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|. Prevalenceof Cov. Modeling/ GLM

Covariancematriceshave beenstudiedfor over a cenury.

Parsimoniousov. isneededor e cient est. andinferencen
regressiomnd time seriesanalysis for prediction,portfolio
selectionassessingsk in nance (ARCH-GARCH),

Multiv ariate Statistics

GLM

Time Series Variance Comp onents



Nelder and Wedderburn's(1972) GLM uni es
- normal linear regressiongLegendre,1805; Gauss,1809),

- logistic (probit, ...) binary regressionsPoissonregressions|og-
linear modelsfor cortingency tables,

- variancecomponert estimation using ANOVA sum of squares,

- joint modelling of mean and dispersion (Nelder & Pregibon,
1987)

- survival function (McCullagh & Nelder, 1989),

- spectral density estimation in time seriesusing periodogram or-
dinates (Cameron& Tanner, 1987),

- generalizedadditive models (Hastie & Tibshirani, 1990); non-
parametric methods,

- hierarchical GLMs (Lee & Nelder, 1996),

- BayesianGLMs (Dey et al. 2000).

The Succes®of GLM Is Mainly Due to Using

. unconstrained(canonical) parameters,

. modelsthat are additive in the covariates,

MLE / IRWLS or their variants.



Goal: Mo del a covariance matrix using covariates similar to mod-
eling the mean vector in regression analysis.

Data -— Mo del Form ulation - Estimation

Diagnostics

Generalized Linear Mo dels for the meanvector = E(Y):
g( ) =X

where g acts componentwiseon the vector
{ GLM for the covariance matrix

=E(Y XY )

requires nding g( ) sothat erntriesofg() areunconstrained , then

onemay set
9() =<2
g( ) acting componentwisecannotremovethe positiv e-de niteness
constrain t.
0 XX : :
c c=  Gq j > 0gqreal

P
g( ) is not necessarilyunique, the onewith the mostinterpretable
parametersis preferred.



[l1. Correlated Data

Ideal Shape of Correlated Data: Many Short Time Series.

Occasions
1 2 t n
1 Y11 Y12 Yt Yin
2 Y21 Y22 Yot Yon
Units : : : : :
i (Vi Yi2 Vit Yin) = i
m Ym1 Ym2 Ymt Ymn

Special Casesin IncreasingOrder of Di cult vy:

|. Time Series Data: m = 1;n large.

[I. Multiv ariate Data: m > 1, n smallto moderate; rows are indep.

Longitudinal

Data, Cluster Data.

[Il. Multiple Time Series: m > 1, n large, rows are dependert.

Panel Data

V. Spatial Data: m & n are hopefully large, rows are dependen.

\Time" or \order" is requiredfor the GLM / Choleskydecomposi-

tion of the covariance matrix of the data.



Example:Kenward's (1987)Cattle Data:

An experimen to study e ect of treatmens on intestinal para-
sites.m = 30animalsreceiedtreatmen A, they wereweighed
n = 11ltimes,the rst 10measuremasnweremadeat two-week
intervalsandthe nal measuremérwasmadeafter a oneweek
interval. Thetimesarerescaledo t; = 1,2, ;10 105:

o
LO —
p)
T —
.-tC_mm
(4b)
=
o
LO -
ol
o
D —
N | T T T T
2 4 6 8 10
Time

Clearly variancesncrease overtime,
Are equidistah measuremes equicorrelated?
Is the correlationmatrix stationary(Toeplitz)?




TABLE 1. Samplevariancesare alongthe main diagonaland
correlationsareo the maindiagonal.

106

.82 155

/6 .91 165

.66 .84 .93 185

.64 .80 .88 .94 243

D9 .74 85 .91 .94 284
52 .63 .75 .83 .87 .93 306
53 .67 .77 .84 .89 .94 .93
o2 .60 .71 .77 .84 .90 .93
48 58 .70 .73 .80 .87 .88
48 55 .68 .71 .77 .83 .86

341

97 389

94 96 470

92 96 .98 445

Thecorrelationsncrease alongthe suldiagonalgthe learn-

ing e ect) anddecrease alongthe columns.

Stationary (Toeplitz) covarianceis not advisableor sud

data.

