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2. AN EXAMPLE

Minimize C' = 7x + 5y subject to
r+y=>16

5x + 2y > 50

y=>5

3. FEASIBLE SET
(0,25)

Feasible Set

(0,16) .
Line 2: 5x+2y=50
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4. SOLVING THE PROBLEM

The corner points of the feasible set are:

(0,25), (6,10), and (11,5)

x|y |C=Tx+by
0|25 125
6 | 10 92
111 5 102

Minimum value of C is

e 92
e and occurs at the point (6, 10)

Note: There is no maximum since the feasible set is infinite.

5. “SLACK” VARIABLES FOR MINIMIZATION

When an inequality involves >, the “slack” variable should be subtracted.
For example, we rewrite the inequality = +y > 16
asz+y—u=16

Really, u should perhaps be called an excess variable, rather than a slack
variable,

since u represents the amount that x 4+ y exceeeds the minimum allowable
requirement of 16.

Mathematically, x +y — u = 16 means u = x + y — 16

and so, u > 0 is equivalent to x +y — 16 >0 or x +y > 16

6. SLACK VARIABLES FOR SYSTEM

The system of inequalities

(1) z4+y > 16



(2) 5z + 2y > 50
(B)y=5

can be rewritten as

(1) z4+y—u=16
(2) bz +2y —v =750
B)y—w=5

7. THE DUAL PROBLEM

A standard minimization problem (where inequalities involve >) can be
transfromed into a standard maximization problem (where inequalities involve
<) by the following method:

e Write the table of data for the original problem (not the tableau with
slack variables)

e Put the objective function at the bottom (without the minus signs)

e Now reverse the rows and columns to obtain a new data table

e Make the inequalites involve <

e Use u, v, ... for the “standard” variables.

8. AN EXAMPLE

Minimize C' = 7x + 5y subject to
r+y>16

5x + 2y > 50

y=>5

Reversing the rows and columns of the data table:

T |y | const
u | v | w|const
111 16
11510 7
512 50 |=—=
ol1 5 1121 5)
16 |50 | 5 F
715 C




Dual: Maximize F' = 16u + 50v 4+ 5w subject to
u+5v0 <7

u+20+w<b

9. WHAT’S THE POINT?

A linear programming problem and its dual problem are related in the fol-
lowing important way:

The maxiumum of the original (or primal) problem is the mini-
mum of the dual problem, and conversely.

Moreover, the values of the variables for the solution of the dual problem
can be read off the final tableau of the dual problem.

10. EXAMPLE REVISITED

Solving the problem

Minimize C' = 7x + 5y subject to
x+y=>16

5x + 2y > 50

y=95

z,y >0

is equivalent to solving the dual problem
Maximize F' = 16u + 50v 4 5w subject to
u+bd0 <7

u+2v+w<>H

u,v,w > 0

The point is: we can solve the dual problem by the Simplex Method.



11. SIMPLEX TABLEAU

Maximize F' = 16u + 50v 4 5w subject to
u+bd0 <7

u+2v+w <>

u,v,w > 0

Introduce the slack variables x and y
Note the change in letters!

u+dv+ax =7

u+20+w+y=>5

u,v,w, T,y >0

The Simplex Tableau:

U v w x y F|const

1 5 0 1 0 O 7

1 2 1 010 5
—-16 =50 —=5 0 0 1 0

12. THE INITIAL TABLEAU

U v w x y F|const

1 D 0 1 0 O 7

1 2 1 01 0 )
—-16 =50 -5 0 0 1 0

Since we are only using the dual to solve our original minimization problem,
we are not really interested in the values of these variables in terms of the dual
maximazation problem,

which we could obtain by setting the non-basic variables (u, v, and w) to
zero and solving for the basic variables (z =7, y =5, F' = 0).



13. THE INITIAL TABLEAU

U v w x y F|const

1 5 0 1 0 O 7

1 2 1 010 5
—-16 =50 —5 0 0 1 0

We can obtain the values of the variables relating to the original minimiza-
tion problem by reading off the variables on the bottom row of the tableau:

(It is not so surprising that we use the bottom row instead of the right side
of the tableau, since switching rows and columns turns the original right side
into the bottom.)

u=—-16 v=-50 w=-5 =0 y=0

14. FINDING THE PIVOT

The pivot column is 2 since the most negative value of the bottom row is
—50 in the second column.

To find the pivot row, we compare ratios:

The Simplex Tableau:

U v w x y F|const| ratio

1 5 0 1 0 0 % =12

1 2 1 01 0 g =25
—-16 =50 -5 0 0 1 0

The mimimum ratio of 1.2 occurs in row 1, so the pivot row is 1.

Pivot at row 1, col 2.



15. PIvoT AT ROW 1, COL 2

e

e

e

e

Pivot at row 1 col 2

e

e

—ho

Multiply row 1 by

e

e




e

e

Add —2 x row 1 to row 2

3
5

1 —
ly1=

-2 X

—2x14+2=0

NN

1 —
Lio=

-2 X

e

e

Add 50 x row 1 to row 3

14+ -16=—6

50 x

90 x 14+ =50 =0

1 —
l10=10

50 x

I+0=170

50 x



16. THE SECOND TABLEAU
u v w x y F|const
é 1 0 %2 0 0 1%1
: 001 - 10 =
-6 0 -5 0 0 1 70

We obtain the values of the variables relating to the original minimization
problem by reading off the variables on the bottom row of the tableau:

u=—6
v=20
w= -5
z=0
y=20

17. THE SECOND PIvoT

The pivot column is 1 since the most negative value of the bottom row is
—6 in the first column.

u v w x y F|const ratio
- 0 5 00 i
: 001 -2 10 s/i=%
-6 0 =5 10 0 1] 70

The mimimum ratio of % occurs in row 2, so the pivot row is 2.
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Pivot at row 2, col 1.

