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Abstract

We provide a brief survey of the progress made in modelling covariance matrices
from the perspective of generalized linear models (GLM) and the use of link functions
(factorizations) that may lead to statistically meaningful and unconstrained reparam-
eterization. We highlight the advantage of the Cholesky decomposition in dealing with
the normal likelihood maximization and compare the findings with those obtained us-
ing the classical spectral (eigenvalue) and variance-correlation decompositions. These
methods, which amount to decomposing covariance matrices into “dependence” and
“variance” components, and then modelling them virtually separately using regression
techniques, try to emulate the GLM principles to varying degrees, though the latter
two are not satisfactory since their “dependence” components are severely constrained.
Examples such as Flury’s (1984, 1988) common principal components (CPC), Manly
and Rayner’s (1987) common correlations in multi-group situations, Bollerslev’s (1990)
constant-correlation, Engle’s (2002) dynamic correlation and Vrontos et al.’s (2003)
full-factor multivariate GARCH models are used to motivate various computational
issues, when the number of parameters grows quadratically in the dimension of the
response vector. Once a bona fidle GLM framework for modelling covariance matri-
ces is formulated (Chiu et al., 1996; Pourahmadi, 2000), its Bayesian (Daniels and
Pourahmadi, 2002), nonparametric (Wu and Pourahmadi, 2003), generalized additive
and other extensions can be derived in complete analogy with the respective extension
of GLM for the mean vector (Nelder, 1998).
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1 Introduction

A single p X p covariance matrix with as many as @ constrained parameters is known to
play a central role in virtually all areas of classical multivariate statistics (Anderson, 2003).
But their modern counterparts usually deal with several, say ¢ groups, having covariance
matrices Y, - -+, %, where both ¢ and p are potentially large and often there is not enough

data to estimate a separate ¥; well for each group. Prominent examples include model-based



principal component analysis (Flury, 1984, 1988); model-based cluster analysis and discrim-
inant analysis (Murtagh and Raftery, 1984; Banfield and Raftery, 1993) and longitudinal
data analysis (Diggle et al., 1994). The truly challenging case of multivariate volatility in
finance (Bollerslev, Engle and Woodridge, 1988), for which the number of covariances to be
estimated is the same as the number of observations, has bedeviled researchers for over two
decades (Engle, 2002). Nowadays, it is well-known (Gourierroux, 1997; Tsay, 2002) that
many tasks of financial management including portfolio selection, option pricing and risk
management can be reduced to the prediction of a sequence of large p X p covariance ma-
trices {¥;} using the (conditionally) independent N(0,3};)-distributed data Y;,t =1,---,n,
where Y; is the shock (innovation) at time ¢ of the multivariate time series of return of p
assets in a portfolio. For example, in pension and mutual funds, a typical value of p could be
around 500 while the standard volatility models can handle no more than 5 assets (Engle,
2002; Ledoit et al. 2003). The physical and biomedical sciences also give rise to spectroscopic
and microarray data where usually the dimension of the response vector is larger than the
sample size, leading to singular sample covariance matrices and hence the collapse of many
standard multivariate techniques (Krzanowski et al. 1995).

Estimation of a covariance matrix is of fundamental importance in statistics and the
sample covariance matrix which is positive-definite, unbiased and unstable for large p, is
the most commonly used estimator. To stabilize this naive estimator, in the true tradition
of mathematical statistics most decision-theoretic approaches seeking minimaxity or admis-
sibility have led to estimators which are scalar multiples of the sample covariance matrix
and known (Dempster, 1969) to distort the eigenstructure of 3, unless p/n is small. A vast
and growing literature on the problem of efficient estimation of the covariance matrix 3 of
a normal distribution has focused on either ’correcting’ this distortion in the eigenstructure
and/or reducing the number of parameters to be estimated (Stein, 1975; Lin and Perlman,

1985; Yang and Berger, 1994; Daniels and Kass, 1999; Champion, 2003; Wong, Carter and



Kohn, 2003).

On the other hand, in the literature of applied statistics, particularly for repeated measure
data, there is a growing tendency to pick a stationary covariance matrix, such as compound
symmetry and autoregression of order one with few parameters from a growing menu pro-
vided by the popular software packages (Zimmerman and Nunez-Antén, 2001). The question
of which covariance structure to pick is a challenge even for the experts. Of course, if the se-
lected covariance structure is far from the truth, then the estimated covariance matrix could
have considerable bias. To strike a balance between the variability of the sample covariance
matrix and the bias of the estimated structured covariance matrix, it is prudent to rely on
the data to formulate structures for the unknown underlying dependence in the data.

In this survey, we review the progress made in parsimonious modelling of covariance
matrices that is compatible with the GLM principles, i.e. reducing the dimension of, and
the constraint on, the parameter space of covariance matrices. We recall that the Nelder
and Wedderburn’s (1972) framework of generalized linear models (GLM) has successfully
unified a vast collection of apparently disparate approaches developed over a span of two
centuries, to model the mean or mean-like parameters (McCullagh and Nelder, 1989). Nowa-
days, GLM can handle normal, probit, logistic and Poisson regressions, log-linear models for
contingency tables, variance component estimation from ANOVA mean squares (Searle et
al. 1992), spectral estimation from periodogram ordinates (Cameron and Turner, 1987) and
survival data among others. The success of GLM hinges on the concept of link functions
to induce unconstrained reparameterization for the mean (first moment) of a distribution,
and hence the ability to reduce the dimension of the parameter space via modelling the
covariate effect additively by increasing the number of parameters gradually one at a time
corresponding to inclusion of each covariate. The successful development of GLM has been
the source of inspiration for a large class of models like nonparametric and generalized ad-

ditive models (Hastie and Tibshirani, 1990), generalized linear mixed models (McCulloch



and Searle, 2001), hierarchical generalized linear models (Lee and Nelder, 1996) and other
extensions reviewed in Nelder (1998) and Bayesian GLM (Dey et al., 2001). We believe,
in analogy with the above developments, once a bona fide GLM framework for modelling
covariance matrices is formulated (Chiu et al., 1996, Pourahmadi, 2000), it will definitely
facilitate further developments from the Bayesian, nonparametric and other perspectives.

In addition to the sample covariance matrix and estimated structured covariances, most
successful approaches to covariance modelling can be divided into three distinct categories
which in increasing order of adherence to the GLM principles, employ the variance-correlation,
spectral (eigenvalue) and Cholesky decompositions. The variance-correlation decomposition
(Styan, 1968; Liang and Zeger, 1986; Manly and Rayner, 1987; Barnard, McCulloch and
Meng, 2000) is the simplest and the most direct method whose components are easy to
interpret in terms of the original variables. On the other hand, the spectral decomposition
(Hotelling, 1933; Flury, 1984, 1988; Boik, 2002; Fraley and Raftery, 2002) is the most famil-
iar method whose components have interpretation as variances and coefficients of principal
components which are linear combinations of the original variables. The factor-analytic de-
composition is at the heart of the random-effect or mixed models (Laird and Ware, 1982;
Searle et al., 1992; McCulloch and Searle, 2001) which are commonly used in handling
covariance matrices in the literature of natural, biomedical and social sciences.

