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Introduction

Frame decompositions

Vanishing moments

Tight frame in a Hilbert space H
{fiy CHVfeH S |f.f)? =|f|?

VEEH  f=Yf.E)

n
R.J.Duffin and A.S.Schaeffer 1952
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Introduction
Frame decompositions

Vanishing moments

Tight frame in a Hilbert space H
{fiy CHVfeH S |f.f)? =|f|?
vfeH f=>(f,f)fn

n
R.J.Duffin and A.S.Schaeffer 1952

Wavelet tight frame in L(R9) with a dilation matrix M

M is a d x d integer matrix whose eigenvalues are bigger than 1 in
module;

m:=|det M| > 1,

W ez ke v=1,....r,r>m-1

W (x) = miPy) (Mix + k),
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Introduction
Frame decompositions

Vanishing moments

Wavelet frame decomposition

Z Z Z (l/) (l/)

Jj=—00 kezd v=1

A tight wavelet frame {wj(,f)} is said to have approximation order n
if there exist A > 1 and C > 0 such that for any function f in the
Sobolev space Wy

r f "
S IDIPRI U Y IR

Jj<i kezd v=1 5

M. Skopina MULTIVARIATE WAVELET FRAMES AND FRAME-LIKE SYS



Introduction
Frame decompositions

Vanishing moments

A wavelet system {wj(;:)} has vanishing moments up to order n,
n € Zy, (VM" property ) if

/Xféla---axngﬂ(V)(X)dXZO, v=1,...,r,
Rd

d
for all @ € Z4 such that |lafl; := Y aj < n.
j=1

VM" = D)™ (0)=0 V|l <n
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Introduction

Frame decompositions
Vanishing moments

Let {wj(;:)} be a tight frame. If VM"~1 property is fulfilled, then

{wj(ky )} has approximation order n.
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Introduction

Frame decompositions
Vanishing moments

Theorem

Let {wj(;:)} be a tight frame. If VM"~1 property is fulfilled, then

{wj(ky )} has approximation order n.

Theorem (l.Daubechies, B.Han, A.Ron, Z.Shen, 2003)

Let {%(Z )} be a tight frame with respect to a diagonal matrix

dilation M. If VM™~1 property is fulfilled and the generating
scaling function provides multiresolution approximation order n,
then {wj(: )} has approximation order min{n,2ng}.
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Introduction
Frame decompositions
Vanishing moments

Theorem (B.Han, 2003)

For arbitrary matrix dilation M, there exists a compactly supported
tight wavelet frame satisfying VM" property with an arbitrary n.
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Introduction
Frame decompositions
Vanishing moments

Theorem (B.Han, 2003)

For arbitrary matrix dilation M, there exists a compactly supported
tight wavelet frame satisfying VM" property with an arbitrary n.

OUR GOAL:

to develop a method for the construction of compactly supported
tight wavelet frames satisfying VM" property with an arbitrary n,
starting with any appropriate refinable function
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Construction of tight frames

Algorithm

General scheme for the construction of compactly supported
wavelet tight frames — UEP (A .Ron and Z.Shen, 1997):
¢ — refinable function, mg — its mask (a trigonometric polynomial),

ie., G(M*E) = mo(€)p(§) V€ € RY.

Let D(M) = Z9/MZ9 = {sp,...,Sm-1}, S0 = 0, (digits),

1400, - - - » [0 m—1 —Ppolyphase components of myg.
1 m—1 )
mo(x) = —= Y &> g, (M*x),
m
k=0

For example, if d =1, M =2, D(M) = {0, 1}, then
mo(§) = % (100(28) 4 €2 1101(2€))
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General scheme
condition
and sufficient conditions

Construction of tight frames

Obsta
Algorithm

Moo ... HOm-1
M= ... ... .. MM =,
Hro -+ Hrm-1
m—1

e27”'(5kvX)Nl,k(l\/l*x) wavelet mask,
=0

D (x) = m, (M* 1 X)B(M* )

my(x) =

Ele

{w}:)} is a tight frame generated by (.

