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Abstract: Multivariate skew-normal (SN) distributions (Azzalini and Dalla Valle,
1996) have nonlinear heteroscedastic predictors but lack a closure property (sum
of independent SN random variables is not SN) of normal distributions needed for
introducing moving average and spectral representations of stationary SN processes.
We study SN stationary processes and construction of SN ARMA models for various
SN noises and show that their finite-dimensional distributions are skew-normal, sel-
dom strictly stationary and their covariance functions differ from their normal ARMA
counterparts in that they do not converge to zero for large lags. Using the Wold de-
composition we characterize SN stationary processes as sum of independent Gaussian
stationary processes and half-normal random variables. Their predictors are nonlin-
ear and prediction variances are nonconstant, but explicit multi-index functions of the
past variables. The piecewise linear appearances of their predictors are similar to those
from threshold autoregressive models. The outline of a correlogram-based statistical
model-fitting process for, and the role of an invariance property of SN ARMA models
are reviewed.

Some key words: ARMA models; multi-index functions; nonnormal distributions; threshold
autoregressive models; regression functions; shape parameters; strict and
covariance stationarity; Wold decomposition.

1 Introduction

There is a well-developed theory of prediction and statistical model-fitting process for the class of
linear Gaussian autoregressive and moving average (ARMA) models

p q
Xe =) BeXik+ Y e, (1)
k=1 j=0

where {,} is a Gaussian white noise, i.e. a sequence of independent and identically distributed
N(0,0?) random variables, and 3y, -, 5,60 = 1,01,---,0, are the AR and MA coefficients
of the model (Brockwell and Davis, 1991; Box, Jenkins and Reinsel, 1994; Pourahmadi, 2001).
Limitations of linearity and normality of ARMA models (Tong, 1990, Sec. 1.4.2), have generated
considerable interest in nonnormal time series models with nonlinear and heteroscedastic predic-
tors.



The first popular approach to nonnormal ARMA models which proceeds by retaining the linear
ARMA models (1), but replacing the normal noise {¢,} by a nonnormal noise (Jacobs and Lewis,
1977; Lawrance and Lewis, 1985; Pourahmadi, 1988; McKenzie, 2003), usually leads to nonnor-
mal marginals, but predictors that are linear with constant variance. The second approach based on
the class of threshold autoregressive (TAR) models, introduced by H. Tong in 1977, abandons (1)
and starts with conditionally linear AR models which lead to nonnormal marginals and nonlinear
heteroscedastic predictors (Tong,1990).

In this paper we show that retaining (1) but replacing the noise {¢,} by certain SN distributions
could lead to time series models having best features of the above two approaches. A recurrent
theme in the first approach is that of finding a suitable distribution for the noise {¢,} for a given
marginal (joint) distribution for {X;} and vice versa(Tong, 1990, Section 4.2.6). However, other
than the normal (stable) case the distribution of the noise {¢,} is often quite different from that of
{X.}, though recently Tarami and Pourahmadi (2003) have shown that {X;} and {e;} both can
have Student-¢ distributions if the noise is allowed to be non-white (exchangeable). This departure
from the standard white noise is becoming prevalent in the literature of nonlinear time series (Wu
and Min, 2004). In particular, we show that ARMA models driven by correlated SN noises can
have SN marginals with nonlinear and heteroscedastic predictors. Recall that Gaussian stationary
processes can be constructed either via moving averages of Gaussian white noises or the Fourier
transform of Gaussian processes with orthogonal increments (Pourahmadi, 2001, Chap. 5). Such
constructions rely heavily on the following closure property of normal distributions: linear com-
binations of independent normal random variables are normally distributed. Unfortunately, this
property does not hold for SN random variables. Thus, to emulate the success of Gaussian station-
ary processes we need to modify either the definition of the white noise or that of the multivariate
SN (Azzalini and Dalla Valle, 1996; Gonzalez-Farias et al. 2004). We modify a white noise by
either taking correlated SN variables or non-identically distributed SN variables and show that in
either case the solution of (1), i.e. the distribution of X,, = (X,---, X,,) is SN. Also working
within the family of closed skew-normal (CSN) distributions introduced by Gonzalez-Farias et al.
(2004) and using genuine CSN white noise in (1) we show that X,, remains in the CSN class, but
at the additional cost of model and computational complexity at the estimation stage.

The outline of the paper is as follows: In Section 2, we present the simplest TAR model and re-
view regression properties of multivariate SN and elliptically contoured distributions. In Section 3,
we show that linear ARMA models (1) with exchangeable SN-distributed noise have SN stationary
solutions if the shape vector of {¢,} is a scalar multiple of the identity vector and the roots of their
AR characteristic polynomials are outside the unit circle. We use the stochastic representation of
SN variables to obtain the spectral and Wold decompositions of a solution of (1). We also study



aspects of ARMA models with CSN distributions. In Section 4, the basics of prediction problems
and the correlation curves are discussed. Section 5 outlines the statistical model fitting process
for the SN ARMA models and the appropriateness of correlogram-based model formulation and
diagnostic. We conclude the paper in Section 6.

Just like the theory of nonlinear time series (Tong, 1990), our results on SN ARMA models are
fragmentary at best and do not provide a coherent framework like the familiar one for Gaussian
ARMA models (Brockwell and Davis, 1991). Though much work remains to be done, our partial
and preliminary results in Section 3 do reveal that the success of any framework for SN ARMA
models may hinge on having a suitable and flexible class of multivariate SN distributions.

2 Modelswith Nonlinear Heteroscedastic Predictors

Most useful features of real-life phenomena exhibiting nonlinear and nonconstant variation over
time and space cannot be captured using Gaussian processes or linear models. In this section, the
simple TAR models and multivariate SN distributions are introduced and their roles in providing
prototypical models capturing the above features are reviewed.

