 5.1.3 for

justification).
Assumption 6.1 The control functions by, ..., b,, are linearly independent.

Assumption 6.2 The sets {\1, Ao, ...} and {p1,...,u,} are closed under complex

conjugation and they are disjoint sets.

The following theorem investigates the parameterization of the feedback func-

tions fiq,...,f1,, and fy,, ..., 5, using the parameter matrix I'.

Theorem 6.3 (Parametric Solution to the Partial Eigenvalue Assignment
Problem for the Quadratic Operator Pencil).
Let the Assumptions 6.1 and 6.2 hold and the pair (P()\),B) be partially controllable

with respect to {A1, ..., \,}. Let I' = (7y1,...,7,) € C™*P be a matriz such that

v; = Yk whenever p; = iy, . (6.1.3)
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Let Z be the unique nonsingular solution of the Sylvester equation

(Vlabl) Tt (Vhbm)
MZy — ZiA = : : r, (6.1.4)

(vabl) (vabm)

where Aoy = diag(p, ..., 1p). Let the matriv ® = (¢r;) € C™*P be the solution of

the linear system
oz, =1T. (6.1.5)
Then the real feedback functions £y, and f5;, for k=1,2,...,m are given by

P rp
flk = Z ¢ij*Vj and ka = Z (ﬁkj()‘jM*Vj + C*Vj) (616)
=1 =1
solves the partial eigenvalue assignment problem for the pair (P(X), B).
Conversely, if there exist real feedback functions fi,..., %1, and f5,... £, of
the form (6.1.6) that constitute the solution of the partial eigenvalue assignment
problem for the pair (P(\),B), then the matriz ® in (6.1.6) can be constructed

satisfying (6.1.3) through (6.1.5).

Proof. First, we prove the converse part of the theorem. Let the feedback functions
fi1,...,f1,, and f5,,... f5,, of the form (6.1.6) be such that they solve the partial
eigenvalue assignment problem. Denote by wy, ..., w,, the right eigenvectors of the

closed-loop pencil corresponding to the eigenvalues p1, ..., it,. Define the matrix

I' = (yjx) € C™*P, where v, = px(fi;, Wer) + (f25, Wer,) - (6.1.7)
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Then the following equations are obviously satisfied for all k =1,... r:
j=1

Taking now the scalar product with v, on both sides of (6.1.8) we obtain
P(,Uk)wck = ﬂi(vm chk) + ,uk(vra chk) + (Vra chk) = Z(Vm bj)ﬁ)/jk (619)

Jj=1

for each r =1,...,p. Noting that
(Vra chk) = _/\E(Vm chk) - )\T(Vr’v chk)
and adding and subtracting A, g (v, Mw..) to (6.1.9) and regrouping, we have

fk [ (Ve MWy ) + (v, CWeg) + A (v, MW )] —
A [k (Ve Mw ey ) + (v, CWer) + A (v, Mwe)] = Z(VT, b;)vjk . (6.1.10)

J=1

Denoting
Zy = (zpk) € CP*P with 2. = (A + pg) (Ve, MWer) + (v, Cwey),  (6.1.11)

the equation (6.1.10) becomes (6.1.4).

From (6.1.6), (6.1.8), and (6.1.11), we have for each k =1,...,p

0= Pc(Mk)ch = P(Mk)ch - Z b, (Mk(flrawck> + (f2r7wck>> =

r=1
m

S by = Db > b (ke + 4) (v, Mwey) + (v5, Cwey)) =
r=1 T

=1 j=1

Z br (P)/rk - Z ¢rjzjk> . (6112)
r=1 j=1
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Since B has linearly independent columns, (6.1.12) is equivalent to (6.1.5).

Finally, if u; = Jix, then w.; = W, Since all fyy,...,f,, and f5,,...,f,, are
real, (6.1.7) implies that v, = 7, for any r, proving (6.1.3).

Now we will prove the theorem in the other direction. Let I be chosen to satisfy
(6.1.3) and (6.1.4). Since {p1,..., 1} N{A1,..., A} = 0, the solution matrix Z; of
the matrix equation (6.1.4) is unique. Since Z; is nonsingular, ® is uniquely defined
by (6.1.5), for a given I'.

