Math 109 P-2 Instructor: Mihai Racovitan

Exam 2-A on sections 6.8 — 8.3 Solutions March 19

1. Solve the inequality, graph the solution and write the solution in interval notation.

—3(z+2) > —9

Solutions :

You can solve it in two ways. We will show one way.

—3(z+2)>-9=-3r-6>-9=-3r—-6> —9 :>—3x>—3/+(—3):>
—— ~~

+6 +6
:>_—3x<_—3:>x<1
-3 -3

The graphic solution is

-€
—00

g

The interval solution is : = € (—o0,1) . B
2. Solve the inequality, graph the solution and write the solution in interval notation.

_4§x;)|—2§4

Solutions :

We do not need to separate into two inequalities, we can solve them together:

2 _ 9
_ x+ / N 43<x§ 3<4.3> —12<r4+2<12=

< 14 <z <
—12<zx+2< 13:> 14<2<10
—2 —2 -

The graphic solution is

—14 10



The interval solution is : z € [—14,10] . &

. Solve. ’%x—B‘—4:2

Solutions :
Move first 4 on the right side, to have only the absolute value on the left side.
1 1

We have the following fact.

|z |=k (k>0) isequivalent to =%k or z=—k (1)

According to (1), we have that

. . 1 1
’§m—3’—6 is equivalent to §x—3—6 or §x—3——6

Solving the first equation, we have

1 1 1
5x—3:6:>§x—3: 6 :>§:)3:9/(-2):>$:18
~—— +3
+3
Solving the second equation, we have
! 3= 6:>1 3= 6:>1—3(2):>—6
g T g TP T 2T 2T e

+3

Therefore, we have two solutions : |x = —6|and |z = 18|. H

. Solve the inequality, graph the inequality, and write the solution set in interval notation.

| 204+ 7|< 13

Solutions :

We have the following fact.

| z |[< k is equivalent to —k <z <k (k>0) (2)




According to (2), we have

| 2z + 7|< 13 is equivalent to —13 <22+ 7 < 13

We do not need to separate into two inequalities, we can solve them together:

—-20 22 6
—173<2x—:7< f :>—20<2x<6:>7<7<§:>—10<x<3
The graphic solution is
—10 3
_;—M_)go

The interval solution is : z € (—10,3) . B
. Solve the inequality, graph the inequality, and write the solution set in interval notation.

| 20 —3|>3

Solutions :

We have the following fact. If £ > 0, then

| z |> k isequivalent to =< —k or x>k (3)

Therefore, we have, by (3), that

| 2 — 3 |> 3 is equivalent to 20 —3< -3 or 2xr—3>3

We cannot solve this set of inequalities together, we solve them separately. The first
inequality is

9
o —3< 3=2r-3< 3=2<0= 2<%
ST 2 =2
+ +

The second inequality is
2032322 3> 3 =236 2> 5,33
T = X = < xr = 7_5 xr =
+3

The solution is given by x < 0 OR z > 3 . Here is a graphic solution .



- ! f >
—00 00

These interval solutions are considered together : x € (—o0,0] U [3,00) . B

. Factor x? +4x +4 — 9y? .
Solutions :
Group them like this:
22 Fdr +4—9y? = (2® +4a +4) — 9y?
The first is a perfect square: x? + 4z + 4 = (z + 2)* . Then,
2 pdr+4—-9y7 = (2 +4x+4) -9 = (2 +2)% — 9? = (x +2)* — (3y)?

Use now the formula:

F? - [?=(F—-L)(F+1L) . (4)
Then
Tty = (2 £2)°(3y )’

F L

[(z+2) —3y] [(x + 2) + 3y] = (x+2—-3y)(z+2+3y) . W

. Factor 23 + 64y .
Solutions :

We have here the sum of two cubes: x and 64y = (4y)3. The sum of two cubes factor as
a® +b* = (a+b)(a® +ab+b?) . (5)
Therefore

2 +64y° =2+ (dy)* = (z+4y) [2* + 2 - (dy) + (4y)?] = (z+4y)(2° +4day+16y>) . A

. Graph on the rectangular coordinate system z = —2 .
Solutions :
This is a vertical line (y varies, but x = —2). You can choose two points that have the

x-coordinate equal to —2; on the graph, (—2,—2) and (-2, 2).



9.

10.

x=-2

3 4
(—2,2) 2t
1 4

—4 -3 4 -1 1 2 3 X
_1 41
(-2, —2)1 24
_3 4

Use synthetic division to do the division.

(22° +42*+ 32— 1)+ (v +2) Remainder: , Quotient:

Solutions :

We use the synthetic division. The coefficients of 223 + 422 4+ 3z — 1 are 2 for 23, 4 for

22, 3 for x, and —1 for the free term. We divide by z + 2, so we use r = —2:
3 x? x free
-2 | 2 4 3 -1

/S -4 /0 /S -6
2 0 3 |—7]

So, the remainder is —7 .

The rest of them are the coefficients of the quotient: 2 for 22, 0 for x and 3 for the free
term. The quotient is 222 +0x +3 =222 +3 . A

Find the slope of the line that passes through the points: (2, —4) and (6,4) .
Solutions :
The slope formula, if the points P(z1,y;) and Q(xs,ys) are given, is:

m:y2—y1 . (6)
To — X1

Then, for our problem - considering P(x1,y1) = (2, —4) and Q(z2,y2) = (6,4), according
to (6) we have that

m:4—(—4) :4+4:§:2 m

6—2 6—-2 4




11.

12.

13.