2.1 Connection between the simplest TAR M odel and SN Distribution

In general, it is difficult to write closed form formulae for the predictor and stationary distribution
of a simple nonlinear AR model like X; = f(X;_1) + ¢, where f : R — R is a known function.
Fortunately, when f is the piecewise linear function,

oz if x>0,

flz) = )
Bx if x <0,

one obtains a two-regime TAR model and necessary and sufficient conditions on the coefficients
for stationarity and ergodicity of its solution are « < 1,5 < 1 and a8 < 1 (Petruccelli and
Woolford, 1984), see Tong(1990) for a thorough review of results on the more general TAR models.
Surprisingly, closed formulae for the stationary solutions of such simple TAR models have been
found when the noise distributions are normal, Cauchy and Laplace (Andel et al. 1984; Andel and
Barton, 1986; Loges, 2004). More specifically , when 5 = —q, for the simplest TAR model

Xt = O[|Xt_1| + Et, (3)

with {¢;} a N (0, 1)-noise, Andel, Netuka and Svara (1984) have shown that its stationary distribu-
tion is of the form

«

2 <Ui) O(ax), (4)
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Figure 1: Plots of (;(+),i =1, 2.

where ¢(-) and ®(-) are the density and distribution functions of the standard normal random vari-
able and o, = (1 — a?)~'/2, see Tong (1990, Section 4.2) for more details. This encouraging early
result may suggest deeper connections between densities of the form (4) and stationary distribu-
tions of simple threshold ARMA models like

Xe = a|Xiq| + e+ 0leia]. (5)

A systematic study of densities of the form (4) were initiated by Azzalini (1985) who christened
them skew-normal densities with skewness parameter «.. Note that when . = 0, then (4) reduces to
the standard normal density function. A stochastic representation (Henze, 1986; Azzalini, 1986)
of a standard SN random variable X as

X =6|Z] + (1 - 0%, (6)

where Z and ¢ are independent N (0, 1) random variables and |§| < 1, plays a central role in this
paper. It reveals the close connection among the SN, normal and half-normal random variables
and the stationary distribution of (3) and (5) and their extensions.



2.2 Multivariate Skew-Normal Distributions

Multivariate skew-normal distributions defined by Azzalini and co-authors (Azzalini and Dalla
Valle, 1996; Azzalini and Capitanio, 1999; Capitanio, Azzalini and Stanghellini, 2003) have den-
sity functions of the form

fy) = duly — 1 2)® (ao + &’D7 (y — ) /@(7), yeR", (7

with ¢ (y — p; ) the density of a k-dimensional N, (0,X), 1 a vector of location parameters,
¥ = (oy;) a positive-definite matrix, D = diag(oy1, - - -, akk)1/2 and ace R* is arbitrary and where
7 is an additional parameter and «, as a function of (X, «, 7) is specified in (10) below. Note
that 7 = 0 implies g = 0, see also Arnold and Beaver (2000). This class clearly extends the
multivariate normal distributions through the vector parameter ac which regulates the shape of the
distribution, and for o = 0 it reduces to the class of normal distributions.

A random vector Y with the density function (7) is said to have an (extended) skew-normal
distribution with parameters (u, 3, o, 7), in symbol we write Y ~ SNy (u, 2, o, 7). A stochastic
representation of a random vector Y with distribution (7) is helpful in simulating its values and
revealing the meaning of its new parameter 7. Following Capitanio et al. (2003), consider the
(k + 1)-dimensional normal random vector

, X,
O R e G B! ®

where L&
re= (5 %) ©

is a full-rank correlation matrix. Then, the probability density function of Z = (X | X, + 7 > 0) is
of the form SN, (0, R, o, 7) where

ap=7(1 — §'R716)"/2 0 = (1 — §'R~16)"1/2R1s. (10)
For later use, note that (10) can also be written as
ap=T1(1+ O/Roz)l/2, § = (1+a'Ra)""?Ra. (11)

For generality, one may introduce location and scale parameters for Z via the affine trans-
formation Y = o+ DZ , where peR* and D is a k x k diagonal matrix with positive diagonal
entries. Then, the density function of Y is of the form (7) with > = D RD and cumulant generating
function

K(t) = 't + %t’Et + Golr + 6'DE) — Go(7), teRE,
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where (y(u) = log 2®(u). Evaluating the first and second derivatives of K(-) at ¢ = 0 gives
E(Y) =+ G(1)D5, Cov (Y) = X + (o(7) D6’ D, (12)

where ¢ is as in (11) and (,,(+) is the mth derivative of (y(-). Since the mean and covariance of
Y are related to its location 1, scale X2, shape parameter «, from (12) it is evident that departures
from 1 and X are controlled by the vector Do and the two univariate functions

¢(x)

G(z) = D) G(z) = =G(z){z + G(z)}, (13)

where (; () is always positive and from (13) it can be seen that (»(z) < 0 for z > 0. However,
(1(+) is strictly decreasing (Gordon, 1941) and hence for all zeR, we have (»(x) < 0, so that the
covariance matrix in (12) is always “smaller” than X, its multivariate normal counterpart. Plots
of (;1(x) and (»(z) in Figure 1 show their shapes and the degrees of departures from their normal
regression counterparts. Of particular importance is the “hockey-stick” appearance of the plot of
¢1(+) or its near piecewise linearity with signs of the local slopes depending on the size of the
threshold variable = which changes at about = = 1. This clearly suggests the appropriateness of
distributions (7) and their progenies (Genton, 2004; Arellano-Valle and Azzalini, 2004) as models
for situations where the conditional expectations and variances are known to be nonlinear and
heteroscedastic functions.

