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1. FivE BASIC INTEGRATION FORMULAS
n+1

+C, n#-1

dr=lnz+C, x>0

o k-f(x)dx:k’/f(:c)dm

What do you do if you want to integrate a function which does not
have the form of the first three types?

2. THE CHAIN RULE BACKWARDS

Even though there is no Chain Rule for integrals, you can sometimes work
backwards.

Integrate: / V2zr 4+ 1dx
: 1/2 2 3/
We know ; [ Vadr= [ x dl‘:§ft +C
So it seems reasonable to try, as a first solution to F'(z) = / V2z + ldx

2
Fy(x) = g(zx +1)3/2

(“g” stands for “guess”)



(and ignoring the +C' until the very end)

3. FIXING OUR GUESS

For the anti-derivative of v/2x + 1, we made the guess

2
Fy(w) = (2o + 1)3/2

To test whether F,(x) is really the anti-derivative of f(z) = (22 4 1)/
differentiate. By the Chain Rule

F;(x)=§-§(2x+1)/ )

=227+ 1) =2 f(x)
We are off by a factor of 2.

We can correct for this factor of 2 by multiplying F,(x) by % The correct
anti-derivative is

12 1
F(r) =520+ 1)%2 = 527+ 1)*? +C

You can check this answer by differentiation.

4. THE METHOD OF SUBSTITUTION

There is a method, called substitution, which eliminates the guess work.

(1) Find an expression g(x)
(a) inside a parenthesis
(b) inside a square root
(c) in a denominator
(d) in an exponent
for the substitution.

(2) Write u = g(z) and replace every occurence of this expression in the
integral by u.



5. SUBSTITUTION CONTINUED

(3) Separate Z—u = ¢'(z) into

x
du = ¢'(z) dx
du

or dx = —
g'(z)

(4) Substitute % for dz in the integral

(5) Hope for a miracle

(6) Once the variable x disappears, integrate the new function with respect
to variable u

(7) Reverse the substitution so that your answer is in terms of x

6. ELIMINATING THE GUESSWORK
We return to our previous example
/\/23: +1dr = /(zx +1)Y2dx

Substitute u = g(z) = 2x 4+ 1

du

)

dx

du=2dx or dx:dgu
So:/(2x+1)1/2d:c:/u1/2d7u :%/ul/zdu

12 4, R 1 3/2
= 53U +C_§u +C—§(2x—|—1) +C

7. AN EXAMPLE WITH A MIRACLE

r+1
Int t d
negrae/<x2+2x+3)4 T

Substitute u = 22 + 2z + 3

du __



B du
2+ 2

So/ r+1 dx_/:v+1 du
(2420 +3)4 7 ul 2z + 2

1 d 1
:/xl_; Q(xj—l) - §/U_4du the miracle

du= (2x +2)dr or dx

L™ +C L s +C i bst
= - — = ——U reversing subs
2 —3 6 5

1
= —6(:1;2 +224+3)3 4+ C

8. AN EXAMPLE WITH €%
3
Integrate / 2 e” M dx

Substitute u = 22 + 4
du B

—— =322
dx *
du
du = 322 d dr = —
U z°dr or dx 5.7
d
So /a:2 Ty = /x2e“3—u2 the miracle
T

1 1 1 s
= — Ud = _e¥ :_I+4
3/ U 36 +C 36 +C

9. TRICKIER EXAMPLE

el‘
Int t d
negrae/em_i_1 x

Substitute u = e* + 1
du B
dv

65!3



_du

eSE

x X d
So/ ¢ de = / c the miracle
e +1 u er

:/%du:mwczln(eﬂcﬂwc

du =e"dx or dx

10. FINAL EXAMPLE

1 2
Integrate / Mc&

a

Substitute u =5+ Inx
du 1

dr ~ x
duz;dx or dr=xdu

1 2 2
So /M dr = /u_ x du the miracle
x x

1 1
:/uzdu:§u3+C’:§(5+lnx)3+C