Even if r = m — 1, the system {wj(:)} is not necessary an
orthonormal basis.
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condition
nd sufficient conditions

Construction of tight frames

Let d =1, M =2, $(2£) = mo(&)P(&), {zﬂj(ky)} is generated by ¢
o (a) mo(€) = (14 €™)"t(¢)

It is well known that (a) is necessary and sufficient for {wj(:)}

to have VM" 1 property in the case r = 1
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condition
nd sufficient conditions

Construction of tight frames

Let d =1, M =2, $(2£) = mo(&)P(&), {zﬂj(ky)} is generated by ¢
o (a) mo(€) = (14 €™)"t(¢)

It is well known that (a) is necessary and sufficient for {wj(:)}

to have VM" 1 property in the case r = 1
e (b) "sum rule”
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Construction of tight frames

Let d =1, M =2, $(2¢) = mo(£)P(€), {zﬂj(ky)} is generated by ¢
o (a) mo€) = (1+e2mE)e(c)
It is well known that (a) is necessary and sufficient for {wj(:)}
to have VM"~1 property in the case r = 1
e (b) "sum rule”
e (c) polyphase condition:

d* A
Hoo(o) Ak

dxk _57

dM01

ik Z)\/m , k=0,...,n—1,
)\0—1,)\/6@,/—1,..., — 1.

(@) = (b) = (o)
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General scheme

Polyphase condition

Necessary and sufficient conditions
Obstacles

Algorithm

Construction of tight frames

Theorem (Necessary condition for VM" property)

If a refinable mask mq generates a tight wavelet frame with VM"
property, n > 0, then its polyphase components g, - - -, 40 m—1
satisfy the following conditions

[y

m—

luokl? <1 Va € 29, el < n, (A)

d o, |
D% ok (0) = \/15 > das]] <gj> (—2ri(M~1s0);)% . (B)

0<p<a Jj=1
where Ag, ||5]|1 < n, are complex number such that
a -
=1 ¥ (5)pha=0 lahsn  (©

0<B8<a

M. Skopina MULTIVARIATE WAVELET FRAMES AND FRAME-LIKE SYS




General scheme

Polyphase condition

Necessary and sufficient conditions
Obstacles

Algorithm

Construction of tight frames

Theorem (Sufficient condition for VM™ property)

If condition (B) is fulfilled for o, . . ., fto,m—1 and there exists a
(r+1) x (r+ 1) unitary matrix

Moo ... HMO,m—1 HMOm --- MO,
P10 oo Him—1 X co. %
Bro - MBrm—1 % co. %

such that

D%uox(0) =0, k=m,...,r,a€Z% |als <n, (D)

then the corresponding wavelet system {wj(;: )} is a tight frame with
VM?" property.
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Construction of tight frames

s
Algorithm

So, we must extend the row poo, - . ., fto,m—1 such that

m—1 r
1-— Z |M0k’2 = Z ‘N0k|2 and (D) is fulfilled.
k=0 k=m

m—1
If (A) is fulfilled, then 1 — > |puok|> > 0 but
k=0

Open problem:is it possible to represent an arbitrary non-negative
trigonometric polynomials P in the form P = | |2 + .- + |fy|?,
where f1, ..., fy are trigonometric polynomials?

Answer YES with N =1 for d = 1 (Riesz lemma).

Theorem (M.A.Dritschel, 2005)

If P is a strictly positive trigonometric polynomial, then there exist
trigonometric polynomials fy, . .., fy so that P = |f|? +--- + |fy|?.

m—1
This does not help directly because 1 — > |uox(0)[> = 0.
k=0
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eme
condition
and sufficient conditions

Construction of tight frames

If the row pgo, - .., fto,m—1 is extended properly, we must extend
this row to a unitary matrix whose entries are trigonometric
polynomials.

Open problem:is it possible to extend any appropriate row of
trigonometric polynomials to a unitary matrix whose entries are
also trigonometric polynomials?