18. P1voT AT ROW 2, COL 1

e

e

F- - — L - - - L - - - L - L L L

F ==L - - - L - - - L - - L - L L

Pivot at row 2 col 1

e

e

Yot}

Multiply row 2 by
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e

e

e

e

X row 2 to row 1
><1+%:O

1
5
1
5

Add —

—™

—™

—ho

[\ lap]

—ho

—™

e

e
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e

e

Add 6 x row 2 to row 3

6 x1+-6=0

2 —
2410=6

6 X —

5
3

6 X

+0=10
+ 70 = 92

e

e

19. THE THIRD TABLEAU - DuAL LOOK

s

y F' | const

e

e

e

Look at the colored values at the bottom of the tableau.

These give the values of x, y, and P which solve the original minimization

problem:

F =92
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Since the maximum of the dual equals the minimum of the original problem,

the minimum value of C' in the original problem is: min C' = max F' = 92

The slack variables are: u=0 v=0 w=25

20. THE NUTRITION PROBLEM

Minimize C' = 21x + 14y subject to
20 + 3y > 12

3r+y>6

r+3y>9

z,y >0

To obtain the dual problem, we reverse the rows and columns of the data

table.

21. DuAL OF THE NUTRITION PROBLEM

Minimize C' = 21x + 14y subject to

2z 4+ 3y > 12
3x+y>6
r+3y>9
T |y | const u | v | w|const
213 12
2131 21
113 9 3113 14
51 114 8 121619 F

Dual: Maximize F' = 12u 4 6v + 9w subject to
24+ 3v+w < 21
3+v+3w<L 14
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22. SIMPLEX TABLEAU

Maximize F' = 12u 4 6v 4+ 9w subject to
2+ 3v+w < 21

ut+v+3w < 14

u,v,w > 0

Introduce the slack variables x and y
Note the change in letters!
2u+3v+w+az =21
ut+v+3w+y=14

w,v,w,x,y >0

The Simplex Tableau:

U v w x y F|const

2 3 1 10 0] 21

3 1 3 01 0| 14
-12 -6 -9 0 0 1 0

23. FINDING THE PIVOT

The pivot column is 1 since the most negative value of the bottom row is
—12 in the first column.

To find the pivot row, we compare ratios:

The Simplex Tableau:

U v w x y F|const ratio

2 3 1 100 2 =105

3 13 010 % = %
-12 -6 -9 0 0 1 0

The mimimum ratio of 4% occurs in row 2, so the pivot row is 2.
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Pivot at row 2, col 1.

24. PIVOT AT ROW 2, COL 1

e

e

e

e

Pivot at row 2 col 1

e

e

1
3

Multiply row 2 by



16

e

e

e

e

Add —2 x row 2 to row 1

-2x1+2=0

B~

1 —
li3=

-2 X

=1

—2x14+1

[a\llap]

1 —
lio=

-2 X

e

e




17

e

e

Add 12 x row 2 to row 3

12x1+-12=0

s+ —6=—2

12 x

12x14+-9=3

=4

1
10

12 x

2 4+0=56

12 x

e

e

25. THE SECOND TABLEAU

56

y F' | const

T

-1 1

s

Slae

e

We obtain the values of the variables relating to the original minimization

problem by reading off the variables on the bottom row of the tableau:
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26. FINDING THE SECOND PIVOT

The pivot column is 2 since the most negative value of the bottom row is
—2 in the first column.

To find the pivot row, we compare ratios:

The Simplex Tableau:

v v w x y F|const ratio
7 2 35 3577 —
TR N AT ]
3 3 3 |a/5=
0 -2 3 0 4 1| 56

The mimimum ratio of 5 occurs in row 1, so the pivot row is 1.

Pivot at row 1, col 2.

27. PIvoT AT ROW 1, COL 2

| | | | | |
| Z I_ | I_gl | &
L L
L — — — L - - L __ __L_-_-_-_-L_-_-_-_-L_-_-__L_-___
| | | | | |
1 1 1 1 1 1 1 1 14
Lvsg 1 05 0 0003
L — — — L - - L __ __L_-_-_-_-L_-_-_-_-L_-_-__L_-___




19

FY- — - Lt L - - - L - - L - L L

e

Pivot at row 1 col 2

e

e

o~

Multiply row 1 by

e

e
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e

e

x row 1 to row 2
xl—l—%:O

1
3
1
3

Add —

—ib~

x34+0=-

—|

o~

—

D~

—ln

e

e
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e

00|~

e

Add 2 x row 1 to row 3

2x1+-2=0

2 _ 24
iH4=7

2 X —

66

2 X5+ 56

e

e

THE THIRD TABLEAU

28.

+
n

S ho o

@]

)
oo~

SIS

D _ anllS

IS 5_71“7

3 5“78_7B_7
Q| OO
S|o|—H|o

The values of z, y, and C' which solve the original minimization problem

can be read from the bottom row:
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Since this is the final tableau, the minimum value of C' of the original min-
imization problem is the maximum value of F' for the dual problem:

C =66

29. FEASIBLE REGION

Feasible Region