SAS PROC MIXED andIime provide a longmeru of
covariancestructures,sut asCS, AR, :::, to choosefrom.
Very popularin longitudinaldata anlysis.

How to viewlarger covariance matrices , likethe
102 102cov. matrix of the Call Cener Data?



The Sample Covariance Matrix

. 1
SampleCov. Matrix; S = m_*n ;i Y)Y Y)°

1=
The Spectral Decomp osition PSP%= ; plays a ceriral
rolein Reducing the Dimension orthe No. of parame-
ters in " : PCA, FactorAnalysis,: : : (Pearson1901Hotelling,
1933).

R.Boik(2002).Spectral models for covariance matrices.
Biometrika, 89,159-182.

1() n()

Eigermvalues: v v

V

1(S) n(S)

Impro ving S

{ Stein's Estimator (1961+):Shrinksthe eigewaluesof S to

_ reducetherisk . _
In nance and microarrg data, usuallyn >> m, andS is

singular .
(Ledoitetal.,2000+): "= S+ (1 )I; O 1.

Ledoit& Wolf (2004).Honey, | shrunk the sample covari-
ance matrix. J. Portfolio Management, 4,
110-119.
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I1l. Linear& Log-LinearModels
History: Linear Covariance Mo del (LCM)

= () = (")
Edgeworth (1892) ParameterizedN (0; ) in
terms of enries of the
concentration matrix.
Slutsky (1927) Banded:
Stationary
MA( g)
Yule (1927) Banded: Stationary AR(p),
Ye= 1Yt 1t oYt 2t Ut
Gabriel (1962) Banded: Nonstationary AR(p) or
ante-dep endence (AD) structure.
Ye= Yt 1t Y 2t
Dempster(1972) Sparse: Certain ' = 0.
! the natural param. of MVN.
Graphical Models.
Matrix completion problemin LA.
Anderson (66, 69, 73) | Linear Linear Mo dels

Anderson, T.W. (1973). Asym. e.
structure. Ann. of Stat., 135-141.

10

est. of cov. matrices with linear



Anderson'd.inear Covariance Mo del (LCM):
1= 1U1+ + qu;

whereU;'s are symmetricmatrices(covariates)and 's are
constrained parametersothat is positive-de nite.

Every has a representation as LCM:

0 1 0101 0001 0
11 122: X g
© b 11%90 0 + 22%90 1 + 100

01.
2 .

10 °

it includesvirtually all time seriesmaodels, mixed models,

factormodels,multivariate GARCH models,. .. .

A major drawbak ofLCM istheconstrainton = ( 1;:::; o),
which amourts to the root constrain t in time seriesand
nonnegativ e variance/co e cien ts in variancecomym-
ners, factoranalysisgetc.

LCM and mary othertediniquespursuea term-b y-term
modelingof the covariancematrix, Prertice & Zhao(1991);
Diggle& Verlyla (1998);Yao, Muller and Wang (2005),: : :

WhentheLCM est. ™ isnot positiv e-de nite , theadvice
IS to replacets negatie eigenaluesby zero. How good is
this modi ed estimator?

11



Log-Linear Mo dels (LLM):
Motivation: ispd, log isrealandsymmetric.
Set

Iog - 1U1+ + qu;

whereU;'s areasin LCM and ;'s areunconstrained.

Q. How doesonede ne IogX ?
_ _ — A, A2
Ans.log = A, =e=I1+4L+5+

OR

If =P°P,thenlog = P%og P.

Variance heterogeneit y (Cook andWeishkerg,1983):

When isdiagonal , LLM reducego regressiomodeling
of varianceheterogenejt

A major drawbad of LLM, in generaljs the lak of statis-
tical interpretability of ertries of log .