2.3 Multi-Index Heter oscedastic Regressions

To obtain the regression and variance functions of the SN distribution in (7), we partition the
random vector Y and its parameters conformally as

Y M1 Y Y e%1
Y = = Y= = 14
)= Cin) == s ) e (0) oo

where Y; and Y5 are of dimensions k1, ko with &y + ky = k. We also partition R, the correlation
matrix of 3, similarly and set Ryy 1 = Rgy — Ro1 Ry} Rio. Then, it is known (Capitanio et al., 2003)

that )
(03] + Rl_l R12a2

Yi ~ 5N/<;1 (,Ul, 21, a1(2), 7‘), ay2) = (1 N 0/2R22,10z2)1/27 (15)
and
(Yz‘Yi = y1) ~ SNkQ(,uz.h 222.17042.1,7'2.1), (16)
where
sy = Dyp1Dy g, oy = 7(1+ 04/1(2)R11a1(2))1/2 + a,1(2)D1_1(y1 — ), (17)

6



and D, D, and D, are diagonal matrices constructed from the square roots of the diagonal
entries of X171, X9s and Yoo 1, respectively.
From (12) and (16), we obtain that

E(Ys|Y1 =vy1) = po1 + (1(72.1) D2 1091,

(18)
COV(Y2|Y1 = y1) = Yoo + <2(T2.1)D22.152.15§,1D22.17
where 65 1 is related to a» 1, the shape parameter in (16), via
do1=(1+ 0/2,1R22.1042.1)_1/2R22.1042.1- (19)

Note that the regression function in (18) is a double-index function of the covariates in y,
(Hérdle, Hall and Ichimura, 1993; Xia, Tong, Li and Zhu, 2002), the first index 5 ; is simply the
regression function from a N (u, ¥) and the second index 75 5 is determined by (u, 3, apex) in (7);
the conditional variance is a single-index function of 7 ;. Such multi-index models are becoming
increasingly popular in statistics and econometrics as exploratory tools when looking for possible
low-dimensional structures to approximate high-dimensional regression surfaces, see Xia et al.
(2002), Hardle et al. (1993) and the references therein. The next example illustrates the formulae
in (18).

Example 1. For a bivariate skew-normal distribution with & = 2, k1 = ko = 1,

pr=pe =000 =00=1,p=1/2,a=(1,2),7=1,

the expressions in (15) - (20) reduce to

2
ay(2) = %, Qg1 = V3, 61 = +/3/2and 7oy = (3+ 2y1)/V5.
Thus, the regression and variance functions are given by
E(YslY1 =) = 2y1+4C1 < NG >,
(20)
Var(Ys|Y; = = -+ — )
ar(Yz|Y1 = 1) 4+16C2< 7 )

2.4 Elliptically Contoured Distributions

Comparing (18) and (20) with their bivariate normal counterparts it is evident that the linearity
of regression and constancy of variance are violated mainly because of presence of (;(7.;) and



Fixed variable

Figure 2: The regression function (solid) and the variance function (dotted) for Example 1.

(2(79.1). These which are nonlinear, multi-index functions (Hérdle et al. 1993; Xia et al. 2002) of
the fixed variable y1, see Figure 2. The situation is somewhat different for the class of elliptically
contoured distributions (Anderson, 2003, Sec. 2.7) where the regression is linear in the fixed
variables y; just as in the multivariate normal case, but the conditional covariance matrix has the
multiplicative form

m(y1) a2, (21)

for a scalar function m(-). The function m() is known (Cambanis et al., 2000) only when Y" is a
scale mixture of a normal vector, thatis Y = A'/2G with A a positive random variable independent
of G ~ Ni(0,%), in this case m(y1) = E(A|Y: = y1). The latter computed explicitly in the
following two cases is a single-index function of the quadratic form y; 21_11 Y1-

Example 2. (a) Scale mixture of normal with A=* ~ 2 v > 0. Then, Y has a multivariate
Student-¢ distribution (Box et al., 1994, p. 286) and m/(-) is given by
vy >0 o

RM.
k+v—2 »yre

m(y.) =

Thus, the conditional covariance matrix (21) is less than its normal counterpart X5, ; only when
the fixed variables y; are inside the ellipsoid ¢\ > 'y, < k — 2, for k > 2.
(b) Scale mixture of normal with A ~ I'(v, 1), v > 0, a gamma distribution.



Recently, Fotopoulos (2004) has shown that

1/2 Kl/+1+k/2 ((Qyizl_llyl)l/Q)
\/§Ku+k/2 ((2?4121_11?/1)1/2) 7

m(y1) = (y1X5'v1)

where K, (-) is the modified Bessel function with veR.In this case it is much harder to compare
(21) with its normal counterpart.
The correlation curves for these cases are presented in Section 4.2.

3 SN Stationary Time Series

In this section, a general SN stationary time series is defined in analogy with the definition of
Gaussian stationary processes. Two notions of SN noise are introduced and the probabilistic and
statistical properties of their corresponding SN stationary ARMA models are studied and compared
to their Gaussian counterparts. The bulk of the work is on the dependent SN noise with distribution
(7), but for the sake of comparison we also discuss the role of the CSN noise in defining ARMA
models.

3.1 General SN Stationary Process

A set of time-ordered random variables X;;¢ = 0, &1, £2, - - -, is said to be SN stationary if for ev-
ery integer n > 1, and integers ¢, - - - , t,,, the n-dimensional random vector X,, = (X;,, -+, X},)
has an SN, (pn, Xn, o, 7) distribution as in (7), and for all integers ¢, &

(S1) E(X;) = p, does not depend on ¢;

(S2) Cov (Xiik, Xi) = vk, depends only on £ but not .

In this case, the function {v,; k& = 0,1,2,---} is called the autocovariance function of { X} and
the n x n covariance matrix of X,,, denoted by I',, = (%_j)zjzl, has a Toeplitz structure (with
constant entries along diagonals). Using (12), one could express £(X,,) and Cov(X,,) in terms of
the location ., scale ,,, shape a,, and 7. Intuitively, for {X,} to be SN and strictly stationary,
at least all the shape parameters and variances of X;’s must be the same, this forces §,, and D,, in
(12) to be of the form 6,, = d1,,, D,, = o1, and hence the scale matrix > must be a Toeplitz
matrix.

