ON STABILITY OF SAMPLING-RECONSTRUCTION
MODELS

ERNESTO ACOSTA-REYES, AKRAM ALDROUBI, AND ILYA KRISHTAL

ABSTRACT. A useful sampling-reconstruction model should be sta-
ble with respect to different kind of small perturbations, regardless
whether they result from jitter, measurement errors, or simply from
a small change in the model assumptions. In this paper we prove
this result for a large class of sampling models. We define different
classes of perturbations and present a way of quantifying the ro-
bustness of a model with respect to them. We also use the theory
of localized frames to study the dual frame method for recovering
the original signal from its samples.

1. INTRODUCTION

Images are often modeled as real valued functions on R2. Typically,
a class of images is a subspace of L*(R?) (or LP(R?)) with some smooth-
ness property, e.g., a bandlimited or spline subspace of L?(R?). Modern
image processing schemes proceed in three steps. The first step con-
sists in transforming the image (a function on R?) into a sequence (a
function on Z?). This process is called sampling, and it uses measuring
devices that act on the image to produce the corresponding sequence,
e.g., an analog to digital converter, or an MR imaging device. One
of the requirements of this conversion is that it must be invertible or
nearly invertible, i.e., the image must be fully characterized by the se-
quence. The inverse process that transforms the sequence back into
the image is called the reconstruction and is often the third step in the
processing. Image processing algorithms, such as denoising, compres-
sion/decompression, etc., are performed between these two steps using
digital devices (e.g., computers). In this paper, we concentrate on the
sampling and reconstruction steps which are fundamental in any image
processing scheme.
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The sampling and reconstruction problem includes devising efficient
methods for representing a signal (function) in terms of a discrete (finite
or countable) set of its samples (values) and reconstructing the original
signal from the samples (see e.g., [1, 3, 8, 9, 19, 24] and the reference
therein). In this paper we consider a very general sampling model where
the signal is assumed to belong to a finitely generated shift invariant
space and the sampling is performed on an irregular relatively separated
set and is averaged by finite Borel measures. The main focus of this
paper is on describing and quantifying “admissible” perturbations of
the sampling model which may result from altering the sampling set
(jitter) (see e.g. [6, 7, 13, 15, 18]), or the averaging sampling measures
(measuring devices) or the generators of the underlying shift-invariant
space (see e.g., [5, 13, 20]).

As recently became customary in sampling theory (see e.g. [1, 3,
11, 21, 22, 23, 24, 25]), we mesh operator theory techniques and those
of shift invariant and Wiener amalgam spaces [14]. The latter provide
us with relatively straight-forward proofs while the former allow us to
keep in sight our objective. In Section 2 we show that all the properties
of our sampling model can be encoded in the sampling operator U.
The sampling model admits reconstruction if its sampling operator is
bounded both above and below. Our first goal is to show that any
and all of the small perturbations mentioned above result in a small
perturbation of U in the operator norm. This will prove the stability of
sampling in our model with respect to those perturbations. Moreover,
in some cases, the corresponding estimates we obtain will quantify this
stability. Our second goal is to show how the dual frame method can
be used to reconstruct signals in our sampling model. Finally, our last
goal is to show that the reconstruction error due to the perturbations
we describe is controlled continuously by the perturbation errors.

The paper is organized as follows. In section 2 we describe our
sampling model, introduce relevant notions and notation, and cite a
few preliminary results. The main results are presented in section 3.
Perturbation results addressing our first goal are in subsection 3.1.
There we prove that a set of sampling remains such under a small
perturbation of the sampling measures and/or the generators of the
shift invariant space. It is also shown that sampling remains stable with
respect to a perturbation of the sampling set itself. In subsection 3.2 we
show that, in case of a signal in a Hilbert space, the dual frame method
can be used to reconstruct the function from its samples. We also use
the results of the previous subsection and the theory of localized frames
to show that under mild additional assumptions a set of sampling for
a Hilbert shift invariant space is also a set of sampling for a chain of
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Banach shift invariant spaces to which the dual frame method extends.
In subsection 3.3 we study the dependence of the reconstruction error
upon the perturbation errors. The proofs of the results in section 3 are
relegated to section 4.

2. DESCRIPTION OF THE SAMPLING MODEL

This section is primarily devoted to introduction of the sampling
model we use in this paper. We also present most of the necessary
notation and cite some of the preliminary results that will be used
later.

The signals we are studying in this paper are represented by functions
f € LP(RY), for some p € [1,00] and d € N. Moreover, we assume that
f belongs to a shift invariant space

(2.1) VP(D) = {Z CTd,: C e (ep(zd))r} .

kezd

Here the superscript T’ denotes the transpose operation, ® = (¢!, ..., ¢")T
is a vector of functions, &, = ®(- — k), C = (c',...,c")T € (P(ZY))"
is a vector of sequences in (P(Z?%), and CI = (c},...,c}). Among the
equivalent norms in (¢7(Z%))" we choose

(2.2) ICl v zayy = Z ¢ M| en -
i1

In order to avoid convergence issues in (2.1) we assume that the set
{o'(- —k),...,¢"(- — k); k € Z} generates an unconditional basis for
VP(®). More specifically, we require that there exist constants 0 <
my, < M, < 00, such that

(2.3)

> ey

kezd

< MPHCH(ZP(Zd))T? vC € (gp(Zd))r
Lp

The basis assumption (2.3) implies that {¢'(- —k),...,¢" (- —k); k €
Z%} generates an unconditional basis for V?(®) and that the space
VP(®) is a closed subspace of LP(R?). For p = 2, a basis satisfying
condition (2.3) is called a Riesz basis. A Riesz basic sequence is a
Riesz basis for its closed span.

Traditionally, all the functions in V?(®) are assumed to be contin-
uous. This makes pointwise evaluations and, hence, ideal sampling
meaningful. In our case, such an assumption is not always necessary,

Mypl|Cl| (er(zyyr <
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although, we retain it for technical reasons. More precisely, we add a
slightly stronger assumption that all generators ® belong to a Wiener
amalgam space (W;)" as defined below. For 1 < p < co, a measurable
function f belongs to WP if it satisfies

1/p
(2.4) | fllwe = (Z ess sup|f(x+k:)|p> < 0.

kezd €014
If p = 0o, a measurable function f belongs to W if it satisfies

(2.5) |fllwe = sup {ess sup | f(x + )|} < oc.
kezd z€[0,1])4

Hence, W coincides with L>®(R?). Tt is well known that W? are
Banach spaces [14], and clearly W? C LP. By (WP)" we denote the
space of vectors W = (1, ... ¢")T of WP-functions with the norm

Moy =D 19l -
i=1

The closed subspace of (vectors of) continuous functions in W? (re-
spectively, (W?)") will be denoted by W (or (WJ)").

In this paper we are interested in average sampling performed by
a vector of measures. We denote by M(RY) = My(R?) the Banach
space of finite complex Borel measures on R?. The norm on M (R?)
is given by ||ul| = Jpad|p|(y), ie., the total variation of a measure
p. By M!{(RY) we denote the space of vectors 7 = (u',...,ut)T of
measures from M(R?) with the norm || 7 ||se = >7_; ||4/]|. The sym-
bols M, (R?) (M!(R?)), 0 < s < oo, will be used for the subspace of
M(R?Y) (MH(R?)) of all (vectors of) measures u € M(R?) such that
(1+ lal) € LR, dlu), i, [(1+ [z])*d]ul(x) < o0. By Ma(®Y)
(M!_(R?)) we denote the space of all (vectors of) measures with com-
pact support. Clearly M (R?) C M,(R?) for 0 <r < s < .