Answer YES ford =1
(W. Lawton, S.L. Lee, Z. Shen 1995)

Answer YES for 2 x 2 matrices (evidently)

Conjecture: answer NO in the general setting.
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General scheme

Construction of tight frames nd sufficient conditions

Construction

Step 1. Choose trigonometric polynomials (g, - - -, Ko m—1
satisfying (B) and (C)

We have already Z |16, (0)|*> = 1, but we have no (A):
T P <1 v

k=0

Step 2. Set

d
M;
fiok(x) = H <1 — sin?h 7TXi) por(x), k=0,...,m—1,
i—1

If the numbers L; and M; are large enough, we have
m—1
o, N —_ Do,/ " \2
Dugi(0) = D1 (0), lalls < nv - |pgel® < 3.9.
k=0



Construction of tight frames

m—1
Step 3. Set o := > |uf,?,
1=0

3 o
Lok = <2—2>,u6’k, k=0,....m—1.

We have D%igx(0) = D%ug,(0) [Jall1 < n, due to the following

If conditions (B) and (C) are fulfilled for poo, . . ., ftom—1 then
D* (|N0k(X)|2) ‘x:O =0, k=0,....m—1, forallacZd,

pok(@2 =21 k=0,...,m—1.

m>

0< ||Ol||1 <n,
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General scheme

Construction of tight frames

nd sufficient conditions

1-72 =
4

AP+ o+ [
Setr=m+ N,
pom = (1—0)f,...,por—1 = (1—0)fn,
por = 0.
Since D¥(1 —0)(0) =0, ||af[1 < n, (D) is fulfilled.
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eme
Construction of tight frames o condition

and sufficient conditions

Step 4. Since por = 0, the row (ugo, - . -, ftor) May be extended to
a unitary matrix

100 cee MO,m-1 HOom ... Hor
H10 cee M1,m-1 * Lol X
Hm+10 -+ MHm+lm—1 * Lol X

by the Householder formulas

Hyk = 5r—u,k — HokHO,r—v)
Hor i=f0,r—, k=0,...,r,v=1...,r.
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Dual frames

unwnﬁ and approximation order

Construction of dual wavelet frames
nd sufficient conditions

Dual frames in a Hilbert space H
{fo} C His a frame in H if there exist A, B > 0 such that
VfeH
AlIfI? < Y F. f)? < BIIF|I> Vf € H.

If {f,} is a frame in H, then there exists a dual frame {f,} in
H such that N
f=> (ffa)fa VfEH

n

Dual wavelet frame decomposition

=3 SR e e

Jj=—00 kezd v=1
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Dual frames
Genera cheme

Construction of dual wavelet frames

General scheme for the construction of compactly supported
dual wavelet frames (A.Ron and Z.Shen, 1997)

{%k} W v=1,....rjez ke,

mg, mg — refinable masks; @, € La(R?) - scaling functions,
Polyphase matrices:

Hoo ... HO,m-1 N /700 cee /jO,m—l

M= M=
Hro - Hrm-1 ,Er,() cee ﬁr,m—l

.//—\;l/*M = Im,

JO0) = mMFM ), B () = m (M ORM ),
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Dual frames

. ishin, oments and approximation order
Construction of dual wavelet frames g g _pp o
and sufficient conditions

Theorem (B. Han, 2003)

Let {%(Z n, {JJ(: )Y be generated by compactly supported refinable
functions o, p € Ly(RY). For the systems to be dual frames in
L>(RY) it is necessary and sufficient they to have VMP property.
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Dual frames
ral scheme
g moments and approximation order
ssary and sufficient conditions
Algorithm

Construction of dual wavelet frames

Theorem (B. Han, 2003)

Let {%(Z n, {JJ(: )Y be generated by compactly supported refinable

functions o, p € Ly(RY). For the systems to be dual frames in
L>(RY) it is necessary and sufficient they to have VMP property.

