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1. Suppose the line L passes through the points (3,—1) and (—4,2) .
The y-intercept of L is equal to

2
(a) —% (c) —% (e) none of the above
2 3
b) = d) -
(v) 2 (@3
Solution :

The slope-intercept equation of the line L is
y=m-x+0b, where m is the slope of L and b is the y-intercept of the line L .

To find b, we use the points given: (3,—1) is on the line L if —1 = m -3 + b. Also, the
point (—4,2) is on the line L if 2 =m - (—4) +b. We put them together in a system:

3-m+b=-1
—4-m+b=2

We want to find b (m is not important for our problem).

Then, add those equations. We have —m + 2b = 1. Therefore, m = 2b — 1. Replace m in
any of the equation, the first for example :

2
3-m—i—b:—1:>3-(2b—1)+b:—1:>6b—3+b:—1:>7b:2:>b:?.

The correct answer is (b) .



2. Let A be a 5 x 3 matrix and let B be a 3 x 5 matrix.
Exactly one of the following statements is always true.

Which statement is always true ?

(a) AB = BA (b) ATAis 3 x 3 and BTAis 5 x 3
(c) ATBT is 3 x 3 and BBT is 5 x 5 (d) AB is 5 x 5 and BA is undefined

(e) ABis 5 x5 and BAis 3 x 3
Solution :

Since A is a 5 x 3 matrix and B be a 3 x 5 matrix, then A7 is a 3 x 5 matrix, B” is a
5 x 3 matrix, AB is a 5 x 5 matrix, BA is a 3 x 3 matrix, AT A is a 3 x 3 matrix, BB” is
a 3 x 3 matrix, BT A is an undefined matrix, and A”B” is a 3 x 3 matrix.

The correct answer is (e) . B

10 11 11 11
3. SupposethatA—{O 0]’3_[0 O}’C_[l 0},D—[1 1},and

B =

o O =
O = O
_ o O

Exactly one of the following statements is true.

Which statement is true ?

(a) Only C is invertible. (b) Only D is invertible.
(c) Only F is invertible. (d) Only C and E are invertible.

(e) Only D and E are invertible.
Solution :

Recall that a matrix is invertible if its determinant is non-zero (all Identity Matrices
have a non-zero determinant, for example).

We have four 2 x 2 matrices, A, B, C, and D. Recall that the determinant of a 2 x 2 matrix

v

Z ] can be computed by the formula det(M) =a-d —b-c . Therefore,

det(A)=1-0—-0-0=0,det(B)=1-0—1-0=0,det(C)=1-1—1-0=1, and

det(D)=1-1—1-1=0= only C is invertible .

About F, this is a 3 x 3 matrix, and we cannot use the same technique for computing its
determinant. But E is the 3 x 3 Identity Matrix so it is invertible also.

The correct answer is (d) . H



1
4. A line L passes through the point (—4,5) and is perpendicular to y = 5 r+3.

The equation representing L is given by

1 1
(a) y = ok +7 (c)y = 5T +3 (e) none of the above.
(b) y=—2x—3 (d) y=2x+13
Solution :

The slope-intercept equation of L is y = m-x+b, where m is the slope and b the y-intercept.
1 1
The slope of the line y = 3 r+3ismy = —5 The line L is perpendicular on the line

L3
=——-x i
y=73

We know by now that L : y = 2z + b. To find b, we know that the point (—4,5) is on our

line. Therefore,
(—4,5)=5=2-(-4)+b=0=13.

Therefore, L :y = 2x+ 13 .

The correct answer is (d) . B

5. Suppose that A = b2 and _3 } .
3 4 5 T3

Exactly one of the following statements is true.

Which statement is true ?

(a)AB:H é] (b) AB # BA
1
b
(c) A is invertible and its inverse is B (d) A is invertible and its inverse is
1
3 4

(e) None of the above.
Solution :

A is invertible since has a non-zero determinant, det(A) =1-4—-2-3=-2#0.

To check that if the matrix B is its inverse, we have to multiply them, and to see if we get
the identity matrix:

1 0
AB—BA—I—{O 1}.



Therefore,
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You have to check also that BA = I ; but that it is similar to the above computation.

DN o

Now, (a) is false, by the above computation. Also, (b) is false since they are equal. Finally,
(d) is false since is not the right inverse.

The correct answer is (c) . B

73

The inverse A~! is given by

. Suppose that A = {2 1} .

[ 3 —1] -2 7
(a) -7 2] (c) [ 1 —3 } (e) none of the above.
-3 1] -3 -1
(b)_ 7 2 (d){_7 _2}
Solution :
For a 2 x 2 matrix M = CCL Z , the existence of its inverse is conditioned by the fact

that its determinant det(M) =a-d —b-c # 0. Then, its inverse is
1 d —b
M= : :
det(M) l —c a }
In our case, det(A) =2-3 —1-7 = —1# 0. Therefore, its inverse is
b o3 -] [ 3 -1)__[3-1]_[-3 1
Cdet(A) | -7 2| -1 | -7 2| -7 2| | 7 =2

The correct answer is (b) . B




7. The system
20 +4y + 62 =3
—x+3y+z=2
r+Ty+7z=1

has
(a) no solutions. (b) a unique solution with = = 1.
(c) a unique solution with z = 2. (d) a unique solution with y = —1.