For 1 € M(R?) and ¢ € L*(R?, du), the convolution of the function
¢ and the measure p is defined by

(¢ p)(x) = /Rd o(x —y)duly), =R

When we have a vector of finite complex Borel measures 77 = (p!, ..., u*)”
and a vector ® = (¢!, ..., ¢")T of functions integrable with respect to
the corresponding measures, the convolution ® 777 is the r x t matrix
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given by
dtxpt o dtxput

QT pt L Tt

Let J be a countable index set and X = {z; : j € J} be a subset
of R?. The reconstruction problem in our sampling model consists of
finding the function f € V?(®) from the knowledge of its samples

(F # X)) = {(f T y) = ((F 1) @y), o (F 5+ 1)(27) Yes

When t = 1 and @ = (&), i.e., 7 is the Dirac measure on R?
concentrated at zero, then (f * 77)(X) = {f(z;)}je; and we obtain
the classical (ideal) sampling model. When d i = Wdx, where U €
(L*(R%))? and dx is the Lebesgue measure on R?, i.e., 7 is absolutely
continuous with respect to the Lebesgue measure, then we write (f *
)(X) instead of (f * 7)(X), and our model is reduced to the case
analyzed in [5].

Definition 2.1. Let 1 < p < oo and X = {z; : j € J} be a countable
subset of R?. We say that X is a set of sampling for V?(®) and 7 (or,
simply, a 7/-sampling set for V?(®)) if there exist constants 0 < A, <
B, < oo such that

(2.6) Apllfllze < N(f * H)X) ey < Bpllfllo, for all f € VP(P).

If d7f = Wdx then a 7 -sampling set X will be called a W-sampling
set and, if t = 1 and p = dp, then X will be called an ideal sampling
set. To ensure that an upper bound B, in (2.6) always exists we restrict
our attention only to relatively separated sets X.

Definition 2.2. We say that X is relatively separated if there exists
S € N such that there are at most & sampling points in every d-
dimensional hypercube [0,1]¢ + 1, | € Z<.

Remark 2.1. In most of our estimates in the proofs we only use the
quantity N, = SY? p € [1,00). In case p = oo, we have N, = 1 and
the assumption of relative separation may be unnecessary.

Definition 2.3. Let 7 € M!(R?), & € (W) satisfy (2.3), and X =
{x;,7 € J} C R? be a relatively separated set. The sampling model is

the triple (X, ®, 77). The sampling model (X, ®, ) is called p-stable
if X is a 7 -sampling set for V?(®), p € [1, 00].

Given a sampling model (X, ®, 77') we proceed to define its sampling
operator.



6 ERNESTO ACOSTA-REYES, AKRAM ALDROUBI, AND ILYA KRISHTAL

Definition 2.4. The sampling operator U = Uix o) = ((P(Z9)" —
(0P(J)) is defined by UC = (f* 1 )(X), where f = Y. CI'®; € VP(D).

kezd
We can think of U as a t X r block matrix
gtt ... uUtr
v=| : .
gtt ... ubr
where for each 1 <7 <7 and 1 <[ <t the operator U is defined by
an infinite matrix with entries (U"); x = (¢'xp')(z;—k), j € J, k € Z°.
The operator norm of U is given by [|[U|lpop = sup 31—y U5 |p.op-
1<i<r
The following proposition shows that all the interesting properties
of a sampling model (X, ®, ﬁ) are, indeed, encoded in the sampling

operator U. The proof of this result follows immediately from (2.3)
and (2.6).

Proposition 2.1. The sampling model (X, ®, 1) is p-stable if and
only if there exist 0 < n, < (8, < oo such that for all C' € ((P(Z4))" the
sampling operator U satisfies

(2.7) MollCll @ zayyr < NNUC@r (e < BpllCllgerzayr-

Remark 2.2. It is not hard to see how the norm bounds 7, and 3, in
the above proposition are related to the sampling bounds A, and B,.
Another important observation is that 3, is controlled by the norms of
® and 77 and the separation constant N,. As will be apparent from
the auxiliary results in Section 4.1, we have

U op < 2N 11 [ ge 120y

p,op —

and, hence, we may assume that (3, < 2°NG, [|77]] vy ||| gy
The next lemma is typical for perturbation arguments.

Lemma 2.2. Let (X, ®, () be a p-stable sampling model and U be its
sampling operator satisfying (2.7). Let also (X,0, ) be a sampling
model such that its sampling operator Ua satisfies |[U — Ual| < 1.
Then (X,0,d) is also p-stable.
Proof. Let C' € (¢*(Z%))". Then UC and UAC' are in (¢7(J))! and

IUAC] < (U =Ua)Cll +[UC]]

< U = UAlllICl + BolICll-

Therefore, since ||[U — Ua|| < n,, then we have
(2.8) IUAC] < (1p + Bp) [ICI
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On the other hand, since
mlCll < UC] < (U= Ua)C| + IUAC]
< U =UallllCl+ UaC]-

Hence,

(2.9) (mp = U = UalD [C] < [UAC]]-

Since ||U — Ual| < n,, the conclusion of the lemma follows from (2.8),
(2.9), and Proposition 2.1. O

Remark 2.3. For the sake of clarity, in the statements of our results
we specify in which spaces different norms are taken. In the proofs,
however, we do it only if it is needed to avoid confusion.

3. MAIN RESULTS

In this section we collect the main results of our paper.

3.1. Admissible perturbations of a sampling model.

In practice, shift invariant spaces are used to model classes of signals
that can occur (or that are allowed) in applications. However, often,
the functions in a shift invariant space model only give approximations
to the signals of interest. Moreover, signal samples are obtained using
measuring devices with characteristics that are not fully known, and
the measurements reflect local averages rather than exact sample val-
ues. Thus, a sampling measure 77 is a model that approximates the
characterisitics of a measuring device. Another source of uncertainty
is the location of the sampling points {z;}. This type of uncertainty
is what is often called jitter error (see e.g., [6, 7] and the references
therein). The jitter error can be modeled as a perturbation of the sam-
pling set X = {z;}. The true sampling set is X = X+A = {z,;4+0,}c/,
where A = {§;};e; C R™

The following result shows that the sampling operator varies con-
tinuously with respect to all of the above parameters. As a corollary,
we conclude that sampling models considered in this paper remain
stable under the three types of perturbations: 1) a perturbation due
to a small change of the generators of the underlying shift invariant
space; 2) a perturbation of the vector of measures ﬁ (uncertainty
about the characteristics of the measuring devices); and 3) a perturba-
tion A = {§;};e; C R? of the set of sampling X (jitter). We use the
standard notation for ||A||_ = sup{||¢;|| : j € J}.

