MATH 110 Exam 4

Section A Thursday, April 28" 2005

Form A - Solutions

1. Let f(z) = 22% + 1 and let g(z) = z + 3 . Find the composite function (f o g)(x) .

(a) 22%+18 (d) 22%+4 12z + 19
(b) 222419 (e) None of these

(c) 2z%+ 12z +18

Solution :

By the definition, (f o g)(z) = f(g(z)) . We know the definitions of f and ¢, so

(fog)(x) = flg(x)) = flz+3)=2(z+3)*+ 1=
=22 +6x+9)+1=22"+120 + 18+ 1=22" + 122+ 19 .

The correct answer is d .

2. Which answer describes the graph of the exponential function f(z) =e* ?

a) The graph goes through (0,e) and increases as x increases.
b) The graph goes through (0, e) and decreases as x increases.
(0,1)

) ,€
)
¢) The graph goes through
)
)

(
(
( , 1) and increases as z increases.
(d) The graph goes through (0, 1) and decreases as x increases.
(e) The graph is a straight line through (1,e).

Solution :

The graph goes through (0,1) since ¢¥ = 1 . It increases as x increases. The graph is on
the next page.

The correct answer is ¢ .
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Figure 1: The graph of f(z) = €”
3. Which answer describes the graph of the logarithmic function f(z) =Inz ?

a) The graph goes through
b

)
)
¢) The graph goes through
)
)

Y

0,1) and has x = 0 as a vertical asymptote.

y
(b) The graph goes through (1,0) and has = = 0 as a vertical asymptote.
(0,1) and has y = 0 as a horizontal asymptote.

(
(d) The graph goes through (1,0) and has y = 0 as a horizontal asymptote.
(e) The graph is a straight line through (0, 1) and (e, 1).

Solution :

The graph goes through (1,0) since In1 = 0 . It has a vertical asymptote at = 0 (the
y-axis).

The correct answer is b .
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Figure 2: The graph of f(z) =Inz



4. Which exponential function is represented by this graph ?

s
i oo X
r (-1
(a) f(z)=—-22%+=z (d) flz)=1+2"
(b) flz)=1-27° (e) flz)=1+¢"

Solution :

The graph of this graphed function looks like either the graph of f(z) = 2%, or the graph
of f(z) = e”, but it is:

reflected through the z-axis : f(x) =2% or e” — f(z) = -2 or —¢€”
shifted up 1 unit : f(z) =—-2"or —e*+— f(z)=—-2"+1=1—-2%0or 1 —¢"

You can check if the given points, (0,0) and (1, —1), are on the graph of f(z) =1 — 2% or
on the graph of f(z) =1—¢":

f0)=1-2°=1-1=0 and f(I)=1-2'=1-2=-1
or, if you take the option that it is 1 — e” :
f0)=1-€e"=1-1=0 and f(l)=1-¢€"# -1

Therefore, it is the graph of f(z) =1—2%  not f(z)=1—¢".

The correct answer is ¢ .



5. Find the horizontal asymptote of the graph of f(z) =2 —e /2 .

(a) y=-2 (d) z=0
(b) y=0 (e) None of these
(c) x=-2

Solution :

The graph of the function f(z) = 2 — ez looks like the graph of f(x) = e but it is:

horizontal stretch (page 267, book) : f(z) =e® +— f(z) =e2
reflection about the z-axis : f(z) =e2 — f(z) = —e2
vertical shift up, 2 units : f(z) = —e2 — f(2) = —e2 +2=2—¢2

The function f(x) = e® has a horizontal asymptote z = 0. If you don’t remember what
happen with the graph when e® — e is not important here, because any multiplication
of the forms a - € or ¢* have the same horizontal asymptote ! Stretching or compressing,
vertically or horizontally, does not change the vertical asymptote here.

The only thing that may change the position of the horizontal asymptote is shifting up or
down, which is the case with the last transformation

f(x):—e%Hf(x):—ef+2:2—e% ,

y=2
horizontal

(2,-0.72)

The correct answer ise . B



6. The function f(z) = 3z — 2 is a one-to-one function. Find the inverse function f~! .

(a) £ )—3;_2 (d) f‘l(x)—%x—l—g
(b) fH(x) = % T+ g (e) None of these
© =55

Solution :

Set y = 3x — 2, interchange = and y, and solve for y :

2
y:3x—2:>x:3y—2:>x+2:3y:>y:x;_ :g

2
3

The correct answer is d .

is a one-to-one function. Find the inverse function f~! .

7. The function f(z) =

x+3
2 1 3
-1 _“ _ -1 S el
(a) f7(z) =~ =3 (d) fM@) =5 @+
. 2 2
(b) f (w):——g (e) None of these
x
—1 _ -~ =
(€) )= =+
Solution :
2 .
Set y = —— | interchange x and y, and solve for y :
x+3
= sa= s () = o ) =
YT rrs T Tyt RV
2-3 2 3 2
Say+3r=2=ay=2—-3x=>y= x:>y:———¢:>y:__3
x r x

The correct answer is a .
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8. Find the range of the function f(z) = . (See the previous problem)

r+3
(a) {y|y#0} (d) All real numbers
(b) {yly#2/3} (e) None of these

() {yly#1/2}

Solution :

. ffl(x):Z_Baj.

By the previous exercise, the inverse function of f(z) = i
r+3 x

We know that the range of our function f is the same as the domain of its inverse, f=! .
The domain of f~*(z) consists of all real numbers except = = 0 . Therefore, the range of
f is all reals except y = 0 (because you interchange x and y).