12



0 1

Ex.Iflog =8 X, then

1 "+ tp—
11:30:exp@ 5 A u" ( ) [V
where
=(  )y+4s
0P —1 o P_—1

u = exp&TX expe 7&:

1. Leonard& Hsu (1992). Bayesianinferencedor a covari-
ancematrix. Ann. of Stat., 20,1669-1696.

2. Chiu, Leonard& Tsui (1996). The matrix-logarithmco-
variancemodel. JASA, 91,198-210.

3. Pinheiro& Bates(1996). Unconstrainegarameteriza-
tionsfor variance-ceariancematrices.
Stat. Comp., 289-296.
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V. GLM for Cov. Matrices

Motiv ation: Time Series & Cholesky Dec.
The AR(2) madel

Vi= Yt 1+t Yt 2+ "

fort = 1:2::::n canbewritten asalinear model:

2 32 3 2 \ 3 2 32
1 0 O 04 V1 1 2 1 Y 1
1 1 O 028 y> "2 0 »
5 1 1 0 PE_ gt g R
0 - e - 1 = 0 o0
O 0 2 1 1 n "n O O
Or
TY ="+ Ce

Then,it follovsthat
0

1
0

X
0 0
= A nearlydiagonal matrix.

In general ARMA modelscanbe seerasmeando \nearly"” di-
agonalize acovariancematrix via a structured unit lower
triangular matrix T. Thecov. of the\initial values"is the
only obstacle.
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Reg./G.-Sc hmidt/Chol./Szege o/Bartle tt/D L/KF
Regresy; onits predecessors:

Vi = tt iyt 1t + uyr+ "

Y% Y2 Y3 Yn 1 Yn
! 2
21 2
2
31 32 3
nl n2 nn 1 %

In matrix form

2 32 3 2 " 3
1 Y1 1
21 1 Yo )
31 32 1 =
nl n2 nn 1 1 Yn n

i andlog ? aretheunconstrainedeneralized autoregres-
sive parameters (GARP) andinno vation variances (V)
of Y or

This canreducethe unirtuitiv e task of covariance modeling
to that ofasequence of regressions (with varying-ordeand
varying-ce cients).
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Generalized Linear Mo dels :

For ~ pd, there are unique T and D with positive diagonal
ertries sut that

Note.” | (T:D).

Link functions: g( )=21 T TO% logD,

a symmetricmatrix with unconstraine@nd statisticallymean-
ingful ertries.

Strategy: Model T \linearly" asin Anderson(1966)
log D " " " Leonardet al. (92,96).
or replace\linearly” by parametrically/nonparam/ Bayesian

Bonus: The estimate™ = T D1° ! is always pd, hereT
and D are estimatef parsimoniously madeled
T andD.

Q. How to identify parsimoniousnodelsfor (T;D) ?
Ans. (i) Usecovariates,
(i)Shrinkto zerothe smalletertriesof T usingpenalized
likelihaod, variouspriors(Smith& Kohn,02;Huang,
Liu, Pourahmadiliu, 06).
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Mo del Form ulation: Regressogram

Playsrolessimilarto the correlogranin time seriesForat 2,

simply plot the GARP ; vsthelags] = 1,2, ;t 1,and
plotlog 2vst=1,2, ;n.
Ex. CommundSymmetryCovariance{ = :5; 2= 1):
g P 2
(a) (b)
< o
o o
o [°° >3
5 ° g
L] L] L ] [\
C\'! e e o @ 4 L4
o
e - i IR © "
e ® ® o o & o o [
o it it i tits.
2 4 @& B 10 2 4 6 8 10
Lag Time

Ex. AR(p); AD (p).

Other Graphical Tools: ScatterplotMatrices; Variogram(Diggle,
1988);Partial ScatterplotMatrices(Zimmerman2000)
Lorelogram(Heagery & Zeger,1998).

Tukey (1961).Curves as parametersand toud estimation. 4th
BerkeleySymp.,681-694.
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Sampleand Fitted Regressogranfisr the Cattle Data. (a) Sample
GARP, (b) Fitted GARP, (c) Sampldog-IV and (d) Fitted log-IV.
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Example.Cattle Data

Table2: Valuesof L nax, NO. of parameterand BIC for sev-
eralmodels. ThelastfourrowsarefromZimmerman
& Nurez-Anon (97).