Theorem 3.1. Let (X, ®, () be a p-stable sampling model for some
p € [1,00] and U be its sampling operator. Let also (X + A, 0, )
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be a perturbed sampling model with the sampling operator Uxn. Then
for every e > 0 there exists eg > 0 such that ||{U — Ua|| < €, whenever
o € MYRY), © € (W), and
1Al + @ = Ollwry + I = &l < eo.
Due to Lemma 2.2 we obtain the following corollary.

Corollary 3.2. Let (X,®, 1) be a p-stable sampling model for some
p € [1,00]. Then there ezists ¢¢ > 0 such that the sampling model
(X + A,0,7) is also p-stable, whenever @ € MY(RY), © € (W),
and |All .+ |2 — Ol wiy + | — @ ||me < €. That is, there exist
0< A; < B]; < 0o such that

(31) Al flle < 1 * @YX @iy < Byllflles, for all f € VP(O),

where X =X+ A.

Remark 3.1. The proof of Theorem 3.1 will be established in Section
4 by perturbing some of the parameters of the sampling models while
leaving the other unchanged, and then combining the results. For some
of these cases, we will provide explicit estimates for ¢y and the bounds
A;, and B;. For example, for the case where ||Al| = |7 — @ || me = 0,

we get that
1 4A,m?2
— e+ m— -G, |,
N <\/ AN e

where N, is as in Remark 2.1 and

Apimy
2N 170 [ ane
Then, for 0 < € < g < m,, we have
o Apmy, 2d-/\/'p||ﬁHMt
p = — €

H(I)H(Wl)r—i—ds my, — €
5 - 2N e (|l wryr + €)
P m, — € '
The above result has many special cases and some of them have
been obtained before. For example, Corollaries 3.3 and 3.4 below were

first proved in [5]. They immediately follow from Corollary 3.2 with
d i = Wdz for Corollary 3.3, and 7 = (&) for Corollary 3.4.

Corollary 3.3. Let ¥ € (LY (R%)!, ® € (WJ)" satisfy (2.3), and
X = {zj,j € J} C R? be a relatively separated V-sampling set for
VP(®). Then there exists eg > 0 such that X is a V-sampling set for
VP(0), whenever © € (W)" and |[|® — Ol (1) < €.

Cp = 12l wryr +

A

’
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Corollary 3.4. Let ® € (W)™ satisfying (2.3) and X = {x;,j €
J} C R? be a relatively separated ideal set of sampling for VP(®).

Then there exists g > 0 such that X is an ideal set of sampling for
VP(©), whenever © € (W) and ||® — Bl|(w1) < €.

Other special cases are analogous to Theorem 3.6 in [6], and [18,
Theorem 3.4]. The amplitude error considered in [18, Theorem 3.3] can
also be described in the above terms as a perturbation of 7 = (&).

3.2. Perfect reconstruction and localized frames.

In this section we show that the standard dual frame method can
be used to reconstruct f € VZ(®) from its samples. We also obtain a
useful modification of the above results using the theory of localized
frames developed in [16] (see Definition 3.3). In the previous section,
the number p € [1, 00] was fixed, that is, we stated, for example, that
if X is a j-sampling set for V?(®), then X is a 7/-sampling set for
VP(©) for the same p € [1,00], as soon as O is sufficiently close to ®
in the appropriate norm. Here, we claim that if X is a j/-sampling set
for V2(®), then X is a 77-sampling set for V?(0) for all p € [1, 0], as
soon as O is sufficiently close to ®, ® satisfies a mild decay condition,
and 77 belongs to M(R?) for some s > d. It is natural to ask whether
one can replace V?(®) in the above statement with V%(®), for some
q € [1,00]. Under certain assumptions the answer is “yes”, but it turns
out to be a much harder problem as shown in [2].

Definition 3.1. Let H be a Hilbert space of functions and V' a closed
subspace of H. Let {U,, = (¢, ,... 7¢;j)T}j€J be a countable collec-
tion of vectors of functions in V. We say that {¥,, };cs is a frame for
V if there exist constants 0 < A < B < oo such that

Allfllre < I Yy < Bllflln, for all f eV,
where (f,W,) = ((f,¢z,),-.-. (f,¢¥5,))" € C".

Remark 3.2. Notice that the above is not quite the standard definition
of a frame in a Hilbert space. This is due to the way we defined
the norm in (2.2). Nevertheless, it is easily seen that {¥, };cs is a
frame for V' according to the above definition if and only if {wij, 1=
1,2,...,t, j € J}is aframe for V according to the standard definition.
The frame bounds, however, may be different.

Definition 3.2. Let V be a closed subspace of the Hilbert space H.
Let {U,;, = (¢g,, ..., %%, )" }jes be a frame for V. The frame operator

associated with the frame {W,,};c; is the operator S : V' — V defined
by S(f) = >,e/(f, ¥e) Wy, for all f € V. The (canonical) dual
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frame {\f’% }jers of the frame {U, }jes is the sequence of vectors given

by {\foj = (117]_,..., mj)T}jej, where 93 = S71y3 1 <s <t

Remark 3.3. 1t is well know that a frame operator S is bounded, invert-
ible, self-adjoint, and positive [12]. Hence, the canonical dual frame is
well defined. There may exist other dual frames but we will refrain
from defining the notion.

The next well-known result shows that the dual frame method can
be used to reconstruct a function from its samples.

Proposition 3.5. Let ® € (W})", 7 € M'R?), and X be a i -
sampling set for V2(®). Then there exists a sequence of vectors of func-
tions { Uy, }jes, which is a frame for V*(®) and (f, V,,) = (f = 10)(z;)
for all f € VX(®) and j € J. Moreover, every function f € V2(®) can
be recovered from the sequence of its samples {(f * 1 )(z;)}jes via

(3.2) Fla) = (f 1) (@) Ty, (@),

jeJ

where {\foj }ies is the dual frame of {Wy,, }jes and the series (3.2) con-
verges unconditionally in V*(®).

The frame {V, };c; constructed in the previous proposition will be
called a (7, X)-sampling frame for V2(®). The main idea of this sec-
tion is to use the fact that if such a frame is localized then it is also a
Banach frame [16] for V?(®), p € [1, 00).

Remark 3.4. Observe that, in general, the frame operator S is the
product of the analysis operator T : V. — ((*(J))!, defined by Tf =

{(f,9.) }ies = {((f ;j),...,(f, w;j»T}jGJ and its adjoint, that is
S =T*T. Since ® generates a Riesz basis, it is immediate that in case
of a (7, X)-sampling frame, the sampling operator U can be viewed

as the matrix of the analysis operator 7' in the the basis generated by
.

Recall that a sequence {¢'(- —k),...,¢"(- — k); k € Z4} in a Hilbert
space H is a Riesz basis for H if it is a basis for H and if it satisfies
Condition (2.3) for p = 2. It is well known that the dual basis of a
Riesz basis is itself a Riesz basis.