(e) an infinite number of solutions.
Solution :

We can use the Gauss-Jordan elimination method; first, add the second equation to the
first:

20 +4y +62 =3 r+Ty+72=5
—r+3y+z2z=2 =-c+3y+z=2
r+Ty+72=1 r+Ty+72=1

Now compare the fist and the last equations: x+7y+7z = 5 and v+ Ty+72z = 1. This lead
to an absurdity: 5 = 1. So we have no solutions for our system since two of its equations
are incompatible.

The correct answer is (a) . W

Second solution :

Form the augmented matrix:

2 4 6|3 R1<—>R3 1 7 7)1 R2+R1
-1 3 1|2 — -1 3 1|2 —
1 7 71 2 4 6|3 | Rs—2-Ry
1 7T 7|1 Rs+Re |1 7 7|1
0 10 813 — 0 10 8|3
0 —-10 =8|1 0 0 0]4

Last row has zero everywhere except the free term, which is 4. This imply that 0 -2z 4+ 0 -
y+0-2=4= 0=4, absurd.

The correct answer is (a) . H



8. The system
r+2y+3z=1
—r+3y+2z=4
r+Ty+132=6

has
(a) a unique solution with y = 1. (b) a unique solution with y = —2.
(c) a unique solution with y = 4. (d) no solutions.

(e) an infinite number of solutions.
Solution :

We can use the Gauss-Jordan elimination method; first, add the second equation to the
first and the third one and rearrange:

r+2y+32=1 /+5y+52z=5
—r+3y+22=4 =< —-r+3y+22=4 =
r+T7y+132 =6 / + 10y + 15z = 10
—xr+3y+2z=4 —x+3y+2z=4
=9y +52=5 = y+z=1
10y + 152 =10 2y +32=2

Now, we multiply the second equation by 3, and then subtract the third equation from it
(then rearrange):

—x+4+3y+2z=4 —x+3y+2z2=4
y+z=1 =13y +3z2=3 =
20+ 32 =2 2+ 32 =2
—r+3y+22=4 —r+3y+22=4
=>qy+/=1 =2y +32=2
20+ 3z =2 y=1

Now, since it is in the Gauss-Jordan form, we have a unique solution. That solution has
y=1.

This solution has the advantage that we don’t have to find the other variables x, y. It
doesn’t use the matrices.

The correct answer is (a) . B

Second solution :




Form the augmented matrix:

1 2 3|17 Ry+R, [1 2 3|11 Rs—Ry, [1 2 3]1
-1 3 2|4 — 05 5|5 — 05 5|/5|=2=0,and
1 7 13/6| Rs—R, |0 5 10|5 00 5[0
1Ry [1 2 3|1] RR—Rs [1 2 3|1
— |01 1]1 — 010/1]|=y=1
1 Ry [0 0 10 00 1/0

and we stop here.

The correct answer is (a) . W

310
.SupposethatA—{O 4 2].

The matrix 5AAT

(yis [0 20
20 100

(c) cannot be calculated since 5 is not a matrix.

(d) cannot be calculated since A is not a square matrix.

10 4
4 20

(e) satisfies none of the above.
Solution :
We have that

AT =

O = W
N =~ O

A is a 2 x 3 matrix and A7 a 3 x 2 matrix, therefore AA” can be calculated, and it is a
2 x 2 matrix. Since AAT can be calculated, then 5AA” can be calculated, because any
matrix can be multiplied by a constant, like the number 5 in this case. Therefore, (¢) and
(d) are not true.

Now, we compute their product:

3
5AAT:5-[3 1 O}- 1
0

04 2
_ [0 4] _[s0 20
- 42020 100 | °

The correct answer is (a) . W

N s O

_x. 3:3+1-140-0 3-0+1-4+0-2]
N 0-3+4-1+2-0 0-04+4-44+2-2|



1
10. If possible, find the inverse of 5
1

O O =
= o O

The entry in the second row and third column is:

(a) —1 (¢) 5 (e) impossible to determine since the matrix is not invertible.

(b) 1 (d) —4
Solution :

We use the matrix operations:

1 01|10 0| Rh<=Rg |1 0 1|1 00| R3—4-Ry
0 4 5[/0 10 — 01 1[0 0 1 —
01 1|0 01 04 5/010
Rs—4- Ry 10 1{1 0 O] Rf—R3 |1 0 0|1 -1 4
— 01 1[0 0 1 — 01 0|0 -1 5
0 01{]01 -4 RR—R3 [0 0 1|0 1 —4
1 -1 4
Therefore, the matrix is invertible, and its inverseis | 0 —1 5 The entry in the
0O 1 —4

second row and third column is 5 .