In the literature of finance, a totally different approach based on difference equations has
emerged for capturing the volatility of a financial asset or portfolio which is of fundamental
importance for many of the common tasks of financial management. In the last two decades,
the key to successful modelling of volatility has been the empirical fact that the first dif-
ferences of many asset prices are uncorrelated, but their squares display serial correlation.
The latter has been used as proxy for the time-varying variances {07} of the returns {y,} in
Engle’s (1982) class of autoregressive conditional heteroscedastic (ARCH) and Bollerslev’s
(1986) generalized ARCH (GARCH) models. These are, indeed, analogues of the familiar



ARMA models for the variances. One of the simplest models of this class, the GARCH (1,1):

o} =ag+ ay;_, + B o7, (1)

where oy > 0,a,8 > 0, has been very effective in capturing the volatility of univariate
financial time series (Tsay, 2002). However, there is a great need for their multivariate
counterparts (Engle, 2002). Motivated by the success of univariate models, some of the
early variants of multivariate GARCH models (Bollerslev, Engle and Woodridge, 1988; En-
gle and Kroner, 1995) simply amounted to writing multivariate analogues of (1) with matrix
coefficients either for the vectorized sequence of covariance matrices {vec(¥;)} or the se-
quence {¥;} itself, with the number of parameters proportional to p? and p?, respectively.
Of course, simplification occurs when the coefficient matrices are taken to be diagonal. In
the vectorized case, a diagonal coefficient matrix means each variance/covariance term o;;
in ¥, follows a univariate GARCH model with the lagged variance/covariance terms and
squares and cross-products of the data:
Tijit = 0045 + QYi—1Yj—1 + Bij0ije—1,

but complicated restrictions on the coefficient parameters are needed to guarantee the
positive-definiteness of the estimated X;’s. These restrictions are often too difficult to sat-
isfy in the course of iterative optimization of the likelihood function. To remedy some of
these complications, few alternatives such as Bollerslev’s (1990) constant-correlation mod-
els, Engle’s (2002) dynamic correlation models and Alexander’s (2001) orthogonal GARCH
models have been proposed. We relate these to the three factorizations of a covariance ma-
trix and show that they have the flexibility of univariate GARCH models in dealing with the
“variance” component coupled with parsimonious models for the “dependence” component.

Given the current surge of interest in proper handling of dependence in modern statis-
tics, it is desirable to have a statistically meaningful unconstrained reparameterization and
a systematic covariate-based procedure for parsimonious modelling of several covariance ma-

trices that could guarantee their positive-definiteness. In this paper, we point out the unique



feature of the Cholesky decomposition in solving this problem. In particular, in many appli-
cation areas where the spectral decomposition and variance-correlation decomposition have
proved useful, the Cholesky decomposition may do even better by providing statistically
meaningful and unconstrained parameterizations and guaranteeing the positive definiteness
of the estimated covariance matrices (Pourahmadi, 1999, 2000). An important determining
factor for the possibility of a switch is the trade-off between the computational difficulty and
the scientific (practical) relevance of the new parameters. Note that the entries of the correla-
tion and orthogonal matrices are always constrained while those appearing in the unit lower
triangular matrix of the Cholesky decomposition referred to as the generalized autoregressive
parameters (GARP) are unconstrained. Consequently, computing the maximum likelihood
estimates (MLE) of the Cholesky decomposition involves unconstrained optimization com-
pared to the orthogonally-constrained optimization algorithm of Flury and Gautschi (1986)
for the spectral decomposition, see also Boik (2002, 2003).

The outline of the paper is as follows. An overview of the earlier methods of modelling
a single covariance matrix in the linear mixed-effects and time series literatures, multivari-
ate statistics and finance leading to linear covariance models, logarithmic covariance models
and GLM is presented in Section 2. The three decompositions of covariance matrices, the
ensuing parameterizations, their roles in introducing parsimonious covariance structures and
applications to finance and multivariate GARCH models are introduced in Section 3. Algo-
rithms for computing the normal theory MLE of the parameters under the common GARP,
CPC and common correlation matrices are presented in Section 4. The roles of the three
decompositions in the Bayesian inference and nonparametric estimation of covariance ma-
trices are discussed in Sections 5 and 6, respectively. Section 7 concludes the paper. This
survey emphasizes the need to GLM-type approach for modelling covariances, echoed by the
author (Pourahmadi, 2002) at the First International Workshop in Correlated Data Model-

ing, Trieste, 1999. It is hoped to serve as a blueprint for further research in this important



area of statistics.

2 An Overview of GLM for a Single Covariance Matrix

Modeling a covariance matrix is an important and difficult problem of great interest in the
statistical science. The sample covariance matrix used in virtually all multivariate techniques
(Anderson, 2003) is generally positive-definite and unbiased, but neither parsimonious nor
stable due to its high-dimensionality. More specifically, given Y7, ---,Y,,, a sample of size n

from a p-variate N(u,X), the sample covariance matrix

S=(n—1)"'S (Y- V)Y - V),

i=1
serves as an estimator of the % parameters of the unstructured covariance matrix .
Since the number of parameters of ¥ = (o;;) grows quadratically with the dimension and
the parameters are to satisfy the notorious positive-definiteness condition
p
dSe= > cicjoy; >0, for all ceRP,
ij=1

the problem of parsimonious modeling of a covariance matrix while heeding the above con-
straint is a truly challenging problem in the current state of statistical science and areas of
applications.

While systematic and data-based modeling of covariance matrices is hampered by the
positive-definiteness constraint and high-dimensionality, similar though simpler obstacles in
modeling the mean vector p (first moments) of the distribution of a random vector Y =
(y1,-..,Yp) has been handled quite successfully in the framework of regression analysis,
leading to the powerful theory of generalized linear models (GLM). The success of GLM in
handling variety of continuous and discrete data is mainly due to relying on a link function
g(+) and a linear predictor g(p) = X3 to induce unconstrained parameterization and reduce

the parameter space dimension simultaneously. Since the covariance matrix of a random

vector Y, defined by ¥ = E(Y — u)(Y — p)’, is a mean-like parameter, one would like to
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exploit the idea of GLM along with the experience and progress in fitting the mixed-effects
and time series models in developing a systematic, data-based procedure for covariance
matrices.

We shall focus on the correlated data of continuous type. Table 1 depicts the ideal,
rectangular shape of such data where n units (human and/or animal subjects, stocks or
financial instruments, firms, households, schools, ...) are measured either repeatedly on one

variable (repeated measure, longitudinal data, panel data, ...) or once on several variables.