Definition 3.3. Let V be a closed subspace of the Hilbert space
H. Let {V,, = (..., ¥, ) }jes be a frame for V, and {G} =

(gi, ..., 95) }eeze be a Riesz basis for V. We say that the frame
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{Wy., }jes is (polynomially) s-localized with respect to the Riesz ba-
sis {Gy }reza, if

(3.3) (G, U )] < O+ [y — K))72,
and
(3.4) (G, o) < Co(1+ |y — K|)72,

for all j € J and k € Z?. Here, the constants C;,Cy > 0 are inde-
pendent of j and k, [(Gi, WT)| = 300_; 31y [{ghs ¥4 {G}ieza is
the dual Riesz basis of {Gy }reza, and |[(Gy, \I’£J>| is defined similarly to
(G, W)

Remark 3.5. Let V' be a closed subspace of a Hilbert space H. As-

sume that {Gy = (gi,...,95)" }reza is a Riesz basis for V. The dual
Riesz basis of the Riesz basis {Gj}rcza is the sequence of vectors
{Gre = (GL, ... 30) Y yega satisfying (Gy, GT) = 61, where I is the
r X r identity matrix, and dy is the Kronecker delta. Since a Riesz
basis {G} is also a frame, {G}} is, in fact, the canonical dual frame
for {G}}. In this case it is the unique dual frame.

Definition 3.4. Let ® = (¢!,...,¢")T € (W))" C (L*(R?))" and

s > d. We say that ® is an s-localized Riesz generator for V?(®),
denoted ® € W, if

o {®, = O(- — k)}peze generates a Riesz basis for VZ(®), i.e.,
condition (2.3) holds for p = 2;
e The components of ¢ satisfy the decay condition
(3.5) 6" (2)] < Co(1 + |z])7,
for all 1 < i < r and some C§ > 0 independent of z € RY.

Remark 3.6. If & € W, then (2.3) holds for every p € [1, 00] (see e.g.,
[3, 4)).

The following two theorems are the main results of Subsection 3.2.

Theorem 3.6. Let s > d, ® € W,, and i € ML(R?). Assume that X
is a [ -sampling set for V*(®), and {V,,};e; is the (1, X)-sampling
frame for V2(®). Then
o X is a i -sampling set for VP(®) for all p € [1,00].
o If {\Tfmj} is the dual frame for {V,,};cs, then
(3.6) F=Y (F 1) (x))Uy,, forall f €V (P),
jed

where the series converges unconditionally in VP(®), p € [1, 00).
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Next, we combine Theorem 3.6 with the perturbation results of the
previous section. The proof is immediate.

Theorem 3.7. Let s > d, ® € W,, and i € ML(R?). Assume that X
is a relatively separated i -sampling set for V(®). Then there exists
€0 > 0 such that for every A = {§;, j € J}, © € W, and @ € ML(R?)
satisfying | Al + [|® — Ol (wiy + |7 — @||ae < €0, there exists an
(e, X + A)-sampling frame {V,};e; for V*(©). Moreover,

e X+ Aisan o -sampling set for VP(O) for all p € [1,00].
o If{V,,} is the dual frame for {V,,};cs, then

F=Y (f+a) (a;+6;)V,,, forall f € VP(O),

jeJ
where the series converges unconditionally in VP(0), p € [1, 00).

Remark 3.7. The crucial result for the proof of the theorems is Jaffard’s
non-commutative extension of the classical Wiener’s Tauberian Lemma
(see Theorem 5 in [16]). It states that if an invertible matrix has an
off-diagonal decay defined by inequalities similar to (3.3) and (3.4),
then the inverse matrix has the same off-diagonal decay. There exist
other extensions of Wiener’s Lemma which deal with different types of
off-diagonal decay (see, for example, [10, 17]). Many of those could be
used to obtain results similar to Theorem 3.7.

3.3. Imperfect reconstruction.

In practice, we know that a perturbation exists because of imperfec-
tions of measuring devices, errors, etc. However, we can only estimate
this perturbation and may not even know its nature. Here we show
that even if we use a model (X, ®, 7/) for reconstructing a signal from
a perturbed model (X, 0, @) (or vice versa), the reconstruction error
depends continuously on the perturbation in the cases studied above.

As before, let U be the sampling operator for a p-stable sampling
model (X,@,ﬁ) and Ua be the sampling operator for a perturbed
model (X,0, ), where X = X + A = {; + 0;};es. The sampling
operator Ux can be thought of as a £ x r block matrix

gLt gl
Ua = : :
Ut Uy
where for each 1 <7 <r and 1 <[ <t the operator Ugi is defined by

a bi-infinite matrix with entries (UX');x = (0" % o) (x; +0; — k), j € J,
k ez
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We let U* be an operator defined by the following r X t matrix of
operators from (¢7(.J))" into (¢P(Z%))":

osHT . (UWHT
U* — . .

Y

@@L ... U
where for each 1 <i < rand 1 <[ <t the matrix (U%)7 is the complex
conjugate transpose of U4, If p = 2 and t = r = 1, then U* is the
Hilbert adjoint of U. The operator (Ua)* is defined similarly. Notice
that this definition implies (U*)* = U. Moreover, U* is a bounded
_l’_

operator and HU*prop = HU||q7Op, 110 é = 1. Hence,
* d — 1 1
1T 0p < 2% NG 1T | pge 191 1 Sto=t

In the next two Theorems we shall assume that the operator U*U is
invertible. Consequently, there is 0 < n, < oo such that [|[(U*U)™Y|,.0p <
n,. If the sampling model (X, ®,77) is 2-stable, U*U is a matrix of
the frame operator S for the sampling frame {¥, }, see Remark 3.4.
Therefore, the bi-infinite matrix U*U is invertible and positive definite.
Moreover, the operator (U*U)~1U* is a left inverse for the sampling op-
erator U and it can be viewed as the matrix of the synthesis operator
used for the reconstruction. Hence, the importance of the following
result.

Theorem 3.8. Let (X, ®, () be a p-stable sampling model for some
p € [1,00]. Assume that its sampling operator U satisfies (2.7) and
_(ﬁp"‘ﬁq)‘f‘ (ﬁp+5q)2+,;lp>

the operator U*U 1is invertible. Let € € (0, 5

and ()?,@,E) be a perturbed sampling model such that its sampling
operator Ua satisfies ||U—Ua| < €. Define v =v(e) = nye(e+ 6,4+ 5,).
Then 0 < v < 1, the operator UXUa is invertible, and

W) 0 = 308 03] < my (e LD
for [|All sufficiently small.

Remark 3.8. Observe that if p = 2 we do not need to require invert-
ibility of U*U. As we mentioned above, it follows automatically.

Remark 3.9. If in Theorem 3.8 we let r = ¢t = 1, p = 2, and [ =
(u') = (80), then we obtain an analog of Theorem 3.3 in [6].
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Let (X,®, 1) be a p-stable sampling model for some p € [1,00].
Assume that its sampling operator U satisfies (2.7) and the operator
U*U is invertible. We define the reconstruction operator R = R x ¢ 7)
(eP(J))" — VP(®) by

RD =Y [(U"U)'U*DIf®(- — k),
keZd
D= (d',...,d)T in (¢7(J))".
Then as an immediate consequence of Theorems 3.1 and 3.8, we have
the following result.

Theorem 3.9. Let (X, ®,70) be a p-stable sampling model for some
p € [1,00]. Assume that its sampling operator U is such that U*U is
wnvertible. Let R be the reconstruction operator. Then for every e > 0
there exists eg > 0 such that for every A = {6;, j € J}, © € (W§)",
and @ € MY(R?) satisfying
1Al + @ = Ollwry + I = & < eo,
we have
1R (g @)X +A) = fllp < el fllews =) Clw, g=)_ Cl6y,
kezd kezd

for all C € (¢7(Z%))".