Using (3.5.54) we note that for any ® with f,,...,f;,, and f5,,...,f5,, given in

(6.1.6), we have forall k =p+1,p+2,...

P.( Ap)Wer, = P(Ap)Wey, — Z b, (Ak(fi, Wer) + (f2,, Wey)) =

r=1
m p

0— Z br Z ¢rj (()\k -+ )\j)(Vj, chk) + (Vj, CWC]')) =0 s (6113)
r=1 j=1

where We, 11, Weppa, - . . are the right eigenvectors of P(\) corresponding to the eigen-
values A\,i1, Apt2,.... Thus, both the eigenvalues A, i1, A\p12,... and the associated
right eigenvectors We,,1, Wepyo, ... of the closed-loop operator pencil P.(\) are the

same as those of the open-loop operator pencil P(\).

It thus remains to be shown that with our above choice of ®, the operator pencil
P.()\) has the set p,...,pu, in its spectrum and the control functions fi,,...,f,,
and fy, ..., fy,, are real functions.

Since the set {p1, . .., f1, } and the spectrum of A are disjoint, the equation (6.1.8)
has the unique solution for all £ = 1,...,p, which we denote by w,.,,...,w,,. Re-
peating the steps in the proof of the “converse” direction, we establish (6.1.10).
Thus, each 7k™ element of Z; and (A, + ) (v, Mwe,) + (v, Cw,;,) satisfies the
same Sylvester equation. Since this Sylvester equation has a unique solution (because

the spectra of A; and A.; are disjoint), we conclude that Z; satisfies (6.1.11).
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Using (6.1.5) and (6.1.11), we conclude that (6.1.12) holds, which shows that the
set {f1,..., 4y} is in the spectrum of P ().

To complete the proof of the theorem, we must show that F' is real.

Since the set {yu1,..., 4} is closed under complex conjugation, there exists a
permutation matrix 7, such that A.; = TTA,T.. Then (6.1.3) implies that ' =
I'T.. Similarly, there exists a permutation matrix 7" such that A} = TTA\T, W, =
W,T and V; = V| T, where W; = (wy,...,w,) and V; = (vq,...,v,). Similarly,
proceeding as in the last part of the proof of Theorem 5.8, we can show that Z; =
TTZ\T,, ® = ®T, and that all f;,,...,f;,, and f5q,...,f,, are real functions.

Based on the Theorem 6.3 we state the following algorithm:

Algorithm 6.4 (Parametric Solution to the Partial Eigenvalue Assignment

Problem for the Quadratic Operator Pencil).
Inputs:

(a) The differential operators M, C, and K.

(b) The m control functions by, ..., by,.

(¢) The set of scalars {1, ..., pp}, closed under complex conjugation.

(d) The self-conjugate subset {1, ..., \,} of the open-loop spectrum {A;, Ao, ...}

and the associated right eigenvector set {vy,...,v,}.

Outputs:
The feedback functions fi,,..., f1,, and f5,,... 5, such that the spectrum of

the closed-loop operator pencil

PL(\)6 = A*Mo + A <C¢ Sk ¢>br> n <K¢ S (hn ¢>br>



106

’iS {//l/l, ey /,Lp; )\p+1, )\p+27. . }

Assumptions:

(a) The control functions by, ..., by, are linearly independent.

(b) The open-loop quadratic operator pencil P(\) = N>M + AC + K with control
functions by, ..., b, is partially controllable with respect to the eigenvalues
Ay ey Ap.

(c) The sets {1, ...}, {Xps1, Apt1,-- -}, and {1, ..., pp} are disjoint.
Step 1. Form Ay = diag(A1,...,Ap), Vi = (v1,...,Vp), and Aoy = diag(pa, ..., ftp)-

Step 2. Choose arbitrary m x 1 vectors vi,...,7, in such a way that fi; = i
implies 7; = v, and form I' = (y1,...,7).
Step 3. Solve the following Sylvester equation for Z:
(vi,b1) -+ (vi,by)
MZy — Z1Ay = : : r.