Model L max NO. of Parameters BIC
Unstructured -1019.69 66 75.35
Poly (3,3) -1049.014_, 8 70.84
Poly (3,2) -1080.084_g 7 72.80
Poly (3,1) -1131.61 6 76.09
Poly (3,0) -121235 5 81.59
Poly (3) -1377.43 4 92.28
Unstructured AD(2) | -1035.98 30 72.47
Structured AD(2) |-1054.13 8 71.18
Stationary AR(2) | -1062.89 3 71.20
Structured AD(2) |-1054.20 6 70.96
with 1= »,=1

Likelihood Ratio Test:
2(L; Lo)=6214 7

so(t j)2iskeptin the model.
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Regressogram suggestscubic models for the GARP and log IV for the
cattle data with 8 param. Fort= 1;2; ;11,andj =12, ;t 1.

8
§|09’\t2: 1+ ot 3t2+ 4t3+ £V
3

g = 1+ ot )+ st )+ oAt j)P+ g

In general,theseand ; canbe modeledas

— O . 2 _ 0. - 50 .
t= Xy ;log £=127; ¢ =2z
wherex; zi;z; arep 1;q landd 1vectorsofcovariates, = ( 1; ; p)% =
(u q)oand = (1; ; g)areparameterscorrespndingto the means,

innovation variancesand correlations.

Pourahmadi(1999). Joint mean-cwariance models with applications to

longitudinal data; Unconstrained parameterization.
Biometrika, 86, 677-690.
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Estimation: MLE of =( ¢ ¢ O:

The normal likelihood function hasthree represemations correspnding
to the three componerts of :

2L( ;) = mlogj j+ (Y Xi)° XY Xi)
i=1

X X RS
= m log 2+ —Zst
t=1 t=1 t

B X 5 X . . O~ 1. ; .
= m log 2+ fr; Z(i) oD fr; Z(i) g;
t=1 i=1

wherer; =Y, X; = (rit)it1; RSS; and Z (i) depend on r; and other
covariates and parametervalues.

For the estimation algorithm and asymptotic distribution of the MLE
of , seeTheorem1lin

Pourahmadi (2000). MLE of GLMs for MVN covariance matrix.
Biometrika, 87, 425-435.

MLE of irregular and sparse longitudinal data;

Ye and Pan (2006). Modelling covariance structures in generalizedesti-
mating equationsfor longitudinal data. Biometrika, to appear.

&
Holan and Spinka (2006).
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. Other Developments (Bayesian, Nonparametric, LASSO, :::)

Covariate-selection (Pan & MacKenzie,2003). Reliedon AIC & BIC,
not the regressogram.

Random e ects selection (Chen & Dunson, 2003). Used
= DLLD.

Bayesian (Daniels & Pourahmadi, 02; Kohn and Smith 02):
g() N(C ; )
Nonparametric (Wu & Pourahmadi, 2003). Smooth (T; D) using
log 2= 2(t=n);
et j = fj(t=n);

where 2() andf;() are smaoth functions on [0; 1].

{ Amounts to appraximating T by the varying-co e cien ts AR:

)@ n
o= fit=ny ; + (t=n)"¢
=1

{ This formulation is fairly standardin the nonparametric regressionlit-
erature whereone pretendsto obsene ?() andf;() on ner grids as
n getslarger.
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Penalized lik eliho od (Huang,Liu, MP & Liu, 06).

Log-likelihood function
XM 0
2L(; )= mlogj j+ Y Yi
i=1
Penalizedlikelihood with L, penalty,
n k1o
2L( ; )+ b
t=2 j=1
where > 0is a tuning parameter.
p = 2, correspndsto Ridge Regression,

p= 1\ " Tibshirani's (1996) LASSO (L east absolute shrinkage and
selection operator).

Useof L1 norm, allows LASSOto do variable selection {it canproduce
coe cien ts that are exactly zero.

LASSO is most e ective whenthere are a small to moderate number of
moderate-sizedcoe cien ts.

Bridge Regression (p> 0), Frank & Friedman (1993), Fu (1998); Fan
& Li (2001).
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For the Call Certer Data with n = 102and 5151parametersin T, about
4144 are essetially zero.

L. Brown et al. (2005). Statistical Analysis of a TelephoneCall Certer:
A QueueingSciencePerspective. JASA, 36-50.

SimultaneousModeling of Seeral Covariance Matrices
(Pourahmadi, Daniels, Park, JMA, 2006).
Applications to Model-BasedClustering

Classi cation, Finance,

24
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