Theorem 3.9 tells us that the reconstruction error is, indeed, con-
trolled in a continuous fashion by each and all of the perturbation
errors studied in this paper.

Our final result is a combination of the above theorem with the
results of section 3.2.

Theorem 3.10. Let (X, ®, i) be a 2-stable sampling model such that

® €W, and i € MLR?), with s > d. Let R be the reconstruction

operator for (X, ®, ). Then for every e > 0 there exists ¢ > 0 such

that for every A = {5;, j € J}, © € W, and @ € M*(R?) satisfying
1Al + 12 = Ol w1y + |7 — [ me < €0,

we have

IR((g @)X +A) = fllw < €llfllpo f=D Cldr, 9= ClOy,

keZzd keZd
for all p € [1,00] and all C € ((P(Z2))".

The proofs in the following section show implicitly how numerical
estimates for ¢y in Theorems 3.9 and 3.10 may be obtained.
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4. PROOFS

4.1. Auxiliary results.
We begin with some known technical results that are needed for the
main proofs. We give their proofs for completeness.

Lemma 4.1. Let ¢ € W, and p € M(R?). Then:
(4.1) ¢ pue Wy, and

(4.2) 6% ullwr < 2716 ]lw |l

Proof. Note that if ;1 = 0, the proof is immediate. Assume now p # 0,
ie. [|u|| > 0. Let € > 0 be given. Since ¢ € W, then ¢ is uniformly
continuous in R?. Therefore, there exists § = §(¢) > 0 such that

(4.3)  |o(w) — dlur)]| < ﬁ whenever |w — wy || < 4.

Let 2y € R be given, and let z € R? be such that ||z — 2|| < 6. Then

we have
/¢z— e /M— ) >’

(% p)(2) — (¢ * p)(20)] =
< » [0(2 —y) — d(20 — y)|d| ] (y)-

Since [[(z—y) — (20— y)|| = ||z — 20]| < 9, for all y € R4, then it follows

from (4.3) that fy. |(6(2 —y) — 6(z0 — )| dial(y) < fou 7oelil(v) =
Since 2y and € > 0 are arbitrary, we obtain the continuity of ¢ % p in
R

Let us show (4.2). Let ¢ € W' and u € M(R?) be given. Then

@ pllwr = 3 esssup | [ oz +k—y)du(y)| <

kezd z€[0,1]¢ |Rd

> [esssuplo(z +k —y)ldu|(y) <

kezZdrd z€l0,1]4

J (Z ess Sup|¢(x+/f—y)!> d|pl (y f l6(- = y)llwr dlpl(y)-

Rd \ kezd x€[0,1]¢

Since ||¢(- — y) || w1 < 2%||¢]| w1, for all y € RY, we get

[ 166 = nlwdiulo) < [ 2ollwndlalt) = 21l
R4 Rd

Therefore, we get (4.2). O
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The next proposition collects basic known facts about Wiener amal-
gam spaces, shift invariant spaces V?(®), and relatively separated sets
in R%. Again, we include the proof for completeness.

Proposition 4.2. Let ® € (W), W € M'RY), f = > CFdy,
kezd

where C € ((P(Z4))", and O, = ®(- — k), for all k € Z. Let also

X = {z;,j € J} be a relatively separated set in R with S as is in

Definition 2.2. Then

(4.4) D’ e (W)™

(4.5) 19 7 N wyree < 201wy 17 [ aaes
(4.6) VP(®) C WY, for all 1 < p < o0o;
(4.7) 1 lwe < 1Cl ez

(48) Xy < NollFllwe, Np = Sl/”, peE[l00), Nw=1.

Proof. First, Lemma 4.1 immediately implies (4.4).
Next, to prove (4.5) consider ® = (¢!,...,¢")T € (WQ)" and @ =
(pt, ..., puH)T € MYR?). Then using (4.2), we obtain

t r
@5 T [ owryrse = 3 Y 6" x ! lwn <

j=1 i=1

t T
DD 20wl = 2 @l w7 [
j=1 i=1
Next, we prove (4.7). Consider 1 <p < oo and f = Y. CI®;. For
kezd
each 1 < s < rlet a*(l) = esssup|¢*(z + 1)|, for all [ € Z%. Then
z€[0,1]¢
||a5||gl(zd) = ||[¢*|lw:. Consequently, ||a||(€1(Zd))r = ||®||(w1), where
a=(a',...,a")T, and ® = (¢',...,¢")T. Hence,

€ss Sup |f(x+)| < Z Z |c*(k)|ess SUp |o° (x+1—k)| = Z(as*|05|)(l),

z€[0,1]¢ s=1 kezd z€[0,1]¢ 1

where we have also used the notation ¢*(k) for ¢}. By using Young and
triangular inequalities, we have

r r
1fllwe <> lla® %1l < @]l ler-
s=1 s=1

Consequently, || fllwr < |C|l @@y | @l (wyr
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Next, let us show (4.6). Let f € VP(®) be given. Then f =
> peza CL @, for some C' € ((P(Z7))". Since (4.7) implies f € WP,
it remains to show the continuity of f. Let us first consider the case
1 < p < co. We observe that WP C W = L>*°(R?) (see Theorem 2.1
in [4]), and, hence,

(4.9) 1l < Lf [l we-

Let fn = 3" 5<, Cf @& be a partial sum of f. Since & € (W), then
{fn}nen is a sequence of continuous functions, and from (4.7) and (4.9)
we obtain

1/p
-

1 = fallzs < N@lewoy [ D01 D leil”

i=1 \|k|>n

Therefore, the sequence of continuous functions { f,, }nen converges uni-
formly to the function f. Thus, f is a continuous function as well. To
treat the case p = 0o, we choose a sequence {®"},,>; of continuous func-
tions with compact support (see Theorem 3.1 in [4] for details) such
that [|®" — @[|(w1)r — 0 as n — o0o. Set fo(z) =Y 100 CLP"(x — k).
Since the sum is locally finite, then each f,, is continuous. By using
(4.7) once again, we estimate

Ifr = fllzee <O geozayy | 2™ — || wyr-

It follows that the sequence of continuous functions { f,},>1 converges
uniformly to f. Hence, f is a continuous function as well.
Finally, (4.8) follows from

> f(@)P < Sesssup | f(z)],

jea; €[0,1]4+1 2€[0,1]9+
and the proof is complete. l

Using (4.4) and (4.5), we obtain the following result.

Corollary 4.3. Let A : (W)™ x MYR?) — (W)™ be defined by
AN®, W) =T, Then A is a bounded bilinear form, and ||A|| < 29,
where

1AL = sup{IACR, )l ewgyr<e 1@l wgyr < L 117 laee < 13-

The following lemma, proved, for example, in [5], states that a small
perturbation of a Riesz basic sequence remains a Riesz basic sequence.
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Lemma 4.4. Let ® € (W) satisfy (2.3). Then there exists ¢ > 0
such that every © € (W) satisfying |® — O w1y < € < €, also
satisfies (2.3), for some 0 < m, < M, < oo and

(4.10) m,>m,—¢ and M, <[P +e

The following lemma justifies Remark 2.2.

