
A Useful Lemma Regarding Units

We fix a number field K. The degree of K over Q is denoted by n. There are n embeddings
σ : K → C; there are r embeddings into R and s pairs of complex conjugate embeddings into C
(not real). Thus n = r + 2s. These embeddings are ordered so that σi : K → R for i ≤ r and
σi+s = σi for r+ 1 ≤ i ≤ r+ s, where the overline denotes complex conjugation. As usual

√
|∆K |,

denotes the square root of the absolute value of the discriminant of K. We also use

ei =
{

1 if i ≤ r,
2 if r + 1 ≤ i ≤ r + s.

Define ρ : K → R
n by

ρ(α) =
(
σ1(α), . . . , σr(α),<

(
σr+1(α)

)
, . . . ,<

(
σr+s(α)

)
,=
(
σr+1(α)

)
, . . . ,=

(
σr+s(α)

))
.

For positive real numbers a1, . . . , ar+s, define

C(a1, . . . , ar+s) := {x = (x1, . . . , xn) ∈ Rn : |xi| ≤ ai, 1 ≤ i ≤ r and x2
i + x2

i+s ≤ a2
i , r < i ≤ rs}.

It is not difficult to see that such a set is a convex body in Rn with

Vol
(
C(a1, . . . , ar+s)

)
= 2rπs

r+s∏
i=1

aeii .

Lemma: Suppose r + s > 1 and let i0 ∈ {1, . . . , r + s}. There are infinitely many non-zero
α ∈ OK with |NK/Q(α)| ≤

√
|∆K |(2/π)s and |σi(α)| < 1 for all i 6= i0. There is a unit u ∈ O×K

with |σ(u)| < 1 for all i 6= i0.

Proof: Let ai = 1/2 for i 6= i0 and let ai0 be the positive real number satisfying
∏r+s
i=1 a

ei
i =√

|∆K |(2/π)s. Since det
(
ρ(OK)

)
= 2−s

√
|∆K |, by Minkowski’s theorem there is a non-zero α1 ∈

OK with ρ(α1) ∈ C(a1, . . . , ar+s). By the definition of C(a1, . . . , ar+s) and ρ, we have |σi(α1)| ≤ ai
for i = 1, . . . , r + s. Thus,

|NK/Q(α1)| ≤
r+s∏
i=1

aeii =
√
|∆K |(2/π)s

and |σi(α1)| ≤ 1/2 for all i 6= i0.

Now let ai = |σ(α1)|
2 for i 6= i0. This will yield a non-zero α2 satisfying the statement of the

lemma and also |σi(α2)| ≤ |σi(α1)|/2 for all i 6= i0. Continue on in this fashion, getting a sequence
α1, α2, . . . of non-zero integers which satisfy the statement of the lemma and also

|σi(α1)| > |σi(α2)| > · · ·

for all i 6= i0.
Obviously these αj ’s are distinct. But there are only finitely many integral ideals with norm

no greater than
√
|∆K |(2/π)s. Hence, the principal ideals (αj) cannot all be distinct; (αl) = (αm)

for some indices l < m. This forces αm = uαl for some unit u ∈ O×K . Further,

|σi(u)||σi(αl)| = |σi(αm)| < |σi(αl)|

for all i 6= i0. This completes the proof.
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