Find the slope of the line y = —4.
Solutions :

You should know by now that vertical lines have undefined slope, and horizontal lines have
slope 0. y = —4 is a horizontal line, so it has slope zero. However, if you did not know
that, then let us choose any two points; y is always —4:

Ty
0] —4
2| —4

Then, by using the formula (6) for the points P(xy,y1) = (0, —4) and Q(z2,y2) = (2, —4):

4 (—4) —4+4 0
m 2.0 5-0 3

3 1
Find the slope of the line that is perpendicular to the graph of y = 1 xr— 1

Solutions :

Two lines of slopes m; and my, respectively, are perpendicular on each other if

1
my-mo=—1 ,or mgz—ﬁ ) (7)
1

3 1 3
The slope of the line y = —2%7 2 is mp = ~1 (the line is in the slope-intercept form

y=maz+Db) .

3 1
Then, the slope of the line that is perpendicular to the graph of y = —1%71 is, according
to second relation in (7):
1 1 1 4 4
e T 373 33
4 4

Determine whether the two lines 4z + 8y = 10 and 22 = 12 — 4y are perpendicular, parallel,
or neither.

Solutions :

We need to check if their slopes satisfy (7), or if the slopes are equal. To find their slopes,
we reduce their equations to the slope-intercept form y = max + b :

8y —4x 10 1 10
4 8y=10=4 8y=_10 = 8y =—4 0= -"=—4—=y=—— —
T + 3y T + 3Y Y T 4+ 3 3 +8 Y 2x—|—8

4 —4x



14.

15.

1
so, its slope is my = —3

20=12-4y= 2x =12 -4dy=4y+2z=12=4y+2zx = 12 =

+ly +4y —2z —2z
9y =2z 12 1
=4y = -2 2==—"2=—+—=y=— +3
Y T+ 1 1 + 1 Y 5 +
. ) 1
S0, its slope is mqy = —5

Since my; = meg, the two lines 4z + 8y = 10 and 2x = 12 — 4y are parallel. B

Find the equation of the line that passes through the point (2,3) with a slope of —2.
Solutions :

We have a point P(z1,y;) and the slope m, so we can use the point-slope formula:
y =y =m(z— 1)
In our case, P(xy,y1) = (2,3) and m = —2, so (after simplification)

y—3=-20-2)=y—-3=-2r+4=>y=3-2x+4=>y=-22z+7 . N

Solve : |4z —3 |=|2z+5].
Solutions :
We have the following equivalence:

| x |:| Yy | is equivalent r=yorx=-—yY

Then

| 4z — 3 |=| 2x 4+ 5| is equivalent 4z —3 = 2x + 5 or 4o —3 = —(2x + 5)

The first equality is

de —3=2x+5=4drx—-3=20+b=dr=22+4+8= 4 =2z +8 =
3 +3 2 2
+ —2z —2z

20 8
2 — _ = — :4
=2r=8= 5 2:>x
The second equality is
dr —3=—-2x+4+5)=4r—-3=-2r—5=4dr—-3=-"20-5=dr=—-2r—-2=
3 +3
+



6x =2 1
= 4x :—2I—2:>6I:—2:>€:?:>J}:—§
+2x +2x
. 1
We have two solutions x =4 and = = -3 [ |

16. Find the equation of the line that passes through the point (—6,—1) perpendicular to
20 +y = 8.

Solutions :

Two lines are perpendicular if their slopes satisfy (7). The given line 2z + y = 8 has the
slope my :
20 +y=8=2zr+y= éz =y=-2r+8=>m; = —2
—2x — 4T

Then, according to (7), the line perpendicular on 2x 4+ y = 8 has the slope:

1
Then the line passes through the point (—6,—1) and has the slope my = 3 is

ymm=mle—m) Sy () =5 - (6) >y +l=7 (z+6) . m

17. (a) Rewrite the equation of 2x 4+ 3y = 6 in slope-intercept form .
(b) Find the slope and the y-intercept of the equation 2x 4+ 3y =6 .
(c) Graph 2x 43y =6 .

Solutions :

(a) The equation of 2z + 3y = 6 in slope-intercept form is

Jy -2z 6 2
20 +3y=6=2r+3y=_=06 :>3y——2$+6:>§—7+§:>y——§x—|—2

2% —2x

(b) The slope and the y-intercept of the equation 2x 4+ 3y = 6 can be read from (a):

m=—-—= , b=2,s0(0,2)



(c) Graph 2x + 3y = 6 . We have already the y-intercept : (0,2) . The z-intercept is
y=0in2zx+3y=6=2r+3-0=6=>2r=6=2x=3=(3,0)

Then

-3 L+

18. Find the equation of the vertical line that passes through the point (2, —1) .
Solutions :

The vertical line that passes through the point (2, —1) is x = 2, i.e., exactly the z-coordinate
of the given point.

19. Solve the inequality : |2z —1|+2< 2.
Solutions :
Reduce | 2z — 1 | 42 < 2 to an inequality that has the absolute value only on the left side:

|20 —1|4+2<2=|22—-1|+2<_2 =|22—-1|<0
=3 -2



20.

The last inequality is a contradiction because | 2z — 1 | is always positive, so it cannot be
less than 0. Therefore, the inequality has no solutions . B

Use the Factor Theorem and determine whether the first expression is a factor of

P(z) or not.
r+1 ; Pr)=24+22"—2r -3

Solutions :

The Factor Theorem states that x — r is a factor of the polynomial P(z) if and only if
P(r)=0.

r = —1 in our case, because x + 1 =z — (—1). Then,
P(-1)=(-1)*+2(-1)*-2-(-1)—=3=—-1+2+2-3=0

Then, according to the Factor Theorem, x + 1 is a factor of P(z) = 2% + 222 — 22 — 3,
because P(—1)=0. W

10