(Vp, bl) T (Vp’ bm)
If Zy is ill-conditioned, then return to Step 2 and select different v1,...,7,.
Step 4. Solve ®Z; =T for .

Step 5. If none of the Ay, ..., A, is zero, form for allk =1,...,m
P P
fie =D 0M*v; and fo, = = (dy;/ X)) K*v;,
j=1 j=1
otherwise form for all k =1,...,m,

P P
fip =2 0,MV; and fo, =) &, (\M"v; +C'v;).

j=1 j=1
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An example for the Algorithm 6.4 is worked out in Section 7.2.

6.1.1 Recovery of Recent Result on the Partial Eigenvalue Assignment

of the Quadratic Operator Pencil

As stated in the introduction of this chapter, several papers [18, 20], etc., dealing
with special cases of the quadratic eigenvalue assignment problem for operator pencils
have been published in the last few years. These results can be recovered as special
cases of Theorem 6.3. We show below how the result in [18] on the single-input
problem for an undamped gyroscopic quadratic operator pencil can be recovered.

The derivations of the other result are analogous.

Corollary 6.1 (Datta, Ram, and Sarkissian [18])

Consider an undamped gyroscopic quadratic operator pencil

P(\) = M+ AG+K, (6.1.14)

where the operators M and K are self-adjoint and positive definite, and the op-
erator G 1s skew-symmetric; that s, G* = —G. Suppose that the eigenvalues
Ay oy Ay of (6.1.14) are distinct, the sets {u1, ..., iy} and {1, A, ...} are disjoint,

and (b,w;) #0 for j=1,....p. Let f and g be chosen as

p p
f=>_0;\Mw; and g= -3 3Kw;, (6.1.15)
Jj=1 j=1
where
1 I (m + Ay)
= . 6.1.16
& (b, \w;) TTh= (A — ) ( )

i#]
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Then, the closed-loop operator pencil
P.(AN)¢ = N¥M+AD — (f.4)b) + (K — (9,¢)b)

has the spectrum {1, plo, - . ., fp; Apt1s Apta, - - - }-

Proof.  The proof of Corollary 3.3 shows that every eigenvalue A\;, j = 1,2,... is
purely imaginary and, moreover, (\;, w;) is right eigenpair of (6.1.14) if and only if
(Aj, w;) is also left eigenpair of (6.1.14); that is, v; = w; for every j.
Since K is positive definite, A; is nonsingular. Define a vector § = (41, ..., 3,)
by
B=A"0,

where @ is given by (6.1.5). Since M and K are self-conjugate, we then obtain from

(6.1.6)

p p
f = f11 = Zﬁj)‘jMWj and g = f21 = — ZﬁjKWj s
j=1

j=1

proving (6.1.15).
We now show that the entries 3; are given by (6.1.5). Choose I' = (1,1,...,1).

Then (6.1.5) becomes
BMZ = (1,1,...,1). (6.1.17)

Now, equating the like entries on both sides of (6.1.4), we obtain

_ (Wj7b)
S v (6.1.18)
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or, in the matrix notation,

(th) 0 1 1

A1—p1 A1—pp

Zy = DT : (6.1.19)

0 (WP’ b) 1 - 1

Ap—pi1 Ap—fip

Since the second factor of the right-hand side of (6.1.19) is a Cauchy matrix, using
now the well known formula for the inverse of the Cauchy matrix, we obtain from

(6.1.17) the required expressions for j3;s.



CHAPTER 7

NUMERICAL EXPERIMENTS

In this chapter, we present results of our numerical experiments on some real-life
data with Algorithms 5.9, 5.12, and 6.4. Very satisfactory results have been obtained

in each case.

7.1 Vibrations of a Rotating Turbine Axle

Following [54, Example 20] we consider a large and sparse symmetric definite
quadratic matrix pencil P(\) = MM + AD + K of order n = 211 modelling a
rotating axle in a power plant, where masses are assumed to be symmetric with
respect to the axle.