Table 1: Ideal Shape of Correlated Data

Occasion
Ty v -0 oy - Yip
2| ya1 Yo2 v Y2 o Y2p
Unit : : : :
U Y Y o Wi o Yip
N\ Ynl Yn2 ° Yt~ Ynp

Special cases of Table 1, in increasing order of difficulty as indicated by the degrees of

dependence of the rows of the table, are the following familiar data structures:
e Univariate Time Series Data: n = 1, p large;

e Multivariate Data: n > 1,p small to moderate and rows are independent; in par-
ticular this includes longitudinal data, panel data, and cluster
data.

e Multiple Time Series: n > 1,p large and rows are dependent;

e Spatial Data: n and p are (hopefully) large and rows are dependent.



2.1 Modeling Covariances via Decompositions

The areas of time series analysis (Klein, 1997) and variance components (Searle, Casella
and McCulloch, 1992, Chap. 2) are among the oldest in dealing with modeling covariance
matrices using covariates implicitly and explicitly, respectively. In a sense, they provide
the much needed core methods and ideas. In fact, time series techniques based on spec-
tral and Cholesky decompositions provide suitable tools for handling the awkward positive-
definiteness constraint on a stationary covariance matrix (function). However, unlike model-
ing the mean vector where a link function acts component-wise on the vector u, link functions
for covariance matrices cannot act componentwise since positive-definiteness is a simulta-
neous constraint on all entries of a matrix. Not surprisingly, because of the complicated
structure of a general covariance matrix, the most successful modeling approaches need to
rely on decomposing a covariance matrix into its “variance” and “dependence” components.
The idea of regression and its diagnostic techniques work well for the logarithm of the “vari-
ances”, but their analogues need to be developed for the more complicated “dependence”
component. The three major methods for producing such pairs, i.e. the variance-correlation,
spectral (eigenvalue) and the Cholesky decompositions of several covariances are reviewed
in Section 2. However, the latter being less familiar is described next for a single covariance
matrix.

The Cholesky decomposition is similar to the spectral decomposition in that ¥ is diago-

nalized by a lower triangular matrix 7"
TST' =D, (2)

where the nonredundant entries of T" are unconstrained and more meaningful statistically
than those of the orthogonal matrix of the spectral decomposition. The matrix 7" is con-

structed from the regression coefficients when y; is regressed on its predecessors y;_1,..., 1.



More precisely, with

t—1
Y = Z Gy + &, (3)

j=1
the (¢, j)th entry of T is —¢;, the negatives of the regression coefficients and the (t,t)th
entry of D is 07 = var(g;), the innovation variance. A schematic view of the components of a
covariance matrix obtained through successive regressions (Gram-Schmidt orthogonalization
procedure) is given in Table 2. Since ¢;;’s are regression coefficients, it is evident that for
any unstructured covariance matrix these and logo? are unconstrained, in the sequel they
are referred to as the generalized autoregressive parameters (GARP) and innovation
variances (IV) of Y or ¥ (Pourahmadi, 1999, 2000). Interestingly, this regression approach
reveals the equivalence of modeling a covariance matrix to that of dealing with a sequence of
p — 1 varying-coefficient and varying-order regression models. Consequently, one can bring
the entire regression machinery to the service of the unintuitive task of modeling covariance
matrices. Stated differently, the framework above is similar to that of using increasing order

autoregressive models in approximating the covariance matrix or the spectrum of a stationary

time series.

Table 2: Regression coefficients and residual variances of successive regressions.

h Y2 Ys T Yp—1 Yp
1

P21 1

P31 32 1

¢p1 ¢p2 e .. (bp,pfl 1
=
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The sequence of regressions in (3) written in the matrix form

1
_¢21 1 U1 €1
9
—G —s 1 S R (4)
: g ' -
__¢p1 _¢p2 ¢p,p—1 1_ yp P

immediately leads to the modified Cholesky decomposition (2). It also can be used to clarify
the close relation between the decomposition (2) and the time series ARMA models in that
the latter is means to diagonalize a Toeplitz covariance matrix, for details see Pourahmadi
(2001, Sec. 4.2.5).

Some notable examples of the implicit use of the Cholesky decomposition in the literature
of statistics include Szegd’s orthogonal polynomials on the unit circle which is closely related
to fundamental problems in time series analysis and prediction theory of stationary process
and signal processing such as the Durbin-Levinson algorithm and fast inversion of Toeplitz
matrices (Szegé and Grenander, 1958; Pourahmadi, 2001, Chap. 7); Bartelett’s (1933)
decomposition of a sample covariance matrix; Wright’s (1934) path analysis; Roy’s (1958)
step-down procedures and Wold’s (1960) causal chain models which assume the existence of
an a priori order among the p variables of interest, and relies on the regression coefficients and
residual variances of one variable regressed on its predecessors. Other more explicit examples
are the introduction of Kalman filtering of state-space models in the 1960’s (Jones, 1993)
and the Gaussian graphical models (Wermuth, 1980; Whittaker, 1990; Roverato, 2000). The
use of Cholesky decomposition in multivariate quality control to find important variables
(Mason and Young, 2002), the Mahalanobis-Taguchi-Gram-Schmidt (MTGS) method to
build a multidimensional scaling system to measure the level of unusualness (abnormality)
of vector of observations (Taguchi and Jugulum, 2002) are among the most recent and
promising applications. Hawkins (2003) provides an excellent discussion revealing the close
link between the MTGS method and the more familiar diagnostic techniques of multivariate

statistics.
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2.2 A History of GLM for a Single Covariance Matrix

The origin of GLM for covariance matrices can be traced to the work of Edgeworth (1892),
Yule (1927) and Gabriel (1962), who implicitly parameterized a multivariate normal distri-
bution in terms of entries of the concentration matrix ¥~!. This was made more explicit
by Dempster (1972) who recognized the entries of X' = (¢%) as the canonical parameters
of the exponential family of normal distributions with mean zero and unknown covariance

matrix 2:

log f(y; 7Y = tr2H(—yy/ /2) + log |Z|~Y2 — plog v/2r. (5)

These and subsequent developments are reviewed next in direct analogy with those in GLM
(McCullagh and Nelder, 1989, Chap. 2). Therefore, particular attention is paid to the linear
covariance models and their evolution to log-linear covariance models.
Linear Covariance Models:

Motivated by the simple structure of many time series and variance component models,

Anderson (1973), defined the class of linear covariance models (LCM) by
E:OélUl—i‘"'—FOéqu, (6)

where U;’s are some known symmetric matrices and «;’s are unknown parameters restricted
so that the matrix is positive-definite. The model (6) is general enough to include all linear
mixed-effect, certain time series and graphical models. Indeed, for ¢ large any covariance
matrix admits representation (6). It suffices to note that every covariance matrix (and hence
its inverse) can be written as