Let {wj(,f)} {%Z)} be a pair of dual wavelet frames. If {{/;J(ky)} has
VM1 property, then the wavelet frame decomposition has
approximation order n.

We suggest a method for the construction of compactly supported
dual wavelet frames with VM" property for both the systems

(v) 7(v)
{vi b i}



Dual frames
General scheme
Vanishing moments and approximation order

nstruction of | wavelet fram q 5
Construction of dual wavelet frames Necessary and sufficient conditions

Algorithm

Theorem (Necessary condition for VM" property)

If refinable masks my, mg generate compactly supported dual
wavelet frames with VM" property, n > 0, then their polyphase

components figg, - - -, 0 m—1, H00, - - - » f40 m—1, Satisfy the following
condition: for all a € 74, ||c||1 < n,

D0 = = ¥ () (2miM50)" dass, (@)

0<g<

D“Fioyc(0 Z ( > (—2ri(M5))" Xas,  (B)

0<,8<a

where )\g, Xg,

< n, are complex number such that

do=do=1 ¥ (§)Whaa=0 lali<n (©

0< <
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Dual frames
General scheme
Vanishing moments and approximation order

nstruction of | wavelet fram q 5
Construction of dual wavelet frames Necessary and sufficient conditions

Algorithm

Theorem (Sufficient condition for VM" property)

Let {wj(,f)} {TZJ(:)} be MRA-based compactly supported dual
wavelet frames, and let

100 s HO,m—1  HO,m - -- Ho,r
MEE=|

Hr,0 °co Hr,m—1 &3 cee a3
. Boo ... Bom—1 Hom --- fo,r
MEE=|

ﬁr,O cee ﬁr,m—l &3 cee &3

be square extensions of their polyphase matrices M, M such that
(MBEY* MEt = | 1. If (B) is fulfilled and

Dﬂ,uo/((O)zo, k=m,...,r, VﬁeZi,[ﬁ] < n,

n 7 ()
then VM" property holds for {1 " }.



moments and approximation order

Construction of dual wavelet frames e e
/ and sufficient conditions

Construction

Step 1. Choose an arbitrary refinable function ¢ whose polyphase
components fio, - - - , flo m—1 Satisfy (B) with parameters Ag,
BeZ, |81 < n, and find dual parameters Xg satisfying (C) by
the recursive formulas

Fo=1 Fo=-to- 3 ()W
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DLH| HEMES
| scheme
<h|ng moments and approximation order

Construction of dual wavelet frames ge:
ient conditions

Step 2. Find trigonometric polynomials figg, - . . , ff m_1
satisfying ( ). Such functions are given by

o) = = 3 Gl 3 () (-2mitM 1) Koy ¢

laf[1<n 0<8<a
) | (CEe

[a]=n+1 Jj=1

where G, are trigonometric polynomials such that
DPGo(0) = 64 for all B € Z4, ||8]l1 < n, Tk are arbitrary
trigonometric polynomials.
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nd approximation order

Construction of dual wavelet frames ge:
nt conditions

Step 3. Set 0 := E L0k ,uOk,

tok = (2 — U),uOk,k =0,. -1,
tom =1 — o, ligm := ].—O'

If conditions (B), (B) and (C) are fulfilled, then DPo(0) = 0 for

all 3 €74,

<n.

It follows that Dﬁuo (0) = DPfig, (0) ||8]]x < n and
Dﬁuom(O) Dy, (0) =0 for all g € 29.
Since 1 — Z pok(x)fiok = (1 — &), we have an appropriate pair

k=0
of rows (100, - - -, om), (Foo, - -+ o m)
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. anis moments and approximation order
Construction of dual wavelet frames . g pprox
/ and sufficient conditions

Step 4. Set g m+1 =0, fig,m+1 = 0.
Now we can use the generalized Householder transform for the
matrix extension.

