MATH 211 LECTURE NOTES: SECTIONS 1.7 - 1.8

1. RELATIVE WEIGHTS

In terms of pounds,

animal | average weight

elephant | 9,000 pounds
bear 600 pounds

human 180 pounds

Thus an elephant weighs 15 times more than a bear
a bear weighs 3% times more than a human
Question: How much more does an elephant weigh than a human?

Answer: Multiply: An elephant weighs

10
15 x — = 50
%3

times as much as a human

2. RELATIVE SPEEDS

In terms of mph (miles per hour),

vehicle | average speed
airplane 600 mph

car 60 mph
bicycle 15 mph
walker 3 mph

Thus a plane travels 10 times faster than a car

a car travels 4 times faster than a bike

a bike travels 5 times faster than a person walking

Question: How much faster is traveling in an airplane compared to walking?

Answer: Multiply: An airplane travels
1



10 x 4 x 5 =200
times as fast as a human on foot.

3. THE MORAL

The moral to these two examples is that
Rates Multiply!
This is a famous rule of calculus, called the chain rule which says
If we have three variable z, y, and z,
If z is changing n times faster than y
and y is changing m times faster than z,

then z is changing m - n times faster than x.

4. THE CHAIN RULE

Since the derivate tells us the rate of change, the fact that rates multiply
can be written succintly as

dz dz dy
dr dy dx
This formula is called the Chain Rule
When measuring weights, our first example becomes

delepahnt  delepahnt  dbear
dhuman  dbear d human

5. THE CHAIN RULE CONTINUED

When measuring speed, the second example shows that you can string sevel
rates togerther:

dplane  dplane dcar d bike

dpedestrian  dcar " dbike d pedestrian



which illustrates why the rule is called the chain rule.

6. USING THE CHAIN RULE

Suppose

z=y?and y = 23+ 11

Use the chain rule to find %
dx

d: _dz dy

dr — dy dx

=2y - 327 = 2(2® 4 1) - 322

7. DIRECT CALCULATION

z=y?>and y = 23+ 11

So z = (2% +11)" = 2% 4 222% + 121

So dz = 62° + 662>

dx
This is equivalent to our previous solution:
dz 3 2 20,3
— =2(x” + 11) - 32" = 62°(2° + 11)
dx
= 62° + 662>

8. PRIME NOTATION VERSION

Supose we combine two functions f and g to get

fog(z)= f(g(z))
Then the Chain Rules becomes

2 o) = Flo(e) -9 (@)



4

In words this says: the derivative of a composition is the derivative of the outer
function evaluated at the inner function times the derivative of the inside part.

9. EXAMPLES

Supose f(x) = 2% and g(x) = 23 + 11
Then f'(z) = 2z and ¢'(x) = 322
So £ f(9(2)) = f'(g(x)) - ¢'(x)

= 2g(x) - 32

=2(2° +11) - 327

We have seen this example before.

10. SECOND EXAMPLE

Differentiate y = V723 + 22 + 1

We are using two functions:
f(r) = /x and g(x) = T2 + 2% + 1.

Since f'(z) = $27/% and ¢'(z) = 212% 4 2z
So 2 f(g(x)) = f'(9()) - ¢'(w)

1
— 5(7953 + 22 + 1) Y2 (2122 + 22)

11. CHAINING THE CHAIN RULE

Differentiate f(z) =\ z+ Vo +1

Here we must use the chain rule twice.

The secret is to write the square roots as exponents:

Differentiate f(z) = (z 4 (z 4+ 1)7)?
d

N

f(z) = (ZL’ + (z+1)

>2.d

N —



f(x) = %(ZL’—I— (x + 1)%)_% .(1 + %(l’—l— 1)1/2>
f(x) = %(:c—l— (x + 1)%)_% .(1 + %(:c+ 1)—1/2)

12. THE RULES COMBINED

Differentiate f(x) = xv2z + 1

By the product rule , chain rule, and power rule,

fllx)=1-vV2z+1+z- %(233 +1)Y/2

1 d
=V2r+1+x- 52+ 2. %(233 +1)

1
=2+ 1+ 5x(2x + 1)_% -2

[NIES

=V2r+1+22z+1)"

13. THE RULES COMBINED II

T
z+1

Differentiate f(x) =

By the chain rule , power rule, and quotient rule,

, 1 z 7 d x
f(x):§<:c—|—1) '%(ijl)

YA N (R CE S R Ay
_§<x+1 ' (x+1)2




14. THE SECOND DERIVATIVE

Since we love differentiating so much, it seems natural to keep doing it.

That is, once we find the derivative of a function f, we may wish to find the
derivative of the derivative f’

For example, if
fl@) =723+ 322 + 11— 9

then
f'(z) = 212 + 6z + 11

The derivative of f is
(/') (x) = 422 + 6

e The derivative of the derivative is called the second derivative.
e What else would it be called?
e and is written f”(z)

15. HIGHER ORDER DERIVATIVES

e There is no need to stop at two.

e The derivative of the seoncd derivative is called the third derivative
What else would it be called?

e and is written f"”(z)

e continuing with derivatives of order 4, 5, 6, etcetera

e For n > 3 we write the nth derivative as

o fOa)

e Note the parentheses around the n

16. AN EXAMPLE

e For f(z) =2°
o f/(x) = 52"
o 1"(2) = 5- 42
o f"(x)=5-4-32*
)
)

of(4(x):5'4~3'2x
of(5(x):5'4~3'2'1
e 5-4-3-2-1 1is written 5!

e and is called “5-factorial”



e Forn > 5
o [(2) =0

17. A HARDER EXAMPLE

o ) =41 -2)h (-1) = =31 - 2)7

o [(@) = =531 = 0)F (1) = 430 — )

o U(a)=—HBA-2)F (-1) = 31— a)

o f0(@)=—H3B(1—a)F (1) = —H350 - a)

e We could keep going
e Notice that the each derivative is always negative
e The higher order derivatives will never equal zeo

18. LEIBNITZ NOTATION

The second derivative in Leibnitz’s notation is —(— ) which is written

dx dxy
d? d*y
as dx2y or T2
number | derivative

dy

first —

rs gf

Yy

d ZJ

: 1 secon gfz

n genera ] Y

thll'd %

Yy

fOllI'th %

Yy

_th - J

" dx™

19. VELOCITY AND ACCELERATION

The rate at which the position of an automobile (or other vehicle) is changing
with time is called its velocity.

Velocity is measured in miles per hour.



The rate at which the velocity changes is called the acceleration.

Acceleration is measured in miles per hour per hour.

20. FrReEE FALL

On Earth, when an object is dropped, the distance it falls after ¢ seconds,
if we ignore air resistance, is
s = 16t°
Find the velocity and acceleration

ds
= — =32t
T
d*s  dv
“Tar T
called the acceleration due to gravity.

21. SKYDIVING

The distance a skydiver falls in 10 seconds is
s =16-10* = 1600
The skydiver’s speed after 60 seconds is

f f
v =32.10 = 320 x U5 _ jgp00 1
sec min min
To convert this to miles per hour it is convenient to know that 1 mile per hour

equals 88 feet per minute:

ft 1 mph

=192
v 9200 min 88 ft per min

= 218.2 mph

Is it reasonable to ignore air resistance?



