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Goal
Reminder

Intro: Examples

@ Dual Frame Localization;
@ Inverse Closedness of different classes of VDO;

@ Memory localization of certain integral operators.

Goal: Indicate how different versions of Wiener's Lemma are
responsible for each of these phenomena.
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Goal
Reminder

Reminder |

Theorem (Wiener, 1932)

If a periodic function f has an absolutely convergent Fourier series
and never vanishes then the function 1/f also has an absolutely
convergent Fourier series.
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convergent Fourier series.

Alternative formulation in the language of matrices.
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Goal
Reminder

Reminder |

Theorem (Wiener, 1932)

If a periodic function f has an absolutely convergent Fourier series
and never vanishes then the function 1/f also has an absolutely
convergent Fourier series.

Alternative formulation in the language of matrices.

If A is an invertible Laurent matrix with summable diagonals then
the matrix A~1 also has summable diagonals.
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Memory localization

Memory localization

What can be viewed as memory of a function or operator?
@ support;
@ support of the Fourier transform;
@ non-zero frame coefficients;
@ diagonals of a matrix;
°

entries of a matrix...
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Memory localization

Memory localization

What can be viewed as memory of a function or operator?
@ support;
@ support of the Fourier transform;
@ non-zero frame coefficients;
@ diagonals of a matrix;
@ entries of a matrix...

When is memory localized?
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Memory localization

What can be viewed as memory of a function or operator?
@ support;
@ support of the Fourier transform;
@ non-zero frame coefficients;
@ diagonals of a matrix;
@ entries of a matrix...
When is memory localized?

@ compact support (of the Fourier Transform);
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Memory localization

What can be viewed as memory of a function or operator?
@ support;
@ support of the Fourier transform;
@ non-zero frame coefficients;
@ diagonals of a matrix;
@ entries of a matrix...
When is memory localized?
@ compact support (of the Fourier Transform);

@ smaller space;
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Memory localization

What can be viewed as memory of a function or operator?
@ support;
@ support of the Fourier transform;
@ non-zero frame coefficients;
@ diagonals of a matrix;
@ entries of a matrix...
When is memory localized?
@ compact support (of the Fourier Transform);
@ smaller space;

@ decaying frame coefficients;
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Memory localization

Memory localization

What can be viewed as memory of a function or operator?
@ support;
@ support of the Fourier transform;
@ non-zero frame coefficients;
@ diagonals of a matrix;
@ entries of a matrix...
When is memory localized?
@ compact support (of the Fourier Transform);
@ smaller space;
@ decaying frame coefficients;

@ summable diagonals...
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Memory localization

Wiener's Meta-Theorem

Theorem (idea)

Inverse operators usually possess the same or similar memory
localization
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Memory localization

Wiener's Meta-Theorem

Theorem (idea)

Inverse operators usually possess the same or similar memory
localization

N

Proof idea.

If Ais a localized operator consider a function T(t)A, where T is
a group representation with respect to which the memory of A is
defined. Localization is often equivalent to this function having a
bounded holomorphic extension to a strip or an annulus in a
complex plane. The latter property is preserved for the

inverses. O

A\,
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Notation

@ B — a unital Banach algebra.
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Notation

@ B — a unital Banach algebra.
@ EndB — Banach algebra algebra of all endomorphisms
(bounded linear operators) of 5.
o T: RY — EndB be an isometric representation of the group
RY with the following properties:
o T(y)l =1 forall v € R
o T(Y)(AB) = (T(7)A)(T(v)B) for all y e R, A, B € B.
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Notation

@ B — a unital Banach algebra.
@ EndB — Banach algebra algebra of all endomorphisms
(bounded linear operators) of 5.
o T: RY — EndB be an isometric representation of the group
RY with the following properties:
o T(y)l =1 forall v € R
o T(Y)(AB) = (T(7)A)(T(v)B) for all y e R, A, B € B.
o Ac APT(B) if the function A: R — B, A(y) = T(7)A, is
continuous (in the topology of B) and Bohr almost periodic.

A(y) ~ Y 0 A T(7)A; = 2710 A,
jERA
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Notation

@ B — a unital Banach algebra.
@ EndB — Banach algebra algebra of all endomorphisms
(bounded linear operators) of 5.

o T: RY — EndB be an isometric representation of the group
RY with the following properties:
o T(y)l =1 forall v € R
o T(Y)(AB) = (T(7)A)(T(v)B) for all y e R, A, B € B.

o Ac APT(B) if the function A: R — B, A(y) = T(7)A, is
continuous (in the topology of B) and Bohr almost periodic.
Aly) ~ Y AL T(7)A; = 70 A;.
JER

1 —27i{vy,j
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Memory localization

Notation - continued

o A weight is a function v : RY — [1,00) such that
v(t+s) < v(t)v(s), t,s € RY.
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Memory localization

Notation - continued

o A weight is a function v : RY — [1,00) such that
v(t+s) < v(t)v(s), t,s € RY.
o A weight is admissible if it satisfies the GRS-condition
lim n~tiny(ng) =0, forall geRC.

n—oo
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Notation - continued

o A weight is a function v : RY — [1,00) such that
v(t+s) < v(t)v(s), t,s € RY.
o A weight is admissible if it satisfies the GRS-condition
lim n~tiny(ng) =0, forall geRC.

n—oo

Definition

A Baskakov algebra AP (B) is a subalgebra of APT(B) containing
all elements with the Fourier series summable with weight v.

lAll, = 3= () A7) < oc.