Existence of general SN processes is guaranteed by noting that the family of finite-dimensional
distributions SN, (ftn, Y., o, 7) in (7) or their moment generating functions satisfy the consis-
tency condition of the Kolmogorov’s theorem (Brockwell and Davis, 1991, p.11). However, con-
struction of SN stationary processes via either their spectral or moving average representations



requires having a suitable notion of white noise. In fact, starting with any i.i.d. SN random vari-
ables {¢,}, one can construct general linear processes in the usual manner (Pourahmadi, 2001, Sec.
5.2). For instance, the one-sided M A(oco) process

Xt = ijgt—ja (22)
j=0

is well-defined (the series is convergent in the mean) if » " |¢);| < oo, and the process { X} is
j=0
strictly stationary with mean and covariance function given by

BE(X)) = pe Yy, Cov (Xppr, Xo) = 02 Y jntly,
§=0 j=0
where p. and o2 are the mean and variance of ;. However, the distribution of X,, = (X3, -, X,,)
is not SN unless {¢,} has the aforementioned closure property.

To study the distribution of X,,, its covariance matrix and stationarity of the solution of ARMA
models, we rely extensively on the fact that X,, is an affine transformation of the noise {¢,} and
the closure under affine transformations of the SN distributions (Capitanio et al.,2003; Gonzalez-
Farias et al., 2004). More precisely, writing the n equations (1) for t = 1,---,n, in terms
of the vectors X,,,&, = (e1,---,¢,) and the (p + ¢)-dimensional vector of initial values e =
(Xi—p--+, Xo,€1-¢," ", €0) Qives

Lp,ﬁ Lqﬂ
LBXn = Lpe, + Lp,q e >Lp,q = ) (23)
0 0
where for a vector 5 = (51, ---,5p), Lg is an n x n unit lower triangular matrix with 1’s on the

leading diagonal, 3; on the first subdiagonal, 3, on the second subdiagonal, and so on, with 0’s on
the ith subdiagonal for i > p, and

By Bpor o 0 B
0 B, - - B

Lpﬁ: ,
0 0 - 0 B

Ly and L,y are defined similarly for a vector 6 = (6,,---,6,), see Box et al. (1994, p.292).
Multiplying both sides of the first equation in (23) by Lgl, we obtain

-1 -1 _ €n
Xn—Lﬁ Lgsn+Lﬁ LMe_A(e)' (24)
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Thus, identifying an appropriate distribution for Ee" holds the key to find the distribution of

X.,. This topic is studied in Section 3.3 after introducing two notions of SN noises.

3.2 TheNoise Distributions

Perhaps, the single most important reason for popularity of the normal white noise can be traced to
the fact that if 1, - - -, &,, are i.i.d. N(0, o), then their joint distribution is multivariate normal, i.e.
€, = (€1, +,&n) ~ N,(0,0%I,), and consequently every linear transformation of ¢,, is normally
distributed. Unfortunately, this closure property does not hold for i.i.d. SN random variables, since
product of several density functions of the form (4) is not of the form (7). Thus, one needs either
to modify the requirements of ¢, - - -, &,, being i.i.d. or the definition of multivariate SN in (7). We
discuss the pros and cons of working with these possibilities in the next two subsections.

3.21 TheSN Colored Noise

There are two ways to weaken the requirement of ¢, - - -, ¢, being i.i.d., either take them to be
dependent or non-identically distributed. For the first option, start with the simplest jointly SN
distributed noise, i.e. €, ~ SN, (0,021, ., 7). Then, it follows from (12) that

E(e,) = 0¢(7)8,,Cov (€,) = 0*I,, + 0*((7)8,6),, (25)

where
8, = (1+ o) V2, (26)

so that the mean and covariance of €,, satisfy neither (S1) nor (S2) so long as the entries of «,, or
4, are distinct. One may rectify this problem by setting «,, = a1,, where 1,, is the n-vector of 1’s
and « is a scalar. Then, (25) reduces to

E(en) = 061 (7)1,, Cov(e,) = oI, + 0262@(7')1”1;, 27)

which satisfy both (S1) and (S2) for a fixed n, where § = 6(n, a) = a(1 + na?)~/2. Note that
this noise is correlated, since Cov (&,,) is a compound symmetric matrix with

. 52C2(7')
P82 (r)

which is always negative because (»(7) < 0. From here on we refer to
€n ~ SN,(0,0%I,,al,,T), (28)
as a (colored) SN-noise.

11



The simplest example of non-identically distributed noise is obtained by taking ¢;’s indepen-
dent, only one having the SN distribution (6) and the rest normally distributed. Using the Wold
decomposition and stochastic representation of such SN random variables, we show in Section
3.3.3. that these two distinct modifications of a white noise lead to the same class of SN stationary
process.

3.2.2 The CSN White Noise

To overcome the lack of closure property of SN distributions, the class of multivariate closed skew-
normal (CSN) distributions were introduced by Gonzalez-Farias et al.(2004). Let k > 1,¢ > 1 be
integers, e R*, veR’, D an arbitrary ¢ x k matrix, > and A positive definite matrices of dimensions
k x kand ¢ x ¢, respectively. Then, we say that a k-vector Y has a CSN-distribution, in symbol
Y ~ CSN;(p, X, D, v, A), if its density function is given by

fk,z(y) = Or(y; 1, 2)Pu(D(y — p); v, A) /(05 v, A + DZD’), (29)

where ¢ (- ;p, X) and ® (- ; p, ) are the density and distribution functions of a k-dimensional
normal with the indicated mean vector and covariance matrix. Gonzélez-Farias et al. (2004) show
that the CSN family subsumes many skew-normal distributions, including (7) which is obtained
by taking ¢ = 1, = 0 and o« = A~'/2D'. For a discussion of lack of identifiability of the class of
CSN see Arellano-Valle and Azzalini (2004).