Foreachv =1,...,m+ 1, define

/ju,erl = HO,m+1—-vs HMum+1 = ﬁO,erlfua
Mok = Omi1—vk — HOKHO,m+1—vs Huk = Omti—vk — HOKHO,m+1—vs
k=0,...,m.
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DLH| HEMES

oments and approximation order

Construction of dual wavelet frames g e
nd sufficient conditions

Algonthm

Assume that we started with a refinable function ¢ and constructed
appropriate polyphase matrices M, M. Next we find the masks
mi,...,my, mg,...,m, and define @, ®) ) v =1 . r by

~ T motor )

~ ~(v) _ I
P(x) = m (M )RM* " x), ¢ (x) = M (M 1) B(M*x),
This construction leads to compactly supported dual wavelet

frames {12%,)}, {})} if only & € Lo(RY). Unfortunately, this is
not is not guaranteed. Generally speaking, ¢ is a tempered
distribution.
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Frame-type decompositions
Appro ation order
Example

Frame-similar systems

What happens if wavelet systems {wj(,f)}, {Jj(lf)} are
constructed according to the general scheme but are not dual
wavelet frames in [,(R?) (in particular, if both generating
refinable functions, or one of them, are distributions)?
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Frame-type decompositions
Approximation order
Example

Frame-similar systems

Let {L/JJ(;:)} {121(:)} be dual wavelet systems generated by

compactly supported refinable functions 1, {/; and let A be a class
of functions f for which (f, ook), (f, @b}:)) have meaning, We say

that {wj(ky)} is frame-like on A if

f—ZZZ POV vf e A (1)

i=—ocov=1 kec7d

and {wj(;:)} is almost frame-like on A if

f= Z , POk QOOk-l-ZZZ (V) (V) Ve A (2)

kezd i=0 v=1 kc 74

where the series in (1) and (2) converge in some natural sense the
series over k converge unconditionally.
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Frame-type decompositions
Approximation order

- Example
Frame-similar systems

S is the Schwartz class of functions defined on R?,
S’ is the dual space of S

Theorem

If o, € S', then {wj(,f)} is almost frame-like on S with the series
converging in S'.

Theorem

If o € [(RY), € S, then {@Z)J(:)} is almost frame-like on S with
the series converging in Lo-norm.

V.

If o, € Lo(RY), then {1#},?} is frame-like on Lo(RY) with the
series converging in Ly-norm.
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Example

Frame-similar systems

Next we assume that the the polyphase components of refinable
masks mg, mg satisfy

(1 DP 110k (0) = \/15 >N (f) (—2miM~ts )P~

0<y<B
v3eZ,|B| < nk=0,...,m—1;

for some complex numbers A, v € Z4, ||v[|1 < n, Ap =1, and

=0 vBezd,|p|: < n
£=0

m—1
(i b° (1 -y u0k(£)fmk(§)>

k=0
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Frame-type decompositions
ation order

Frame-similar systems

Theorem

Let f €S, {1/JJ(:)} {JJ(;:)} be dual wavelet systems generated by

compactly supported refinable functions o € Lo(RY), ¢ € S
satisfying (1), (I1). Then

Ul ~ ClIF Nl g
f= 2 (B awon =230 3 FBOW| <
ke zd i=0 v=1 kc 74 5
where X\ is a minimal (in module) eigenvalue of M, ¢ > 0,

IA\| =& >1, n* > n, Cand n* do not depend on f and j.
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Frame-type decompositions
ation order

Frame-similar systems

Theorem

Let f €S, {wj(k")} {{EJ(Z)} be dual wavelet systems generated by

compactly supported refinable functions p, € Ly(RY) satisfying
(1), (I1). Then for every f € W3 (RY)

F) Cllfllwg
Ty T S

i=—ocov=1 kc7d 5

where X\ is a minimal (in module) eigenvalue of M, ¢ > 0,
|[A\| =& > 1, C does not depend on f and j.
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decompositions
tion order