Y= (0y) =)

i=1j

Uz‘jUija (7)

p P
=1

where U;; is a p x p matrix with one on the (7, j)th position and zero elsewhere. A major
drawback of (6)—(7) is the constraint on the coefficients which makes the estimation and

other statistical problems difficult (Anderson, 1973; Szafrowski, 1980).
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A common method of reducing the high-dimensionality of a covariance structure is to set
to zero certain entries of ¥ or its inverse. From (6)—(7), it can be seen that this amounts to
removing the corresponding matrix U;; from the list of covariates in the LCM. Of course, an
extreme instance of this occurs when ¥ is diagonal corresponding to independent and het-
erogeneous observations. Other intermediate cases correspond to the familiar and important
classes of stationary moving average (MA) and autoregressive (AR) models introduced in the
literature of time series analysis by Slutsky around 1926 and Yule (1927), see also Table 3.
More specifically, for the MA(q) and AR(p) models we have,

05 =0, for|i—j|>q, (8)

and
o =0, for|i—j|>p, 9)

namely, either 3 or ¥ 7! is a banded matrix. Nonstationary analogues of such models with
more irregular patterns of zeros in 7! than (9) introduced by Gabriel (1962); Dempster
(1972); Macchiavelli and Arnold (1994), are related to the Gaussian graphical models (Whit-
taker, 1990 ). We review some interesting special cases in more detail next.

Antedependence Models:

A set of random variables yi,v9,...,y, (indexed by time) whose joint distribution is
multivariate normal is said to be pth-order antedependent (Gabriel, 1962), AD(p) for short, if
Y and y;4 511 are independent given the intervening values y1,...,ysfort =1,... p—s—1
and all s > p. It can be shown that Y = (yi,...,y,) is AD(p), if and only if, its covariance
matrix satisfies (9). The equivalent classes of variable-order AD (Macchiavelli and Arnold,
1994) and varying-order, varying-coefficient autoregressive models (Kitagawa and Gersch,
1985; Kitagawa and Gersch, 1996) in which the coefficients and order of antedependence
depend on time are clearly related to AD models. The latter two references show that these
models are much easier to define in terms of their dynamics than properties of their inverse

covariance matrices.
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Table 3: A Chronology of Linear Covariance Model (LCM)

Y= (Uij) E_l = (Uij)
Edgeworth (1892) Parameterized N(0,3) in
terms of entries of the
concentration matrix.
Slutsky (1926) Banded:
Stationary
MA(q)
Yule (1927) Banded: Stationary AR(p);
Yo = P11+ OplYrp + Er
Gabriel (1962) Banded: Nonstationary AR(p),
Ante-dependence (AD) structure.
Y = Pule—1 + -+ Pupli—p + €4,
Dempster (1972) Sparse: Certain ¢/ = 0.
¥~! | the canonical param. of MVN.
Graphical Models.
Matrix completion problem.
Anderson (1973) | Linear Linear

Covariance Selection Models:

Dempster (1972) suggested to model the covariance structure parsimoniously by identi-
fying zeros in its inverse. These so-called covariance selection models have interpretation in
terms of conditional independence of variables as in Gabriel’s (1962) AD(p) models. But,
unlike AD(p) models, setting to zero entries of a covariance matrix in an irregular manner

may destroy its positive-definiteness. This problem has given rise to the emerging area of

matriz completion in the literature of linear algebra.

Log-Linear Covariance Models:

The constraint on «;’s in (6) were removed by Leonard and Hsu (1992) and Chiu et

al. (1996) who introduced the log-linear covariance models upon noting that for a general
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covariance matrix with the spectral decomposition ¥ = PAP’, see (15), its matricial loga-
rithm denoted by log > and defined by log ¥ = Plog AP’ is simply a symmetric matrix with
unconstrained entries taking values in (—oo, 00). Thus, one may write a log-linear model for
> as

log¥ =y Uy + -+ a,U,, (10)

where U,;’s are as before and the «a;’s are now unconstrained . However, since log is a
highly nonlinear operation on X, the «;’s lack statistical interpretation (Brown et al. 1994).
Fortunately, for ¥ diagonal since log¥ = diag(logoyy,...,logo,,), (10) amounts to log-
linear modeling of heterogeneous variances which has a long history in econometrics and
other areas, see Carroll and Ruppert (1988), Verbyla (1993) and references therein.

GLM for Covariances:

The constraint and lack of interpretation of a;’s in (6) and (10) are the source of potential
problems in the inference. However, both of these can be resolved simultaneously by relying
on the decomposition (2), and modeling the nonredundant entries of 7" linearly as in (6)
and those of log D as in (10). Note that for an unstructured covariance matrix ¥, the

nonredundant entries of its components (7, log D) in (2) or equivalently the entries of
g(X)=2I—-T —T +logD, (11)

are unconstrained and hence can be modeled parametrically, semi-parametrically, nonpara-
metrically and Bayesianlly using covariates. Thus, the g(-) above is, indeed, a link function
and following the GLM’s tradition we may begin by formulating parametric models for ¢y;

and logo? fort =1,....p; j=1,...,t —1 by

log o} = 2\, ¢y = 27, (12)
where z;,z;; are ¢ X 1 and d x 1 vectors of known covariates, A = (A1,..., ;) and v =
(71, ---,7a) are parameters related to the innovation variances and dependence in Y, re-

spectively. A truly remarkable feature of (12) is its flexibility in reducing the potentially
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high-dimensional and constrained parameters of ¥ to ¢ + d unconstrained parameters A and
~. Furthermore, one can rely on regressogram, a nonstationary analogue of the time se-
ries correlogram or AIC, to identify models such as (12) for the data; for more details, see
Pourahmadi (1999, 2001) and Pan and MacKenzie (2003).

In analogy with the theory of GLM (McCullagh and Nelder, 1989, p. 30), the devel-
opments outlined above can be summarized in terms of their link functions. Note that the
identity link functions leads to the linear covariance models (Anderson, 1973) with constraint
coefficients as in the early history of classical linear models. The inverse link used by Edge-
worth (1892); Gabriel (1962); Anderson (1973) and Dempster (1972) has a similar drawback.
The Table 3 provides a historical outline of the developments with time series models, mixed
models and covariance selection models paving the way for introducing parsimonious covari-
ance structures without heeding the positive-definiteness requirement).

The log link (10) as used in Leonard and Hsu (1992); Pinheiro and Bates (1996); Chiu,
Leonard and Tsui (1996) leads to unconstrained parameterization of a covariance matrix,
but the new parameters are not statistically meaningful. However, the hybrid link (11),
constructed from the modified Cholesky decomposition of 37! (Pourahmadi, 1999; 2000) is
somewhere between the identity and log links and combines the ideas of Edgeworth (1892);
Gabriel (1962); Anderson (1973); Dempster (1972); Leonard and Hsu (1992); Macchiavelli
and Arnold (1994); Chiu et al. (1996) and Zimmerman and Nufiez-Antén (1997). It leads
to unconstrained and statistically meaningful reparameterization of the covariance matrix
so that the ensuing GLM overcomes most of the shortcomings of the linear and log-linear

models.