Now, we define the CSN white noise as the random variables

€1, ,Ep t.0.d. NCSN1,1(07027a7071)‘ (30)

From the closure property of such distributions(Gonzalez-Farias et al. 2004) it follows that

e= (g1 ,en) ~CSN,,(0,0°L,,a I,,0, 1), (31)
and for given vy, - - -, 1, we have

ijgj ~ CSNLn <070’2 wa’ Dw,O, Aw) s (32)

j=1 j=1

where

n -1 n -1
Dy=a (Zw§> (1, ) = a (Zwﬁ-) Wb,
j=1 j=1

n -1
Ay =1, +a*0® |1, — (Z %2) Y,

i=1

12



The fact that the second dimension in (31)-(32) grows with n when stacking up n» i.i.d. CSN
random variables or forming their linear combinations is of major concern and seems to be the
price one has to pay to attain a closure property. Evidently, this has unpleasant computational
implications when defining infinite order MA models as in (22) or CSN ARMA as in (39) below.

3.3 Construction of Stationary SN ARMA Models
3.3.1 TheSN ARMA Models

In studying the distribution of data from ARMA maodels, the initial values e in (24) can be deter-
ministic or stochastic. For the moment, we assume that e is stochastic and

e

En
( ) ~ SNn+p+q (07 Qv «, T) ) (33)

for a scale matrix 2. In most of what follows we take €2 to be the covariance matrix of < 68" )

corresponding to the Gaussian stationary case of (1), i.e.

[ oI, 0 oo,
Q_( 0 Cov(e))’cov(e)_a < C Iq)’

where T, is the p x p matrix with the (¢, j)th element v;_; = Cov(X;, X;), and o2C has elements
defined by Cov(g;_y, X;—p) = 0%¢j_i_psq fOr j—i—p—+q > 0, and 0 otherwise (Box et al. 1994,
p. 293). The ¢,’s are the coefficients in the MA( co) representation of { X}, that is

Xt_;wjgt_j,;%z =30 (34)

Then, from (24) and the closure property of SN under affine transformations (Capitanio et al. 2003,
p. 143), it follows that
X, ~ SN, (0,Yx, ax, 1),
where
DxY¥{' B

1+ o/(Rg — BEYB)a]'/?
with D2, = diag (Xx), B = Dy'QA’ and Ry, is the correlation matrix of €.

The nonconstancy of the shape parameter oy in (35) suggests that X,, cannot, in general, be a
segment of a strictly stationary SN process. To study the covariance stationarity of { X, }, however,
it is prudent to start with the MA(q) models for which the matrix A in (24) is much simpler, the

EX = AQA/, Ay = (35)

13



scale matrix €2 in (32) is a multiple of the identity and the subsequent computations are more
illuminating.

Example 3. SN MA(q) Modedl. In (33) setting p = 0, we note that ( Ee” ) =€, ) =
0?I,,,and o = al,,. Thus, it follows from (27) and (24) that

EXn)  =00(n+qa)(3j_o0i)1n,

Cov(X,) =A [021n+q + 0252C2(7-)1n+q ;L+q} A’

2 (36)
ZU2AA’+U252@(T)< ; ej) 1,1,

=0

2
= U2Fn,MA(q) + 0’252C2(7') ( ;]-:0 9j> 1711;17

where I, 17.4(q) Stands for the n x n segment of the stationary covariance matrix of a normal MA(q)
model. We note that Cov(X,,) is a Toeplitz matrix and, in fact, a rank-1 perturbation of the A A(q)
covariance matrix to which it reduces when either 3 7 6; = 0 orn+q — oo. Since §(n+q, a) =

2
q
— 0, in the latter case. However, from (36) with ¢ = §2((7) (Z 6j> , it follows
j=0

that the autocorrelation function (ACF) of an SN MA(q) is of the form

Yk t+cC
Yo+ ¢

Pk k=0,1,2,---, (37)

which does not vanish for &£ > ¢, in contradistinction to the familiar Gaussian M A(q) models.
Next, we compute the shape parameter of X,,. Since

ZX = AQA = O'2AA/ = Fn,]\/[A(q)a RQ = ]n+q7
9 1/2 9 —1/2
DX:0’< “ 9.> In,B:a< “ 9.> A

j=0"j J=0"7J

we have from (35) that
ax =d"%a (Shof;) (4407 @)

where
d=1+a {n T ( < 9]2,)—1 ( 10 9j)2 17 (AA)™! 1n] .

Thus, the entries of acx in (38) are generally distinct and the components of X,, are not identi-
cally distributed. A notable exception is when the MA parameters satisfy Z;f.zo g; = 0, in which
case ax = 0 and X,, has a multivariate normal distribution even when the noise does not.

Example4. SN ARMA (p, q) Modél. For p > 0, as before we set the scale matrix 2 in (33) to

n

be the covariance of ( Ee in the normal stationary case. From (35), using this €2 and a general
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shape vector a, one could compute ay, £(X,,) and Cov(X,,) as in (36)-(38). Unfortunately,
these formulas are complicated and not as illuminating as those in Example 3. However, more
transparent results can be obtained using the Wold decomposition of SN ARMA models described
in Section 3.3.3, see (42).

3.3.2 TheCSN ARMA Models

In this section, we introduce CSN ARMA models using the fact that these are affine transforma-
tions of CSN white noises. In particular, for a CSN MA(q) we have X,, = Ae,,,, and from the
closure property of CSN under affine transformations (Gonzalez-Farias et al., 2004), it follows
from (31) that

X, ~ CSNpypiq(0,02AA" D4, 0,A), (39)

where
Dy =aA(AA) Y Ay =1 g + &P0* (L — H),

with H = A’(AA")~1 A, the projection matrix on the row space of A.