The correct answer is a . i

9. Find the domain of fogif f(x)= 2:[1_ . and g(x) = . i T
() {o]z#1) @) {o|z#1/2)
(b) {x|x# -1} (e) None of these

(c) {x|z#1and z# -1}
Solution :

By definition, (f o g)(z) = f(g(x)) . Therefore, the domain of g affects the domain of f.

Since
1

g(x):x_'_1 = the domain of g is {z | x # —1}
Now compute fog:
1 1 1 r+1
(o)) = floe) = (57) = — e Rt
r+1 r+1
r+1 r+1 r+1

To9_2—-1 1-z

S I GRS CE

Therefore, we have another point to exclude : x # 1.

The correct answer is ¢c.



10. If f(z) = 22*> + 1 and g(z) = x + a, find a so that the y-intercept of fogis 9 .

11.

(a) a=2 (d) a==+9
(b) a==+2 (e) There is no solution
(c) a=9

Solution :

Find first the composite function fog :

(fog)x) = f(g(x) = flx+a)=2(x+a)+1
The y-intercept of fogis9: (fog)(0) =9 . Therefore,

(fog)0)=9=200+a)’+1=9=2a>+1=9=2>=8=a’=4=a==+2.

The correct answer isb .

Iny/e =

(a) —1 (d) 2.718

(b) .5 (e) None of these
(¢) 1.359

Solution :

One of the methods to solve this is to suppose that In /e == z, and to find z :
1 1
Inve=1x=¢c"=e=e" =e¢2 :>x:§:0.5

We used the connection between the logarithmic function and the exponential function
(they are inverse to each other) :

log,b=c<=a°=b and In=log, (the notation for In) .

The correct answer is b . l



x+271

12. Solve for x : /3 =3
(a) z=-4 (d) z=-3/2
(b) x=-5 (e) None of these
(¢c) x=—6
Solution :

We can write everything in base 3 :

21 21 1
V3 +2:§:>(3%> — = 3D 37 S(042) = 2 5 242 = A a = 6.

The correct answer is ¢ . B

13. If f(z) = logs(z), what is f~1(z) ?

“Hz) = —logs(x “Hz) = ! c) f~1(z) =logi(z
(a) f~ (z) = —log;(z) (b) [~ (z) ogs (7] (c) f7(x) = logi (z)
(d) f~Hz) =5" (e) f~! does not exist

Solution :

f(x) = logs(z) and f~'(z) = 5% are inverse to each other. Here is how we can find the
inverse of f :

change x> z — z
fz) =logs(x) =y =" logs(y) =x = 5" =y = [ (z) =5 .

The correct answer is d . B

14. The domain of f(z) =log(1l — 5x) is

,09) (d) (=00, 4]
(e) None of these

Solution :

The logarithm must be defined, so

1
f(:v)zlog(l—5x):>1—5x>0:>1>5x:>5x<1:>:1:<g

The correct answer is ¢ .
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(a) 3logz + 5 log(z + 1) — 2log(x — 2)
1

(b) 3logz + 3 log(z + 1) + 2log(z — 2)

d) 3logx + log(x + 1) + log(z — 2)

)
(c) 3logx + log(x + 1) — log(xz — 2)
(d)
(e) None of these

Solution :
We use the properties of the logarithms :

M
logM - N =log M +log N , logﬁ =logM —log N , and log M“=c-logM .

Then
o (%) = log(z*Vx + 1) — log(x — 2)* = log(z?) + log(Vz + 1) — 2log(x — 2) =

1
= 3logx + log(x + 1)% —2log(z —2) = 3logx + 3 log(z + 1) — 2log(x — 2) .

The correct answer is a . i

16. Express y as a function of = (the constant C' is positive). Iny =3z +InC

(a) y=1In(3x)+C (d) y=e*+C
(b) y=Ce* (e) None of these
() y=0C%

Solution :

Move the natural logarithms on one side, and use the properties, and the connection with
the exponential function :

lny—lnC:3x=>1n%:3x:>63’3:%:>y:063x

The correct answer isb .



17. Solve for x :  In(z + 1) + In(z) = In(6)

(a) x=—-3orz=2 (d) z=1/5
(b) z=2 (e) None of these
(¢c) x=-3

Solution :

Using the logarithm properties :
In(z+1)+In(z) =In(6) = nz(z+1) =In6) = 2z +1) =6 =

=>1°4+2-6=0=(r—-2)(z+3)=0=r=2o0rz=—3

But x = —3 cannot be accepted; for example, log x +— log(—3) is not defined. The solution
is x = 2 only.

The correct answer is b .

18. Solve for z : 2*T1 =6

1 Q) o= 08,
(a) x=1In3 (d) = 5
(b) x=In4 (e) None of these
(c) x=In4—1n2
Solution :
1 1
2x+1:6:>1n2””+1:1n6:>(a:+1)ln2:ln6:>:v+1:n—6:>x:n—6—
In2 In2
The correct answer is d . W
19. (logs6)(logs9) =
(a) ==2 (@) == logy(3/2)
(b) =3 (e) None of these
(c) = =logg3
Solution :
Use the formula : log. b .
08
log, b= = 1 =
e logya  logya = 1083 logg 3

10



20.

Therefore,

1 1 1 1
1 1 = 1 = 1 2= 2.1 = 2.
(logs 6)(logg 9) (1og63) (logg 9) log, 3 08¢ 3 Iog 08¢ 3 log, 3

The correct answer is a .

Solve for z : 5* =312

1
(a) @=3/7 () == {57 om3
(b) x=11/7 (e) None of these
(©) B In3
T 5 +2m3
Solution :

57 =3"* =25 =m3" =2-n5=(1-27)-m3=2-In5=n3—-22In3 =

In3

;»x.1n5+2x1n3=1n3:x(ln5+21n3>:ln3;‘$:1n5+—21n3‘

The correct answer is ¢ . B
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