JjERY
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Memory localization

Almost periodic noncommutative Wiener's Lemma

Theorem (R. Balan, IK)

Let v be an admissible weight. Then the subalgebra AP, (B) C B

is inverse closed, that is, if A€ AP](B) is invertible in B then
A=l e APT(B).
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Almost periodic noncommutative Wiener's Lemma

Theorem (R. Balan, IK)

Let v be an admissible weight. Then the subalgebra AP, (B) C B
is inverse closed, that is, if A€ AP](B) is invertible in B then
A=l e APT(B).

.

Theorem (R. Balan, IK)

Let v,(j) = e”l, j € RY, and A € AP] (B) be invertible in B.
Then there exists p > 0 such that A=! € API,T[;(B).

A
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Frame Localization
Inverse Closedness of different classes of VDO

Back to Examples R A
P Memory localization of integral operators

Frame Localization |

Theorem (idea)

Canonical dual frames have the same or similar localization
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Frame Localization
Inverse Closedness of different classes of VDO

Back to Examples R A
P Memory localization of integral operators

Frame Localization |

Theorem (idea)

Canonical dual frames have the same or similar localization

Proof idea.

Localized frame operators act on smaller spaces. ]
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Frame Localization
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Frame Localization |

Theorem (idea)

Canonical dual frames have the same or similar localization

Proof idea.

Localized frame operators act on smaller spaces. ]

Theorem (IK, K. Okoudjou)

If a Gabor frame generator belongs to a Wiener Amalgam space
then the canonical dual generator and the associated Parseval
frame generator do as well.
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Frame Localization
Inverse Closedness of different classes of VDO

Back to Examples Memory localization of integral operators

Frame Localization |l

Definition

A p-frame in B is (T, v)-localized if its frame operator is in AP,
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Frame Localization
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Frame Localization |l

A p-frame in B is (T, v)-localized if its frame operator is in AP,

If v is an admissible weight, the canonical dual to a
(T,v)-localized frame is also (T, v)-localized.

\,
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Frame Localization
Inverse Closedness of different classes of VDO

Back to Examples Memory localization of integral operators

Localized Frames IlI

Theorem (A. Aldroubi, A. Baskakov, IK)

Under weak additional assumptions on v any (T, v)-localized
frame is a Banach frame in L9 for all g € [1, o0].
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Frame Localization

Inverse Closedness of different classes of VDO
Back to Examples : R N : X

Memory localization of integral operators

Localized Frames IlI

Theorem (A. Aldroubi, A. Baskakov, IK)

Under weak additional assumptions on v any (T, v)-localized
frame is a Banach frame in L9 for all g € [1, o).

Theorem (A. Aldroubi, A. Baskakov, IK)

A set of sampling for some p € [1, 00| remains a set of sampling
for all g € [1,00] if the sampling operator is sufficiently localized.
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Frame Localization
Inverse Closedness of different classes of VDO

Back to Examples Memory localization of integral operators

Inverse Closedness of different classes of WDO

(A0 = [ (T e x(s)as
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Frame Localization
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Inverse Closedness of different classes of WDO

(A0 = [ (T e x(s)as

@ Sjostrand’s class;
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Back to Examples Memory localization of integral operators

Inverse Closedness of different classes of WDO

(A0 = [ (T e x(s)as

@ Sjostrand’s class;
e AP VDO:
WDO in APT, T = Ti: (Ax)(t) = X .cr fs(t)x(t — s).
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Frame Localization
Inverse Closedness of different classes of VDO

Back to Examples Memory localization of integral operators

Inverse Closedness of different classes of WDO

(A0 = [ (T e x(s)as

@ Sjostrand’s class;
e AP VDO:
WDO in APT, T = Ti: (Ax)(t) = X .cr fs(t)x(t — s).

Theorem (IK, T. Strohmer)

If a WDO A in the Sjéstrand’s class & satisfies |[A — I||g < 1, then
A admits canonical causal factorization within &. If in addition
A € AP], then it is enough to have ||A—I||z < 1.
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Frame Localization
Inverse Closedness of different classes of VDO

Back to Examples Memory localization of integral operators

Meta-Theorem

Theorem (idea)

Integral operators typically have exponential memory localization
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Frame Localization

Inverse Closedness of different classes of VDO
Back to Examples oo 5

Memory localization of integral operators

Meta-Theorem

Theorem (idea)
Integral operators typically have exponential memory localization

Proof idea.

Differential operators are typically memoryless. If an integral
operator is an inverse of a memoryless (differential) operator it
should have exponential memory localization by Wiener's
meta-theorem.
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