In principle, one could use (39) for prediction, and estimation of the MA parameters 6, - - -, 6,
o2 and the skewness parameter «. However, a concern in using the CSN ARMA models is the
tremendous increase in computations when n or ¢ is large, as this involves computing distribution
functions of (n + ¢)-dimensional normals at several points. The nature of this distribution when
n+q — oo, and the associated computational complexity need further research and are the key in-
gredients in determining the usefulness of these models. It seems the choice between SN and CSN
ARMA models may eventually boil down to the trade-off between the computational complexity
and the uneasy feeling of working with a colored SN noise leading to ARMA models with ACFs
like (37) which do not converge to zero for large lags.

Next, using the representation (6) we show that SN ARMA models are sums of independent
Gaussian ARMA models and a multiple of a half-normal random variable, so that they are much
closer to Gaussian ARMA models than are the CSN ARMA models.

3.3.3 TheWold and Spectral Decompositions of SN Stationary Processes

The reason for the peculiar form of the ACF of an SN MA(q) in (36)-(37) can be traced to the
exchangeability of the SN colored noise in (28) and hence the presence of a common random
component. Using the stochastic representation of SN random variables, we single out and identify
this common component as a multiple of a half-normal variable and present a Wold decomposition
of stationary solutions of SN ARMA models. The latter reveals the close connection between SN
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and Gaussian ARMA models which is used to compute the covariance functions and the infinite
predictors of SN stationary models.
Let us start with the stochastic representation of n SN variables ¢; as

gi=6|Zi| +(1—67)¢el, i=1,--,n, (40)

where Z; and ¢/ are independent NV (0, 1) random variables and §,’s are fixed with |6, < 1. We
note that when all the §, and Z; are equal, then the ¢;’s in (40) are, indeed, the colored SN noise
in (28); and when all é;’s are zero except for one, then the ¢;’s are the non-identically distributed
noise of Section 3.2.1. Substituting from (40) in (1), gives the process

q p q
Xo=> 06512+ > BXep+ > 053 /1— %), (41)
=0 k=1 =0

whose marginal distribution is not SN unless all the Z;’s are the same which we assume from here
on. Existence of a covariance stationary solution of (41) is guaranteed if all the roots of its AR
characteristic polynomial lie outside the unit circle. Then, the Wold decomposition of the station-
ary solution of (41) and a corresponding decomposition of its covariance function (Pourahmadi,
2001, pp. 65-66) are given by

( q 0o
X, = <Z 9j5j> R
=0 =0

(42)

q 2 00
P
CoV (Xyih, Xy) = (E 9j5j> \EJF > itk
j=0 7=0

\

where the v;’s are obtained from (34) replacing 6, by 6,,/1 — 5?, j=0,1,---,q. Note that the

q
ACF in (42) does not converge to zero as & — oo, unless Zejéj = 0 in which case {X,} is a
j=0
Gaussian ARMA process. Thus, (42) decomposes an SN ARMA process in terms of a Gaussian

ARMA process and a static half-normal process.

The Wold decomposition of a general SN stationary process { X} is closely related to that of a
Gaussian stationary process. This can be seen best through its spectral representation (Pourahmadi,
2001, pp. 30-31):

X, = / e dz(N),

where the process {Z(\); —m < A < 7} has orthogonal increments (Brockwell and Davis, 1991,
Section 4.6; Pourahmadi, 2001, pp. 168-169). To allow some generality, we take {Z()\)} to have
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the form
dZ(\) = |Z|dF(X) + g(\)dZ'(N),

which is slightly different from (40), F'(-) is a bounded increasing function, g(-) is a function on
(—m,m] and {Z’(\)} is a Gaussian orthogonal increment process and independent of Z. It is easy
to verify that the process {Z(\); —m < A < «} has orthogonal increments with finite-dimensional
SN distributions (7). Its Fourier transform gives the SN process

X, = 12| /_ ' e E(N) + / ' e g(\) dZ' (), (43)

which is not stationary unless dF’ has a point mass, say one, at a fixed point )\, and the function ¢
is so that the second integral in (43) is well-defined. Then,

Xi = |Z]e™" + X, (44)

where i
Xi= [ ePgaz e =0.zL

is a Gaussian stationary process. Using the Wold decomposition of { X/} in (44) one obtains the
most general linear representation of SN stationary processes (Pourahmadi, 2001, p.163).

4 Prediction and Correlation Curves

Computing the finite predictors and their prediction variances for a nonnormal time series { X, } are
known to be challenging problems (Wiener, 1958; Shepp et al. 1980). In this section we present
explicit formulas for these in the case of SN stationary time series and discuss the need for studying
local dependence or correlation curve since their prediction variances are heteroscedastic.

4.1 Prediction of SN Stationary Processes

We start with the linear prediction of a second-order stationary time series { X} to introduce the
notation and ingredients needed for the nonlinear prediction. Let X,,.; be the linear least-squares
predictor of X, based on its finite past X,, = (X;,---,X,,) and o2, be its prediction error
variance. For computing X,,,; and o2,,,weneed T, 1, the (n +1) x (n+ 1) Toeplitz covariance
matrix of (X,,, X,,+1), and ux = E(X;) the mean of the stationary series { X, }. In fact, it is known
(Pourahmadi, 2001, Chap. 7) that

~

Xn+1 = pux + V;LF;:L(XH - ,LLX]-n)
021 =Var(Xom — Xos1) =% — 7ol v,
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where v, = (71, n)-
In computing the finite nonlinear predictor and its prediction error variance for an SN stationary

series, we need the full knowledge of the following distribution:
(Xn7 Xn—i—l) ~ SNTH-l(H'n—i—lv En—i-la Ay, T)?