The matrix

M = diag(my,ma, ..., my,)

is positive definite and the damping and stiffness matrices given by

Yicr + 0+ 1=
D= (dij)7 where dij = '

i =g+l

0 , otherwise




and

K = (kij)a where kij =

b

Y

Y

)
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i+1=j
i=j
i=j+1

otherwise

with v = v, = Ko = Kk, = 0 are both symmetric tridiagonal.

Using the data provided in [54], the eigenvalues of the uncontrolled system are

plotted in Figure 7.1.

5

6xlO | | | | |
ar -
2r -
ol _
_al _
-6 ‘ " , , . ‘ ‘ . | |

-10" -10° -10° ~107 10 10" -10°

Figure 7.1: Open-Loop Eigenvalues of Rotating Turbine Axle; the Most Unstable

Eigenvalue Is Marked by “+7.
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It is clear that the decay rate of the vibrations of the axle is governed by its most

unstable eigenvalue

A\ = —1.3734-1079,

which is marked in Figure 7.1 by “+” sign, whereas the other eigenvalues have much

better stability properties, namely

Re); < —0.016267, j = 2,3,...,422.

7.1.1 Partial Eigenvalue Assignment for Rotating Turbine Axle

We choose a simple control matrix

10 ... 00
00 ... 01

and apply our Algorithm 5.9 to assign A\; to u1 = —0.016 so that the decay rate is
improved by the factor of 104,

With random choice of the matrix I' = (—0.51454, —0.85747)7 the computed
feedback matrices F; and F, are such that p; was assigned correctly while the 2-
norm of the difference between the other eigenvalues of the open-loop pencil P(\) =
MM + AD + K and the closed-loop pencil P.(\) = A2M + \(D — BFy) + (K — BF)
is about 1.7 - 107¢ (MATLAB was used to compute the eigenvalues). The 2 x 422
matrices F; and F5 are not reproduced here because of the space limitation; however,

we note that ||Fi|]a < 116 and ||F3||2 < 22. Furthermore,

F F
[1£3]2 < 0.57 and [1£5]»

<15-1071,
1C1[2 || K12

which improves the result of [19] by reducing the control forces required to suppress

the vibrations of the rotating turbine axle nearly 103-fold.
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7.1.2 Partial Eigenstructure Assignment for Rotating Turbine Axle

Since the largest contribution to shape of the transient response of the vibrat-
ing system is generated by the eigenvector that corresponds to the most unstable
eigenvalue of the system, we use Algorithm 5.12 to assign A\; to pu; = —0.016 and,

simultaneously, to assign the eigenvector corresponding to \; to the vector

1
NG

Ty = —(1,1,...,1)7, n=211.

Algorithm 5.12 produces the 211 x 1 control matrix B with components shown
in Figure 7.2 and with ||B||s < 2 and the 1 x 211 feedback matrices F; and Fy with
||Fill2 < 7.2 and ||F3||s < 1.4, respectively, such that the prescribed eigenvalue and

eigenvector are assigned correctly. Moreover,

|| BFy|[2
|Cl2

|| BFy |2

2l 21810712,
[ K[ |2

< 0.07 and
This shows that control forces required to suppress vibrations assigning the same
eigenvalue are 10 times less than those required by eigenvalue assignment with a
priori control matrix B. To achieve this, however, we need more sophisticated ac-
tuators than those needed to implement the simple control force used in eigenvalue
assignment.

The computed matrices B, I}, and Fy are such that the 2-norm of the differences
between the remaining eigenvalues of the open-loop pencil P(\) = \>M + AD + K
and the corresponding ones of the closed-loop pencil P.(\) = \2M + X\(D — BF}) +
(K — BFy) is about 2.2 - 1075 (MATLAB was used to compute the eigenvalues).
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0.1

0.05| b

-0.05 7

-0.15f .

_025 | | | |
0 50 100 150 200 250

Figure 7.2: The Components of the Control Matrix B.