Lemma 4.5. Let (X, ®, 1) be a sampling model and U be its sampling
operator. Then

U p0p < 2N 11 [ ge 120 iy

p,op —

and

p,op —

X 1 1
10 < 2N R e [y — = = 1.
P q
Proof. The first of the inequalities follows from

1UC iy = I 1) X))y

and (4.5), (4.7), (4.8). The other one is true since ||[U*||p.0p = [|U||g.0p-
U

4.2. Proofs for Section 3.1.

We will divide the proof of Theorem 3.1 into several lemmas, each of
which is a separate perturbation result. The first lemma is concerned
with perturbations of the generator for the space of signals.

Lemma 4.6. Let (X,®,77) be a p-stable sampling model for some
p € [1,00]. Then there ezists ¢ > 0 such that the sampling model
(X, 0, 1) is also p-stable, whenever © € (W3)" and |2 —0||(w1y- < €.

Proof. Assume that 77 € M*(R?), ® € (WQ)" satisfies (2.3), and X =

{z;,j € J} C R? satisfies (2.6). We want to find ¢y > 0 such that
whenever ||® — O||(y1)r < €, then

Allglle < 1I(g* )X @y < Byllgllee, for all g € VF(6).

for some 0 < A; < BII) < 00. Assume 0 < € < m,. Then, by Lemma
4.4, © € (W) satisfies (2.3) and we let g = >, ;. Cl'O) and [ =



ON STABILITY OF SAMPLING-RECONSTRUCTION MODELS 19

> weza CE®r, C € (°(Z%))". Consequently, we have

1 1 1
, < [Cll@ay < — Croel| =—Iflw
M, e = k;Zd k m,
P
—1
< L!I(f*ﬁ)(X)ll(ep(J»
hezs (e ()"
= Alli > o)« i) (X)
mp k =k
=1 kezd e (J)
A
< 3l SaE)
P=1 kezd ()
-1
D —
N X ¢,
+ m (g 1) (X n ()
where

(A11) 2= (0 — 0 sl (G — O )T, T= 1,1
Since ® and © are elements of (W3)" and 7@ € M*(R?), then by (4.4),
we have Z! = (& —O)xul € (W), for I = 1,...,t. Hence, using (4.5),
(4.7), (4.8), and condition (2.3) for g = >, ;4 C} O, we have
Zl 1 H Zkezd CTHl X)“ep(J) <
2 NolICller @y 12 = ©llwyr 7 laae <

2deHq> @H(Wl r||,u||Mt || H

Therefore,
1 A1 2019 = Ol |7 e
gl < SR lolles +
P mpiy,
-1
+ (g * )Xy
my
Hence,
(4.12) M, ;,

< (g * B) (X))l @r(ry)
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On the other hand, since © € (WOI)T and 7 € MY(R?), it follows from
(4.4) that (Ot pt, ... 0" T € (WQ)", 1 =1,...,t. Therefore, (4.7),
(4.8) and the first Of the estimates in (4.10) 1mply that

(g * )Xl @y = H((Z Ck@k) * u)( )

(er(J))*

b (W)
< 2WNT e || D CF O
kezd wp
< 2N E e | Clewzayy 1O (wrnyr
2N || e
< —E—(|®[|(wry + €)|lglLe
p
2N || e (|| @[ (wrry + €)
< = W gl 1
mp—

Hence,

2Nl 2 e (Nl @l wry + €)> lgllo

my — €

(1413) o+ )Xo <
Using the estimates (4.10) and the left hand side of the inequality

(4.12), we can obtain an explicit upper bound ¢, for € from

Apmy _ QdA[I)HﬁHMtE _
@[ (wry + € my, — €

This is equivalent to the quadratic equation

2
Apmp

2
€+0— s — =
T 2N e

where
Apmy,

2N (g

Let €y be the positive solution of the previous equation, i.e.,

1 02 4Apm2 o
73 AT A

Cp = [l (wryr +
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Then, for 0 < € < €y < m,, we use (4.12), (4.13), and (4.10) to obtain

A = Apmy _ 2d/VPH7HMt€
p HCI)H(Wl)r—i—E my, — € ’
B - 2N e (|l wryr + €)
P m, — € ’
and the proof is complete. O

The following lemma deals with perturbations of the sampling mea-
sure.

Lemma 4.7. Let (X,®,77) be a p-stable sampling model for some
p € [1,00]. Then there ezists ¢¢ > 0 such that the sampling model
(X, ®, @) is also p-stable, whenever @ € M*(R?) and

I = Al s < eo-
Proof. Let f =374 CLF®), € VP(®), C € (¢*(Z%))". We have
Ap||f||LP < ”(f*ﬁ))(X)H(EP(J))i
< (f* (7 = @)X

D (= @iy + 1+ @)Xl ene
=1

(er(J))t T [(f * E)(X)H(ZP(J)Y

= D IO CF ) = (' = N X)) + 1+ @)Xy

=1 kezd

Since 7/ and @ are in M*(R?), and ® € (W{)", then Proposition 4.2
implies U = (@'« (u'—al), ..., ¢"x (' =)l € (W) forl=1,... 1.
Using Proposition 4.2 once again we have:

t
Al < Y NollClleay 19wy + 10 * @)Xl enayy
=1

< 2NolICl @y 1@l woyr IE =l + I * @)Xy
Taking into account ® € (W!)" and f satisfies (2.3), then it follows
2N F Il @l w7 — 0l pae

mp

2N C oz | @l (wrye [ =0 [ g <

Hence,
(4.14)

(1 2Nl T = T
P m
P

) 1Fler < 107 # 3 (X) iy
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On the other hand, using (2.6) again, we have
1+ @)Xy < I * (@ =N @y + 1+ 7)X) @y

t

= SN (0= 1) )l + 1+ Ty
=1
+ By fll s

((Z C’kT(I)k) x (ol — ul)> (X)
kezd o (J)

< 2N |ICllr @z 1@ way | — @l aae + Byl fll o

t

<y

=1

Using condition (2.3), we obtain:
(4.15)

1 * @) [y < (

From (4.14) and (4.15), by choosing

QNG 0l o [T — T e
U +Bp) T
myp

Apmy

€= Sonrnan

29N (@[ wyr
we obtain for 0 < € < ¢,
, 21N\|| D r
A=A, - ME, and
myp
, 29N || D ,
@:@+—ﬂUM1e

mp

From the two lemmas above, we obtain the following corollary:

Corollary 4.8. Let (X, ®, 1) be a p-stable sampling model for some
p € [1,00]|. Then there exists ¢ > 0 such that the sampling model
(X,0,7d) is also p-stable, whenever @ € M'(R?), © € (W), and
| = ©llwyy + 7 — &l < eo.

The above result is essentially obvious at this point. We proceed
with a formal proof in order to obtain estimates for ¢y and the bounds
A, and B, of X as an @-sampling set for V?(0).

