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e Covariance matrices have been studied for over a century in:

Time Series

GLM

Multivariate Statistics Variance Components

e Parsimonious covariance models are needed for efficient esti-
mation and inference in regression, for prediction, portfolio se-

lection, assessing risk (ARCH-GARCH), - - - .

e The central issue is how to lift the curses of dimensionality
and positive-definiteness.



I. One Long Series

e For a stationary process {X;}, its cov. function (X;,x, X;) depends
only on k:

Tk = (Xt—i-k) Xt) = / emef(e)dev k= 07 :t17 e

—T
Its covariance matrix
I' = (%—E)k,eez

is an infinite Toeplitx matrix.

e One usually observes a finite segment X, ---, X, of {X;} with the co-
variance matrix

F” - (’Vk—f)kj:l;nv

which is a finite subsection of I'. What happens as n — 0o?

Theorem 1 (Kac, Murdock & Szegd, 1953; Widom, 1958). Let Ay,
be the smallest eigenvalue of I',. Then, under some smoothness
conditions on f,

)\l,n - molnf(e)

e Let 02 be its one-step ahead prediction error variance:

then,
)\17n S 07% S )\nm-

Theorem 2 (Szegd, 1920). o2 — exp( [ log f).



e Past & Future

Gelfand & Yaglom (1957), Helson & Szeg6 (1960), Yaglom (1963), Grenan-
der (1981), Jewell and Bloomfield (1983) studied the sequence of canon-
ical correlations 1 > p; > ps > -+ > 0 between the past & future:

P = { < ,X_Q,X_l} and F = {Xo,Xl, - }
of a stationary process with the spectral density

f =%, peH? outer.

e Grenander (1981), Jewell and Bloomfield (1983) pointed out the connec-
tion between the canonical correlations, the “eigenvalues” and the rank
of the Hankel operator Hj;, on L? with the symbol h = ¢/.

Theorem 3. (a) (JB, 1983) Under some conditions,

the canon. corr. of {X;} = Spectrum of Hj,.

(b) (Kronecker, 1881; JB, 1983): The rank of Hj, is finite if and only if
f is a rational function or

{X:} is an ARMA process.

e [For more details see Sec. 8.6 in

Pourahmadi (2001). Foundations of Time Series Analysis and Pre-
diction Theory. Wiley.

V.V. Peller (2003). Hankel Operators and Their Applications.
Springer.



A Century of Research Leading to GLM for )

Y = (04) = (oY)
Edgeworth (1892) Parameterized N (0, Y) in
terms of entries of the
concentration matrix.
Slutsky (1927) Banded*:
Stationary
MA(q)
Yule (1927) Banded*: Stationary AR(p),
Yt = G1y1-1 + Payr—2 + €.
Gabriel (1962) Banded*: Nonstationary AR(p),
Ante-dependence (AD) structure.
Dempster (1972) Sparse: Certain ¢ = 0.
¥~ !  the natural param. of MVN.
Graphical Models.
Anderson (1973) Linear Linear Models

Leonard et al (1992,96)

Log-Linear

GLM for ) : Find a link function g(-) so that the entries of g(>) are
unconstrained and interpretable, then write g(>]) = X[.

* For more recent use of the idea of “banding”, see Bickel and Levina

(2004).



I1. Many Short/Moderate Series
e Anderson’s Linear Covariance Model (LCM):

22041U1+“'+Oéqu,

where U;’s are known symmetric matrices (covariates) and a;’s

are unknown constrained parameters so that X is positive-
definite.

— Every X has a representation as LCM:

011 012 10 00 01
=011 + 099 + 019
012 0922 0 0 01 10 ’

it is broad enough to include virtually all time series models,
mixed models, factor models, multivariate GARCH models, ...

— A major drawback of LCM is the constrainton a = (o, . . ., o),
which translates into the root constraint in time series, and
nonnegative variance/coefficients in variance components,
factor analysis, etc.

e LCM and many other techniques in the literature, essentially
act componentwise on ), Diggle & Verbyla (1998); Yao,
Miiller and Wang (2005), . . . , and cannot guarantee the positive-
definiteness of > .



e Leonard et al’s Log-Linear Models (LLM):
log¥ = o Uy + -+ - + Uy,

where U;’s are as in LCM and «;’s are unconstrained.

Q). How does one define log >27
AlogN—AeN—et=T4d 448,

OR

— If ¥ = P'AP, then logY¥ = P'log AP.

Lemma: X is pd < log X is real and symmetric.

— A major drawback of LLM is the lack of statistical interpretabil-
ity of the entries of log X..



e Time Series & Cholesky Decomposition:
The AR(2) model

Yt = P1Yi—1 + Qayi—2 + &4,
fort =1,2,...,n can be written as
Y1 = ¢y + Gy + eq,
Yo — Q1y1 = Py + €9,

Yn — gblyn—l — ¢2yn—2 = &n.

Setting e = (e1,...,6,) and e = (y_1, yo), it becomes
the regression-like model
TY = e+ Ce,
where
1 0 0 0] by b1
¢ 1 0 0 0
—p2 —¢1 1 01 | G
=1, .. o= e =
: . .. L : : .
| 0 - 0 —py —¢y 1] | 0 - 0

When € and e are independent (causality assump-
tion), it follows that

0 0
= A nearly diagonal matrix.

Teov(Y)T' = o*I, + < Creov(e)Cy 0 )



¢ Reg./G.-Schmidt/Chol./Szegs/Bartlett /DL /KF
Regress y; on its predecessors:

Yt = Pri—1Yi—1 + -+ ouy1 + &,

Ul Y2 Y3 Yn—1 Yn
o1

¢o1 O

P31 032 o3

Pn1 P2 an,n—l o 721

in matrix form

1
—¢o1 1

—¢31 —¢32 1

i —qbnl —anQ _¢n,n—1 1_

Yn

e ¢; and log o7 are unconstrained. Call them the generalized
autoregressive parameters (GARP) and innovation vari-

ances (IV) of Y or ¥ .

e This idea reduces the unintuitive task of covariance modeling to
that of a sequence of regressions (with varying-order and varying-

coefficients). (Pourahmadi, 1999, 2000).
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e Generalized Linear Models (GLM):

For Y pd, there are unique 1" and D with positive diagonal
entries such that
TST' = D.

Note. ¥ «— (T, D).

Link functions: ¢g(X) =2 — T —T' + logD,

a symmetric matrix with unconstrained and statistically mean-
ingful entries.

Strategy: Model T' “linearly” as in Anderson (1973)

log D 7 7 7 Leonard et al. (92,96).

OR replace “linearly” by parametrically /nonparam./Bayesian

Bonus: The estimate 2 =T-'DT" s always pd, where T
and D are estimates of parsimoniously modeled
T and D.

Q. How to identify models for (T, D) ?

A. Use covariates OR shrink to zero the smaller entries of T'
using penalized likelihood, priors, ete.. (Smith and Kohn, 2002;
Pourahmadi and Daniels, 2002; Huang et al. 2006; Bickel and
Levina, 2004, 2006).
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