3 Decompositions and Parameterizations

The most methodic and successful approaches to covariance modelling decompose a compli-

cated and high-dimensional matrix into its “variance” and “dependence” components. Three
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common decompositions of covariance matrices, their adherence to the GLM principles and
roles in providing a hierarchy of covariance models with the number of parameters ranging
inl,2,---, @ are described next. The first two, namely variance-correlation and spec-
tral decompositions have constrained “dependence” components and are not flexible in using

covariates.

3.1 The Variance-Correlation Decomposition

Perhaps, the most familiar and simplest decomposition of the covariance matrices {3;} is
Y = D;R;D;, (13)

where D; = diag (\/m R \/%) stands for a diagonal matrix whose diagonal entries are
the square-roots of those of 3J;, and R; is the corresponding correlation matrix. It has a strong
practical appeal since the standard deviations are in the original scale of the responses, and
one can manage to separate out the estimation of {D;} and {R;} as either sequence might
be fixed or one might be more important than the others in some applications, see Styan
(1968); Liang and Zeger (1986); Manly and Rayner (1987); Bollerslev (1990); Barnard et
al. (2000), Engle’s (2002) dynamic correlation model is actually motivated by the fact
that variances (volatilities) of individual assets are more important than their time-varying
correlations. Note that while the diagonal entries of D; are nonnegative, their logarithms are
unconstrained, but the correlation matrix R; is positive-definite with severely constrained
entries.

One could reduce the number of parameters in {¥;} by imposing various relationships or
hierarchies among components of the decomposition in (13). The first hierarchy among 3;’s

introduced by Manly and Rayner (1987) has four coarse levels:
(M1) equality, ¥y = --- = X, with d; = p(p + 1)/2 parameters;
(M2) proportionality, 3; = p;¥,i = 2,--+,c with d; + ¢ — 1 parameters;

17



(M3) common correlation matrices, R; = R, with pc + p(p — 1)/2 parameters and

(M4) arbitrary covariance matrices with ep(p + 1)/2 parameters.

The MLE of the parameters under (M3) is reviewed in Section 4, (M2)-(M3) are of particular
interest in the recent literature of finance. In fact, starting with the variance - correlation
decomposition (13), Bollerslev’s (1990) constant-correlation models assume that the corre-
lation matrices {R;} are constant, that is R, = R with p(p — 1)/2 parameters. The MLE
of R turns out to be the sample correlation matrix of the suitably standardized vector of
returns. Recognizing that constancy of correlations over time is not often satisfied, Engle
(2002) and Tse and Tsui (2002) have recently introduced a dynamic model for {R;} with

scalar coefficients. In the first-order case it takes the form
Rt:(1—Oé—ﬁ>R+OéRt_1+ﬁ\I/t_1,t:1,...,71, (14)

where R is the sample correlation matrix of Y;,---,Y, and ¥,_; is a positive-definite corre-
lation matrix whose elements are functions of the lagged observations, the two parameters
«, 3 are nonnegative with a + § < 1, so that R; as weighted average of positive-definite
matrices with nonnegative coefficients is guaranteed to be positive-definite. Though such
models are highly parsimonious relative to the full multivariate GARCH models, they are
neither realistic nor flexible, in that all pairwise correlations satisfy the same simple dynamic.
Nevertheless, simplicity of such models has made it possible to analyze a 100-dimensional
vector of stock returns (Engle and Sheppard 2001). Furthermore, the fact that the variances
in (13) are in the original scale of the returns make the results easier to interpret compared

to the next two methods.

3.2 The Spectral Decomposition

This widely used decomposition has been central to the development of principal component
analysis (Hotelling, 1933), factor analysis and variety of other applied techniques in multi-

variate statistics (Anderson, 2003). The spectral decomposition of the covariance matrices
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{%;} is given by
Ei :P,LA,LPZ/,Z: 17"',C, (15)

where P;’s are orthogonal matrices and A; = diag (A, -+, \jp) with \;; standing for the
jth eigenvalue of ¥;. Flury’s (1984, 1988, Chap. 7) hierarchy replaces (M3) above by the

following three variants of the common principal components (CPC):
(M’'3) CPC, P; = P for all i, with d5 = pc + p(p — 1)/2 parameters;

(M'4) CPC (q), partial CPC of order q(1 < q < p — 2) where the first ¢ columns of P;’s

are the same, with d + d) parameters and dj = 5(c —1)(p — ¢)(p — ¢ — 1);

(M'5) CS(q), common space of order q where the first g eigenvectors of ¥; span the same

subspace as those of ¥y with dj + d} + 3(c — 1)g(q — 1) parameters.

The MLE of the parameters under (M’'3) is reviewed in Section 4, it is of interest in the
current literature of finance. Since correlations among the asset returns are the main rea-
son for complexity of multivariate GARCH models (Alexander, 2001), they can be removed
using the spectral decompositions (15) of their volatility matrices. Indeed, the orthogonal
matrices P; is known to transform the vector of returns Y; to their uncorrelated principal
components, standard univariate GARCH(1,1) model is developed for each principal compo-
nent separately and then transformed back using the matrix P; to the volatility of the original
vector of returns. For common principal components, we have P, = P which is the analogue
of Bollerslev’s (1990) constant-correlation GARCH models, the methodology for this new
multivariate GARCH model along with empirical studies is developed in Alexander (2001)
using the orthogonal matrix of eigenvectors of the sample covariance matrix of the whole
data. However, the more flexible cases of (M’4) and (M’5), which allow more time-variation
in the “dependence” component, has not been pursued in the finance literature as yet. For
arbitrary time-varying {¥;}, the problem is even more challenging because orthogonality of

P’s makes it difficult to write an analogue of (14). A possible way around this problem
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is to reparameterize the p x p orthogonal matrix by its ’@ Givens angles (Daniels and

Kass, 1999) 0; = (621¢,6514,- -+, 0pp—1+) and then write an analogue of (14) or a first-order
difference equation for {6;}. It should be noted that the idea of using spectral decomposi-
tion of conditional covariances to simplify multivariate GARCH models has a longer history
going back, at least, to the work of Engle and co-authors in 1987 (see Gouriéroux, 1997, pp.
109-111 and p. 114).