7.2 Vibrations of a Uniform Moving String

Following [18, 22], we consider a gyroscopic operator pencil P(\) = X*M+\G+K
modelling the small oscillations of a uniform string travelling with constant velocity
v < c over two fixed supports at t =0 and z = L. With L=1,v=1/2, and ¢ =1,

the operators M, G, and K, defined in Section 2.1, are given by

ov 3 0%

Mu=v, Gu="20 Ko=22"
v=Y, M ox’ v 40x2’
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where v(0) = v(1) = 0, with the scalar product

(v,w) = /Olv(x)w(x) dzx .

As shown in Section 2.1, the operators M, G, and K have the following proper-

ties:
M"'=M, G"=-Gand K" =K.

Recall, that left eigenfunctions of operator pencil P()\) are defined by (3.4.50) as the

eigenfunctions of the adjoint pencil

P(\)* = X*M* + A\G* + K*.
Thus the eigenvalues of P(\) are

\e = Zwm, k=41,42, ... (7.2.1)
and their corresponding left eigenfunctions are

ver(z) = 7™ _ =3k where 0 <z < 1. (7.2.2)

Algorithm 6.4 is used to assign A\; to u; = —1+14 and \; to fi;, choosing the two

control functions
by(z) =1 and by(x) = sin(nz), where 0 <z < 1.

The step-wise results of our implementations are given in the following:
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Step 1. We form

3 3 . . , ,
A, = diag <47ri, —47rz'> , Vi = (e%’”x R e%’”x)

and

A =diag(—1+1i,—1—1).

Step 2. We choose arbitrary

r —0.20575 4 0.8342¢ —0.20575 — 0.83421
0.22626 + 0.45888:  0.22626 + 0.45888:

Step 3. Solving the Sylvester equation for 7,

vy, b vi, b
AIZIZIAQ(“ RERCECA Y

(va,b1) (va,ba)

we obtain

0.18844 + 0.36623:  —0.14535 — 0.84357:
—0.14535 4+ 0.84357¢  0.18844 — 0.36623¢

Step 4. Solving &7, =T for ®;, we obtain

0.82911 — 0.50588: 0.82911 + 0.50588%
0.25486 + 0.45099¢ 0.25486 — 0.45099: '

Step 5. The velocity feedback functions fi; and f;,, plotted in Figure 7.3, are

given by

fi, = —4.0471 cos? <7T2x> sin (”;) — 6.6329 cos (”;) sin? (7;”)
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fi, = 3.60796 cos’ (7;”) sin (?) — 2.03892 cos® <7T2x> sin? (ﬂ;) +
7.21593 cos® (m) sin® (”) — 4.07785 cos® (”) sin’ <m> +

2 2 2 2
3.60796 cos? (”;) sin® (?) — 2.03892 cos (”;) sin® (”)

2

and the position feedback functions fy; and fs,, plotted in Figure 7.4, are given

by
fy, = 6.3571cos’ (”;) + 36,466 cos? (”;) sin (”;) _
99.95 cos (7;33 sin? (”;) — 10.418 sin® (”;)
f,, = —5.6673cos® (ﬂ;) + 11.209 cos? <7T2x> sin (7?235) +
10.835 cos <7T2x> sin? (ﬂ;) — 3.2027 sin® (”;) .
Ly — T T —
_ - _
~ ~
e | | ~ - | |
; 0.2 0.4 0.6 T o8- — /1
-1t
21
-3

Figure 7.3: The Velocity Feedback Functions f;; and f;,.
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Figure 7.4: The Position Feedback Functions f5; and fo,.

The closed-loop operator pencil

P.A)(v) = MMv+\Gv+Kv— 22: ((f1, Av) + (for,,v)) by
k=1

has the eigenvalues p; and fi; with eigenfunctions given by

W, = (0.4171+0.102874) — (0.23671 + 0.20962i)e 2197 —
(0.19416 — 0.077767)e3 1497 — (0.0088786 — 0.037267)e ™ +

(0.022656 — 0.00827654 )™

and w,;(x), respectively. Furthermore, the eigenvalues Ay, k = £2,+3,.. ., of the

open-loop pencil P(A\) = A2M + AG + K remain unchanged.