Frame-similar systems

L0 (RY) := {f € Loo(RY) : esssup |f(x)] — 0}

Ix|>R R—o0

Theorem

Let {%(Z n, {JJ(: )} be dual wavelet systems generated by

compactly supported refinable functions ¢ € Lo(R9), ¢ € L(RY),
satisfying (1), (I1). Then for every f € W2 N L9 (RY)

(1/) (1/) ClIfllwa,
Ty NOEsT

. d
i=—ocov=1 ke 7 oo

where X is a minimal (in module) eigenvalue of M, ¢ > 0,
I\l —e>1, n* > n, Cand n* do not depend on f and j.
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Frame-type decompositions
ation order

Frame-similar systems

Theorem

Let1l < p < oo, %—l—% =1, { N () (V)} be dual wavelet systems

generated by compactly supported refinable functions ¢ € Loo(RY),
$ € Ly(RY), satisfying (1), (I). Then for every f € w7

Cllfllwg
(V) (V)
Yy s M

= 1 d
i=—cov=1 ke 7 p

where X is a minimal (in module) eigenvalue of M, ¢ > 0,
[A\| —e > 1, C does not depend on f and j.
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Frame-type decompositions
ation order

Frame-similar systems

Theorem

Let {1/11(,? N, {QZJ(Z )Y be dual wavelet systems generated by

compactly supported refinable functions p, € L (R?) satisfying
(1), (Il). Then for every f € W[

Cl|f||wn
oY oo - S5 X (B <(\A’r| szy"’
1

ke zd i=0 v=1 ke 74

where X\ is a minimal (in module) eigenvalue of M, ¢ > 0,
|[A\| =& > 1, C does not depend on f and j.
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decompositions
on order

C
Example

Frame-similar systems

Examples

L M= G _11> " m=2, D(M) = {s = (0,0), 5 = (1,0)}

R 1—e 2mi&i\ /1 g 2mita\? /1 _ g 2mi(6i+&)\ (1 — g=2mil61—&2)
P8 = ( 27i&y ) ( 27i& ) ( 27i(&1 + &2) ) ( 2mi(&1 — &2) )
e C?

a) ¢ is the d-function, g € §’

$D(x) = V2p(Mx + (). ¥ (x) = V2p(Mx) are in C2 and
symmetric with respect to the points (—%, —%), (—%, —%)

respectively
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Frame-type decompositions
Approximation order
Example

Frame-similar systems

- S S (o ()
o () e )
oo ()
S w2 e (2)-
;f<Mf1<Mk+(1))>p<m+m@.

This expansion holds for every f € S and has approximation order 1.

M. Skopina MULTIVARIATE WAVELET FRAMES AND FRAME-LIKE SYS



Frame-type decompositions
Approximation order
Example

Frame-similar systems

b) To provide approximation order 2 for the same refinable
function ¢ we can take

Fro(€) = 1S e2mitarten) | 3 g-amitaren) y L arite—e) L g-2rite-)

8 8 8 8

The dual wavelet masks my, my are given by

000 0 1 0 3 01 0 3 0
000 2 0 -2 0 0 0 -6 0 6
L, o000 -8 0 2 L oloo 2 0 -1 0
—~ looo -6 32 -10 0|, —|o o 18 0o -2
2V2 19 0 0 0 -3 0 1 32v2 o 3 o0 -1 o0
000 0 O 0 O 00 0 0 0
000 0 O 0 O 00 0 0 0
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Frame-type decompositions
Approximation order
Example

Frame-similar systems

2.d=1, M=2, ¢ and ¢ are B-splines:

A0 = (7Y o= ()

25(2x — 1) + 3(20) — 3(2x +1) + F(2x +2) + JB(2x + 3))

=
=
—_~
x
=
I
N
-
S
A/~

7%55(2x —3)—G(2x—2) — %{5(2)( —1) +105(2x) —
TB(2x+1) — B(2x+2) - 35(2x+ 3)) .

{¢f:)} is frame-like with approximation order 2 on WZ(R) if 1 < p < oo, on
W2 (R) N L% (R) if p = oo, and almost frame-like with approximation order 2
on WZ(R).
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