3.3 The Cholesky Decomposition

Though the form of this decomposition is similar to the spectral decomposition, it is much
more flexible because the nonredundant entries of the “dependence” component are uncon-
strained, see Sec. 2.1. Following (2), the Cholesky decompositions of several ¥;’s are given
by

TET = Vs, (16)

where the “dependence” component 7}, a unit lower triangular matrix, has unconstrained en-
tries with statistical interpretation as the generalized autoregressive parameters (GARP) and
the entries of I; = diag (17, ---,v},) are the corresponding innovation (residual) variances.

Analogues of (M'3)-(M’5) for the decomposition (16) can be defined with the same number

of parameters by imposing a suitable hierarchy on T;’s:
(M"3) Common GARP, T; = T;
(M"4) Common GARP of order q, where the first ¢ subdiagonals of T;’s are common.
(M”5) Common GARP of dimension r, where certain r entries of T};’s are common.

A common disadvantage of the first two classes of hierarchies is that the number of
covariance parameters from one level of hierarchy to the next increases not by one, but by a
multiple of ¢ — 1. Boik’s (2002, 2003) spectral models attempt to provide a more “gradual”

parameterization of the pair of matrices (P;, A;),7 = 1,---,c. However, the unconstrained
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nature of GARPs make them ideal for introducing finer hierarchies whereby the number of
parameters increases by one when going from one level to the next.

Next, we show that the framework of factor GARCH models (Diebold and Nerlove,
1989) employing latent processes is related to the Cholesky decomposition. Recall that for

a positive integer k, a k-factor model for the returns is usually written as

Yt :Lft+6t7 (17)
where f; = (fi, -, fre) is a vector of common factors with mean zero and diagonal k x k
covariance matrix D; = diag (03,,---,0%,),L is a p x k matrix of factor loadings and

e; is a vector of specific (idiosyncratic) errors independent of {f;}, with mean zero and a
diagonal covariance matrix W;. Univariate GARCH (1,1) models are used for the time-
varying common factors and specific variances to reduce their high number of parameters.
Since for any k x k orthogonal matrix P we have Lf; = LPP'f;, the matrix of factor
loadings L and the common factors f; are not unique, but can be identified up to a rotation
matrix P. The nonuniqueness of the pair (L, f;) is the source of some controversies and
opportunities so far as interpretation of {f;} is concerned. However, lately in the literature
of finance (Geweke and Zhou, 1996; Aguilar and West, 2000) a unique k-factor model has

been introduced by restricting L to be full-rank k with a “hierarchical” factor structure

1 0 0o --- 0
loy 1 0o --- 0
L= li1 lpg oo oo 1 ) (18)
Chr1n livr2 - o lppig
o1 lpa oo o App

It is evident from (17) - (18) that such choice of L corresponds to an a priori ordering of the
components of Y; in the sense that the first series {y;} is essentially, the first latent process
{f1:} save an additive noise, the second series {yz} is a linear combination of the first two

latent process plus a noise and so on. This approach suggests ordering the components of
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Y; according to some rules, here we order them based on their sample variances from the
smallest to the largest. Instances of using this mode of “ordering” is implicit in several areas
including: (i) in the capital asset pricing models (CAPM) where for p = 2 stocks, the more
volatile stock return is regressed on a less volatile market index to introduce the beta or
the market risk; (ii) in multivariate statistics, the PCs are defined according to variances
of linear combinations of the original variables; (iii) in introducing priors about covariance
matrices in multivariate regression (Zellner, 1979). The choice of k = p in (17)-(18), known
as the full factor models, leads to the Cholesky decomposition (16) with T; = L;'. Vrontos,
Dellaportas and Politis (2003) have advocated its use in place of the traditional multivariate
GARCH models and provide details of MLL and Bayesian estimation of the model parameters
and averaging out the impact of “order” among the variables along with an empirical study.
A related example of the use of Cholesky decomposition in finance is given in Smith and

Kohn (2002).

4 The Normal Likelihood Procedures

The maximization of the normal likelihood under the three decompositions of covariance
matrices, namely variance-correlation, spectral and modified Cholesky are reviewed in this
section. Perhaps the most steady research on this topic is conducted in the context of prin-
cipal components analysis (Anderson, 2003, Chap. 11) and variants of Flury’s (1984, 1988)
CPC. The introduction of Boik (2002) provides an excellent review of this research. How-
ever, the orthonormality of the eigenvectors puts a great deal of strain on further reducing
the number of parameters by using covariates and the estimation as one has to deal with
orthogonally-constrained optimization. In sharp contrast, when using the Cholesky decom-
position these tasks are relatively easy and, in fact, closed-formula for the MLE of common
GARPs can be derived. For the sake of reference, we present a review of MLE in general and

then present MLE for CPC, common correlation matrices and common GARPs. A complete
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analysis of a dataset from a clinical trial using the above estimation procedure is reported
in Pourahmadi et al. (2004).

Throughout we assume that the p-variate random vectors Y, i =1,---,¢,0 =1,---,n;
are independent, with Yj, distributed as N(X;a,Y;); we assume that miin n; > p and that
all 3; are strictly positive definite. For convenience, denote by S; the “sample” covariance
matrix for the ith sample: S; = S;(a) = n% S (Yie — Xia) (Y — X;a)', where the data are
centered by the unknown mean vector X;«a. Then, the likelihood function of ¥4, -+, 3., and
a is given by

L(Sy, -+, Y a) = C] |EZ-|_"i/26t7“(—%2i—15@-(a)),

i=1
where C' does not depend on the parameters and etr stands for the exponential function of
the trace. Flury (1984), for example, did not consider modeling of the mean vectors, and
instead used a marginal likelihood for >, ---, ¥, based on the marginal distribution of the
usual sample covariance matrices (under the assumption that E[Yj;] = p;), which differs
from the full likelihood only in that the power of |X;| is —(n; — 1)/2. Thus, in our setup the
log-likelihood is
11, D) = 3 [~ 2 log 4] — (2 5i(a)] (19)
i=1
up to an additive constant that can be neglected. Since proper and parsimonious modeling
of both the mean vectors and covariance matrices is becoming increasingly important in
longitudinal data analysis (Cannon et al. 2001; Carroll, 2003) and other areas of application,
we include « in our estimation algorithms. For a single covariance matrix a complete theory
of MLE for its eigenvectors and eigenvalues has been available for a while (Anderson, 2003,
Chap. 11). Its analogue for several covariance matrices reviewed below was developed later
by Flury (1986).
Assuming that the hypothesis of common principal components holds, i.e. (M’'3) is satis-

fied with P, = P = (1, 02, - -, Bp) where (3; is the jth column of P. The MLEs of the «, 3;’s
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and );;’s are then obtained by maximizing

C

p
l(ﬁla"'aﬁpv)\lly' 3 Aepy O Z[ 1Og)\@] E ~S¢(Oé)5j/)\ij )
15=1

=

subject to the orthonormality constraint on 3;’s:

B;ﬁfz 73,45 ]262177])

This can be formulated as an (unconstrained) optimization problem by using Lagrange mul-
tipliers. Following the derivation of Flury (1984) and adding in a third equation for the

regression parameters, we obtain the likelihood equations:
4 -1 C
i=1 i=1
)\z]:ﬂésl(a)ﬁja 2217707]:177]97 (20)

(e

28 >) B =0 Cj=1lopl#]
An iterative procedure for solving the last two equations in (20) was developed by Flury
and Gautschi (1986). Noniterative estimators of ;s are given by Krzanowski (1984) as the
orthonormalized eigenvectors of the sum of the sample covariance matrices.