CHAPTER 8

CONCLUSIONS

In this chapter, we present some concluding remarks. In Section 8.1, we sum-
marize our contributions and state their importance. In Section 8.2, we state some
future research problems. Finally, in Section 8.3, we remark about the academic and

industrial impacts of the results obtained in this dissertation.

8.1 Contributions

In this dissertation, we have developed a novel approach, named “partial modal
approach,” for two important feedback control problems, namely, the partial eigen-
value assignment and partial eigenstructure assignment problems for control systems
modelled by finite-dimensional matrix second-order systems.

The approach has also been extended to the partial eigenvalue assignment in
distributed-parameter systems, which are the natural mathematical models of vibrat-
ing structures and of which the matrix second-order systems are just the discretized
versions, obtained by using finite-element technique.

There are several distinctive features of this approach.

First, the problems are solved in their given settings; that is, if the problem is
given for a matrix second-order model, it is solved without reformulation to a first-
order system. If the model is a distributed-parameter system, the problem is solved
without discretization to a second-order system. The advantages are that some of

the nice inherited properties such as symmetry, definiteness, sparsity, etc., can be
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exploited in computations of the feedback matrices and operators.

Second, the approach requires knowledge of only a small number of eigenvalues
and eigenvectors of the associated open-loop quadratic pencil, making the proposed
methods implementable in practice, even for very large and sparse systems using the
state-of-the-art techniques of matrix computations. This aspect is especially remark-
able in the distributed-parameter systems case because here an infinite-dimensional
operator problem is solved using a small finite number of eigenvalues and eigenvec-
tors.

Third, mathematical results are proven in each case, guaranteeing no spill-over;
that is, the eigenvalues and eigenvectors that are to remain invariant do not change
by application of feedback.

Besides computational algorithms, the dissertation contains some new theoretical
results on the existence and uniqueness of the solutions of the partial eigenvalue
and eigenstructure assignment problems, both in matrix first-order and second-order
systems. Also, new results on the Rayleigh quotient and the orthogonality relations
between the eigenvectors of a quadratic pencil are derived.

In addition to their role in algorithmic development, these results are of inde-
pendent interests and are important contributions to the field of linear algebra and

applied mathematics.

8.2 Future Research

Based on the theoretical investigation and numerical experiments, we propose

the following problems for future research.

e Robust Eigenvalue Assignment.

It is well known that one of the main contributing factors to the sensitivity of
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the closed-loop eigenvalues is the condition number of the eigenvector matrix.

In our parametric solution to these problems, there are opportunities to choose
the matrix of parameters I' to make the eigenvector matrix as well conditioned
as possible. We believe that the condition number of the matrix Z; appearing
in all the algorithms will play a crucial role here. Our numerical experiments on
the sensitivity of the closed-loop eigenvalues under perturbations of the system
and feedback matrices, as the condition number of the matrix Z; varies, confirm

our belief. Development of a mathematical theory is in order.

Partial and Modal Approach for Eigenstructure Assignment in Dis-

tributed Parameter Systems.

The partial and modal approach proposed for the eigenvalue and eigenstructure
assignment in matrix second-order systems and for the eigenvalue assignment
in distributed-parameter systems should, naturally, be extended to the partial
eigenstructure assignment in distributed-parameter systems. Preliminary work

to this effect has been done and details need to be worked out.

Finite-Element Model Updating.

The finite-element model updating problem in vibration analysis and design is
the problem of updating a finite-element generated model such that a few eigen-
values and corresponding eigenvectors are replaced by the given set of measured
eigenvalues and eigenvectors, keeping the remaining eigenvalues and eigenvec-

tors unchanged, and the updated model is symmetric.

Our proposed method for the eigenstructure assignment problem for the
quadratic matrix pencil solves the finite-element model updating problem, ex-

cept that the symmetry is not preserved. The future research should be directed
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toward investigating how to bring back symmetry of the updated model after

application of the feedback.

8.3 Impact

The results obtained in this dissertation are expected to set a new direction of
research on solutions of control problems in matrix second-order and distributed-
parameter systems. These results are also likely to impact a variety of industries

including automotive, aerospace, power plants, etc.
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