4A,m2
29N I8 | e

Proof. Let 0 < ¢ < (\/Cg + — Cp>, where

Apmy,

C, = ||®]|(wry + =
’ WO 2N [ [ e
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Then, by Lemma 4.6, X is a f{-sampling set for V?(©) as soon as
1D = Ol w1y < e
Moreover,
Allgllze < 1I(g * )X @y < Byllgllze, for all g € VP(0),

where

A = Apmy, _ 2N || aae 6
p ||(I)||(W1)r+€1 my — €1
and
L 2N T e (1@l + )

D .
my — €1

Assume now that
A'(m, — €
0<e < ] p( b 1> .
2N (| @ (wyr 4 €1)

Then, by Lemma 4.7, X is an o -sampling set for V?(0) as soon as

12— Ol (wiy < e and |7 — @l < €o.

Hence, if 0 < € < €9 = min{ey, €5}, we obtain the sampling bounds

2N (|2 wyr + 1)

A/ _ A// .
D D mp e €2,
and .
’ " 2 N q) r+ €
B - B+ (12w 1)627
my — €
as soon as

||(I) — @H(Wl)r + ”7 — E>HM,5 S € < €.
O

The following lemma is a result about jitter in the sampling set X:

Lemma 4.9. Let (X,®, ) be a p-stable sampling model for some
p € [1,00]. Then there exists ¢ > 0 such that the sampling model
(X + A, ®, @) is also p-stable, whenever ||A|l, < €.

Its proof is immediately implied by Lemma 2.2 and the following
result.

Lemma 4.10. Let (X, ®, 1) be a p-stable sampling model for some p €
[1,00] and X =X+ A. Let U be the sampling operator for (X, ®, 1)
and Ua be the sampling operator for ()?, ®, ). Then ||[U — Ual| — 0
as ||Al|ee — 0.
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Proof. We recall that for any v > 0, the function osc, g on R? is defined
by

oscy g(x) = sup |g(x + Ax) — g(x)|.
|Az|<y

From Lemma 8.1 in [4] it follows that if ¢ € Wy, then osc, g € W1,
and || osc, g||wr — 0 as v — 0. Therefore, by applying Proposition 4.2
we get

osc, ©x " e (W™ and ||osc, @ * 1T ||(w1yxe — 0 as y — 0,
where
oscy, ¢k pt L. osc, @bk pt
osc, ®* il = : :
0sC, ¢"k pt ... osc, @7k pl

For any m € Z? there exist at most S sampling points in every hyper-
cube [0, 1]¢+m. We set X,, = X N([0,1]?+m), m € Z4, and, for each
1 <i<rand1<I[<t, define the sequence

b (m) = ess SUD,e(0,1] {oscaliw (' % p)(z +m)}y, meZ
Then ||bi’l||g1(zd) = || OSC||All 0o (qbl * Iul)” wt and, hence,

18]l o2 zayyrxo = [l 05Cyafae @ % 1T | (wrryner-

For 1 <¢<rand1l<][]<¢t wehave

i Liy i
(U = UR)e ||’Zp(J) = Z

$j€X

p

> (¢ % i) (s — k) = (&' % i) (a; + 6 — k)

kezd

> (Z |kl osca (6" % u') (2 — k))

z;€X \kezd

< >'s (Z 6" (m — kr))

meZd kezd

= S|l bi’l”Zp(Zd) ;

IN

where § is as in Definition 2.2. By using Young’s inequality we obtain
S % B2 0 < S 61
= Sl lloscpane & ' l[5. -
Consequently,

U = UX < NG [Josejaje, ¢+ p']| -
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Hence,

|U = Usll <N, [loscap. @« 77| =0 a5 [Alle =0,

(W)=t

and the lemma is proved. 0
Proof of Theorem 3.1.

Proof. The proof of Theorem 3.1 is hidden in the proofs of Lemmas

4.6, 4.7, and 4.9. In particular, keeping the notation of the proof of
Lemma 4.6, we have

1 = 9) % T XDy < 2Nl Cllenzayyr 12 = Ol w77 e

Hence, ||Uix.o7) — Uxom | < Const - ||® — Ol (w1)r, where the con-
stant is independent of A. Keeping the notation of the proof of Lemma
4.7, we have

I * (& = ENX) @y < 2°NlICllezaye |1 @l w7 = [l age.

Hence, HU(X@J») — U(Xﬁh?)H < Const- || — @ || s, where the constant
is again independent of A. Finally, we can combine these estimates
with Lemma 4.10 via the standard €/3 argument and complete the
proof. O

4.3. Proofs for Section 3.2.
We begin with an auxiliary technical result for the convolution of
functions with measures.

Lemma 4.11. Let ® = (¢',...,¢")T be a vector of continuous func-
tions, s > d, and @ € MLRY). If |¢'(z)| < Ci(1 + |z]|)~* for all
1<i<r, then

(@ H ") (@) < Ci(1+ J2)7%
the constants C > 0,1 <i <r, and Cy > 0 are independent of v € RY.

Proof. For 1 <i<rand 1< j <t we have
@)@l = [ 1=l

< G [ (ke )
R4
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Since (14 |u+w])™" < (14 [u])'(1+ |w]) 7, for all u,w € R4, and [ > 0,
we have

@)l < G [ A+l fa) il
= G +lal)™ [ (bl

< YL+ )
where the last inequality follows from p/ € M (R?). Therefore,
(@ ET) (@) < Co(1+ |=])7,
where C; =37, ijl . O

Remark 4.1. If {®}, }cza is an s-localized Riesz generator for VZ(®), as
in Definition 3.4, then, by Lemma 14(a) in [16], we have that {®y }reza
is also an s-localized Riesz generator for V?(®). Consequently, by
Lemma 4.11 we have

(4.16) (@ 7T (@) < Di(1 + |2))~*
for some D; > 0 independent of 2 € RY.
Proof of Proposition 3.5.

Proof. Let X be a ji-sampling set for V2(®), 7 € M*(R?). Then, by
definition, there exist constants 0 < Ay < By < oo such that

(417) Aol fllzz < I(f + TV ey < Ballfllze, for all f € VA(®),

Fix z; € X. Then, for each 1 <1 < ¢, the function gfc],: V(@) — C
given by gij( f) = (f = u")(z;) is a bounded linear functional on the
closed subspace V?(®) of L*(R?) because |g;, (f)| < Ba| f| 12 for all f €
VQ(CID). Consequently, by Riesz representation theorem, there exists

Uy, € VZ(®) such that g, (f) = (f,4;,) for all f € V2(<I>) It follows
1mmed1ately from (4.17) and Definition 3.1 that ¥, = (1, o N T )

is a frame for V*(®). Hence, every f € V2(<I>) can be recovered via
f=2eif xJ>T\IIx , where {\Il = (¢} o ,...,W )7} e is the dual

frame of {W,, }je; and the series converges uncondltlonally in V2(®).
Since (f, ,,) = (f * 1)(z;) for all j € J, we get (3.2). O

Next, we show that if the generator ® and the measures 7 satisfy
an appropriate decay condition then the (77, X)-sampling frame {v,,}
obtained above is s-localized.
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Proposition 4.12. Let s > d, ® € W,, and @ € ML(RY). If X is a
11 -sampling set for V2(®), then the (11, X)-sampling frame {W,,} s
s-localized with respect to the Riesz basis { P }reza.