Substituting the expression for );; in the log-likelihood and dropping irrelevant additive

constants yields the profile log-likelihood in P and a:

LB, B :——ZanlogﬁS )5;. (21)

11]1

Recently, special Newton-style algorithms have been developed for optimization problems
involving orthogonal matrices (notably, those introduced by Edelman, Arias, and Smith
(1998)). An alternative approach to computing the MLE of 3; would be to maximize (21)
as a function of P = (f,...,,) using such an algorithm. Simultaneously maximizing over
a, however, would require an extension of current methods.

When the mean and variance parameters are unrestricted, the MLEs for the common

correlation model (M3) can be obtained using a simple iterative algorithm developed by
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Manly and Rayner (1987). For constant-correlation GARCH models Bollerslev (1990) pur-
sues an alternative computational approach in the context of multivariate time series models.
Parsimonious representation of a single correlation matrix via its spectral decomposition has
recently been proposed in Boik (2003), which is an adaptation of his earlier models for a
covariance matrix (Boik, 2002).

For a single covariance matrix the theory of MLE for GARPs and innovation variances
are developed in Pourahmadi (1999, 2000). Their analogues and ramifications for several
covariance matrices are presented next. In analogy with the estimation of CPC and common
correlation, we compute the MLE of common generalized autoregressive parameters (GARP)
when (16) is satisfied with T, = T' = (1}, Ty, - - - ,Tp) where TJ is the jth column of T" and
Vi = diag(vj, - - -, v;,) is a diagonal matrix of innovation variances (IV) changing across the ¢
populations. First, we allow the nonredundant entries of 7" and /;’s to remain unstructured.
For normal populations, the likelihood equations for a and ufj’s are similar to those in
(20), but the equation for the nonredundant and unconstrained parameters of T denoted by
® = (P21, P31, P32, -, Ppp—1) is much simpler with a closed-form solution resembling that

of a weighted least-squares problem.

¢ From (16), and V/; being diagonal, we obtain

P
log |%;] :Zlogyfj,i: 1,---,c,

j=1
and
tre;7lS, = tr(T'V7MTS;) = tr(V7MT ST
D a0 (22)
= 2 TiST;/v
j=1
Therefore,
“ v ni 2 Migvag g 2
(2, -, 8 a) = z; 2:1 <—5 log vj; — ETJS’TJ/VZJ , (23)
=1 j=

which can be minimized by computing its partial derivatives with respect to «, l/fj and the
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nonredundant entries of 7. Setting these to zero yield the first equation in (20) for «, and
D2 =TIST;, i=1,,cj=1--p,
(24)
b= [y 1Y,4 [Z DR
=1 =1 =1 (=1
where
Yie = Yo — X = (Yior, -+ -, Yiep)'

is the vector of regression residuals and the matrix

0 0 o --- 0
Yo O O .- 0
Yie=| 0 %a ¥Yie -~ 0 ,
0 - Y  Yiep—1

is of size p x %. Furthermore, it follows from (22) and the first equation in (24) that
try; 1S =pi=1,---,c

Using the likelihood equations (24) one can devise an iterative three-step method for
computing the MLE of «, IV’s z/fj’s and GARPs ¢;;’s. For instance, under the assumption of
common GARPsS, a vector of initial values for ® can be obtained by suitably stacking up the

nonredundant entries of the matrix 7 obtained from the modified Cholesky decomposition
C

of » S;. Using this, an initial value for @ and the first equation in (24) one obtains an
i=1
estimate of IV’s, and iterate until a convergence criterion is met. Although the last formula

p(p—1)

5 its block diagonal structure can

n (24) seems to require inversion of a matrix of order

be exploited to save computation time.

ZnZZY 'Yy = diag(By, - -, By),
=1 /=1

where

anz tyzé yzl )s

=1
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and
Yie(t) = (Z/m, T ,qu)-

Thus, in computing d the largest full matrix to be inverted is of order p — 1. For more

detailed information on the estimation of common GARPs see Pourahmadi et al. (2004).

5 Bayesian Modelling of Covariances

Traditionally, in developing Bayesian approaches to inference for ¥ an inverse Wishart (IW)
for the covariance matrix is used, for an excellent review see Brown et al. (1994) and Wong
et al. (2003). However, the success of Bayesian computation and Markov chain Monte Carlo
(MCMC) in the late 1980’s has opened up the possibility of using more flexible and elaborate
non-conjugate priors for covariance matrices. Some of the most notable contributions and
their connections with the three decompositions are outlined here.

Perhaps the first breakthrough with the GLM principles in mind is due to Leonard and
Hsu (1992). They employed the matrix logarithmic transformation of ¥, computed using
its spectral decomposition, i.e. logd = Plog AP’ where logA = diag(log A, -+, log \p),
see (15). The matrix log ¥ turns out to be symmetric with unconstrained entries, so that
formally a multivariate normal prior with a large number of hyperparameters is appropriate.
However, according to Brown et al. (1994) a major drawback of this approach lies in the
lack of statistical interpretability of logarithms of the eigenvalues of > and hence the entries
of log . Consequently, the substantive knowledge cannot be used in handling the priors and
their hyperparameters.

The alternative reference prior of Yang and Berger (1994) and the hierarchical priors of
Daniels and Kass (1999) also rely on the spectral decomposition of the covariance matrix.
They reparametrize the orthogonal matrix in terms of logit of the Given angles, so that
they are unconstrained and hence conform to the GLM principles. Here too, the statistical

relevance and interpretation of these angles are not well understood at this time, therefore
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the choice of suitable priors is not guided by substantive knowledge, particularly when the
sizes of the matrices are large. The local parametrization of orthogonal matrices in Boik
(2002) could shed some light on the problem of interpretation of the new parameters in both
approaches.

The use of Cholesky decomposition of a covariance matrix or the regression dissection of
the associated random vector has a long history and can be traced at least to the work of
Bartlett (1933). Though the ensuing parameters have nice statistical interpretation, there
remains the choice of “order” among the variables or a coordinate system that could not
affect the conclusions. It is shown by Dawid (1988) and Brown et al. (1994) that a regression
dissection of the inverse Wishart (IW) distribution reveals some of its noteworthy features
which makes it possible to define flexible generalized inverted Wishart (GIW) priors for gen-
eral covariance matrices. These ideas and techniques are further refined by Gaithwaite and
Al-Awadi (2001) in prior distribution elicitation from experts, and extended to longitudinal
and panel data setup by Daniels and Pourahmadi (2002) and Smith and Kohn (2002) where
the “order” problem is not an issue due to the natural time-order for such data.