where g, 1 = px1ny1 — G(7)Dng1ngr and B, = Uyt — G(7) Dny16n410;, 1 Dny1. Using
14)-17)withk =n+ 1,k =n, ke = 1,Y; = X,, and Y, = X, 1, explicit expressions for the
optimal predictor F(X,,1|X,, = x) and its prediction error variance Var(X,,1|X,, = x) can be
obtained from (18). To illustrate these, in the rest of this section we focus on the SN MA(¢) model
of Example 3 and compute ay(z), 2.1 and 7,1, and express them in terms of the past data and
quantities familiar from the linear prediction. We note that from (36)-(38), for an MA(q) model

we have
q q R.R
Sy = 0CAA :0229]2-~R:a229]2~ < R; 112 ) ;
j=0 =0

where R is the related correlation matrix, and

q
AOpt1 = d='? Oz(z ej)(AA/)_lln-i-lv Qnt1 = ( % ) .

o
=0 n+1

Then,
Qia)y = (1+ 05721+1)_1/2 (on + an-HRl_llRl?)

= (1 + a721+1>_1/2 (an + an+lan)7
where a, = Rj]' Ry, is the vector of finite linear predictor coefficients for a time series with
covariance matrix » ., (Pourahmadi, 2001, Section 7.1),

q

2 2\-1/2

Q21 = Qn10,41(0 E 9j) />
7=0

and

Toq = 7'\/1 + O/l(Q)Rllal(Z) + (o? ?:0 9?)_1/2 (1+ O‘ELH)_IQ
(an + Opt1 an)/(Xn - ,ul)
Now, the predictor in (18) is computed by replacing si».1 by X,..1 and using 7. given above. The
latter expressed in terms of the finite linear predictor of a time series with the covariance matrix
>, rather than T',, can also be written in terms of the finite linear predictor of {X,} with the
right covariance matrix I',,. To do this we note that since I';, = > +0(3°7_ 07)C2(7)d,0, is @
rank-one perturbation of ) , its inverse can be computed in terms of E;l (Pourahmadi, 2001,
p.155).
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4.2 Correation Curves

The correlation curve as a local measure of association is useful for assessing departure from
normality, linearity of regression and constancy of variance (Bjerve and Doksum, 1993). Since
these features are present in SN distributions, it is expected that the correlation curve here could
play a role similar to that of the Galton-Pearson correlation coefficient for the multivariate normal
data.

Consider the class of nonlinear heteroscedastic regressions with u(z) = E(Y|X = x) and
o?(x) = Var (Y| X = x), where we refer to the derivative of the mean function 5(z) = p/(z), as
the regression slope or the local regression coefficient. Then, the correlation curve between X and
Y is defined (Bjerve and Doksum, 1993) by

o T
o) = L s ST

where 0% = Var(X). Itis easy to rewrite p(z) as

+ (1+ [oxBz) /o ()] 2) ",

where the sign + is the same as the sign of 3(x), so that the correlative curve is an increasing
function of the standardized regression slope %;(f). The correlation curve is calibrated so that it
lies in the range [—1, 1], equals p in the bivariate normal case and has the universal property of
a correlation coefficient in being invariant under linear transformations of X and Y, and hence
is scale-free and comparable across cases. It is shown by Bjerve and Doksum (1993) that this
correlation curve also satisfies other axioms of a universal correlation measure, except that it is not
symmetric in X and Y. Next, we compute the correlation curve for a few specific distributions.

Example 5. Bivariate Skew-Normal. From the calculations in Example 1, it follows that

o158(y1) _ PO + a12)CCa(T2.1)
0<y1) \/0’%(1 — p2) + CZCQ(TQ.l)

_ 1+ %Cz(Tm)

\/3+%C2(7‘2.1).

The corresponding plots of the standardized regression slope and the correlation curve as a function
of the fixed variable y; are given in Figure 3.

Example6. Bivariate Elliptically Contoured. Since the regression is linear in this case, using
m(-) from Example 2 we have

Ulﬁ(yl) _ P
o (y1) \/(1 — p?) (L4 /,2)
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Figure 3: The standardized regression slope (solid) and the correlation curve (dotted) for Ex. 1

for (a), but the formula for o%(y, ) for (b) has a much more complicated formula.

Example 7. Partial Correlation Curve. Forky =k — 2, ko =2, Y1 = (Yo, -+, Y1), Yo =
(Y1, Y%), the correlation coefficient computed from the 2 x 2 matrix in (16) gives the partial corre-
lation curve between Y7, Y}, after adjusting for the intervening variables in Y; (Pourahmadi, 2001,
Section 7.3). Note that unlike the normal case, the partial correlation curves for skew-normal and
elliptically contoured distributions depend on the fixed variables ;.

Since contours of SN distributions are not ellipsoidal, local measures of association like the
(partial) correlation curves seem to be relevant in the model-formulation stage of SN ARMA mod-
els. An interesting open problem here is that of comparing the performance of these correlation
curves to the traditional ACF and PACF used for model formulation of normal ARMA models
discussed next.

5 TheMode-Fitting Processfor SN ARMA Time Series

For normal ARMA (p, ¢) models, there is a well-developed iterative three-stage model-fitting pro-
cess cycling through model formulation, estimation and diagnostic (Box et al., 1994). In this
section we discuss prospects of developing such a model-fitting process for the SN ARMA mod-
els. It is expected that each stage of the process is more challenging due to the presence of the
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skewness parameter «.