Proof. Since {®}}cza is an s-localized Riesz generator for V?(®), the
components of ® satisfy (3.5), and Lemma 4.11 implies

(@, W3 ) = (@ 77 ) (w; — k)| < CL(1+ |2y — k)7,

for some C; > 0 independent of j € J and k € Z¢. On the other hand,
it follows from Remark 4.1 that the dual Riesz basis {®y } ez is also an
s-localized Riesz generator for V?(®), and its components also satisfy
(3.5). Therefore, using Lemma 4.11 once again, we get

[(@e, )| = [(@ % 7T (25 — k)| < Da(1+ |y — k),

for some D; > 0 independent of j € J and k € Z%. Hence, {¥,,}
satisfies all conditions of Definition 3.3. ]

We conclude this subsection with the proof of the main result of
section 3.2.

Proof of Theorem 3.6

Proof. Assume the hypotheses of Theorem 3.6. By Propositions 3.5 and
4.12, there exists a (77, X )-sampling frame {U,, };c; for VZ(®), which
is s-localized with respect to the Riesz basis {®y }reze and satisfies
(f,Uy,) = (f * W)(x;), forall f e V().
Moreover,
F=Y (f+10) ()0, forall f e V(®).
jed
Consequently, applying Theorem 10(c) in [16], we get
F=Y _(f 1) (x))0,,, forall feVP(P),
jed
where the series converges unconditionally in V?(®), 1 < p < oo.
Moreover, since {W,, }jes is an s-localized frame with respect to the

Riesz basis {®g }reza, then Theorem 10(d) in [16] implies that for each
1 < p < oo there exist 0 < A, < B, < oo such that

Apllfllze < N = E) XDl ey < Bl fllow, for all f € V()
i.e., X is a g -sampling set for V?(®) and the theorem is proved. [J
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4.4. Proofs for section 3.3.
For the proof of Theorem 3.8 we need the following two lemmas.
Lemma 4.13. Let the assumptions of Theorem 3.8 hold. Then
|U*U = URUAll < € (e + By + B,)
for ||Alloo sufficiently small.

Proof. Let € > 0 be given. Because [|[U* — UX|lpop = U — Uallg.ops
% + % = 1, we have that [|[U* — UX|lp.op — 0 as [|A|lcc — 0 by Lemma
4.10. Since |[U — Ual| — 0 and [|[U* — UX|| — 0 as ||Allc — O,
then ||[U — Uall < € and ||U* — UX|| < € for ||Al|» sufficiently small.
Therefore,

|{U*U —URUA|| = ||UU—=U"Up+UUpn —URUA|

[US(U = Ua) + (U* = Ux)UA|

< NUHU = Uall + |U* = UAI|Uall
< [[UNU = Uall + |U* = UAN(|U = Uall + [|U])
< Beetele+5y)
= e(e+ 0y + 06y,
and the lemma is proved. O

Lemma 4.14. Let the assumptions of Theorem 3.8 hold. Then 0 <
v <1, (ULUA) ™! exists, and [|[(U*U)™' — (UAUA) Y| < 222, for | Al

sufficiently small. o
Proof. Since (U*U)™! exists,
(4.18) UNUa =UU (I + (U*U)"" (UAUA — U*U)).
Taking into account that ||(U*U)™!|| < n, and Lemma 4.13 we have
(UU)" (UAUA = UU) || < [(U*U)H[UAUA = U ||
< npe(e+ B, + 5y)

- n, ((ﬂerﬂq)Jr\/m) <(ﬂp+ﬂq)+ (ﬁp+/3q)2+fp) —1

2 2

Hence, v = nye (e + 8, + 3,) € (0,1). To simplify the notation, we
define

M :=U*U, Ma :=UxUa, and N := (U*U)" 1 (UxUar — U*U).

Since ||N|| < v < 1, then (I+N)~! exists and is given by the Neumann
series

(I+N)'= i(—qu.
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From (4.18) we obtain
(4.19) M'=[MI+N)] "'=I+N)"‘ML

Therefore, M;' = (U Ux) ™! exists.
Now we need to give an upper bound for ||[M~'—M:'|. Using (4.19)
we obtain
M~ — Mg = N(I+N)'M

Consequently,
M7= M <IN+ N)TH M
V] ~1 vy
< M S —,
L—|IN] —v
(4.20)
and the lemma is proved. U

Proof of theorem 3.8.

Proof. Using the notation from Lemmas 4.13, 4.14, and the previous
proofs, we get

(UU)"'U" = (UAUS) "' UAll = |M~1U" = M UL
< |M7U = MTIUR| + [MTIUR = MgUR
< IMHINT™ = UAI+ 1M = MIUA]

vn * * *
< mye+ 2 (U~ U3+ )
vn
S mpe+ 7 (e +5y)
=Ny <6+ _V(lﬁi‘fq)> )
for [|A||s sufficiently small. O

Proof of Theorem 3.9.

Proof. Let Ua be the sampling operator for a perturbed sampling model
(X 4+ A,0,7). Let also C € ((P(ZY))", [ =3 4cpa CF P, and g =
> reza CFOr. We have that UnC' = (g% @)(X), UC = (f = W)(X),
and RD = Y, .[(U*U)'U*D|f®(- — k). Thus, R(UC) = f, and
using (2.3) we get

1R((g% @) (X +4A)) = fllp < M, [(UT0)'UUAC = O, -

Using the fact that C' = (U*U)~'U*UC and (2.3) we get

— M, * - *
1R((g + @)X +8)) = fllp < —E (U U) U |Us = Ul 1l o
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where as before Uj is associated with the sampling model (X+A, 0, a),
and U is associated with (X, ®, ). The result is now immediate. O

Proof of Theorem 3.10.

Proof. Assume the hypotheses of Theorem 3.10. From Theorem 3.6 we
know that, in this case, the sampling model (X, ®, 1) is p-stable for
every p € [1,00]. Hence, in view of Theorem 3.9, the only thing that
we need to prove is that the operator U*U is invertible for all p € [1, 0o]
and not just for p = 2.

Taking into account that for each 1 < i <r and 1 <[ <t the entries
of the matrix of the operator U satisfy

(U4 = (6 % )y = B)] < O3+ g — KI) ™,

for some C; > 0 independent of j € J and k € Z%, it follows from
Lemma 3 in [16] that the matrix of U defines a bounded linear operator
from ((P(Z?))" — (¢P(J))! for all 1 < p < oo. Hence, U* is also well
defined as a bounded linear operator from (¢7(J))! — (¢°(Z%))", and,
therefore, U*U : ((P(Z4))" — ((P(Z4))" is a well defined and bounded
operator for all 1 < p < oo. On the other hand, since the operator
U*U is invertible on (¢2(Z%))" and its components (M™);,, 1 <i <,
1 <1 < r, satisfy a decay condition

(M) < Co(1+ |y — k)7,

for some Cy > 0 independent of j € J and k € Z¢, then Jaffard’s
Lemma (see Theorem 5 in [16]) implies that (U*U)~! : ((3(Z%))" —
(2(Z%))" is also a bounded linear operator defined by a matrix sat-
isfying the same off-diagonal decay condition as U*U. Consequently,
using Lemma 3 in [16] once again, we get that the matrix of (U*U)™*
defines a bounded linear operator on (¢?(Z%))" for all 1 < p < co. The
theorem is proved. O
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