The first use of variance-correlation separation in Bayesian covariance modelling seems
to be due to Barnard et al. (2000) who introduced independent priors for the standard
deviations and correlations. Two prior models used for the correlation matrices are, (i) the
jointly uniform prior, where the correlation matrix is assumed a priori uniformly distributed
over all possible correlation matrices, and (ii) marginally uniform prior, in which the marginal
prior for each entry of the correlation matrix is a modified beta distribution over [—1, 1]. This
approach has been adopted lately by Wong et al. (2003) and Liechty, Liechty and Miiller

(2003) in the context of finance.
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6 Nonparametric Estimation of Covariances

The nonparametric estimation of the spectral density of a stationary time series is perhaps
the earliest and most successful example of nonparametric estimation of a (Toeplitz) covari-
ance structure. The Fourier transform (spectral decomposition) of the covariance plays a
central role in this development. Schuster’s reliance on periodogram in the search for hidden
periodicity, in the late nineteenth century, and Yule’s (1927) use of autoregression in the
search for flexible periodicity were not necessarily inspired by the idea of orthogonalizing the
observations of a time series. However, in the 1930’s publication and power of the spectral
representation theorem and the Wold decomposition of stationary processes elevated them
as the prototypes of two distinct techniques for eliminating dependence among time series
observations. For an excellent account on predecessors of periodogram and autoregression,
see Klein (1997, Chaps. 9,10) or Pourahmadi (2001, Sec. 2.4). Nowadays, it is taken for
granted that in the spectral-domain and time-domain analysis of a stationary time series, the
spectral decomposition and the Cholesky decomposition of the covariance matrix (function)
are the main tools, respectively.

For general covariance matrices, such transformations are crucial to loosen the tight grip
of the positive-definiteness constraint, and nonparametric methods can suggest the form
of the underlying covariance structure. More generally, as in nonparametric regression,
nonparametric estimators of covariance structures could be used either as a guide to the
formulation of parsimonious parametric models or as the basis for formal inference without
imposing parametric restrictions. To date, most nonparametric estimators of covariance ma-
trices are developed either for stationary processes, see Glasbey (1988); Hall et al. (1994);
Hall and Patil (1994) or without heeding the positive-definiteness, see Shapiro and Botha
(1991); Sampson and Guttorp (1992); Nott and Dunsmuir (2002) for spatial data and Diggle
and Verbyla (1998) and references therein for longitudinal data. In the latter, the repeated

measurements over time for subjects are viewed as samples from a Gaussian process with an
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unknown covariance structure. Diggle and Verbyla (1998) have proposed nonparametric es-
timators for the covariance structures without assuming stationarity using a kernel weighted
local linear regression smoothing of sample variogram ordinates and of squared residuals
from the mean. Unfortunately, such an estimator is not guaranteed to be positive-definite.

The use of spectral decomposition in nonparametric estimation of covariance of func-
tional data, arising from experiments where the basic observed responses are curves, were
initiated by Rice and Silverman (1991) and has been pursued vigorously by others (Silverman,
1996; Boente and Fraiman, 2000; Ramsay and Silverman, 1997). The covariance structure
is estimated using the so-called functional principal component analysis, this amounts to
smoothing the principal components of functional data using penalized least squares of the
normalized eigenvectors subject to the orthogonality constraint. A kernel-based principal
component analysis for functional data is proposed by Boente and Fraiman (2000) which
allows derivation of the asymptotic distribution of the smooth principal components. Main-
taining orthogonality of the smooth principal components remains a major computational
challenge in both approaches.

In sharp contrast, the fact that the lower triangular matrix 7" in the Cholesky decompo-
sition of a covariance matrix ¥ is unconstrained makes it ideal for nonparametric estimation.
Wu and Pourahmadi (2003) have used local polynomial estimators to smooth the subdiag-
onals of T. For the moment, denoting such estimators of 7" and D in (2) by T and D, an
estimaor of ¥ given by & = T-'DT~" is guaranteed to be positive-definite. Although one
could smooth rows and columns of T, or the whole T" viewed as a bivariate function, the
idea of smoothing along its subdiagonals is motivated by the similarity of the regressions in
(3) to the varying-coefficients autoregressions (Kitagawa and Gersch, 1985, 1996; Dahlhaus,
1997):

Z f]»p(t/p)yt_] = O-p(t/p)gtvt = 07 1a 2a Ty

J=0

where fo,(-) =1, f;p(-), 1 < j < m, and 0,(-) are continuous functions on [0, 1] and {e:}
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is a sequence of independent random variables each with mean zero and variance one. This
analogy and comparison with the matrix 7" for stationary autoregressions having constant
entries along subdiagonals suggest taking the subdiagonals of T' to be realizations of some

smooth univariate functions:

Gri—j = fip(t/p) , 00 = 0,(t/p).

The details of smoothing and selection of the order m of the autoregression and a simulation
study comparing performance of the sample covariance matrix to smoothed estimators are
given in Wu and Pourahmadi (2003).

Due to the closer connection between entries of 7" and the family of regression (3), it is
conceivable that some of the entries of 7" could be zero or close to it. Smith and Kohn (2002)
have used a prior that allows for zero entries in T" and have obtained a parsimonious model for
Y} without assuming a parametric structure. Similar results are reported in Huang, Liu and
Pourahmadi (2004) using penalized likelihood with L;-penalty to estimate 7" for Gaussian

data.

7 What Have We Learned?

The three decompositions and unconstrained reparametrizations of their “dependence” com-
ponents hold the key to successful research in parsimonious modelling of covariance matrices
in the spirit of GLM. The trade-off between the unconstrained reparametrizations and sta-
tistical interpretability of the new parameters plays the key role in choosing the suitable
decomposition in a given situation. In the most familiar variance-correlation decomposi-
tion, the correlation matrix is interpreted easily, but is highly constrained; in the Cholesky
decomposition, the lower triangular matrix or the GARPs are unconstrained and statisti-
cally interpretable, but requires an “order” among the underlying variables. The orthogonal
matrix of the spectral decomposition is less constrained than a correlation matrix, but is

“interpretable” as the coefficients of the principal components. The reparametrization of an
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orthogonal matrix in terms of the logits of the Givens angles is known to be unconstrained.
What is the statistical meaning of the Givens angles? This question is worth pursuing. The
entries of the matrix-logarithm of a covariance matrix constructed from the logarithm of its
eigenvalues is unconstrained, their statistical interpretability has received a harsh verdict

(Brown et al. 1994) that needs reconsideration and further research.
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