5.1 Modd Formulation

The model formulation stage is concerned with identifying the orders p and ¢ of the ARMA (p, q)
model (1) using the time series data X, ---, X,,. Traditionally, this is done by comparing the
theoretical patterns of the autocorrelation and partial autocorrelation functions (ACF and PACF)
of ARMA (p, ¢) models with their sample counterparts, so far as their cut-off or decay to zero are
concerned. For example, the fact that the theoretical ACF of an MA(q) model is zero after the
lag ¢, can be used to determine ¢ by scanning the sample ACF. However, this correlogram-based
method may not work for SN ARMA models, because their ACFs have a pattern of zero different
from those of the normal ARMA models. For example, it is evident from (37) that the ACF of an
SN MA(q) is not zero after the lag ¢, but stays above (below) zero.

Fortunately, an invariance property of the SN distributions first noted by Genton et al. (2001),
Loperfido (2001, 2004) and Genton (2004) implies that the distributions of the sample autocovari-
ances of X, -+, X,

7
ko

(Xpsn — X)X = X), 0<k<n—1,
1

~

Ve =

S

t

P e o o
with X = — Z X, are the same for data from multivariate SN and normal distributions. Thus,
n

the sample Aélzzlcan be used to identify the SN ARMA orders p and ¢ as in the case of normal data.
Furthermore, since the sample ACF and PACF are even functions of the data, their distributions
are as well invariant to the choice of the parent distributions (Genton, 2004, pp.82-83). Therefore,
correlogram-based model formulation techniques can be used verbatim in the case of SN ARMA
models so long as the threshold parameter 7 in (7) is set to zero. It should be noted that without
this modification the invariance property does not hold. In a sense this requirement conflicts with
the strong need to keep 7 in (18) when forecasting is the ultimate goal of modeling the data. More
research is needed to fully understand the role of the invariance property in the model formulation,
estimation and diagnostics of SN ARMA models and their many extensions (Genton, 2004).

5.2 Model Estimation and Diagnostics

Once the order (p, q) of an SN ARMA model is known, the model estimation phase is concerned
with estimating the parameters

9:(ﬁlv"'7ﬁp7917"'79q7027a)'
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The likelihood function L(6|X;,---, X,) can be written using (24) or (33)-(35). As expected
(Azzalini, 1985; Pewsey, 2000), the major difficulty here is that of finding the maximum likelihood
estimator (MLE) of the skewness parameter o. However, the coupling of o with the ARMA
parameters makes the task even more daunting. For examples of coupling of these parameters
in the case of SN MA (q) model, see (34), and for CSN MA(q), see (39). A prudent way to
circumvent this difficulty is to employ an iterative method, alternating between the ML estimation
of the ARMA parameters (Box et al. 1994, Chap.7) and the skewness parameter. Much work
remains to be done on understanding the impact of estimation « on the ARMA parameters and
vice versa.

Since the MLE of the parameters # are not explicit functions of the data, it is not known
whether the ACF and PACF of the model residuals are even functions of the data. Consequently, in
the diagnostic stage when using the popular portmanteau lack-of-fit test (Box et al., 1994, p.314),
one cannot appeal to the invariance property of SN distributions. Research on the estimation and
diagnostic problems for ARMA models are currently in progress and will appear elsewhere.

5.3 Nonlinearity, Dependence and Estimation of o

Estimation of the skewness parameter is by far one of the most challenging problems in the litera-
ture of SN distributions (Azzalini, 1985; Pewsey, 2000; Genton, 2004). Fortunately, the appearance
of a skewness parameter in the TAR model in (3) gives « a physical meaning and links the new
difficult problem of estimation of « to the familiar problem of estimation of an autoregression
coefficient.

It is well-known that the least squares estimator of « in (3) is given by

Do Xi| Xi1]

DoIXal?
t=2

so that, perhaps, this is the only reasonable estimator of the skewness parameter having a closed
form. Under the conditions of Theorem 2.2 in (Chan & Tsay, 1998) it can be shown that for n
large

(45)

o =

Vn(a@ —a) ~ AN(0, 1 —a?). (46)

How good is this asymptotic distribution? The results of a small simulation study reported in Table
1 show that the sample mean and SD of the least squares estimator of the TAR parameter « are in
good agreement with those in (46).
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n & SD(@)  8/vn
200 05924  0.0559  0.0566
400 05979  0.0400  0.0400
600 06013 00322  0.0327
1000 05986  0.0260  0.0253
1600  0.6017  0.0206  0.0200
2000 05994 00181  0.0179

Table 1. Sample means and standard deviations of the least squares estimator
of « in the TAR model (3) with o = 0.6, based on 500 iterations.

Note that the estimator (45) of a skewness parameter is arrived at rather indirectly by trapping
it in the model (3). The happy ending here seems to suggest that introduction of some sort of
“nonlinearity” and “dependence” might be helpful in estimating the skewness parameter. The use
of order statistics in estimation of « in Balakrishnan (2004) also introduces these two features.
Are appearances of these features incidents or essential part of any good estimation procedure for
estimating the skewness parameters?

6 Discussion and Future Work

Using dependent SN noise we have introduced a class of stationary time series models whose
finite-dimensional distributions belong to the family of SN distributions studied by Azzalini and
Dalla Valle (1996) and Capitanio et al. (2003). These time series are shown to be close to normal
stationary time series, in that they can be decomposed as the sum of independent normal stationary
series and a static half-normal series. Yet, their finite predictors are nonlinear and heteroscedastic
with features similar to predictors of threshold AR models. The class of CSN stationary series
(Gonzales-Farias et al. 2004) seems to be more general and natural for time series analysis, but
could require heavier computation with increasing sample sizes. Statistical and computational is-
sues related to fitting these two classes of models to data remain to be studied and these could
shed some light on the question of which class should be preferred in data analysis. It seems
correlogram-based model-formulation could be used equally well for the two classes, however,
maximum likelihood estimation of the parameters of the CSN series could be more computation-
ally intensive due to the presence of distribution functions of high-dimensional normal vectors. The
predictor and variance functions for CSN stationary ARMA models is currently under study. The
framework developed in this paper can be used to study general SN and CSN stationary random
fields and vector-valued processes.
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