The correct answer is (¢) . B



11. Determine k so that there are infinitely many solutions of

{3:L’—5y: 12

—rv+2y==k
(a) k= -3 (c) k=12 (e) cannot be done.
(b) k=3 (d) k=—-12
Solution :

We have infinitely many solutions when both equation represent the same line. Rearranging
the equations, by solving both for y, we have,

3 12
= - X — —
Y75 5

1 1
= — -k
Y 21’—1—2

They have different slopes. Therefore, they neither represent the same line, nor parallel.

The correct answer is (e¢) . B

Second solution :

Construct the system augmented matrix:

3 5|12 Rl:RQ 12|k j By o)
-1 2| k 3 =5 12 0 112+ 3k
—Ry
f —i o L 0245k = we have the unique solution T=2415k
0 1|12+ 3k 4 y =12+ 3k

The number k is fixed here, the solution is unique, i.e. x and y are independent as variables
(one is not expressed as a function of the other). Therefore, no possible value of k will
make the system to have infinitely many solutions.

The correct answer is (e) . W



12. A simple economy has 2 power industries: oil and gas.

The following input-output matrix describes the power production:

oil gas
A= oil 1/10 3/10
gas 2/10 1/10

Suppose the demand is 150 units of oil and 300 units of gas. What level oil production will
satisfy the demand 7

(a) 150 (c) 260 (e) None of the above
(b) 300 (d) 420
Solution :
Recall that the identity matrix is denoted by I = [ é (1) } . Denote by B = [ ;(5)8 } the

matrix of the demand. Form the matrix I — A:

r=a=1o 1)L oo Tho )= | S o |

Now compute the inverse (I — A)~1. First, the determinant of I — A is:
9 9 3 2 81 6 ™3
det(l —A)=— ——|—— | | -——=)|=—=——==—=-=0.75.
et( ) 10 10 < 10> ( 10) 100 100 100 4 075

The inverse (I — A)~! is

9 3 4 9 4 ( 3 ) 6 92
1 10 10 3 10 3 10 5 5
(I-4)" = — - -
10 10 3\ 10 3 10 15 5
The solution of our problem can be find by computing
6 2 6 2
R —x 3~150—5-300
X:{x]:([_A)l.B: .[150}: :{300}
—— — —— 150+ = - 300
15 5 15 + )

Then x = 300 units are needed the for oil production, and y = 400 units for the gas pro-
duction.

The correct answer is (b) . W



13. The system

r+y+z=1
2y+42=6
has solutions given by
(2 = any number (0 =2-2
(a) Jy=2—2 (b) Sy=22+3
(2 =—2x+3 (2 = any number
(2 =—-22-3 (2 =22
(c) qy=2-2 (d) Sy =-22+3
2 = any number (2 = any number

(e) None of the above.
Solution :

We have more variables than equations. We will solve for x and y, using z as parameter
(it can be any number).

We divide the second equation by 2, and then subtract from the first:

r+y+z=1 r+y+z=1 r—z=—2
= =
2y+42=6 y+22=3 y+2z2=3
Therefore, x = z — 2, y = —2z + 3, and, as we mentioned above, z = any number .

The correct answer is (d) . W

Second solution :

We consider the augmented matrix of the system:

Ry — Rs Ty z

i IS

L
1}2_}?{111
02 4]6 01 2|3 01 o

"

The third column is of the coefficients of the variable z, which will be consider as parameter.

Therefore, x = z — 2, y = —22z 4 3, and, as we mentioned above, z = any number .

The correct answer is (d) . W



14.

15.

Prescott manufactures its products at a cost of $ 4 per unit and sells them for $ 10 per
unit . If the firm’s fixed cost is $§ 12,000 per month, determine the break-even revenue .

(a) $ 12,000 (c) $ 16,000 (e) $ 20,000
(b) $ 14,000 (d) $ 18,000
Solution :

Suppose that Prescott manufactures = products (units). Then, the cost function, C, and
the revenue functions, R, are

C(x)=4-24 12,000 and R(z) =10z .
The break-even happens when C'(z) = R(x) . Therefore,
4-2x+12,000 =10 -z = 6z = 12000 = = = 2,000 units .
Prescott needs to produce 2,000 units to break even. Then, the break-even revenue is

R(2,000) = 10 - 2,000 = 20,000 dollars .

The correct answer is (e) . W

Which of the following identities is sometimes false 7

(a) (AT)T = A (c) (AB)C = A(BC) (e) None of the above.
(b) (A1) = 4 (d) A(B +C) = AB + AC
Solution :

All options (a) - (d) are properties of the matrix operations; they are always true.

The correct answer is (e) . W



