
A Closer Look at Integers Modulo a Prime

Let p be a prime number. There are p elements of the integers modulo p:

Zp = {[0]p, [1]p, . . . , [p− 1]p}.

We’ll act like mathematicians and drop the brackets.

We’ve seen how Zp satisfies the “usual” axioms for addition and multiplication. But Zp is

really more like the rational numbers Q than integers Z. Every non-zero element of Zp is invertible.

From the theory of congruences (in particular, Proposition 1.3.4), we can always solve the

congruence ax ≡ 1 (mod p) if p - a. In other words, if a is a non-zero element of Zp, then a has an

inverse. (With brackets: [a]p is invertible if [a]p 6= [0]p.)

Examples: In Z13, the inverse of 2 is 7: 2 · 7 = 1. Here we’ve dropped the brackets because

we’re lazy. More precisely, we’d write [2]13 · [7]13 = [1]13.

In Z23, the inverse of 5 is ...???
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Take a non-zero element of Zp. Let’s call it a. Consider the powers of a: a1, a2, a3, . . . , which

are all elements of Zp. Moreover, none of them are zero (in Zp). Why?

There are only p−1 non-zero elements of Zp, but we have infinitely many powers of a. Clearly,

these powers must repeat.

For example, the powers of 3 in Z19 are:

31, 32 = 9, 33 = 27 = 8, 34 = 24 = 5, 35 = 15,

36 = 45 = 7, 37 = 21 = 2, 38 = 6, 39 = 18 = −1.

We now see that 318 = (39)2 = −12 = 1, so 319 = 3.

The remaining powers are

310 = −3 = 16, 311 = −9 = 10, 312 = −8 = 11, 313 = −5 = 14,

314 = −15 = 4, 315 = −7 = 12, 316 = −2 = 17, 317 = −6 = 13

Notice how every non-zero element of Z19 is actually a power of 3. That makes multiplica-

tion much simpler! Instead of using 0, . . . , 18 as elements (more precisely, representatives of the

congruence classes), we could use 0 and the 18 powers of 3: 31, 32, . . . , 318.

One example of the power of this idea is to consider a19 in Z19.

So all the non-zero elements of Z19 are just powers of 3. Are there other numbers besides 3

which would work the same way? Is there some sort of congruence going on with the exponents?
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